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KBaHTOBan MexaHHKa (nepeBoa c 4>pamiy3CKoro) noa pcaaKuneft Jl. 3>a«- 
AeeBa. A ji b 6 e p t Meccna. MoHOrpaipHH. DiaBHaH peaaKUHH (})H3HKo-MaTeMa- 
THiecKofi jiHTepaTypw H3flaTejibCTBa «HayKa», 1978 r. 

KHHra coaep»HT H3Jio>KeHne o6inero (popniajiH3Ma KBaHTOBoft MexaHHKH h ero 

npHflOJKeHHe K npOCTeftUIHM CHCTeMaM. H3JIOH«eHH HCTOpHH B03HHKHOBeHH5I KBan- 
TOBOH TeOpHH BOJIHOBbie CBOHCTB3 MaTCpHH H ypaBHeHHe IIlpeflKHrepa, KBaHTOBa- 

HHe cHCTeMbi b oahom H3MepeHHH h TyHHejibHbift scpcpeKT. Bojibuioe BHHMaHHe yne- 
jieHO cTaTHCTHHecKofl HHTepnpexaiiHH ayaJiH3Ma Bojma — nacTHita, coothouichhio 
Heonpeae^eHHOCTH h npHHitany AonojiHHTejibHOCTH. Pa36HpaeTca tcaaccHiecKoe 
npH6jiH3KeHHe h mctoa BKB una oAHOMepHux 3aaai. rioapo6Ho H3JiaraeTCH i«a- 
TeMaTHqecKHft annapaT h ero tymmecKan HHTepnpeTaiiHH, pa3JiH<mbie npeAdaB- 

JleHHH, KBaHTOBaa CTaTHCTHKa. 

Hjuu 39. 
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nPEflHCJIOBHE K PyCCKOMY flEPEBOfly 



HacToamHft AByxTOMHbift Kypc KBaHTOBOH MexaHHKH npocpec- 
copa A. Meccna BnepBbie Bbimeji bo OpaHimn b KOHue nHTHAecji- 
Tfaix roflOB. BcKope oh 6uji nepeBeAeH Ha aHrjinftcKHH H3MK, He- 
CKOjibKO pa3 nepeH3AaBaJicH bo OpaHHHH h npHo6pe;i mnpoKyio 
H3BecraocTb b 3anaAHbix cTpaHax. B HacTonmee BpeMH Kypc hb- 

JIHeTCH OCHOBHbIM HCTOHHHKOM CCbUIOK Ha o6lUHe BOnpOCbl KBaHTO- 
Boft MexaHHKH b 3apy6e>KHbix Hay^Hbix >KypHajiax. 9to o6ycjios- 
jieHo 6o^buiHM 06-beMOM coAep>Kamerocfl b KHHre Maiepnajia a 
noApo6HHM, TiuaTe^bHbiM ero H3Jio>KeHHeM. HapHAy c o6iuhmh 
nojio>KeHHHMH HepejiHTHBHCTCKofi KBaHTOBoft MexaHHKH b Kypce 
A3H0 BBeAeHne b TeopHio JXnpaKa h KBaHTOBaHHe 9JieKTpoMarHHT- 

HOrO nOJIS, pa3BHBaeTCH Heo6xOAHMblft AJIH nOHHMaHHH OCHOBHOrO 

TeKda MaTeMaTH^ecKHH annapaT, ^acrrb KOToporo BbiAeJieHa b npn- 

JIOXeHHH. BojIbUIOe BHHMaHHe yAeJIHeTCH HCTOpHH B03HHKH0BeHHH 

KBaHTOBoft TeopHH h ee cpHJiococpcKO-MeTOAOJiorHHecKHM npo6jie- 
MaM. KHHra HBjineTCH xopouiHM yqe6HHKOM no KBaHTOBofi Mexa- 
HHKe, a o6i>eM npeACTaBJieHHoro b Heft MaTepnajia no3BOJiHeT iic- 
no.ib30BaTb ee b cnp3Borabix nejmx. 

Kypc npoipeccopa A. MeccHa HecoMHeHHo 6yAeT noJie3eH co- 

BeTCKHM IHTaTeJIHM, K3K TeM, KTO TOJIbKO H3HHH3eT CBOe 3H3KOM- 

ctbo c KBaHTOBOH Teopneft, TaK h cneHHaJiHCTaM. Oh 6yAer 
yaa^HbiM AonojiHeHHeM k cymecTByiomeH y Ha c JiHTepaType no 
KBaHTOBOH MexaHHKe. 

JI. M- Qaddeee 



nPEUHCJTOBHE 



B Hauie BpeMH HeT o6jiacTH 4>h3hkh, b KOippoft mo>kho 6hjio 6h 
cepbe3HO paSoTaTb 6e3 xopoiuero 3H3hhh kb3Htoboh MexaHHKH. 
H3Jio>KeHHe 3Toro npeAMeTa b AaHHOfi KHHre, KaK h HaAeiocb, ao- 

CTaTO^HO npOCTO, 1T06bI 6bITb AOCTynHbIM m% cryAeHTOB, h b to 

me BpeMH ofi^aaaeT Heo6xoflHMoft iiojihotoh, ito6h eraTb cnpa- 
bohhhm HacTOJibHbiM nocoSneM ajih npocpeccHOHaJibHo pafioTaiomHX 

(pH3HKOB. 

KHHra HBHJiacb pe3yjibTaTOM Kypca JieKUHH, Hmannux b UeHTpe 
H^epHbix HccJieAOBaHHH b Camie, Ha^HHan c 1953 r. MHoroiHCJieH- 

Hbie flHCKyCCHH H 06cyjKA6HHH KaK CO CTyAeHTaMH, TaK H C MOHMH 

KOJuieraMH cymecTBeHHo noinorJiH CAeAaTb H3AO?KeHHe pHAa TpyA- 
hhx MecT 6ojiee hchhm h AOdynHbiM. HeKOTopbie Jinua, kotophx 

I103HaKOMHJI C OTAejIbHblMH HaCTHMH pyKonHCH, CAejiaJiH pHA 

KpHTHiecKHX 3aMeHaHHH; 5i xoTeji 6bi oTMCTHTb S^MOHa Bayapa 
h >KaHa y^bMO, KOTOpbiM a o6a3aH HHTepecHHMH saiweqaHKHMH no 
noBOAy H3Jio>KeHHH ocHOBHbix npHHimnoB. 51 ocofieHHO npH3Haie- 
jieH PojKepy BaAHaHy 3a npo^TeHHe SoJibinefi qac™ pyKonncH h 
p«A ueHHbix 3aMe^aHHH, iio3boahbuihx cAeJiaTb HeKOTopbie yjiymue- 
hhh TeKCTa; eMy h xoTeA 6bi Bbipa3HTb 3Aecb mok> iviy6oKyio 6ji&- 
roAapHocTb. HaKOHeu, h xotcji 6bi Bbipa3HTb 6jiaroAapHocTb TeM 
mohm CAyuiaTejiHM, KOTopbie B3HAH Ha ce6a TpyA npoBepKH TeKCTa 
h BbmHejieHHH b pa3AHMHbix rjiaBax, a TaK>Ke noMorvra MHe npH 
HTeHHH KoppeKTypbi. 

3aAaqH, noMemeHHbie b KOHue Kaa<AOH iviaBbi, BbifinpajiHCb He 
TOJibKo b qacTo yqeSHbix UeAHX, HO TaKHCe H ajih Toro, 1T06bl 
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nPEOTCJIOBHE 



yKa3aTb Ha HeKOTopbie HHTepecHbie npoSjieMbi; sto o6T>HCHHeT ot- 
HocHTejibHyio TpyAHocTb pjiaa 3aAan. 

HeCKOJIbKO KHHT H CTaTefi, UHTHpOBaHHblX B CHOCKaX, AOJI>KHbI 

noMO^b HHTaTejiio aonoJiHHTb hjih yrjiyfiHTb ero 3HaHH3 b hckoto- 
pbix pa3flejiax. He moivio 6biTb h penH o cbcTaBJieHHH iiojihoh 
6H6jiHorpa(pHH npeAMexa. JXjih stoto He XBaTHJio 6h h uejioro 
flonojiHHTejibHoro TOMa. 

AAbdepr Meccua 

OKTH6pb 1958 r. 



« . . oh npe,HJi05KHJi einy nyTeinecTBHe 
b KoneHrareH ...> 
KaHdud 



H A C T b I 

OOPMAJ1H3M 

h Ero 

MHTEPnPETAUMH 



r Jl A B A I 

HCTOKH KBAHTOBOH TEOPHH 



§ 1. BBeaeHHe 

CorviacHo KAaccmecKoti, do/CTpune, o6menpHHHTOH cpeAH <pH3H- 
kob ao Haiajia XX Bena, onncaHHe sbojiiohhh fymmecKux chctcm 

npOH3BOAHTCH C nOMOIH.bK) HeKOTOpOrO HHCJia BeJIHHHH, TaK Ha3bl- 

BaeMbix duHaMuuecKux nepeMenHux; Bee sth nepeMeHHbie b Ka>K- 
ahh MOMeHT BpeMeHH HMeioT BnojiHe onpeAeJieHHHe aHaneHHH, TaK 
mo 3aAaHHe Been cobokyiihocth sthx 3HaieHHH onpeAejineT AHiia- 
MH^ecKoe cocTOHHHe cHCTeMbi b AaHHbift MOMeHT BpeMeHH; npn- 

HHMaeTCH, KpOMe TOrO, HTO 3B0JH0UHH (pHSH^eCKOH CHCTeMH BO 

BpeMeHH nojiHocTbio 3aAaHa, ecjin H3BecTHO ee cocTOHHHe b hcko- 
Topbift HaqaJibHbiH momcht. MaTeMaraqecKH 3Ta ochobh3H ancHOMa 
BbipaxaeTCH TeM (paKTOM, ^to AHHaMnqecKne nepeMeHHbie KaK 
(pyHKUHH BpeMeHH yAOBJieTBopnioT cncTeMe AHtptpepeHUHajibHbix 
ypaBHeHHft nepBoro nopHAKa. nporpaMMa KJiaccHiecKon TeopeTH- 
HecKoft <pH3HKH BKjiio^aeT, TaKHM oopa30M, onpeAeJieHHe AHiiaMH- 
MecKHX nepeMeHHbix nccjieAyeMoft chctcmh, a 3aTeM ycTaHOB jieHHe 
Tex ypaBHeHHft ABHSieHHH, KOTopbie onncbiBaioT hx H3MeHeHHe bo 

BpeMeHH B COr^aCHH C OnblTHblMH AaHHblMH. 

C Tex BpeMeH, KorAa HbioTOH (popMyjinpoBaji ocHOBHbie 3aKOHbi 
MexaHHKH, h ao KOHHa XIX BeKa 3Ta nporpaMMa pa3BHBaJiacb 
BnojiHe ycneuiHO, npnqeM noHBJieHHio hobhx 3KcnepHMeHTa,/ibHbix 
(paKTOB b TeopeTH^ecKOM njiaHe cooTBeTCTBOBajio jih6o BBeAeHHe 

HOBHX AHHaMHHeCKHX nepeMeHHHX H HOBHX ypaBHeHHH, JIH60 H3- 

MeHeHHe cTapbix ypaBHeHHH, hto no3BOJi5uio 6e3 6ojibuiHX 3aTpyAHe- 
hhh BKJiroMHTb HOBoe HBjieHHe b oSmyio TeopeTH^ecKyio cxeMy. 
B Te^eHHe Bcero aToro nepnoAa hh oahh onbiTHbifi (paKT, hh oaho 
cpnsH^ecKoe OTKpHTHe He nocTaBHJiH noA coMHeHne cTporyio 060- 

CHOBaHHOCTb C3M0H npOrpaMMbl. HanpOTHB, KJiaCCHHeCKaH CpH3HKa 

HenpepbiBHO nporpeccnpoBajia b HanpaBjieHHH HaH6ojibmefi npo- 
ctoth h HanSojibmero corjiacHH h eAHHCTBa b onncaHHH BceS 
coBOKynHocTH (pH3HqecKHX HBjieHHH. 3to CTacTJiHBoe pa3BHTiie npo- 
Aonmajiocb npHMepHo ao 1900 r., ho b AajibHefiiueM, no Mepe 
HaKonjieHHH h yrjiySjieHHH 3HaHHft o <pH3H'iecKHX hbjichhhx Ha 
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171. I. HCTOKH KBAHTOBOn TEOPHH 



MHKpocKonHHecKOM ypoBHe 1 ), KJiaccHiecKasi Teopna CTOJiKHyjiacb 
c uejibiM pH^OM TpyflHOCTeft h npoTHBopeqHH. Ebierpo eraAo oieBHA- 

HblM, HTO 4>H3HqeCKHe HBJieHHH Ha 3TOMHOM H Cy6aTOMHOM ypOBHHX 

Boo6me He MoryT 6biTb onncaHH Ha ocHOBe KJiaccniecKOH aoktphhm 

H AAH HX 06-bHCHeHHH Hy>KHbI COBepiUeHHO HOBbie npHHUHnbl. OTKpH- 

THe h yTBep«AeHHe sthx hobhx npHHimnoB npouuio HecKOJibKO sts- 
noB h TOJibKO k 1925 roAy, k MOMeHTy noHBAeHHH kbshtoboh Mexa- 
hhkh, 6biJia nocTpoeHa CBH3Han h HenpoTHBopenHBan TeopHH 

MHKpOCKOnHHeCKHX HBAeHHH. B 3T0H TJiaBe MH n03H3KOMHMCH C HC- 
T0K3MH H HCTOpH^eCKHM p33BHTHeM HOBOH TeOpHH. 

llocjie KpaTKOro oiepKa ochobhhx nojiomeHHft h HAeft Kjiaccn- 

leCKOH TeOpeTHHeCKOH <pH3HKH MM IipeACTaBHM o630p OCHOBHblX 

^mmecKux hbjichhh, OTKpbiTHe kotopjjx 3acTaBHJio OTKa3aTbca ot 
KJiaccHiecKHX HAeft. 3th hbachhh mh npeAnojiaraeM H3BecTHHMH 

HHTaTeJIK) 2 ) , TaK "ITO OrpaHHIHMCH HanOMHH3HHeM TOJIbKO OCHOB- 
HblX ocoSeHHOCTefl, noA^epKHBaa Te acneKTH HBJieHHH, KOTOpbie 
HaxoAHTca b npoTHBope^HH c K^accaqecKOH TeopneH. KoHen, rjiaBU 
nocBameH KpaTKOMy o63opy nepBbix nonbiTOK oS-bHCHeHHa sthx 

HBAeHHH, KOTOpbie H3BeCTHbI nOA HMeHeM GrapOH KB3HT0B0H TeOpHH, 

Pasaeji I. KOHEU KJIACCH«IECKOrO IIEPHOflA 

§ 2. KJiacCHHecKan TeopeTHwecKan tpH3HKa 

B KOHite KAaccH»iecKoro nepHOAa OTAeAbHHe BeTBH (pH3HKH o6t>- 
eAHHHAHCb b eAHHyro h corjiacoBaHHyio Teoperaqecicyio KapTHHy 

MHp03A3HHH, OCHOBHbie KOHTypH KOTOpOH T3K0BbI. B 0KpyJK3K>meH 

Hac BcejieHHofl mh p33Jinq3eM ABe K3TeropHH oS-beKTOB: eemecreo 
h U3AyneHue. BemecTBO coctoht H3 totoo AOK3AH3yeMbix Kopny- 

CKyJI, ABHJKeHHe KOTOpblX nOAIHHHCTCH 33KOH3M MeXaHHKH HblOTOHa; 

cocTOHHHe KajKAOH KopnycKyAbi onpeAeJiaeTCfl b Ka^Abifi momcht 

ee nOAOJKeHHeM H CKOpOCTbK) (HAH KOJIHieCTBOM ABHSCeHHH — 

HMnyAbcoM), t. e. Bcero iuecTbio AHHaMHiecKHMH nepeMeHHbiMH. 

H3JiyieHHe nOA^HHHeTCH 3aKOHaM 3AeKTpOM3rHHTHOH TeopHH M.3K- 

CBeAA3; AHH3MHuecKHe nepeMeHHbie H3AyqeHHH — mhcao hx 6ecKO- 

HeiHO — CyTb COCT3BAHK)mHe B KaJKAOH TOHKe npOCTpaHCTBa 3AeK- 



') Cjie,ayeT yTOiHHTb iiohhthh MHRpocKonnqecKHx h MaKpocKonmecKHx hb- 
jieHHft, KOTopwe 6yayT iacro Hcnojib30BaTbca b stoh KHHre. MmcpocKonmecKaH 
uiKajia cooTBeTCTByer aTOMHMM h cyGaTOMHbiM HBJieHHHM, fljiH kotophx xapaK- 
TepHH ajihhh He 6oJiee HecKOJibKHX aHrcTpeM (1 A = 10 -8 cm). MaKpocKoimqe- 
CKan 3Ke uiKajia cooTBeTCTByeT hbjichhhm, KOTOpue moxcho HadjiiOAaTb HeBoopy- 
xeHHbiM raa30M hjih c noMombK) o6bmHoro MHKpocKona c pa3peineHHeM He 6o- 
jiee MHKpoHa (10 -< cm). 

2 ) fleTaJibHoe oimcaHHe sthx jrejiemift mohcho Haflra b pasjranibix KHHrax, 
nocBameHHbix aTOMHofi 4>H3HKe: HanpnMep, M. Born, Atomic Physics, Blackie 
(Glasgow, 1957) hjih G. Bruhai, Optique, Masson (Paris, 1954); cm. pyccKHft 
nepeBOfl nepBofl KHHra: M. Bopn, ATOMHaa $ H3HKa i «Mnp>, 1965. 



§ 2. KJIACCHMECKAH TEOPETHMECKAfl 4>H"3HKA 
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TpmecKoro h MarHHTHoro nojieS. B OTJiHine ot BemecTBa H3jiyH6HHe 
He^b3H pa3AeJiHTb Ha OTflejibHue KopnycKyjibi, JioKajiH30BaHHbie b 
npocTpaHCTBe h coxpaHHromne 9Ty JioKajiH3au,HK> c TeqeHHeM Bpe- 
mchh; H3JiyneHHe onHCMBaercH bojihobmmh npoueccaMH, KOTOpbie 
HaxoflHT cBoe orpaKeHHe b xopomo H3BecTHbix aBjieHnax HHrep- 

4>epeHUHH H flHtppaKUHH. 

KopnycKyAHpnan reopux eemecrea pa3BHBajiacb b TeieHHe 
Bcero XIX Bena. Buaiane om orpaHHHHBajiacb MexaHHKOfi He6ec- 
hhx Teji h o6i>eKTOB MaKpocKonnMecKHX pa3MepoB, HO B flajIbHeft- 
iiieM, Koraa 6biJia BbiABHHyTa aTOMHaH rnnoTe3a CTpoeHHH Beme- 
ctb3, KopnycKyjiapHaH TeopHH cTajia paccMaTpHBaTbca KaK ocHOBa 

06T>HCHeHHH BCeX (pH3H^eCKHX HBJieHHH H Ha MHKpOCKOIlHieCKOM 

ypoBHe. BBHfly HeB03M0}KH0CTH npHMoft npoBepKH stomhoh rHno- 
re3H nyreM H30Jihuhh OT^ejibHUx MOJteKyji h H3yqenHH hx B33H- 
MoaeiicTBHa 6oJibuioe BHHMaHHe 6hjio y^eJieHO KOCBeHHHM flOKa3a- 
TejibCTBaM Toro, hto MaKpocKonnqecKHe cBo&CTBa MaTepnajibHbix 

Ten CJieflyiOT H3 3aKOHOB flBHJKCHHH OTAeJIbHHX MO^eKyjl, HX COCTaB- 

jihk)iu,hx. MaTeMaTnqecKH 3Ta npoSjieina 0K33ajiacb qpe3BbiqaHHO 
cjiowhoh. fleftcTBHTejibHo, corviacHo rnnoTe3e MaKpocKonH^ecKHe 
BejiHHHHbi flOJi^Hbi pacciwaTpHBaTbCH KaK cpdtfme 3HaieHHfl AHHa- 
MHMecKHX nepeMeHHbix cHereMbi, o6^aflaromeft oieHb 6ojibiHHM qac- 
jiom cTeneHeft cBo6oflbi 3 ). He mojkct 6biTb h pe^H o tomhom peme- 
hhh ypaBHeHHH ABH*eHHH TaKoS CHCTeMbi h npHXOflHTCH npn6eraTb 
k CTaTHCTHiecKHM MeTO^aM HccJieaoBaHHH. TaK poOT.'iacb h CTajia 
pa3BHBaTbca HOBaa anciiHnjiHHa — CTaTHCTH^ecKaa MexaHHKa. Ho- 
Bbie pe3yjibTara b HccJieaoBaHHH ra30B (KHHeTHiecKan TeopHH ra- 

30B) H TepMOflHHaMHKe (CTaTHCTHHeCKaH TepMOflHHaMHKa) n03B0- 

jihjih npoBepHTb KaiecTBeHHo, a b paMKax bo3mohcho& toihocth 
pac^eTOB h KOJiH^ecTBeHHO, ocHOBHbie noJioxeHHH KopnycKyjiHpHofl 
TeopHH BemecTBa 4 ). 

BoAHoean jeopun u3AyneHM TaKJKe noKOHjiacb Ha cojihotoh 
ochobc B o6^acTH oitthkh crapoe npoTHBOpeqne Me)K,n;y bojihobohh 
KopnycKyjiHpHOH npHpoAoft cBeTa 6buio pa3peuieHo b nepBofl nojio- 
BHHe XIX BeKa, Koraa peuiaromne ycnexn b pemeHHH npo6jieMH 
pacnpocTpaHeHHH bojih (OpeHejib) no3BOJiHJiH nccjieflOBaTb see 

CJICACTBHH BOJIHOBOH rHnOTe3bI H 06l>HCHHTb Ha 0CH0B3HHH 3TOH 
THnOTe3H BCIO COBOKynHOCTb H3BeCTHHX CBeTOBHX HBJieHHH, 



8 ) HanoMHHM, hto hhcjio N McreKyji na ojhh mojh> (tooio ABoraapo) ecTb 
N = 6,02- 10 23 . riepBoe TO<moe onpeaeaeHHe micjia N JIoiumhatom (1865* r.) 
6ujio ocHOBaHo Ha KHHeTHMecKoft TeopHH ra30B. 

4 ) C^eflyeT OTMeraTb, no bo Bcex paccyatfleHHax CTaracTHqecKoft MexanHKH 
npHcyTCTByeT rnnoTe3a CTaracTHiecKoro xapaKTepa, a hmchho — ranoTe3a mo- 
JieKyjispHoro xaoca, ot KOTopoft H&nb3a H36aBHTbca, oeraBaacb b paMKax cTara- 
CTHiecKoro Meroaa. Xoth 9Ta ranoTe3a h KaaceTca HHTyHTHBHo npaBHJibHofl, ee 
CTporoe AOKa3aTeJibCTBO (sproAHqecKaa TeopeMa) OKa3a^ocb ocoSeHHO ctojkhum 
h AO chx nop He MoaceT ciHTaTbca 3aBepmenHbiM. 
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TJt. I. HCTOKH KBAHTOBOH TEOPHH 



BKJiioqaH h reoMeTpHiecKyio onTHKy. B to xe BpeMH 6HCTpo pa3BH- 
Bajiocb H3yieHHe sjieKTpHiecKHX h MarHHTHbix HBJieHHfi. Peuiaiom,HM 
ycnexoM b stoh o6jiacTH mh o6H3aHbi M.3KCBejijiy, kotophh b 
1855 r. npefljiojKHji ocHOBHHe ypaBHeHHH sjiem-poMarHHTHOfi Teo- 
Phh; ocHOBHBaacb Ha sthx ypaBHeHHax, oh npeACKa3aji cymecTBo- 
BaHHe ajieKTpoMarHHTHbix bojih (sto npeacKa3aHHe 6hjio HarjiHAHO 
noATBep>KfleHO b AaJibHeftmeM OTKpbiraeM bojih Tepua) h AOKa3aji, 

VTO CBeTOBaH B0JIH3 eCTb 3JieKTp0MarHHTH3H B0JIH3 qaCTHOrO BHfla. 

Tan npoH30uieJi cHHTe3 onTHKH h ajieKTpHHecTBa. 

K KOHuy XIX Bexa ycnexH nporpaMMbi KJiaccHiecKoft (pH3HKK 
npoH3BOAHJiH SoJibuioe ^ne^aTJieHHe. Ka33Jiocb, hto Bee H3BecTHbie 
b npnpoAe (pH3HiecKHe hbjichhh HaxoAHT cBoe o6-bHCHeHHe b ofimeft 
TeopHH BemecTBa h H3jiyqeHHH; b rex ate cJiynaax, Kor^a TaKoe 
oS^acHeHHe He 6hjio HafiAeHO, HeyAawy mo>kho 6hjio npHnncaTi) 
MaTeMaTH^ecKHM TpyAHocTHM, He craBH noA coMHeHHe cnpaBefljin- 
BOCTb caMHX ochobhhx ypaBHeHHH. OcoSeHHO 3HaHHTeJibHbiM ycne- 

XOM Ka3aJiaCb AOCTHrHyTaH o6lH,HOCTb H yHHBepCaJIbHOCTb TeOpHH. 

CTpeMJieHHe o6T>eAHHHTb pasjiHHHbie o6jiac™ Hayra b e^HHoft 
TeopHH Bcer/ia 6biJio HanSojiee njiOAOTBopnbiM cTpeMJieHHeM uejibix 
noKOJieHHH $h3hkob. Oah3ko cpH3HKH onHCHBaeMofl anoxH npnnH- 
cbiBajiH TeopHH ropa3Ao 6ojibuiyio cTeneHb eAHHCTBa, ieu OHa Ha 
caMOM flejie o6ji3AaJia. /teficTBHTejibHO, HBjieHHe pacnpocTpaHeHHH 

BOJIH OTHIOAb He HBJIHeTCH npHCyiH,HM TOJIbKO 9JieKTpOMarHeTH3My, 

HccjieAOBaHHH K0Jie6aTejibHbix npoueccoB 6hjih npoBeAeHM BHa- 
vajie Ha npHMepax tocto MaTepnajibHbix KOJie6aHHft (kojic6jik> 
mnecH cTpyHH, bojihh Ha noBepxHocra >khakocth h t. a.)> a boji- 
hoboh xapaKTep aKycraiecKHx hbjichhh eraji oneBHAeH 3aAOjiro 
AO OTKpHTHH CBeTOBbix bojih. PacnpocTpaHeHHe bojih b Beme- 
CTBe HHKaK He npoTHBope^HT KOpnycKyjiapHoii TeopHH: 3fleCb fleJIO 

HfleT 0 MaKpOCKOnHHeCKOM HBJieHHH, KOTOpoe HeTpyAHO 06"bHCHHTb 

c to^kh 3peHHH MHRpocKonH^ecKoro ABHHieHHH, ecjiH npHHHTb cyme- 

CTB0B3HHe nOAXOAHLHHX CKJI B33HMOAeHCTBHH. Flo 3H3JI0THH <pH3HKH 

KJiaccHHecKofl anoxH hck3Jih cooTBeTCTByiomyio cpeAy AJih pacnpo- 

CTpaHeHHH SJieKTpOMarHHTHblX BOJIH, HeKOTOpblH MaTepHajIbHblft 

(pjiioHA, nojiyHHBuiHH HaHMeHOBaHHe atpnpa, cTpyKTypa h MexaHH- 

HeCKHe CBOHCTBa KOTOpOrO OCTaBaJIHCb HeHCHblMH. TaKHM o6pa30M, 

ochobhoh cydcTaHUHeS OKa3biBajiocb HeKOTopoe BeuiecTBo, noATO- 

HHIOU],eeCH 33K0H3M MeXaHHKH HbK)T0H3 H H3A6JI6HH0e T3KHMH 
CHJI3MH B33HM0AGHCTBHH, HTO B OnpeAeJieHHHX yCJIOBHHX B 3T0M 

BemecTBe npoaBJinioTCH BOJiHOBbie npoueccbi, mscthhm cjiynaeM ko- 

TOpblX H HBJIHIOTCH SJieKTpOMarHHTHbie BOJIHH. 

3Ta KOHuenuHH (b AaJibHeftmeM nojiHocTbio ocTaBjieHHaH) b 
onHCHBaeMyio hsmh anoxy npHBejia k nocTaHOBKe hcjioh cepHH skc- 
nepHMeHTOB, KOTopne MaJi'o hto asjih ajih BUHCHeHHH npHpoAH 
34>Hpa, ho oahh H3 hhx npHBeji k peBOJiiouHOHHOMy nepeBopoTy 
Bcefl KJiaccHHecKofl (|)H3hkh. Mh HMeeM b BHAy 3HaMeHHTbifi onbiT 
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MaftKejibcoHa — MopjiH (1887 r.), nocraBJieHHbiH c uejibio o6Hapy- 

JKHTb flBHSCeHHe 3eMJIH OTHOCHTejIbHO 9<pHpa nO H3MeHeHHK) CKOpO- 

cth CBeTa b 33BHCHMOCTH ot HanpsBJieHHH 9Toro flBH»ceHHH. Ilocjie 
pHfla 6ojiee hjih MeHee HCKyccTBeHHbix nonbiTOK o6i>HCHHTb OTpnua- 
TejibHbifi pe3yjibTaT 9Toro onbiTa napaflOKc 6hji OKOHqaieJibHO pa3- 
peiueH SflHiuTeHHOM b 1905 r. b paMKax ero reopuu omocuTeAbHO- 

CTU, KOTOpaH HBHJiaCb pe3yjlbT3TOM KpHTHHeCKOrO aHajIH33 nOHHTHH 

npocTpaHCTBa h BpeMeHH h npHBejia k OTKa3y ot iiohhthh a6cojiK>T- 
Horo BpeMeHH h pHAa nojioJKeHHfi MexaHHKH HbioTOHa. 3t3 nocjiea- 

HH3 0K33aJiaCb TOJIbKO HeKOTOpbIM npHSjIHKeHHeM B peJIHTHBHCT- 

cKofl MexaHHKe, cnpaBeAJiHBHM, Koiyia ckopocth hscthu, msjih no 
cpaBHeHHio co cKopocTbio CBeTa c. Mh He SyfleM paccMaTpn- 

BaTb npHHUHn OTHOCHTejIbHOCTH, HO BepHeMCH K HeMy B KOHUe 3T0H 
KHHrH, KOrfla npHCTynHM K H3yMeHHK) pejIHTHBHCTCKOH KB3HT0B0H 
MexaHHKH. OTMeTHM 3fleCb TOJIbKO, HTO npHHHHn OTHOCHTeJIbHOCTH 
He CT3BHT nOfl BOnpOC HH flOKTpHHy, HH npOrpaMMy KJiaCCHieCKOH 
(j)H3HKH, B TOM BHfle KaK OHH 6bIJIH C(pOpMyjIHpOB3HbI BHUie. 

§ 3. ycneXH B H3yieHHH MHKpOCKOnHHeCKHX HBJieHHH 
H ROflBJieHHe KBaHTOB B (pH3HKe 

Ha py6e>Ke hoboto BeKa ycHJiHH 9KcnepHMeHT3T0p0B 6hjih Ha- 
npaBjieHH Ha pa3peuieHHe AByx TecHo cBH3aHHbix npofijieM: bhhc- 

HeHHfl HCTHHHOH MHKpOCKOnH^eCKOH CTpyKTypbl BeiH,eCTB3 H 33K0H0B 

B3aHMOAeHCTBHH MaTepHajibHbix KopnycKyji Me»ay co6ofl H C 9JieK- 
TpoMarHHTHHM noJieM. 

IlepBbie AaHHbie, KacaiomHecH CTpoeHHH BemecTBa, 6ujih nojiy- 
leHbi npn HCCJieAOBaHHH Jiynefi, B03HHKaiom,Hx npH gjieKTpnuecKHX 
pa3pHfl,ax b pa3pe>KeHHbix ra3ax, tbk Ha3HBaeMbix KaTOAHbix h K3H3- 
jiobhx Jiyneft, KOTopwe b AeficTBHTeJibHOCTH OK333JiHCb noTOKaMH 
SJieKTpHMecKH 3apajKeHHHX KopnycKyji, ABHjKymHxca c 6ojibmefl 
hjih MeHbiuefi CKopocTbio. TaK 6hji otkpht sagktpoh (flm. Ran. Tom- 
coh, 1897 r.) — qacTHua KaTO^Horo HSJiyqeHHH; 6hjio H3yieHO ero 
noBe^eHHe b npncyTCTBHH 3JieKTpoMarHHTHoro nojia h nocTpoeHa 

IIOJIH3H TeOpHH B33HMOAeHCTBHH MeJKfly SJieKTpOHOM h ajieKTpoMar- 
HHTHHMH BOJIH3MH (TeOpHH 9JieKTpOH3 Jl0peHH3) 5 ). 

IlocTeneHHo csmo cymecTB0B3HHe aTOMOB h MOJieKyji, KOTOpoe 

flOJiroe BpeMH p3CCM3TpHB3JI0Cb TOJIbKO K3K yflO&HSH p36013H TH- 

noTe3a, 6hjio oco3HaHO ksk o6T>eKTHBH3fl pe3JibH0CTb. HsnSojiee 
ySeAHTeJibHHM ^0K33aTejibCTB0M HBHjiocb H3yqeHHe SpoyHOBCKoro 
flBHaceHHH — eecnopHflOHHoro flBH^eHHfl o^eHb MajiHX qacTHit, Ha- 

XOAHUI.HXCH BO B3BeUieHHOM COCTOHHHH B 5KHAKOCTH HJIH ra3e; 9T0 



6 ) r. A. Jlopetiu,, TeopHH sjieicrpoHOB h ee npHMeHeHHH k hbjichhhm CBeTa 
h TenjioBoro H3JiyqeHHH, OHTH, 1934; cm. TaKxce L. Rosenfeld, Thfeorie des elec- 
trons, Paris, 1951, 
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TJI. I. HCTOKH KBAHTOBOR TEOPHH 



ABHxeHHe B03HHKaeT 6jiaroAapa MHoroMHCJieHHUM SecnopaAorabiM 
CTOJiKHOBeHHHM HacTHii. c MOJieKyjiaMH oicpy>KaiomeH cpeAH, OHO 

K3K 6bl BOCnpOH3BOAHT HaiVIHAHO MOJieKyjIHpHOe ABVDKeHm H MO- 
JK6T 6bITb KOJIHqeCTBeHHO CBH33H0 (SftHIUTeHH, ClMOJiyXOBCKHH, 
1905 T.) CO CTaTHCTHHeCKHMH 33KOH3MH ABHJKeHHH C3MHX MOJieKyJI 

cpeAH. 

CHCTeMaTHqecKHe H3MepeHHS IleppeHa (1908 r.) noATBepAHAH 
3Ty rHnoTe3y h iio3Bojih.jih npOH3BecTH HOBbie h corjiacyiomHecn 
MejKAy co6ofi H3MepeHHH racjia ABoraApo 6 ). Flocjie 3Toro pe> 
uiaiomero ycnexa (J)H3hkh 6oJiee He coMHeBajiHCb b cymecTBOBa- 
hhh aTOMHbix h cy6aT0MHbix qacTHii.. Bhjih pa3pa6oTaHbi 3Kcne- 
pHMeHTajibHbie MeTOAH pa3Hofl CTeneHH chojkhocth, no3BOJiaioiHHe 
Ha6jiK>AaTb oTAejibHbte HBjieHHH Ha MHRpocKonniecKOM ypoBHe a 
CHHiaTb oTAeJibHbie MHRpocKonnqecKHe qacTHUbi (H3MepeHHe sjie- 
MeHTapHoro 33p$iAa ajieicrpoHa Mhjijihk6Hom b 1910 r., nepBbie 
Ha6jiK)AeHHH TpaeKTOpHH 3apH>KeHHbix qacTHu, b Kaiwepe BHJibcoHa 
b 1912 r., nepBbifi cieT^HK reflrepa b 1913 r.). 3th MeTOAH «npn- 

MOrO» Ha6jIH)A6HHH npOAOJIMCa^H COBepUieHCTBOBaTbCH B AaJIb- 

HefluieM, ohh h b Hauie BpeMH coct3bjihiot BajKHyio ^acrb skc- 
nepHMeHTajibHoft tcxhhkh ajih H3ytieHHH MHKpocKonHnecKHX 

HBJieHHH. 

B to xe BpeMH hobsh rvisBa <pH3HKH 6biJia OTKpbrra npH o6Ha- 
pyjKeHHH paAHoaKTHBHOCTH (1896 r.) — nepBoro H3BecTHoro npoHB- 

JieHHH CBOHCTB 3T0MHHX HACp. BaJKHOe C3MO no Ce6e, 3T0 OTKpblTIie 
A3JI0 B pyKH (pH3HKOB MOIU,HOe OpyAHe HCCJieAOB3HHH CTpyKTypbl 
3T0M3, 3 HMeHHO — a-H3JiyieHHe, COCTOHIUee H3 HAep aTOMOB reJIHH, 

ABHJKymHXCH c 6oJibiuoH cKopocTbro. HsnpaBjian a-H3JiyMeHHe Ha 
pa3JiHqHbie MHUieHH, Pe3ep<popA (1911 r.) rrpoH3Beji cncTeMSTHMe- 
cKoe HccJieAOB3HHe paccenHHH a-tjacTHu, aTOMaMH h cyMeji t3khm 
nyTeM nocTpoaTb nepByio coBpeMeHHyio MOAeJib stoms. 

Atom Pe3ep(popda coctoht H3 ueHTpajibHoro HApa KpafiHe M3- 
jimx pa3MepoB (10~ 13 — 10 -12 cm), BOKpyr KOToporo ABHweTcn He- 

KOTOpOe *!HCJIO Z SJieKTpOHOB. riO^TH BCH MaCCa 3T0M3 cocpeAOTO- 

ieHa b ero HApe. flApo ofijiaAaeT nojio>KHTejibHbiM aJieKTpHHecKiiM 
3apHAOM Ze, KOTopbifl b tohhocth KOMneHCHpyeT nojiHbiH 3apaa 

COBOKynHOCTH 3JieKTp0H0B — Ze, TaK qTO B U.eJIOM 3TOM OKa3bI- 

BseTCH s^eKTpHqecKH HefiTpsjibHHM. Atom Pe3epcpopAa noxox, Ta- 

KHM 06pa30M, H3 COJIHeHHyK) CHCTeMy B MHHH3TK)pe, Tflfi rpaBHTa- 

HHOHHbie chjih 3aMeHeHbi Ha chjih sJieKTpoMarHHTHHe. IIoa Aefi- 

CTBHeM 3THX CHJ1 — KyjIOHOBCKOrO IipHTH}KeHHH CO CTOpOHbl HAP3 
H KyjIOHOBCKOrO B33HMH0r0 OTTaJIKHBaHHH — SJieKTpOHH ABHJKyTCH 

BOKpyr HAps no ycTofiqHBUM opfiHTaM, pa3Mepbi KOTopbix nopnAKa 
aTOMHbix pa3MepOB, t. e. 10 -8 cm. 



•) Cm. /. Perrin, Les Atomes, Paris, 1948. 
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FlapaJiJiejibHo c ynpo^eHHeM KopnycKyjiflpHbix npeACTaBjieHHfi 
o CTpoeHHH BemecTBa nponcxoAHT yrjiy6^eHHe 3Hshhh 06 sjieKTpo- 

MarHHTHOM HSJiyieHHH. CneKTp H3BeCTHfaIX SJieKTpOMarHHTHHX BOTCH 

paciUHpaeTCH b HanpaBjieHHH 6ojiee kopotkhx ajihh bojih c OTKpw- 
TneM peHTreHOBCKHx Jiyneft (PeHTreH, 1895 r.), bojihob3h npHpoaa 
kotophx ycTaHaBjiHBaeTCH onbiTaMH no A«(pP aKII . HH B KpncTajiJiax 
((pOH JIaya, 1912 r.). fljin nojiHora ynoMHHeM eme o y-mjiynenmi 
paflHoaKTHBHbix BemecTB, sjieKTpoMarHHTHaH npHpo^a KOToporo 
6biJia ycTaHOBJieHa TOJibKO 3HaqHTeJibHO 
no3>Ke (Ha pnc. 1 npeACTaBjieHa noJiHaa 
iiiKa^ia 9,/ieKTpoM arHHTHoro H3JiyqeHHH pa3- 

■JIHHHblX flJIHH BOJIH). COBepHieHCTByiOTCH 

MeTOflbi cneKTpa^bHoro aHajiH3a, no3Bo- 
jiHBUiHe HaKonHTb SoJibinoe kojimmcctbo 
HHtpopiviauHH oraocHTeJibHO nponeccoB 
HcnycKaHHH, pacceaHHH h noiviomeHHH 

CBeTa BemeCTBOM, T. e. OTHOCHTeJIbHO B33H- 

MOAeficTBHH MexcAy BemecTBOM h H3JiyHeHH- 
eM Ha MHKpocKonHHecKOM ypoBHe. y>Ke yno- 
MHHyTaa TeopHH 3jieKTpoHOB JIopeHua, t. e. 

TeOpHH 3apHHeHHbIX qaCTHH BO B33HMO/ICH- 
CTBHH C SJieKTpOMarHHTHblM nOJieM, n03BO- 
JIHeT B npHHHHne o6l>HCHHTb BCe 3TH HBJIQ- 

hhh. Ho HMeHHO b cpaBHeHHH npeACKa3a- 
hhh 3toh TeopHH c pe3yjibTaTaMH aKcnepH- 
MeHTa npoHBHJiHCb nepBbie npoTHBopeiHH 
Me?Kji,y KJiaccHiecKofi TeopHeii h onbiTOM. 

FlepBbie TpyAHOCTH bo3Hhkjih npn H3y- 
MeHHH cneKTpa^bHoro pacnpe^ejieHHH ajieK- 
TpoMarHHTHoro HSJiy^eHHs, HaxoAflffleroca 

B TepMOflHHaMHHeCKOM paBHOBeCHH C Be- 
meCTBOM. THnHiHHM npHMepOM HB^aeTca 
cjiynafi adcoAtomo nepnoao rena; no 
onpe,neJieHHK) — sto Tejio, noiviomaiomee 
Bee naAaiomee Ha Hero H3JiyieHHe. CaMbie 
o6mne TepMOAHHaMnqecKHe paccyacAeHHH 
noKa3HBaioT, ^to H3JiyqeHHe, ncnycKaeMoe 

a6cOJIK>THO qepHUM TeJIOM, 33BHCHT TOJibKO 

ot TeivinepaTypH 9Toro Tejia. Cneicrpajib- 
Hoe pacnpeaeJieHHe hhtchchbhocth H3JiyqeHHH a6cojnoTHo lepHoro 
Tejia HMeeT, TaKHM o6pa30M, Bceraa oahh h tot me bha h MO>KeT 

6bITb BHBeAeHO MeTOAaMH CTaTHCTHHeCKOH TepMOAHHaMHKH H3 
06lUHX 33K0H0B B33HM0A6HCTBHH MejKAy BeiUeCTBOM H H3JiyHe- 

HneM. OopMyjia, noJiy^aeMaa KJiaccHMecKoii TeopneS, HaxoAHTca 
b pe3K0M npoTHBope^HH c onbiTOM. B 1900 r. IljiaHKy yAaJiocb 
ycTpaHHTb 9to npoTHBopeiHe, ho ueHofi 0TKa3a ot KJiaccHiecKoro 
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171. I. HCTOKH KBAHTOBOPT TEOPHH 



3aKOHa B3aHMOAeHCTBHH MescAy BemecTBOM h H3JiyHeHHeM 7 ) . Oh 
BMABHHyji rnnoTe3y o tom, ito o6MeH SHeprneH MeacAy BemecTBOM 
h HSJiytieHHeM nponcxoAHT He HenpepbiBHHM o6pa30M, a nyTeM 
nepeaa™ AHCKperabix h HeAeJiHMbix nopuHH sHeprHH, hjih man- 
Toe anepeuu. IIjiaHK noKa3aji, hto kb3Ht SHeprHH nponopu.HOHa.rieH 
nacTOTe v H3JiyieHHH 

e v = hv 

h nojiyraji corJiacyiomeecH c onbiTOM BbipaxeHHe RJin cneKTpajib- 
Horo pacnpeAe^eHHH, Bbi6npaH cooTBeTCTByiomHM o6pa30M no- 
cTOHHHyio nponopuHOHajibHocTH. 3Ta nocTOHHHan h c Tex nop 
Ha3HBaeTca nocTOHHHoii IJAauKa. Om HMeeT pa3MepHocTb Aeft- 
ctbhh (aHeprHH X speMH hjih HMnyjibc X AJiHHa) . B AajibHefiuieM 

Mbl 6yAeM HCn0JIb30BaTb nOCTOHHHyiO 

H = -2j = 1,054 • 1CT 27 ape ■ ceK. 
ripn noHBJieHHH ranoTe3H rLnaHKa OHa Ka3ajiacb HenpneM- 

JieMOH, nOAaB^HIOmee fiOJIblUHHCTBO (pH3HK0B BHAe^O B Heft TOJIbKO 

yAo6Huft MaTeMaTHHecKHH npHeM, KOTopbifl b AaJibHeftnieM yuacTCH 
06"bHCHHTb Ha OCHOBe oaccHHecKofi aoktphhh. flajKe BHAHMblfl 
ycnex TeopHH ILriaHKa b o6i>flCHeHHH pe3yjibTaT0B onbiTa He Mor 

C.'IVJKHTb HeOnpOBepHCHMbIM A0K33aTejIbCTB0M Toro, mo o6MeH 

aiieprHeft Me>KAy BemecTBOM h HSJiyneHHeM AeficTBHTejibHO nponc- 
xoaht KBaHTaMH — 33K0H pacnpeAcneHHH n^aHKa ecTb MaKpocKO- 
nH^ecKHH 33KOH, noJiyneHHbiH Ha OCHOBe rnnoTe3bi o KBaHTax cra™- 

CTHHeCKHMH MeTOAaMH; OH MOmeT CJiyXHTb JIHHIb KOCBeHHbIM 

noATBep«AeHHeM rnnoTe3U. Mojkho 6hjio nocTaBHTb noA coMHeHHe 
KBaHTOByio rHnoTe3y, noAoSHO TOMy KaK MHorae toah H3-3a OTcyr- 

CTBHH npHMblX SKCnepHMCHTOB Ha MHKpOCKOnH^eCKOM ypoBHe Bbl- 

3biBa^a coMHeHHH rHnoTe3a 06 3tomhom cTpoeHHH BemecTBa. Oa- 
HaKo rnnoTe3a FfjiaHKa 6biJia b AaJibHeftmeM noATBepameHa h ao- 
nojiHeHa uejiofi cepnefi onwTOB, no3BOJiHBiHHX aHajiH3HpoBaTb 
SJieMeHTapHbie npoueccbi h AOKa3aTb cKaHKOo6pa3HocTb h npepbiB- 

HOCTb 3B0JII0UHH <pH3HMeCKHX CHCTeM Ha MHKpOCKOnHieCKOM 

ypoBHe, rAe KjiaccHiecKaH TeopHH npeACKa3HBajia HenpepHBHyro 

3B0.TIK)UHK>. 

PaaiiejiII. CBETOBblE KBAHTbl, HJ1H *OTOHW 

llepBaH cepHH 3KcnepHMeHTa^bHbix (paKTOB npHBcna k pa* 
AHKajibHOMy nepecMOTpy TeopHH H3JiyMeHHH MaKCBeJi;ia — JIopeHua 
h qacTHMHOMy B03BpaTy k crapoft KopnycKyjiHpHoft TeopHH; 

HMeiOTCH B BHAy (pOTOSABKTpUHeCKUCc 9(p(peKT U 9(pCpeKT KOMtlTOHCl. 



7 ) noflpo6Hoe H3J10JKGHH6 TeopHH H3jiyHeHHH a6coJiioTHO qepHoro Tejia CM. 
b KHHre M. Bopna, uHTHpoBaHHOft Ha CTp. 16. 



§ 4. 0OTO3JIEKTPHHECKHPT 3<!><J>EKT 
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§ 4. <J>0T03JieKTpHMeCKHH 9(j)(j)eKT 

riepBUH mar b stom HanpsBJieHHH 6ha oaejiaH Shhihtchhom 
b ero 3HaMeHHToft CTaTbe 1905 r., nocBHmeHHoft (poTOSJieKTpHMe- 
cKOMy 3<J)(peKTy. 06m.ee OTHomeHHe k TeopHH rinaHKa b to BpeMa 

MOiKHO 6bIA0 BbIp33HTb CAOBaMH, MTO «BCe npOHCXOAHT T3K, K3K 

ecJiH 6bi ofiMeH sHepraefi Me>KAy H3AyneHHeM h a6cojnoTHo HepHbiM 
TejiOM npoHCXOflHji OTAejibHbiMH KBaHTaMH sHeprHH, ho 3aAana co- 
ctoht b tom, qTo6bi corjiacoBaTb 3Ty rHnoTe3y, cAeAaHHyio ad hoc, 

C BOAHOBOH TeopHeH». OpHHHB npHMO npOTHBOnOJIOJKHyK) TO^Ky 

3peHHH h nofiAH AaJiee IIashks, KOTopbift orpsHH^HAca BBeAeHHeM 
AHCKpeTHOCTH TOJibKO b caMbifi MexaHH3M norAomeHHH h HcnycKS- 

HHH H3JiyieHHH, SftHIHTeHH nOCTyJIHpOBaJI, qTO CaMO CBeTOBOe H3Jiy- 

ijeHHe npeACTaBJiaeT co6ofi noTOK KopnycKyji, (Jjotohob, o6A3Aaro- 
iuhx sHeprueH hv h cKopocTbio c (c — CKopocTb cBeTa b nycTOTe = 
— . 3- 10 10 CMjceK). flajiee oh noK333A, rbkhm o6pa30M 3T3 yAHBH- 
TejibHaH ranoTe3a no3BOJineT noHHTb ueAbifi pHA HBJieHHfi, ao Tom 
BpeMeHH ocTaBaBuiHXCH Heo6T>HCHHMbiMH; cpeAH hhx (pHrypnpyeT H 

4)OT03JieKTpHHeCKHH 3Cp(peKT. 

FIOA 3T1IM Ha3B3HHeM H3BeCTHO HBJieHHe, KOTOpOe COCTOHT B HC- 

nycKaHHH sAeicrpoHOB npn ofijiyneHHH meAOHHoro MeTajiAa b nyc- 

TOTe yAbTpatpHOAeTOBbIM H3JiyHeHHeM. HHTeHCHBHOCTb B03HHK3IO- 

mero 3AeKTpHMecKoro toks nponopUHOHaAbHa hht6hchbhocth 
HSJiy^eHHH, naAaiomero Ha mctsjiji. Oah3ko CKopocTb HcnycKaeMbix 

SJieKTpOHOB He 33BHCHT OT HHTeHCHBHOCTH H3AyHeHHfl, 0H3 33BHCHT 
TOJibKO OT qaCTOTbl CBeT3 (JIeH3pA, 1902 T.), He3aBHCHM0 ot Toro, 
Ha KSKOM paCCTOHHHH HaXOAHTCH HCTOHHHK CBeT3J TOAbKO HHOJIO 

SAeKTpoHOB, HcnycKaeMbix b ceKyHAy, nponopunoHaAbHO hhtchchb- 

HOCTH, T. e. 06paTH0 npOnopHHOH3JIbHO KBaApaTy paCCTOHHHH AO HC- 
TO l IHHK3. 

06-bHCHeHne sthx (J)3ktob SftHHiTeHHOM oneHb npocTo. KaKHM 
6bi hh 6hao paccTOHHHe, npOHASHHoe CBeTOM nocjie ero HcnycKa- 
hhh, oh npeACTaBJiaeT coSofi noTOK KOpnycKyA c SHeprneft hv. 

KorAa OAHH H3 3THX (pOTOHOB BCTpeHaeT SJieKTpOH MeTaAJia, (pOTOH 

noAHOCTbio norAomaeTCH h 3AeKTpoH noAynaeT 3HeprHio hv; noKH- 
A3H MeT3AA, 3JieKTpoH AOA>KeH coBepuiHTb p36oTy, paBHyio ero 

SHepTHH CBH3H B MeT3AAe W, T3K HTO H36AK)AaeM3H KHHeTHHeCKafl 
SHeprHH SAeKTpOHOB OKa3bIBaeTCH paBHOH 

jtnv 2 = hv-W. (1) 

KOAHHeCTBeHHbie npeACK333HHH TeopHH nOAHOCTbK) HOATBep>K- 
A3K3TC5I SKCnepHMeHTOM. flOCTOflHHaH W, COrAaCHO npeACK33aHHHM 

TeopHH, ecTb HeKOTopsH K0HCT3HT3, x3p3KTepHaa rjix ofijiyqaeMoro 
MeT3JiAa. ^to KacaeTCH nocToaHHofl h, to oHa HMeeT to me racAeH- 
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Hoe 3HaHeHHe, hto h nocTOHHHaa, cpHrypHpyiomaa b 3aK0He cneKT- 
pajibHoro pacnpeAe^eHHH H3JiyneHHH aScojiioTHo nepHoro Tejia. 
Huen b BH^y ycnex KopnycKyjiapHofl TeopHH, oneayeT bhhc- 

HHTb, MOJKeT J1H KJiaCCHHeCKaH B0JIH0B3H TeOpHH TaiOKe 06"bHCHHTb 

(poToajieKTpHHecKHH 3(p(peKT. A priori sto He KajKeTca HeB03MO>K- 

HfalM. fleftCTBHTeJlbHO, CBeTOBaH BOJIHa nepeHOCHT HeKOTOpOe KOJIH- 

qecTBo 3HeprHH, nponopHHOHajibHoe ee hhtchchbhocth, h Mo»ceT 
nepe^aTb bcio hjih qacTb stoh 3HeprHH iipn npoHHKHOBeHHH b Me- 
TaJiJi; SHeprHH, aKKyMyjinpyeMaa b MeTa^jie, uomer cKOHueHTpHpo- 
BaTbca Ha HeKOTopbix sjieKTpoHax, KOTopbie t3khm o6pa30M nojiy- 
qaioT B03MO>KHOCTb noKHHyTb MeTaJur, mojkho npeflCTaBHTb ce6e, 
hto b pe3yjibTaTe aghctbhh HeKOToporo MexaHH3Ma, kotophh ane- 

AyeT, KOHeHHO, yTOHHHTb, SJieKTpOH He MO>KeT IIOKHHyTb MeTajiJi, 

noKa He nojiynHT aHeprnio, paBHyro hv. OcHOBHoe pa3JiHHHe Me>KAy 
TaKHM oS-bHCHeHHeM h KOpnycKyjiHpHo& Teopneft 3aKJIK>HeH0 B He- 
npepbiBHOM xapaKTepe HaKonjieHHH aHepniH b iweTajuie; BCJien- 

CTBHe 9TOrO (pOTOSAeKTpHHeCKaH 3MHCCHH IIpOHCXOflHT He MTHO- 

BeHHO, a cnycTH HeKOTOpHft npoMe>KyTOK BpeMeHH, Heo6xoflHMbifi 
HaKonjieHHH 3HeprHH fix. 3ro 3ana3flHBaHHe smhcchh MOJKeT 
6biTb 3aperHCTpHpoBaHO 3KcnepHMeHTajibH0. 

OnbiTu no stoh cxeMe 6hjih nocTaBjieHH MefiepoM h TepjiaxoM 
b 1914 r. Ha pacnbuieHHbix MeTaJiJiax. 3Haa HHTeHCHBHOcTb H3Jiy- 

HeHHH H pa3Mepbl qaCTHUeK «nbUIH», OHH MOIVIH BHHHCJIHTb MHHH- 

MajibHoe BpeMH o6jiyqeHHH, HeoSxoflHMoe ajih Toro, htoSh nbijie- 
BHAHbie qacTHUbi MeTajuia norjioTHJin sHeprnio hv, KOTopaa Hy>KHa 

£JIH 3MHCCHH 3JieKTpOHa; B yCJIOBHflX HX 3KCnepHMeHT3 3T0 BpeMH 

paBHHJiocb HecKOJibKHM ceKyH^aM. Oahsko bo Bcex cJiynaax ohh 
Ha6jiK)flajiH HcnycKaHHe 3JieKTp0H0B OAHOBpeMeHHO c hshsjiom 
oSjiyqeHHH. 

CjieayeT cae-naTb 33KJiK)HeHHe, hto bojihobsh Teopnn cBeTa, bo 
bchkom cjiynae b CBoefi KJiaccHHecKofi (popMe, Hecnoco6Ha AaTb 

oS-bHCHeHHe (p0T03JieKTpHHeCK0My 3<p(peKTy. 

§ 5. 3<j>(J)eKT KoMnTOHa 

ScptpeKT KoMnTOHs HBJiHeTCH /ipyrHM noflTBep^fleHHeivi TeopHH 
<Potohob b ymepS bojihoboh TeopHH. 3tot 3(p(peKT Ha6jIK>fl3eTCa 
(Komiitoh, 1924 r.) npn pscceaHHH peHTreHOBCKHX Jiyneft cbo6o,h.- 

HblMH (HJIH Cna6o CBH3aHHbIMH) 3JieKTpOH3MH. ,J],JIHHa BOJIHH pac- 

ceHHHoro H3JiyHeHHH npeBocxoflHT AAHHy bojihh naaaiomero H3Jiy- 

HeHHH; 3aBHCHMOCTb pa3HOCTH flJIHH BOJ1H OT yivia 8 MejKfly 

HanpaB^eHneM naAatomefi bojihh h HanpaBJieHHeM HaSjiiOAeHHji 
pacceHHHoro H3JiyHeHHH BbipaaoeTca (popMyjiofl Komiitohs 

AJi = 4 n -^sin 2 |, (2) 
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me m ecTb Macca iiokoh ajieKTpoHa 8 ) . Otmcthm, no AX He 33bh- 
cht ot aahhh bojihh naAaiomero H3^yueHHfl. Komiitoh h ,fl,e6aft 
noKa3ajiH, hto HBjieHHe KoMnTOHa sbjihctch pe3yjibTaTOM ynpy- 
roro CTOJiKHOBeHHH Meacay <p° TOHOM naAaiomero HSJiyqeHHH h oa- 

HHM H3 SJieKTpOHOB oSjiy^aeMOH MHUieHH. 

Hto6h o6cyAHTb KopnycKyjiapHoe o6i>HCHeHHe scpipeKTa, cne- 

AyeT yTOMHHTb HeKOTOpbie CBOHCTBa (pOTOHOB, HenOCpeACTBeHHO 

BUTeKaiomHe H3 rnnoTe3H SHHiuTefiHa. IIocKOJibKy <p° T0H H Abh- 
jKyTCH co CKopocTbio cBeTa c, hx Macca noKOH paBHa Hyjiio 9 ). 
Hiwnyjibc p h sHeprHsi e ipOTOHa cBH3aHbi nosTOMy cooTHomeHHeM 

e = pc. (3) 

PaccMOTpHM njiocKyio MOHoxpoMaTaqecKyro cBeTOByio BOJiHy 

exp[2nt — v/)], W u ecTb eAHHHHHHH BeKTop b HanpaBJie- 

hhh pacnpocTpaHeHHH bojihh, X — fljiHHa bojihh, v — lacTOTa; 
Xv — c. B corjiacHH c rHnoTe3ofi SflHuiTeHHa 3Ta Bo/ma npeACTaB- 
jiHeT co6oft nyuoic (potohob c sHeprnefi h\. Kwinyjibc sthx <potohob, 
ecTecTBeHHO, HMeeT HanpaBjieHHe a, a ero a6cojiK>THoe 3HaneHHe, 
corjiacHo (3), paBHO 

hv h 

3to cooTHOiueHHe ecTb qacTHHH e^y^afi cooTHomeHHH Ae Bpofi- 

JIH, C KOTOpbIM Mbl BCTpeTHMCH B TJl. II. ^aCTO 6bIBaeT yA06H0 BBe- 

cth KpyroByio nacTOTy © = 2jtv h bojihoboh BeKTop k = (2nJX) u 
nJiocKoft boahh. TorAa nojiyqeHHbie cooTHomeHHa 3anHinyTCH 
b BHAe: 

e = ft©, p — hk. (4) 

KopnycKyjinpHaH TeopHH 9(p(peKTa KoMnTOHa ocHOBaHa Ha 3a- 
KOHax coxpaHeHHH sHepniH h HMnyjibca npa ynpyroM eroJiKHOBe- 

HHH (pOTOHa H SJieKTpOHa. FlyCTb p H p' — HaiaJIbHHH H KOHeHHHH 
HMnyJIbCbl (pOTOHa COOTBeTCTBeHHO, P' — HMnyjIbC OTA3HH ajien- 

TpoHa nocne croJiKHOBeHHH (pnc 2). YpaBHeHHH coxpaHeHHH 3a- 

nHCbIBaK)TC3 B BHAe: 

P= p'+P', 

me* + pc = V P'V + m 2 c 4 + p'c. (I) 



8 ) fljiHHa h/tnc, npoMexyTOHHas Meatfly cpe«HHM paflnycoM aTOMOB h pa- 
flnycoM «flep aTOMOB (h/mc = 3,86- 10 -10 cm), HrpaeT onpefleJieHHyio po^b b 

KBaHTOBOft TeopHH SJieKTpOHa. OHa H33bIBaeTCH KOMnTOHOBCKOti, dMlHO& BOJIHH 

ajieKTpoHa. 

9 ) CorjiacHO npHHunny OTHOCHTejibHOCTH Macca noKOH m, sHepniH e h hm- 
nyjibc p qacTHUbi cbh38hh cooTHoineHneM e 2 — p 2 c 2 = m?c*; CKOpocTb qacTHuu 

eCTb 0 = -4— -. ECJIH V=**C, TO 8= PC H 171 — 0. 
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3tH ypaBHeHHH n03BO;iHIOT nOJIHOCTbK) OnHCaTb CTOJIKHOBeHHe, 

ecJiH H3BecTHH Ha^aJibHbie ycnoBHH h HanpaBjieHHe H3^yieHHH pac- 

CeHHHOrO (pOTOHa. y^HTHBaa COOTHOUieHHH (4), HeTpyAHO BblBeCTH 

(popinyjiy KoMnTOHa, KOTopan, TaKHM o6pa30M, 0K33biBaeTCH Teo- 
peraqecKH o6ochob3Hhoh (cm. ssAa^y 1). Ha^HHaa c nepBbix pa- 
6ot KoMnTOHa, Bee ocTaJibHbie npeflCKa3aHHH TeopHH 6mjih 3Kcne- 
pHMeHTaJibHO noATBepxcaeHbi. Ha6jiK>AaJiHCb h ajieirrpoHbi otas^h, 

npH^eM 3aKOH H3MeHeHHH HX 9HeprHH B 33BHCHM0CTH OT JTJia 0 

OKa3ajic3 HMeHHO TaKHM, K3KHM ero naior ypaBHeHHH (I). 3Kcne- 

r pHMeHTH Ha coBnaaeHHH noKa3a- 
^ jih, ^TO HcnycKaHHe paccenHHoro 
(pOTOHa H 3JieKTpoHa OTAaqH npo- 

y/£ HCXOAHT OAHOBpeM€HHO, a CB33b 

P. Mescay yrjiaMH 0 h 0 cooTBeT- 

\J.& CTByeT npeACKa33HH3M TeopHH. 

\ ll0Jie3H0 C0n0CT3BHTb 3TH pe- 

\„r 3yJIbTaTH C npeACK333HH3MH Kjiac- 

CHqecKofi TeopHH. TeopHH M.3KCBe.n- 
Phc. 2. KoMnTOHOBCKoe paccenHwe jia — JIopeHua npeACKa3HBaeT no- 
<poxoHa H a noKOHmeiica Macrpoiie. rJlomeHm H3CTH HSAaiomefi 3Jie K - 

TpoMarHHTHoA SHeprHH KancflbiM 
a^eKTpOHOM b nojie H3JiyneHHH h ee nocneAyiomee HcnycKaHHe 
b BHAe H3jiyHeHH« Toft xe qacTora. B otjihhhc ot norjiomaeMoft 
paAHauHH noJiHbifl HMnyjibc ncnycKaeMoro H3JiyHeHHH psBeH Hyjiio. 
ripouecc pscceHHHH CBeT3 conpoBOJKAaeTCH, tskhm o6pa30M, He- 
npepbiBHofi nepeAaqefi HMnyjibca (AaBjieHne H3JiyqeHHH) ot naAaio- 
mefl paAHaixHH k oSjiy^aeMOMy sjieKrpoHy, KOTOpbifl nosTOMy 
HcnbiTbiBaeT ycKopeHHe b HanpaBJieHHH naAaromeft bojihh. 3aKoa 
norjiomeHHH h smhcchh paAH3UHH c oahoh qacTOTofi cnpaBeA^HB 
b cHCTeMe OTcneTa, rAe 3.neKTpoH noKOHTcn. KaK TOJibKo ajieKTpoH 
npnxoAHT b ABHKeHHe, qacTOTbi, HadjiioAaeMbie b jia6opaTopHofi ch- 
cTeMe, H3MeHHioTCH BCJieACTBHe 3(p(peKTa floiuiepa. H3MeHeHHe 

AJIHHH BOJIHbl AX 33BHCHT OT yiVia, nOA KOTOpbIM Mbl Ha6jIK>AaeM 

pacceHHHoe HSJiy^eHHe. npocToe BbinncjieHHe AaeT 

AX — 2X E % sin 2 |, (5) 

rAe X — AJiHHa b ojihh naAaiom ero H3JiyqeHHH, P KJI — HMnyjibc 3JieK- 
TpoHa, E KR = /\Jm 2 c i + P 2 Kn c 2 — ero SHeprnn. TaKHM o6pa30M, AX 
pacTeT c poctom P K ji h peryjiapHO yBejiHHHBaeTCH b npouecce 06- 
jiyqeHHH. 

Mbl BHAHM, «!TO KJiaCCHHeCKHe npeACK333HHfl He corjiacyioTCH 
C 3KCnepHMeHT3JIbHbIMH (|)3KT3MH. DlSBHHH HeAOCTaTOK KJiaCCHHe- 
CKOH TeopHH 3(p(peKT3 K0MIIT0H3 COCTOHT B npeAnojiojKeHHH o ne- 
npepbiBHOil nepeAaie HMnyjibca h aHeprHH H3JiyneHHH eceju sjieK- 

TpOH3M, nOABepHieHHbIM P3AH3U,HH, B TO BpeMH K3K H36jIK)AaeMHe 
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<J)aKTH yKa3HBaioT, mto sHeprHH nepeAaeTCH ducKpemuM o6pa30M 

TOZIbKO HGKOTOpblM H3 HHX. 3Ta TpyAHOCTb TOH JKe npHpOflbl, 1TO 

h b cJiynae (poToajieKTpHnecKoro 3(p(peKTa. 06a sBJieHHH, BOo6me 
roBopa, flOBO^bHO cxojkh: KOMnTOHOBCKoe pacceaHHe MoxeT pac- 
CMaTpHBaTbCH KaK norjiomeHHe CBeTa, conpoBo>KAaeMoe ero no- 

BTOpHOfl SMHCCHeH, B TO BpeMH KaK (pOTOSJieKTpHieCKHH 3(p<peKT 

ecTb HHCToe norjiomeHHe. 

BBe,neHHe KBaHTOB CBeTa Heo6xoAHMo, ecJiH Ha^JioKHT yqecTb 
AHCKpeTHbift xapaKTep npoueccoB nepeAa^H HMnyjibca h SHeprHH 
sjieKTpoHaM. TeM He MeHee, cxoactbo (popMyji (5) h (2) jijih atp- 
tpeKTa KoMnTOHa yKa3HBaeT, hto KJiaccHnecKaH TeopHH Bee >Ke 
HMeeT HeKOTOpoe OTHomeHHe k peaJibHOCTH. 3tot Bonpoc 3acny>KH- 
BaeT 6ojiee rjiyfioKoro H3yneHHH. 

OopMyjia KoMnTOHa 6biJia nojiyqeHa Bbime b npeAnojiojKeHHH, 
ito a^eKTpoH nepBOHaiajibHO iiokohjich. Ho TeopHH ocTaeTCH, ko- 
HeiHO, cnpaBeflJiHBofi, ecjm nepBOHauajibHaH cKopocTb aJieKTpoHa 
OTJiHHHa ot HyjiH. HeTpyAHO o6o6mHTb ypaBHeHHH (I) h (popMyjiy 
KoMnTOHa Ha stot a/iyiaft. Ecjih ajieKTpoH b HawaJibHHH mo- 
MeHT ABHxeTCH n apaJiJiejibHO naflaiomefl Bojme c HMnyjibcoM P 
h aHepraefi E = -\/m 2 c 4 + P 2 c 2 , to HeTpyAHO nojiyraTb (cm. 3a- 
Aaqy 1) 

AA = 2^i|±^ S in 2 |. (6> 

JlerKO 33MeTHTb CXOACTBO 3T0H (popMyjiw H KJiaccnqecKoro Bbl- 

paMeHHH (5) AJI5J cMemeHHH AX. BiwecTo HMnyjibca P KJ i b hhcjih- 
Tejie cpopMyjia (6) coAepmHT Bejin^HHy P + p (oHa HMeeT nopHAOK 
BejiHiHHH HMnyjibca noaie ctojikhob6hhh (poTOHa c 3JieKTpoHOM) t 
a b 3HaMeHaTejie bm6cto P K n ctoht P, t. e. HMnyjibc sJieKTpoHa 
AO cTOJiKHOBeHHH. Oah3ko MexaHH3M npouecca, OTpa>KaeMbIH (pop- 
Myjioft (6), cymecTBeHHo OTJiH^aeTCH ot KJiaccnqecKoro. FToa Aeft- 
CTBHeM o6jiy i ieHHH Ka^AbiH ajieKTpoH nojiynaeT nepBbra tojimok, 
conpoBOJKAaeMbift nepeAa^eft HMnyjibca h npHBOAHUiHH ero b abh- 
weHne, 3aTeM BTopoft TOjmoK h t. a. riepeAaBaeMbie HMnyjibcw 

H3MeHHK)TCH OT CTOJIKHOBeHHH K CTOJIKHOBeHHK), HO BeJIH^HHbl ne- 

peAaBaeMoro HMnyjibca KOJie6jiioTCH okojio HeKOTOporo cpeAHero 
3HaqeHHH, npH6jiH>KeHHo paBHoro HMnyjibcy p naAaiomnx tpoTOHOB. 
HMeHHO 9tot npouecc cK,aHKoo6pa,3Hozo H3MeHeHHH HMnyjibca Ha 
BejiHHHHy nopHAKa p h pesyjibrapyiomero H3MeHeHHH AX mu mo- 
>KeM cpaBHHTb c KJiaccH^ecKHM MexaHH3M0M Henpepbienoao H3Me- 

HeHHH BejIHMHH (pHC 3). 

rioAo6Hoe cpaBHeHHe HMeeT cmhcji, KOHerao, TOJibKO b npe- 
AeJibHOM cjiyHae, KorAa BeJiH^HHa kb3htob aHeprHH MOJKeT c^h- 
TaTbca 6ecK0HeHH0 Majiofi, a ihcjio hx — 6ecK0HeiH0 6ojibiuHM, 
h mh paccMaTpuBaeM pesyjibTHpyiomnft cpeAHHH acptpeKT ot oqeHb 
6o^biuoro iHCJia noc^ieAOBaTejibHbix CTOJIKHOBeHHH. flocKOJibKy 
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sjieKTpoH npn Ka>KAOM cTOJiKHOBeHHH nojiynaeT HMnyjibc, no 
nopa^Ky bcjihtohh paBHbift p, h npn 6oJibiuoM HHCJie CTOJiKHOBeHHH 
(pjiyKTyauHOHHHe otkjiohchhh ot cpeAHero 3HaqeHHH KOMneHCH- 
pyroTCH, to pe3y^bTHpyiomHH 9(p(peKT 6y^eT t3khm, k&k earn 6h 
ajieKTpoH npn KajKAOM ctoji KHOBeHHH nojiynaji b tohhocth stot 
cpeAHHH HMnyjibc p. Torfla HMnyjibc aJieKTpoHa P 6ynej cKanKo- 

o6pa3HO yBejmiHBaTbCH b Ha- 
npaBJiBHHH na^aiomero H3Ayqe- 
hhh. CKaqKH HMnyjibca OKa3bi- 

BaiOTCH nopHflKa BeJIHUHHbl 

KBaHTa p — hv/c, h ecrcn Bejin- 
qHHa p AOCTaTOHHO Majia, to H3- 
MeHeHHe HMnyjibca 6y^eT npaK- 

TH^eCKH HenpepHBHblM. TaKHM 

o6pa30M, b yK33aHH0M npnSjiH- 

JKeHHH MO>KHO paCCMaTpHB3Tb 
HeKOTOpblH CpeflHHfl HMnyjIbC 
(P), HenpepblBHO H3MeHHK>mHH- 

ch c TeqeHHeM BpeMeHH. 3Kcne- 
pHMeHTajibHoe HCCJieAOBaHne, Ha 
AeTajiax KOToporo mh He 6yaeM 
3flecb ocTaHaBJiHBaTbCH, noKa- 
3HBaeT, qTO H3MeHeHHe SToro 
cpeAHero HMnyjibca bo BpeMeHH 

OKa3bIBaeTCH HMeHHO TaKHM, KaK 

3to npeACKa3HBaeT Kjiaccnqe- 

CKaH TeOpHH; HHblMH CJIOBaMH, 
BeKTOpbl {P) H P KJI OKa3bIBaiOT- 

ch paBHMMH Apyr Apyry b juo6oii 
MOMeHT BpeMeHH. KpoMe Toro, nocm/ibKy KJiaccHqecKan BejinqHHa 
P K ji, onpeAejiaeMaH c ToraocTbio ao p, b Ka>KAbift MOMeHT BpeMeHH 
paBHa cpeAHeMy 3HaieHHio P, to CMemeHHe KoMnTOHa, npeACKa3bi- 
BaeMoe KjiaccnqecKoft Teopnefi (ypaBHeHHe (5)), b KajKAHft momcht 
BpeMeHH paBHO ycpeAHeHHOMy 3HaqeHHio AeficTBHTejibHo HaSjiio- 
AaeMoro CMemeHHH KoMnTOHa (ypaBHeHHe (6)). 

§ 6. CBeTOBue KBaHTbi h aBjiemtsi HHTepcpepeHUHH 

BCH HCTOpHH pa3BHTHH OIITHKH yKa3biBaeT, HTO KJiaCCHqeCKaH 

BOJiHOBan TeopnH npaBHJibHo onncbiBaeT onuTHbie <paKra b MaKpo- 
CKonHuecKHX MacuiTa6ax. B to nee BpeMH, KaK mh bhacjih, Ha 
MHKpocKonHHecKOM ypoBHe TOjibKO KopnycKyjiapHan TeopHH Mo>Ker 
06'bHCHHTb THnHHHHe aBJieHHH nor^omeHHH h pacceaHHH CBeTa, 

KOTOpblMH COOTBeTCTBeHHO HBJIHIOTCH (pOTOSJieKTpHieCKHH 3(p(peKr 

h 9<p(peKT KoMnTOHa. CjieAyeT nosTOMy BbiacHHTb, k3khm o6pa30M 
THnoTe3a 4>otohob Mooter 6urb corviacoBaHa c TaKHMH HBJieHHHMii 




t 



Phc. 3. H3MeHeHHe bo BpeMeHH hm- 
nyjibca P sjieKTpcma noa B03fleftcTBHeM 
MOHOxpOMaTHqecKoro H3Jiy<ieHHH b pe- 
3y^bTaTe nooieAOBaTejibHbix ctojikho- 
BeHHfl KoMnTOHa (sto KpaftHe cxeMa- 
THqecKaa KapTHHa HBJieHHH, rpaHHiiu 
KOTOpofl 6yayT o6cy>KAaTbCH b rji. IV 
b cbh3h c cooTHOmeHHflMH Heonpeae- 
jieHHocTH). riyHKTHpoM yica3aHa (jiyHK- 
wn P KJI (/), npeflCKa3MBaeMaH KJiaccH- 
qecKoii Teopneft. 



§ 6. CBETOBblE KBAHTbl H HBJIEHH3 HHTEPd>EPEHUHH 
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K3K HHTep^epeHuna h £H(ppaKUHH cBeia, KOTopHe HMetoT cyme- 
CTBeHHO bojihoboh xapaKTep. 

PaccMOTpHM ajih npHMepa pacceHHHe nyqica MOHOxpoMaTHHe- 
cKoro cBeia Ha napajuieJibHofi AHCppaKHHOHHofi pemeTKe (pnc. 4). 

riOflXOflHIUHM 06pa30M pacnOJIO>KeHHbIH SKpaH n03BOJIHeT BblHBHTb 

HHTeptpepeHUHOHHyK) KapTHHy. KoJiHiecTBeHHoe Hcc?ie,aoBaHHe hb- 
jieHHH Mo>KeT 6biTb npoBeaeHO pa3HHMH cnocoSaMH — HanpHMep, 




5# 




4 



5) 



Phc. 4. PacceHHHe CBeTa Ha pemeTKe: S — hctoihhk CBeTa, R — AH<ppaKu,HOH- 
Haa peiueTKa, P — (pOTonjiacTHHKa. B cjiyiae 6) npaBaa nojioBHHa peiueTKH R 

ycTpaHeHa 



mo>kho noMecTHTb Ha Mecro SKpaHa (pOTorpatpHnecKyio njiacTHHKy 
h npoHBHTb ee noa/ie HeKoroporo 3a,naHHoro BpeMeHH oSjiyqeHHH. 
B 3T0M c/iyqae HHTepcpepeHUHOHHan KapraHa Ha HeraTHBe npo- 

HBHTCH KaK nOTeMHeHHe OTfleJIbHHX yqaCTKOB njiaCTHHKH, npHHeM 

3to nOTeMHeHHe nponopH.HOHa.nbHo KOJiHTOCTBy na^aiomero Ha sth 
yqacTKH CBeTa. B AeftcTBHTejibHocTH norjiomeHne CBeTa njiacTHH- 

KOH npOHCXOflHT OT^eJIbHHMH KBaHTaMH: KaJKflbM (pOTOH, npOHHKafl 

b njiacTHHKy, BcoSyamaeT cBeToqyBCTBHTejibHMH MHKpOKpHCTa.i^, 
KOTopHH npH npoHBJieHHH Jiaer nepHyio TOMKy 10 ) . HeBOopyxeHHbiM 



10 ) OnncaHHe hbtohhh 3flecb npefle/ibHO ynpomeHO. B AeflcTBHTeJibHOCTH na- 
fleHHe oflHoro (poTOHa MOHceT B036yflHTb MHKpoKpHCTajui TOJibKO, ecJiH SHeprna 
<poTOHa ^ocTaToqHO BeJiHKa (.najieKHft yjibTpaipHOJieT hjih peHTreHOBCKHe jiyqH). 
Ho aaace b 9tom onyqae HyjKHH cneimaJibHbie ycnoBHH onuTa, qTo6u 6wTb yBe- 
peHHWM, ito KajKflbifi 4>otoh, naAaiomHH Ha njiacTHHKy, B036ya?AaeT o^hh h 

TOJibKO OflHH MHKpOKpHCTaJIJl (HyjKHbl MHKpOKpHCTajIJIbl flOCTaTOTHOH BeJIHTOHbl, 
^OCTaTOIHO TOJICThlfl CJIOH SMyjIbCHH H T. fl.). OflHaKO BCe 3TH TOHKOCTH SKCnepH- 
MeHTa MOJKHO He yqHTHBaTb, T3K KaK OHH He BJIHHIOT Ha CymeCTBO HBJieHHH, 

KOTOpoe mu paccinaTpuBaeM. 
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TJia30M HeJIb3H pa3peiUHTb OTfleJIbHbie TOIKH, H Mbl HaSjIIO- 

flaeM 6ojiee hjih MeHee TeMHbie o6jiac™ b 33bhchmocth ot iHCJia 
CTOJIKHOBeHHH (pOTOHOB c nJiaCTHHKOH Ha eflHHHuy iuioma#H. Ofl- 
HaKO CymeCTBOBaHHe OTfleJIbHHX CTOJIKHOBeHHH MOJKeT 6bITb BHHB- 

jieHO, ecJiH paccMaTpHBaTb miacTHHKy c noMombio flocTaTO^HO 
MomHoro MHKpocKona. B o6bmHHX ycjiOBHHX onbiTa hhcjio <pOTO- 
hob, naaaiomux Ha njiacraHKy, oneHb bcjihko, TaK nro KBa3HHe- 
npepHBHoe pacnpeAejieHHe ceHCH6HjiH3HpOBaHHbix MHKpoKpHCTaji- 
jiob jxaeT oSbumyio KapTHHy HHTeptpepeHUHH, npeflCKa3biBaeMyio 
bojihoboh TeopneH. 

OcHOBbiBancb TOJibKO Ha 3KcnepHMeHTaJibHbix pe3yjibTaTax, 
mojkho a priori OTSpocHTb Bee nonbiTKH o6i>acHHTb HBjieHHe HHTep- 
4>epeHUHH b paMKax racTO KopnycKyjiapHoft TeopHH. 3aMeTHM 
npe^Ae Bcero, hto (poTOHbi flBHxyTCH b npocTpaHCTBe He3aBHCHMo 
Apyr ot flpyra, hx B3aHMOAeflcTBHe npeHe6pe>KHMO Majio. JJeftcTBH- 
TejibHO, HHTep4)epeHU,HOHHaH Kaprana He MeHHeTCH, earn yMeHb- 

HIHTb HHTeHCHBHOCTb HCTOTOHKa CBeTa H, COOTBeTCTBeHHO, yBe/IH- 
IHTb npOAOJDKHTeJIbHOCTb 06jiyHeHHH TaK, qT06bI KOJIHUeCTBO 

CBeTa, na^aiomee Ha peiueTKy, ocTaBajiocb uoctohhhhm. Hhhmh 
cjiOBaMH, ecJiH mh nocHJiaeM HeKOTopoe (oieHb 6ojibiuoe) hhcjio N 
4>otohob Ha peiueTKy, to pacnpe^eJieHHe ceHCH6HJiH3HpoBaHHbix 
To^eK Ha njiacTHHKe He 33bhcht ot rpynnupoBKH naaaiomHX (po- 
tohob; 9to cnpaBeflJiHBo h b npeAeJibHOM cJiy^ae oqeHb c/iaSbix hh- 
TeHCHBHOcTeft, Koraa (poTOHbi na^aioT Ha peiueTKy «no OAHOMy». 
To me caMoe pacnpeAeJieHHe mh nojiy^HM, ecJiH nomjieM Ha pe- 
iueTKy odUH-edUHCTBeHHblti. (J)OTOH, a 3aTeM nOBTOpHM 3TOT onbiT 

N pas. 

PaccMOTpHM Tenepb npofijieMy pacce$mHH (pOTOHa na peuieTKe. 
riocKOJibKy b ycJioBHHx Haiuero onuTa HaqaJibHoe coctohhrc ch- 

CT6MH ((pOTOH + pemeTKa) TOHHO He H3BeCTH0, He MOJKeT 6bITb 

h pe^H o tom, ito6h onpeAejiHTb TpaeKTopHio (pOTOHa h, cJieAOBa- 
TejibHO, TOHKy yAapa (pOTOHa Ha njiacTHHKe; mojkho HafiTH TOJibKO 
CTaTHCTHHecKoe pacnpeaeJieHHe bosmojkhhx TpaeKTopHfi h, coot- 
BeTCTBeHHO, cTaTHCTHHecKoe pacnpeaeJieHHe To^eK yAapa. SKcne- 
pHMeHTajibHo mh fleHCTBHTe^bHO HafijiiOAaeM cTaTHCTHiecKoe pac- 
npeaejieHHe ToqeK yAapa: oho cooTBeTCTByeT 3aK0Hy pacnpe^ejie- 

HHH HHTeHCHBHOCTH CBeTa B HHTep(pepeHHHOHHOH KapTHHe. XopOIUO 

H3BecTH0, mto paspeiuaroiuaa cujia peiueTKH 33bhcht ot iHCJia jih- 
hhh, ee o6pa3yroin,Hx, npnqeM neM 6ojibme jihhhh, TeM 6ojiee toh- 

KHMH OKa3bIBaK)TCH CBCTOBbie nOJIOCKH HHTepfpepeHUHOHHOH Kap- 

thhh; ecJiH y6paTb nojioBHHy peiueTKH, HHTeptpepeHHHOHHaa 
KapTHHa cymecTBeHHo H3MeHHTCH. HMeHHO b 3T0M nyHKTe Kopnyc- 

KyJIHpHaH TeopHH OKa3bIBaeTCH B pe3K0M npOTHBOpe^HH C 3KC- 
nepHMeHTOM. AeftCTBHTeJIbHO, KaKHMH 6bl HH 6bIJIH ypaBHeHHH 
ABHMeHHH KajKAOrO (pOTOHa npH B3aHMOAeHCTBHH C laCTHHaMH, CO- 

cTaBjiHioiUHMH peiueTKy, pacnpeaeJieHHe TpaeKTopHH (pOTOHOB, pac- 



§ 7. 3AKJIIOTEHHE 
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ceHHHbix jieBofi nojiOBHHOH peiueTKH, He MoaceT 3aBHceTb ot npn- 

CyTCTBHH (pHC. 4, a) HJIH OTCyTCTBHH (pHC. 4, 6) npaBOH nOJIOBHHH 

peiueTKH, ecjin TOJibKO He npHnncbiBaTb (poTOHy pa3Mepbi nopnflKa 
pa3MepoB peiueTKH. Ecjih, KpoMe Toro, hctothhk cBeTa h qyBCTBH- 
TejibHan njiacTHHKa aoctstotho y/jajieHbi, pacnpeAejieHHH ToqeK 

yaapOB (pOTOHOB, paCCeflHHHX 06eHMH nOJIOBHHaMH, flOJIJKHbl 6bITb 
OflHHaKOBHMH. IlpH yCTpaHeHHH, CK3JKCM, npaBOH nOJIOBHHbl pe- 
iueTKH H3MeHHTbCH AOJi>KHa TOJibKO HHTeHCHBHOcTb CBeTa, naaaio- 
mero Ha Ka>KflbiH y^acTOK nji3CTHHKH, ho He HHTeptpepeHUHOHHaa 
KapTHHa. OnHT npOTHBopeiHT sthm npe^CKa3aHHHM h 3acTaBjmeT 
Hac npH3HaTb, qTO b npouecce pacceaHHH CBeTa npHHHMaeT yqacrae 
bch peuieTKa uejiHKOM. 

THnoTesa cBeTOBbix KopnycKyji CTaJiKHBaeTCH c aHaJionmHHMH 

TpyflHOCTHMH BO BCeX CJiyHaHX HHTeptpepeHUHH HJIH AH(ppaKUHH 

(3aflaqa 2). C noMOiubio HeKOTOporo aeieKTHpyiomero npn6opa 

(SKpaHa HJIH CpOTOrpaCpHHeCKOH nJiaCTHHKH) MO>KHO 3(p<peKTHBH0 
<pHKCHpOB3Tb npHfiblTHe (pOTOHOB OAHOrO 3a ApyrHM, HO HejIb3H, H6 

Bnaaasi b npoTHBopenHe, npHnncaTb KajKAOMy (poTOHy onpeaejieH- 
Hyio TpaeKTopnio. TaKHM o6pa30M, KJiaccHqecKaH AOKrpHHa, co- 
rjiacHO KOTopoft bchk3H KopnycKyjia c TeqeHHeM BpeMeHH Henpe- 
pbiBHO nepeMemaeTCH b npocTpaHCTBe, 0K33HB3eTCH HecocTOHTejib- 
hoh. Ha nyTH k AeTeKTHpyiomeMy npn6opy CBeT pacnpocTpaHJieTcsi 
K3K BOJiHa, KOpnycKyjinpHbifi acneKT (pOTOHa npoaBjiaeTCH TOJibKO 

B MOMeHT AeTeKTHpOBaHHH. 

; § 7. 3aKjiK)MeHHe 

Mojkho cAeJiaTb pun npeflBapHTeJibHbix 3aKJiio<ieHHH, BbiTeicaio- 

1HHX H3 SKCnepHMeHTOB, CBH33HHHX CO B3aHMOA6HCTBHeM MeJKAy 

BemecTBOM h cBeTOM Ha MHKpocKonHHecKOM ypoBHe. 

XoTa HaSjiioAaeMbie HapymeHHH HenpepbiBHOcTH MOryT 6biTb 

06T>HCHeHH TOJibKO C nOMOIHbK) npeACTaBJieHHH O CBeTOBblX KOp- 

nycKyjiax, He MO>KeT 6biTb h pein 06 OTKa3e ot hohhthh cBeTOBofl 
bojihh. CBeT npoHBJineT ce6n b RByx acneKTax: bojihobom h Kop- 
nycKyjiapHOM, b 33Bhchmocth ot toto, KaKoe HBJieHne mu H3y«iaeM. 
CooTHOineHHH (4) no3BOJiHioT nepexoaHTb ot oahoi-o cnoco6a onH« 
cshhh k apyroMy. TecHaa cBH3b Me>KAy jisymn cnocoSaMH onnca- 
hhh, KaK 3to noKa3HBaeT HsyqeHHe onbrra no pacceaHHio Ha pe- 
iueTKe, HMeeT craTUCTUKecKyto npupody: BepoHTHOCTb jiOKajiH3au.HH 
ipoTOHa b HeKOTOpofi ToiKe nponopHHOHajibHa hhtchchbhocth cBe- 

TOBOH BOJIHbl B 9T0H TOHKe, BHMHCJieHHOH Ha OCHOBe MeTOAOB BOJI- 

hoboh oitthkh. CymecT8oeaHue dyanu3Ma eoAHa — KopnycKyAa ne- 
C08M.eCTU.M0 c KAaccunecKotl doKTpunou. HejIb3H paCCM3TpHBaTb 
CBeT hh KaK noTOK KJiaccHiecKHX KopnycKyji, hh KaK cynepno3H- 

HHK) KJiaCCHHeCKHX BOJIH, He BXOAH B npOTHBOpeTOe C OnblTHblMH 
A3HHMMH. 
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Bbhay oieBHAHofl HeoSxoAHMOCTH p6BH3HH KJiaccHiecKHX npeA- 
CTaBJieHHH, oco6eHHo BaxHO noAnepKHyTfa tot (paKT, hto HeKOTopue 
pe3yjibTaTH KJiaccniecKOH bojihoboh TeopHH ocTaioTCH cnpaBe;yiH- 
BHMH. B nepByio onepeAb cneAyeT OTMeraTb, hto 3aKOHu coxpane- 
huh anepzuu u uMtiyAbca noAnocTbto coxpanntoT ceoto ciiay. KpoMe 
Toro, KaK mh BH^ieJiH Ha npHMepe 3(p<peKTa KoMnTOHa, KAaccme- 
ckoh reopUH npaeuAbno npedcKa3bieaer ycpedneuHoe noeedenue 
(pU3uiecKUx cucreM b «MaKpocKonHHecKOM npeAe;ie», KorAa KBaH- 

TOBUe GKaiKH MO>KHO CHHTaTb npeHe6pe}KHMO MajIHMH. 

PaaAea III. KBAHTOBAHHE B ATOMHblX CHCTEMAX 

§ 8. ATOMHan cneKTpocKonHsi h tpyahocth KJiaccHnecKofl 
MOAejiH Pe3ep(popAa 

B npeAinecTByiomeM pa3Aejie mh no3HaKOMHJiHCb c tcmh rjiy- 

60KHMH nOTpHCeHHHMH KJiaCCHHeCKOH TeopHH CBeTa, KOTOpHe SblJIH 

BH3BaHbi oTKpHTHeM HapymeHHH HenpepblBHOCTH B MexaHH3Me 

B3aHMOAefiCTBHH MOKAy BemeCTBOM H H3JiyHeHHeM. 0AH3K0 Ae^o 

He orpaHHHHJiocb Teopnefi CBeTa, He MeHbiune noTpnceHHH npeTep- 
ne.ia KJiaccHHecKaH KopnycKyjinpHaa TeopHH BemecTBa. 3to cTaHo- 
bhtch oneBHAHUM, ecJiH nbiTaTbCH corviacoBaTb Me>KAy co6ofi A3H- 
Hbie aTOMHoft cneKTpocKonHH h pe3y,nbT ( aTbi, KacaiomHecH <rrpyK- 
Typbi aTOMa, noJiyqeHHbie PeseptpopAOM n ). 

Oahhm H3 Han6o^ee BbiAaiomnxcfl (paKTOB, ofiHapyxeHHbix 
b pe3yjlbTaTe ycoBepmeHCTBOBaHHH tcxhhkh HCCJieAOBaHHH cneKT- 
pOB HcnycKaHHH h norjiomeHHH CBeTa BemeCTBOM, HBH^ocb cyme- 
CTBOBaHHe y3KHX cneKTpaJibHbix jihhhh. HacTOTbi HcnycKaeMoro 
h norjiomaeMoro HSjiyieHHH 33bhc5it ot copTa H3yqaeMbix aTOMOB; 
rjir aTOMOB OAHoro copTa cneKTpbi norjiomeHHH h HSJiy^eHHfl oah- 
HaKOBM. Ka>KAH& a tom MOsceT 6biTb HASHTHipHHHpoBa h no cneKTpy; 
cneKTp AaeT BajKHeHiuyio HH(popMau.Hio oraocHTeJibHo erpoeHHH 
aTOMa h MexaHH3Ma ero B3aHM0AeficTBHH c H3JiyieHHeM . 

Oco6orO BHHM3HHH 3aCJiy>KHBaeT a TOM BOAOpOAa, TaK KaK oh 

HBjiaeTca npocTefiuiHM npHMepoM aTOMHofi CHereMH (oahh npo- 
toh + oahh ajieKTpoH) ; Bee Ha6jiK>AaeMHe laeroTH A-raa aTOMa bo- 
AopoAa noAHHHHioTCH sMnnpHHecKOfl (popMyjie BajibMepa 



") HcTopH«ecKH nepBHH apryMeHT b nojib3y Heo6xoAHMOCTH «KBaHTOBaHHS> 

aTOMHHX CHCT€M 6bIJI BHABHHyT SftHUITeftHOM B erO TeOpHH yAWIbHOfl Temio- 

eMKOcTH TBepAUx t«i (1907 r.). 3Ta TeopHH coAepxHT AOBOJibHO rpy6ne npa- 

6flHJKeHHSI, HeH36e5KHMe npH paCCMOTpeHHH CTCMb WIOHCHfalX MSTepHaJIbHUX CH- 

CTeM KaK TBepAoe Teao. KpoMe toto, Teopna SfimiiTeftHa HcnojiMyeT pe3y;ibTaTbi 
cTaTHCTHiecKoii TepMOAHHaMHKH. Flo sthm npH^HHaM Mbi He 6yAeM noApoOno pac- 
CMaTpHBaTb sTy TeopHio h oTCUJiaeM TOTaTeJiH k APyrHM KHHraM, HanpHMep, 
KHHre M. Bopna, uhthp ob aHHO A Ha CTp. 16. 
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npH^eM n h m — nojiojKHTejibHbie nejibie rao/ia (m>n), a R 
edb neKOTopan xapaKTepHCTHiecKaa nocTOHHHaa (nocTOHHHaa 
Pna,6epra). 

,H,jih 6ojiee cjiojkhhx aTOMOB He cymecTByeT cTOJib npocTbix 
(popMyji, o^HaKo KajKAHH pa3 mh oSHap/iKHBaeM HeKOTOpyio Kop- 
pejiHUHio Me^KAy pa3JiHqHbiMH Ha6^ioaaeMbiMH lacTOTaMH: ecJiH 
flBe MacTOTH BxoflHT b cocraB o^Horo cneKTpa, to hx cyMMa hjih hx 
pa3HOCTb TaK^e aoBOJibHO nacTO bxoaht b cocTaB Toro me cneKTpa. 
ToHHee roBopa, Kamjiouy aTOMy mo>kho conocTaBHTb HeKOTopyio 
TadJiHixy 'iHceJi, hjih cneKrpajibHbix TepMOB, npHneM Bee Ha6jiio,a,ae- 
Mbie qacTo™ H3JiyneHHH BbipamaioTCH b bhac pa3H0CTefi Me>K,ny 
k3khmh-jih6o RByun TepMaMH. 3to npaBHjio, qacrabiM cjiy^aeM 
KOToporo h HBjineTCH (popMyjia BajibMepa, Ha3HBaeTCH kom6uhci- 
VfUOHHbiM npaeuAOM Pud6epza — PuTqa (1905 r.). Otmcthm, ito 

He BCe pa3HOCTH TepMOB 06H3aTeJIbH0 npOHBJIHIOTCH KaK qacTOTbi, 

Ha6jiK)^aeMHe b cneKTpe, OAHaKO mo>kho (popMyjinpoBaTb aocTa- 
to^ho npocrbie npaeuna or6opa, no3BOJiHiomHe oTjinnaTb pa3H0CTH 
TepMOB, cpnrypHpyioiUHe b cneKTpe, ot Tex, KOTOpbie He npncyT- 
CTByioT b cneKTpe aTOMa. 

3tH SKCnepHMeHTaJIbHbie (paKTM HaXOflHTCH b hbhom npOTHBO- 

pe^HH c KJiaccHHecKofi TeopHeft aTOMa Pe3ep(popfla; 6ojiee Toro, 
caMa Moaejib aTOMa Pe3ep<pop,a,a crajiKHBaeTCH c cepbe3HHMH npo- 
THBope i iHHMH, ecjiH noMHMO KyjiOHOBCKoro B3aHMOAeficTBH5i yqecTb 

60Jiee CTpOrHM 06pa30M B3aHMO,ZieHCTBHe aTOMHHX SJieKTpOHOB 
C SJieKTpOMarHHTHbIM nOJieM COrJiaCHO SJieKTpOHHOH TeopHH JIo- 

peHna. /^BHraHCb no cbohm opSnTaM, 3JieKTpoHH aojdkhh H3Jiy- 

MaTb H, CJieAOBaTejibHO, TepSlTb CBOK) KHHeTHHeCKyK) SHepTHK), HTO 

Hen36e>KHO aojijkho npnBecTH k hx naaeHHio Ha Hflpo aTOMa. 
B KaK^biH MOMeHT BpeMeHH Ha6jno;iaeMbie qacTOTbi H3jiyqeHHH 
flOJi>KHbi cooTBeTCTBOBaTb lacTOTaM flBHHceHHH no Op6HTe hjih 60- 
jiee bhcokhm hx rapMOHHKaM. Ho nocKOJibKy qacTOTa ABH>KeHHH no 
op6HTe H3MeHHeTca npn TopMo^eHHH HenpepbiBHO, aojdkho HMeTb 
MecTO H3JiyneHHe c HenpepHBHbiM cneKTpoM qacTOT. KJiaccHHecKaH 
Teopna aTOMa Pe3ep(popfla He oS-bHCHaeT, cjieaoBaTejibHO, hh 

yCTOHIHBOCTH aTOMOB, HH CymeCTBOBaHHH JIHHei«aTbIX cneKTpoB 

H3JiyqeHHH. Mh HMeeM aejio c hobhm npoHBjienHeM AHCKperaocTH 

HJIH npepblBHOCTH BO B3aHM0fleHCTBHH Me>Kfly BeiUeCTBOM H H3Jiy- 

qeHHeM, TaM rae KJiaccHiecKaa Teopna npeacKa3biBaeT HenpepHB- 
Hoe H3MeHeHHe. 

§ 9. KeaHTOBaHHe SHepreTimecKHx ypoBHefi aTOMOB 

B 1913 r. Bop npeflJio>KHji ofiinyio cxeMy oS-bacHeHHH aTOMHbix 
cneKTpoB, aonojiHHB rnnoTe3y cymecTBOBaHHH KBaHTOB CBeTa hobmm 

nOCTyjiaTOM, HeCOBMeCTHMbIM C KJiaCCHieCKHMH nOHHTHHMH, a HMeH- 

ho nocTyjiaTOM KBaHTOBaHHH SHepreTHiecKHx ypoBHefi aTOMOB. 



2 A, MeccHa 
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CorviacHO Bopy aTOM He BeACT ce6n KaK Jc/iaccH^ecKaH cHCTeMa, 
cnoco6Haa HenpepHBHo H3JiyqaTb SHeprHio. Oh mojkct npeSbi- 

Ba'fb TOJIbKO B HeKOTOpOM qHCJie CTCmUOHdpHblX COCTOHHllQ., HJIH 

KBaHTOBbix coctohhhh, xapaKTepH3yeMbix BnojiHe onpe^eJieHHOH 
SHeprHefi. Tobopht, ito aiieprHH aTOMa KBaHTyeTca. SHepran aTOMa 

MOmeT H3MeHHTbCH TOJIbKO CKa«lK006pa3HO, npH^eM Ka>KAbIH CKa- 

qoK cooTBeTCTByeT nepexoAy H3 OAHoro KBaHTOBoro coctohhhh 
b apyroe. 

3tot nocTyjiaT no3Bo;iHeT yTO^HHTb MexaHH3M norJiomeHHH hjih 
HcnycKaHHH KBaHTa cBeTa. Atom c SHeprHefi £; Mo>KeT npeTepneTb 
nepexoA b coctohhhc c fioJibuiefi s-HeprHeft £/(>£,), noiviomaH 
cpoTOH hv, npH ycjioBHH coxpaHeHHH nojiHoft SHeprHH, t. e. 

hv = Ej — £,-. 

AHajiorHHHbiM o6pa30M aTOM mojkct coBepuiHTb nepexoA Ha 6ojiee 
HH3KHH ypoBeHb SHeprHH Ek (<£<), HcnycKaa (poTOH hv, npn bm- 

nOJIHeHHH COOTHOUieHHH 

hv = E t — E k . 

Atom, HaxoAHmnficH Ha caMOM hh3kom ypoBHe afteprHH (b ochob- 

HOM COCTOHHHH), He MOJKeT HS^y^aTb: OH yCTOHHHB. 

TaKHM o6pa30M 06'bHCHHeTCH cymecTBOBaHHe xapaKTepHoro 
AJih aTOMa jraHeftiaToro cneKTpa H3JiyieHHH, yAOBjieTBopniomero 
npaBHJiy PHASepra — Phtiw: cneKTpajibHbie TepMbi paBHbi, c toh- 

HOCTbK) AO •MHOJKHTejIH fl, SHeprHHM KBaHTOBHX COCTOHHHH aTOMa. 

B nacTHOM cnysae aTOMa BOAopoAa (popMyjia BajibMepa no.ray- 
naeTCH, ecjia npeAnojiojKHTb, no ypoBHH aHeprnn aTOMa AaiOTCH 
(popMyjioft 

£„ = -/*-§- (0=1,2,3, oo). (7) 

JJ,pyrHM noATBepjKAeHHeM KBaHTOBaHHH SHepreTHHecKHx ypos- 
Heft aTOMa HBJineTCH onuT OpaHKa h Tepua no HeynpyroMy pac- 
ceHHHio 3-jieKTpoHOB Ha aTOMax (1914 r.). B 3-tom onbiTe aTOMbi 

60M6apAHpyK)TCH MOHOKHHeTHHeCKHMH 3JieKTpOH3MH, npHMeM H3Me- 

pneTCH KHHeTHHecKan aHepran pacceHHHHx ajieKTpoHOB. IlycTb £0, 
Ei, E 2 , ... ecTb noaieAOBaTe;ibHOCTb KBaHTOBaHHbix aHepreraqecKHX 
ypoBHeft aTOMa, a T — KHHeTH^ecKaH aHeprnn naAaiomHX ajieicrpo- 
hob. B ycJiOBHHX aiccnepHMeHTa aTOMbi mhuichh npaKTHHecKH Bee 

HaXOAHTCH B OCHOBHHX COCTOHHHHX. IlOKa T He npeBOCXOAHT pa3- 
HOCTb £1 — £0 Me*Ay OCHOBHHM H nepBbIM B036y}KACHHbIM y.pOB- 

hhmh aTOMa, aTOM He MOJKeT norvioTHTb SHeprHio ajieKTpoHa, h Bee 

CTOJIKHOBeHHH HBJIHIOTCH ynpyrHMH. Ho eCJIH T > £1 — £0, 0K33bI- 

BaioTCH bo3MO»hhmh h Heynpyrae ctojikhob6hhh, npn kotophx 
sjieKTpoH TepneT aHepraio, paBHyio £i — £0, a aTOM nepexoAHT 
b nepBoe B036y>KAeHHoe cocroHHHe. Hmchho sto HBjieHHe h Ha6.nio« 
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AaeTCH b BKcnepHMeHTe. npH T > E 2 — E Q mohcho Ha6jiioaaTb 
ctoji KHOBeHHH, conpoBoxflaioiiiHecH nepexoaaMH bo BTopoe bo3- 

6yjKA6HHOe COCTOHHHe, H T. A. 

CjieflOBaTejibHo, KBaHTOBaHHe 9HepreTHiecKHX ypoBHefl aTOMOB 
na.no paccMaTpHBaTb KaK SKcnepHMeHTajibHHH (paKT. 3to cbohctbo 

He HBJIHeTCH npHCyiUHM TOJIbKO aTOMaM. MHoroqHcneHHbie OnblTbl, 

b qacraocTH cneKTpocKonHiecKHe, noKa3ajiH, ito KBaHTOBaHHe 
3HepreTH"iecKHx ypoBHeii HMeeT MecTo b MOJieKyjiax h b 6ojiee 
cJiojKHbix cHCTeMax lacTHu. Mh HMeeM ^ejio c caMHM oSiuhm cboh- 

CTBOM BeiHeCTBa, KOTOpOe HHK3K He MOJKeT 6bITb oGtHCHeno KJiac- 

CHMecKofl KopnycKyjinpHofi TeopneH. 

§ 10. Apy rM e npHMepu KBaHTOBaHHn: 
npocTpaHCTBeHHoe KBaHTOBaHHe 

jlpyrHM aKcnepHMeHTajibHo Ha6jnoaaeMbiM thiiom KBaHTOBaHHH 
HBJineTCH «npocTpaHCTBeHHoe» KBaHTOBaHHe aTOMHbix cHCTeM. Ero 
Ha6jnoflaioT bchkhh pa3, KorAa aTOM 0Ka3HBaeTCH noMemeHHHM bo 
BHeuiHee nojie, HMeiomee HeKOTopoe BHAeJieHHoe HanpaBjieHne; 
b 3TOM cJiynae opHeHTau,HH aTOMHofi chctcmh He npoH3BOJibHa, 

a OrpaHHTOBaeTCH HeKOTOpblMH flHCKpeTHblMH 3Ha^eHHHMH. 

HanSojiee npHMHM AOKa3aTejibCTBOM cy mecTBOB a hhh sToro 
THna KBaHTOBaHHH HBJineTCH onuT Ulrepna u repnaxa (1922 r.), 
e kotopom HCCJieAyeTca oTKJioHeHHe nynKa napaMarHHTHbix 3tomob 
(hjih MOJienyji) b HeoAHapoflHOM MarHHTHOM nojie. riapaMarHHT- 
Hbie aTOMbi no npezmojioxeHHio o6jiaAaioT hoctohhhhm .MarHHTHbiM 
MOMeHTOM n h MoryT paccMaTpHBaTbCH KaK MajieHbKne aJieMeH- 
TapHbie bootkh c MOMeHTOM KOJiHiecTBa flBHxceHHH /, nponopuHO- 

HaJIbHblM H 

H = Ml. 

OpneHTauHH fi h / onpeaeJineT opneHTaiiHio caMoro aTOMa. 
B MarHHTHOM nojie 3€ momcht KOJiHiecTBa ABHHteHHH coBepmaeT 
npeueccHOHHoe ABHJKeHHe BOKpyr HanpaBJieHHH X (npeneccHa 
JIapMopa, cm. saaany 3). Ecjih nojie Jt hoctohhho, to MarHHTHaa 

3HeprHH — OCTaeTCH IIOCTOHHHOH H He 33BHCHT OT nOJIOJKeHHH 

HeHTpa Mace aTOMa, TaK hto nocJieAHHH coBepmaeT oflHopo/iHoe 
npHMOJMHeftHoe ABH>KeHHe. Ecjih >Ke nojie 3fC He hoctohhho b npo- 
CTpaHCTBe, Ha ueHTp Mace aTOMa .zieficTByeT cHJia F = grad 

TaK <ITO aTOM HCnblTUBaeT HeKOTOpOe OTKJIOHeHHe B CBOeM JlBHJKe- 

hhh. 3to Ha6jno,naeTCH b onuTe IIlTepHa h Tepjiaxa, cxeMa koto- 
poro npHBeaeHa Ha pnc. 5. BBHay HajiHHHH npeueccHOHHoro abh- 
»eHHH BOKpyr HanpaBJieHHH noJiH H cocTaBjinromaH \i z Bflojib nojia 
ocTaeTCH nocTOHHHofl, a apyrne KOMnoHeHTbi BeKTopa \x, K0Jie6jiK)TCH 
okojio HyjiH. Bee npoHcxoaHT TaK, KaK ecjiH 6h aTOM HcnbiraBaji 
fleficTBHe ycpeAHeHHOii chjih \y, z gv&A2^ z . B o6brqHbix ycjioBHHX 

2* 
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onbiTa 3Ta cpcuhha cHjia HanpaBjieHa B^ojib och Oz h paBHa 
li z —~. FlycTb 2d edb paccTOHHHe, npoxojiHMoe aTOMOM b Mar- 

hhthom nojie, T — KHHeraqecKaH aHeprHH aTOMOB b nepBOHaqajib- 
hom nynKe; npocTOH pac^eT noKa3biBaeT, mo CKopocTb KajK^oro 
aTOMa 0TKJi0HHeTC3 ot CBoero nepBOHauajibHoro HanpaBjieHHfl Ox 
na yrcwi (d3@ z /dz) (d/T). TaKHM o6pa30M, oTKJioHeHHe nponop- 

l^HOHajIbHO COCTaBJIHIOmeH BeKTOpa H BflOJIb nOJIH. ECJIH 6bl aTOMbl 

A 

I A I 

Hywir amoMoB *° 
0 x 

a) 

Phc. 5. OnHT IIlTepHa h Tepjiaxa. a) 06mast cxeMa sKcnepHMeHTa: a?OMHbift 
nyiOK npoxoflHT Mexcuy nojiiocaMH MarHHTa, ra.e aeflcTByeT neoflHopoAHoe Mar- 
HHTHoe ncuie AA' (HanpaBJifeHHoe Ha pHcymce BepTHKajibHo); yflapu aTOMOB 
HaSjiiOAaiOTCH Ha 9KpaHe E. 6) EIonepeqHbiH pa3pe3 nojirocoB MarHHTa; nyHK- 

THpOM yKa3aHbI CHJIOBbie JIHHHH MarHHTHOrO nOJIH. 

6hjih opneHTHpoBaHbi npoH3BOJibHO, to n z npHHHMajia 6bi Bee 3Ha- 
veHHH ot — jx flo a yroji oTKJioHeHHH — Bee 3HaieHHH Mexny 
KpaftHHMH sHa^eHHHMH. B 3TOM cjiyqae Ha aKpane mm noJiyiHJiH 
6h HenpepHBHoe naTHO, BbiTHHyToe b HanpaB^eHHH Oz. Ha caMOM 
me nejie Ha SKpaHe HaSjuoflaercsi nocjieflOBaTeJibHOCTb OTAejibHbix 

SKBHAHCTaHTHblX nHTeHJ npH H3MeHeHHH nOJIH (H, CJieAOBaTe^bHO 
{dfflzldz)) H3MeHHK>TCH TOJIbKO paCCTOHHHH MOKfly TIHTH3MH, a o6- 

maa KapTHHa ocrraeTCH HeH3MeHHOH, b lacTHOCTH hhcjio nHTeH X 
nocTOHHHO. Ka>KAoe hhtho cooTBeTCTByeT onpeAejieHHOMy 3Haie- 
hhkd [iz. Cjie^OBaTejibHo, mh aejiaeM bmboa, ^to 3m<ieKna \i 2 
KBaHTyroTca: Bcero bo3mo>kho % AHCKpeTHbix 3HaqeHHfi \i z . One- 

BHflHO, qTO H COCTaBJIHK)HJ,aH l z MOMeHTa KOJIHHeCTBa ^BHmeHHH 06- 

jiaAaeT TeM >Ke cbohctbom. 

Mo>KHO Bbipa3HTb COMHeHHe B CnpaBeflJIHBOCTH nOfl06HOH HH- 

TepnpeTauHH onbiTa IIlTepHa h Tepjiaxa, h6o OHa ocHOBaHa Ha 
onpeAe^eHHOft rnnoTe3e OTHOCHTejibHO npnpoflbi aTOMHoro napa- 
MarHeTH3Ma — cymecTBOBaHHH nocTOHHHoro MarHHTHoro MOMeHTa, 
nponopu.HOHa./ibHoro MOMeHTy KOJinqecTBa flBH>KeHHH. Mh He 6y^eM 
ocTaHaBjiHBaTbca 3Aecb Ha onbiTHbix (paKTax h apryMeHTax, onpaB- 
flbiBaiomHX 9Ty ranoTe3y (rHpOMarHHTHbift 3<pcpeKT, Teopna JlaHJKe- 
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BeHa napaMarHHTHOH bociiphhmhhbocth h t. a.), otmcthm TOJibKO, 
ito nocJieAyiomee pa3BHTHe kb3htoboh MexaHHKH nojraocTbio noA- 
TBepAHJio ee. Ho p,axe earn noABepniyTb coMHeHHK) oS^HCHeHHe 
onbua, aaHHoe Bbiiue, TeM He MeHee cymecTBOBamie X AHCKperabix 
naTeH Ha AeTeKTHpyioineM anpaHe Hejib3H noHHTb, ecJiH He Aony- 
CTHTb, hto HeKOTopbie BejiHHHHbi, xspsKTepnsyiomHe BHyTpeHHHG 

ABH>KeHHH B aTOMe, KBaHTyiOTCH. J[JeHCTBHTeJIbHO, eCJIH ABH^eHHe 

HeHTpa Mace cJieayeT 33koh3M KJiaccHHecKoft MexaHHKH, to TpaeK- 
TopnH aTOMa noJiHocTbio onpeaejiaeTCH ero AHHSMHqecKHM coctoh- 
HHeM Ha Bxoae b o6jiacTb, r^e AeftcTByeT MarHHTHoe nojie. FIoHBjie- 
HHe p»Aa AHCKpeTHbix nHTeH Ha aKpaHe OTpajKaeT tot (paKT, ^to 

3T0MH He HaXOAHTCH B 0AHH3K0BHX Ha^aJIbHHX COCTOHHHHX, & CT3- 

THCTHqecKH pacnpeAeJieHbi no % pa3JiHqHbiM AHCKperaHM coctoh- 
hhhm. HHaqe roBopa, HeKOTopwe AHHaMH^ecKne nepeMeHHbie aTOMa 

KB3HTyiOTC3. Ho nOCKOJIbKy aTOMbl BCe npaKTHieCKH HaXOAHTCH 

b ochobhom coctohhhh (b npoTHBHOM aiyqse OHH H3JiyqajIH 6bl), 
AeJio He MOJKeT hath o KBaHTOBaHHH SHeprHH. .ZJaJiee, Ha6jnoAae- 
mhh Ha SKpaHe 3<p(peKT cbh33H c HanpaBJieHHeM oraocHTejibHO 
MarHHTHoro nojm, noaTOMy AHHaMHHecKan nepeMeHHaH, 
noABepJKeHHaH KBaHTOBaHHio, AOJiJKHa 3aBHceTb ot opneHTauHH 
aTOMa. 

Oomhmo onbiTa UlTepHa h Tepjiaxa, H3Becrao mhoto Apyrnx 

npOHBJieHHH npOCTpaHCTBeHHOrO KBaHTOBaHHH. OTMeTHM, B qaCTHO- 

cth, TaK Ha3biBaeMbifi atptpeKT 3eeMaHa (1896 r.), o kotopom HaM 
eme npHAeTCH roBopHTb. Bee sth hbjichhh HMeioT oaho 06m.ee npo- 
HcxojKAeHne — KBaHTOBaHHe MOMeHTa KOJinqecTBa ABHmeHHH. 3to 
6yAeT noKa3aHO b AajibHeftmeM npn H3Jio>KeHHH pe3yjibTaT0B KBaH- 

TOBOH MexaHHKH. 

PasaejiIV. nPHHUHn COOTBETCTBHfl H CTAPAJI 
KBAHTOBAfl TEOPHfl 

§11. HeAoeraToiHocTb KjiaccHiecKOH KopnycKyjmpHOH TeopHH 

KBaHTOBaHHe HeKOTopbix (pHSH^ecKHx BejiHHHH — h 3T0 o/ieAyer 
oco6eHHO noA^epKHyTb — ecTb sKcnepHMeHTajibHbifi (paKT, coBep- 
meHHO HecoBMecTHMbifi c KJiaccnqecKOH KOpnycKyjinpHofi Teopneft 
BemecTBa. TaK, sHeprHH chctcmh KjiaccHHecKHX KopnycKyji ecTb 
no caMofi cyra cBoefi BejiHiHHa, H3MeHHK>maHCH HenpepbiBHO. KaK 

6bl Mbl HH MeHHJIH 3aK0HbI B33HM0AeHCTBHH, KaK 6bl HH Bbl6Hpa^II 

AHHaMHHecKHe nepeMeHHbie, sto ocHOBHoe noJiojKeHHe Hejib3H H3- 

MeHHTbt TOT (paKT, 1T0 3HeprHH CHCTeMbI laCTHH MOJKeT npHHHM3Tb 

TOJibKO pHA onpeAeJieHHbix AHCKpeTHHX 3HaqeHHft, ecTb pe3yjib- 

T3T, BMXOAHUI.HH 33 P3M™ KJiaCCHieCKOH MexaHHKH. To }Ke 3a- 

Me^aHHe mojkho cAeJiaTb OTHOCHTeJibHO jik)6oh KBaHTOBaHHoft Be- 

«7IH t IHHbI. 
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B cooTBeTCTBHH c 3thm h u3MeneHue eo epejuenu KeaHToeanHoU 
eenunuHbi ue Mower 6urb onucano e crpoeo KAaccunecKux nonn- 
ruax. PaccMOTpHM npHMep aTOMa, nepBOHanajibHO HaxoAflmeroca 
b nepBOM B036y>KAeHHOM coctohhhh E\, a 3aTeM HcnycKaiomero 
(Potoh h nepexoAHiuero b ocHOBHoe cocTOHHHe. Ecjih, nojib3yncb 
A3biKOM KJiaccH^ecKOH TfeopHH, mh 6ya,eM nbiTaTbcH onncaTb H3Me- 
HeuHe SHeprHH TaKoro aTOMa bo BpeMeHH, to npiwrcH CAejiaTb 

3aKJIK)HeHHe, HTO B HeKOTOpblH MOMeHT SHeprHH CKaiK006pa3HO 

H3MeHaeTCH ot Ei ao E 0 , nocKOJibKy BCHKoe HenpepbiBHoe H3MeHe- 
HHe sHeprHH 3anpemeH0. Oahsko Hejib3H npeACK333Tb, b kskoh 
HMeHHo MOMeHT BpeMeHH npoH3oftAeT 3TOT cKaMKOo6pa3Hbifi nepe- 
xoa. fleficTBHTejibHo, ecjin dunaMmecKoe cocroanue aroma ocraercn 
crpoeo Heu3M6HHbiM b TeneHHe Bcero BpeMeHH, npeAUiecTByiomero 
CKaHKy, to HeT hhk3khx ocHOBaHHH yTBepjK^STb, hto ocaqoK npo- 

H30HAeT HMeHHO B flaHHblft, a He B JIK)60H nOCJie^yiOmHH MOMeHT 
BpeMeHH. MOJKHO rOBOpHTb TOJIbKO O BepOHTHOCTH (b eAHHHUy Bpe- 
MeHH) Toro, hto cKaTOK Boo6me npoH3oflfleT. KJiaccH^ecKaH (pn- 
3HKa, cJieAOBaTejibHO, Hecnoco6Ha aAeKBarao onncaTb Tanyio cHTya- 
uhio; caMO npeACTaB^eHHe o CKaiKe, npoHcxoAHmeM b totoo onpe- 

flejieHHblfi MOMeHT BpgMeHH, OK33bIBaeTCH HeKOppeKTHHM. Mbl He 

MOJKeM paccM3TpHB3Tb SHeprHio cHCTeMbi KaK BnoJiHe onpeaejieH- 
Hyio (pyHKUHio BpeMeHH. EflHHCTBeHHoe, hto mo>kho onpeaeJiHTb — • 

3T0 BepOHTHOCTb TOTO, ^TO aTOM, nepBOHaHaJIbHO HaXOAHBHIHHCH 

b B036y»(fleHHOM coctohhhh, b HeKOTopbift 33AaHHbift nocneAyiomHH 

MOMeHT BpeMeHH OKaJKeTCH B OCHOBHOM COCTOHHHH. KaK Mbl yBH- 

AHM AaJiee, hhcjio aTOMOB, ocTaromnxcH b B036y>KAeHHOM coctoh- 
hhh — noAo6HO HHCJiy HepacnaBuinxcH paAHoaKTHBHbix HAep — ■ 
yMeHbuiaeTCH no sKcnoHeHHHajibHOMy 33KOHy, xapaKTepHCTHHecKan 
nocTOHHH3H KOToporo p3BH3 BepoHTHocTH nepexoAa B eAHHHHy 
BpeMeHH hjih, hto no cymecTBy oaho h to >Ke, ofipaTHoft BejiHHHHe 
cpeAHero BpeMeHH >kh3hh B036y>KAeHHoro coctohhhh. 

TaK B03HHKJI3 npo6jieM3 BKJIK)HeHHH BHOBb OTKpblTblX HBJieHHH 
KB3HT0B3HHH (pHSHHeCKHX BeJIHHHH (ueHOH OTKa3a OT HeKOTOpblX 

KJiaccHHecKHx KOHuenuHH) b HeKyio corjiacoBaHHyro TeopHK) cTpoe- 

HHH BdHeCTBa, KOTOpaH n03BOJIHJia 6bl BblHHCJIHTb TOHHbie 3H3qeHHH 
KB3HT0B3HHHX BeJIHHHH, a T3K>Ke KOJIHHeCTBeHHO OnHCblBaTb pa3- 

jinqHbie B03MO>KHbie nepexoAH, HanpHMep, BbiHHCJiHTb cpeAHee 

BpeMH >KH3HH B036y>KAeHHOrO COCTOHHHH aTOMa, KOTOpOe 6bIJIO 

ynoMHHyTO Bbime. 3Ta nporpaMMa 6HJia noJiHocTbio ocymecTBJieHa 

TOJIbKO nOCJie C03AaHHH KB3HT0B0H MexaHHKH B ee COBpeMeHHOH 

(popMe. Oahsko eme paHee Bop h ero uiKOJia (KpaMepc, 3oMMep- 
(pejibA) c03Aa^H nepBHH HaSpocoK kb3htoboh TeopnH, cnocoSHofi, 
b H3CTH0CTH, npaBHJibHO npeACKa3HBaTb cneKTpajibHbie TepMbI BO- 
AopoAonoAoSHbix stomob. HecMOTpH Ha MHorne npHHHHnHajibHbie 
TpyAHOc™ h orpaHHqeHHOcTb sToft cTapoft KBaHTOBofi TeopHH, no^ 
ae3HO 3HaTb ee ocHOBHHe noJio>KeHHH, hto6m Jiynuie noHHTb nocJie- 
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Ayiomee pa3BHTHe TeopHH. KpoMe Toro, b cTapofl kb3htoboh TeopHH 
6ha BnepBbie HcnoAb30B3H b3>khhh sbphcthhcckhh npHHunn, nr- 

paBIUHH SOAbHiyiO pOJIb B pa3BHTHH KB3HT0B0H MeX3HHKH, a HMeH- 

ho — npHHitnn cooTBeTCTBHH. EMy 6y,zieT y^ejieHo ocHOBHoe bhh- 
MaHHe b nocJieAyiomeM h3jiojkchhh pe3yjibTaTOB CTapofi KB3H- 
toboh TeopHH. OHa 6biJia AonojmeHa nojiyKAaccHHecKoii Teopneft 

B3a«MOAeHCTBHH Me>KAy CBeTOM H BemeCTBOM, TaKJKe 0CH0B3HH0H 

Ha npHHUHne cootbctctbhh, ho b ashhoh KHHre mu He 6yAeM K3- 
caTbCH SToro Bonpoca 12 ) . 

§ 12. npHHUHn COOTBeTCTBKH 

ripHHUHn COOTBeTCTBKH 6bUI CCpOpMyAHpOBaH BopOM TOAbKO 

b 1923 r. 13 ), ho oh hbhjich pyKOBOAHmeii Hfleefl bo Bcex ero npeA- 
mecTByiomHx paSoTax. 3tot npHHHHn no3BOJiaeT BHHCHHTb, b ks- 
Kofi Mepe noHHTHH h pe3yjibTaTH KJisccH^ecKOH MexaHHKH MoryT 

nOMOIb B nOCTpoeHHH H HHTepnpeTaUHH npaBHJIbHOH TeopHH. 

Mh yace oScyxAaAH panee, npn BBeAeHHH cBeTOBbix kb3htob, 

oSjiaCTb npHMeHHMOCTH KJiaCCH^eCKOH TeopHH H3JiyMeHHH. To, tITO 

Toraa 6hao cKa3aHO, cnpaBeAJiHBO no OTHouieHHio ko Bcefi Kjiaccn- 

leCKOH TeopHH B UeAOM. OHa KOppeKTHO 06"bHCH5ieT OHeHb 60AbIHOH 
AHana30H (pHSHHeCKHX HBAeHHH KaK B MaKpOCKOnH^eCKOH OfijiaCTH, 
TaK H B HeKOTOpblX CAy^aflX B 06jiaCTH MHKpOCKOnHqeCKOH; OTMe- 
THM CpeflH nOCJieAHHX ABH^eHHe SAeKTpoHOB B nOCTOHHHblX SAeKT- 
pHUeCKHX H MarHHTHHX nOAHX, TenAOBOe ABHJKeHHe aTOMOB H MO- 

AenyA b ra3e h t. a. TAaBHan TpyAHOCTb, c KOTopofi cTaAKHBaeTca 
KAaccHHecKaa TeopHH Ha MHKpocKonHiecKOM ypoBHe, coctoht b xa- 

paKTepHblX HBAeHHHX AHCKpeTHOCTH H pa3pbIBHOCTH 3HaHeHHH CpH- 
3HqeCKHX BeAH^HH. 

M.OJKHO nOSTOMy CHHT3Tb yCTaHOBAeHHbIM, HTO KACtCCUHeCKO.fi 

reopua. «M.aKpocKonuHecKu KoppeKTHa*, t. e. OHa npaBHAbHo onn- 
cbiBaeT <pH3HHecKHe HBjieHHH b tom npeAe^ibHOM cAyiae, KorAa 
KBaHTOBbie CKaiKH MoryT ciHTaTbCH npeHe6pe»HMO msjihmh; bo 
Bcex 3THX cAynanx npeACK33aHHH hcthhhoh TeopHH aoajkhh cob- 
naAaTb c pe3yAbTaTaMH kjiscchtcckoh TeopHH. 3to oueHb Ba>KHoe 

OrpSHHHHBaiOmee yCAOBHe, KOTOpOMy A0A>KH3 nOA'IHHflTbCH KB3H- 
T0B3H TeOpHH. M.O>KHO 60Aee Kp3TK0 C(p0pMyAHp0B3Tb AaHHOe Tpe- 
6oB3HHe, CK333B, MTO QCUMtlTOTUHSCKU 8 npedeAe 60AblUUX K8CMT0- 

Bbix HUceA pe3\jAbtarbi KeaHToeod u KAaccunecKou reopuu doAoicHbi 
coenadaTb. 



I2 ) Cm. L. de Broglie, Le principe de correspondance et les interactions 
entre mattere et rayonnement, Actualites Scientifiques et Industrielles, Hermann 
(1938). 

> 3 ) N. Bohr, Zeitsch. f. Phys. 13, 117 (1923). 
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Rjw Bbino^HeHHH aToro ycjiOBHH mu hcxoahm H3 cymecreoea- 
huh cpopMdAbHOu anaAoeuu Meoxdy KeaHToeoti u KAaccmecicoti. reo- 

pUHMU; 3TO «COOTBeTCTBHe» npOCAOKHBaeTCH BnjIOTb AO CaMblX TOH- 

khx aeTajieft h mohcct cAyjKHTb pyKOBCWimeft HAeefi npH hctoako* 
BamiH pe3yjibTaTOB hoboh TeopHH. 

§ 13. IlpHMeHeHHe npHHijHna cootbctctbhh 
npn BbiiHCJieHHH nocTOAHHOH PHA6epra 

FIpoBepHM, ito Bbipa>KeHHe (7) aaa ypoBHeS aHeprHH aTOMa 
BOAOpo,na corjiacyeTCH c npHHunnoM cootb6tctbhh, h noKameM, 
ito npHMeHeHne 9Toro npHHunna no3BOAHeT 0AH03HaHH0 nojiyHHTb 
HHCJieHHoe SHa^eHHe iioctohhhoh R, BXOAflmeS b 3Ty (popMyjiy. 

CorjiacHo KJiaccHqecKofi TeopHH Pe3ep(popAa aTOM BOAopoAa 

COCTOHT H3 OflHOrO SAeKTpOHa H 0AH0TO npoTOHa, B3aHMOAeHCTByiO- 

hjhx no 3aK0Hy KyAOHa (noTeHunaji — e 2 /r). B cootb6tctbhh c 3a- 
KonaMH Kenjiepa, KOTopbie mh npeAnoAaraeM H3BecTHHMH qnTa- 

TeJIK), 3-JieKTpOH ABH^eTCH no SAJIKnTHqeCKOft 0p6HTe, B OAHOM H3 

(poicycoB KOTopofl HaxoAHTCH npoTOH (mh npeAnoAaraeM ero 6ecKo- 
Herao TH^cejiHM) . KaxAoft op6nTe cooTBeTCTByeT HeKOTopoe 3Ha- 
qeHHe aHeprHH E (<0) h HeKOTopaa nacTOTa v KJ i ABHJKeHHH s-AeK- 
TpoHa no opSHTe. 9th BeAHiHHbi 33bhcht TOJibKO ot pa3MepoB 

60AbIU0H 0CH SJIJIHnca H CBH33HH MeJKAy C06ofi COOTHOUieHHeM 

tag m — Macca ajieKTpoHa. 

npH cBoeM ABH>KeHHH ajieKTpoH HcnycKaeT ajieKTpoMarHHTHoe 
H3AyieHHe b (popMe cynepno3HUHH mohoxpomsthhcckhx boah c qac- 

T0T3MH V u H KpaTHblMH rapM0HHK3MH, npnqeM 1HCA0 BblCIUHX 

rapMOHHK TeM 6oAbiue, qeM 6oAbme SKcueHTpncHTeT SAAHnTHHe- 
ckoh op6HTbi. 3to H3AyqeHHe nponcxoAHT HenpepbiBHO h conpo- 
B0>KA3eTCH HenpepbiBHbiM yMeHbiireHHeM SHeprnH E. 

S)Ta K3pTHH3 A0A>KH3 6bITb C0II0CT3 BAeHa CO CK3HK006pa3HbIM 

npoueccoM noTepn 9HeprHH sAeKTpoHOM, npeACK33HB3eMHM Teo- 
pnefi Bopa. ripn o^eHb 6ojibuiHx n paccTOHHne Me>KAy ypoBHHMH 

dE 2Rh 

SHeprHH nponopuHOH3AbH0 = ~ ~^-'> Bcex onTH^ecKHX nepe- 
xoaob, KorAa OTHOCHTeAbHoe H3MeHeHHe KB3HTOBoro ^HCJia An/n 

OneHb M3A0, H3Ay^3eM3H q3CT0Ta, K3K H B KA3CCHHeCK0H TeopHH, 

ecTb rapMOHHKa (nopHAKa An — 1 ) HeKOTopofl ochobhoh nacTOTU 

B npeaeAbHOM cAy^ae 6oAbiuHx n aHeprnn E n H3MeHHeTca npaKTH- 
qecKH HenpepHBHO nyTein MHoroiHCAeHHbix mcjikhx cKa^KOB, TaK 
ito cneKTp HcnycKaeMbix nacTOT (TOHHee, HH3K0^acT0THaH MacTb 



§ 14. JIArPAHTKEBA H TAMMJIbTOHOBA OOPMbI yPABHEHHH 
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SToro cneKTpa, cooTBeTCTByiomaH HaH6ojiee MajiHM KBaHTaM 9Hep- 
thh) AOJiHceH no npHHUHny cootbctctbhh coBnaaaTb c KJiaccHie- 
ckhm cneKTpoM. HHaqe roBopa, 

v KB ~ v M (£). (10) 

n->oo 

CpaBHeHHe BbipajKeHHfi (8) h (9) noKa3biBaeT, ito sto ycjioBHe 

BblllOJIHHeTCH, eCJIH npHHHTb 

R = ^. (11) 

SKcnepHMeHTajibHoe 3HaqeHHe R H3BecTHo c 6oJibiuofl To^HocTbK) 
(~10 -6 ). TeoperaHecKoe 3HaieHHe (11) corjiacyeTca c hhm c tom- 
HOCTbio ao 10 -4 . 3to oahh H3 Hanoojiee HpKHX ycnexoB TeopHH 
Bopa 14 ). 

3th paccyjKAeHHH HeTpyAHO pacnpocTpaHHTb Ha cJiy^aft boao- 
poAonoflo6Hbix aTOMOB, coctohiuhx H3 sJieKTpoHa h HApa 3apHAa 
Ze, b qacraocTH, HOHa aTOMa rejiHH (Z = 2) . flocTaTorao bo Bcex 
(popMyjiax 3aMeHHTb e 2 Ha Ze 2 . TeopeTHuecKH noJiyieHHHe TepMM 
He+ c toh >Ke yAHBHTejibHofi To^iHocTbio nopHAKa lO -4 coBnaAaioT 
c Ha6jii0AaeMbiMH sKcnepHMeHTaJibHO. 

§ 14. JIarpaHMeBa h raMHjibTOHOBa (jjopMbi ypaeiieHHH 

K JiaCCHHeCKOfi MexaHHKH 

Huen b BHAy AaJibHefluiee o6cy>KAeHHe cpopMajibHoro cootbct- 

CTBHH Me>KAy KB3HT0B0H H KJI 3 CCHM eCKOH TeopHHMH, nOJie3HO Ha- 
nOMHHTb HeKOTOpbie pe3yjTbTaTH KJiaCCHqeCKOH aHajIHTHHeCKOH Me- 
xaHHKH. 

B caMOM oSmeM cnynae AHHaMH^ecKoe cocTOHHHe KJiaccHHecKoft 
CHCTeMbi onpeAeJiHeTca nepeMeHHHMH nojiojKeHHH, t. e. o6o6meH- 
HbiMH KOopAHHaTaMH qu q 2 , qn, h nepeMeHHHMH ckopocth, 

T. e. npOH3BOAHbIMH no BpeMeHH 0606lH,eHHbIX KOOpAHHaT q\, C/2, ... 

. . . , qn\ hhcjio CTeneHefl cbo6oah CHCTeMbi o6o3Ha™M 6yKBofi R 15 ). 
Ecjih mh HMeeM AeJio c cHCTeMoft H3 n qacTHH, to b KaqecTBe nepe- 

MeHHblX nOJIOJKeHHH MOJKHO Bbl6paTb 3n AGKapTOBblX KOOpAHHaT 

9thx nacTHH,, ho Bee noa/ieAyiomee cnpaBeAJiHBo h npn ApyroM bh- 



u ) "^To6bi npeieHAOBaTb Ha coBnaseHHe c SKcnepHMeHTajibHbiM 3HaieHHeM 
CTOJib BbicoKoii ToqHOcra, Heo6xoflHMO yqecTb, no Macca npoTOHa M Ha caMOM 
Pfine HMeeT KcmeqHoe 3HaqeHHe. fljia sToro «ie,nyeT b (popMyjie (11) 3aMeHHTb 
Maccy m na npHBeaeHHyro Maccy m' = mMj (m -j- M) . yqHTbiBaa 3Ty nonpaBKy 
(~5-10 -4 ), nojiyqaeM, mto TeopeTHqecKoe 3HaqeHHe R neCKOJibKO MeHhiue skc- 
nepHMeHTa;ibHoro. 3to pasJinqne HMeeT peJiflTHBHCTCKyio npnpofly, mo Ha npaK- 
THKe BhipajKaeTCH HeKOTopuM yBejiHieHHeM Maccw m'. 

15 ) Mm 3Aecb paccMaTpHBaeM TOJibKO chctcmh 6e3 cBMeft, HHaqe roBopa, 
nepeMeHHMe q MOryT H3MeH«TbCH 6e3 bcskhx orpaHHqeHHft He3aBHCHMO Apyr 
ot Apyra. 
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6ope KOOpaHHaT. nojiomeHHe CHCTeMbi b Kamflbifi momght BpeMeHH 
MosceT 6tiTb npeacTaBJieHO b R-MepnoM Konipueypat^uoHHOM npo- 
crpaHCTee tohkoh M, HMetomefi KOopAHHara q u q 2 , q R . 3a- 
Aaqeft KJiaccnqecKOH MexaHHKH aBJiaeTcfl H3xo>KAeHHe 33kohob 

3BOJIIOUHH CHCTeMbi BO BpeMeHH HJIH, eCJIH yrOflHO, 33K0H0B flBH- 
JKeHHH TOHKH M B K0H(pHryp3UH0HH0M npocrpaHCTBe. 

O^eHb 60JIbUI0r0 HHCJia AHHaMHMeCKHX CHCTeM — TOJIbKO 
HX Mbl H 6yAeM 3AeCb paCCMaTpHBaTb — 3aKOHbI ABHJKeHHH M05KHO 

HanncaTb, bboah HeKOTopyio (pyHKUHio, xapaKTepH3yjomyio cncTe- 
My, — (pyHKUHio JlarpaHJKa: 

L = L(q u q 2 , q R \ q\, q 2 , <7r". 0- 
KoopAHHaTH q yAOBJieTBopHiOT AHtpcpepeHHHaJibHbiM yP aBHe " 
hhhm BToporo nopHAKa (ypaBHeHHHM JIarpaH>Ka) : 

BeJIHIKHH 



Ha3HBaioTCH o6o6w l eHHbiMU UMtiyAbcaMU JlazpanoKa. B tom cjiyiae, 
Kor^a q r ecTb oahs H3 AeKapTOBbix koopahhst qacTHiyu c Maccofi m, 
a chjih nojiynaiOTCH H3 CTaTHiecKoro noTeHunajia, BejinraHa p r 
ecTb cooTBeTCTByiomaH KOMnoHeHTa KOJiimecTBa abhjkchhh stoh 
tjacTHHbi p r = mq r . 

3aKOHbI ABHJKeHHH MOryT 6bITb T3K>Ke BbIpa>KeHbI b <})opMe Ba- 

pHauHOHHoro npHHUHna. fleHCTBHTe-nbHo, cHCTeMa ypaBHeHHH Jla- 
rpaHJKa SKBHBaJieHTHa npuHu,uny HauMemtueao deucreun (Monep- 

TK)H — TaMHJIbTOH) : 

u 

6 J L dt = 0, 6M (/,) = SM (t 2 ) = 0, (12) 
t, 

CMHCJI KOTOpOTO COCTOHT B CJieAyK>IU.eM: H3 BCeX 33KOHOB ABHJKe- 

hhh M(t), no3BOJiaiomHX cHCTeMe nepefi™ H3 noJio>KeHHH Mi b mo- 
MeHT BpeMeHH t\ b nojio>KeHHe M 2 b momcht BpeMeHH t% b Aeft- 

CTBHTeJIbHOCTH pe3JIH3yeTCH TOT, KOTOpblft COOTBeTCTByeT MHHHMyMy 

u 

HHTerpajia ^ L dt. 
u 

flpyroH qpe3BbiHaHH0 noJie3Hoft (popMOH Bbipa>KeHHn 33kohob 

KJiaCCHMeCKOH MeXSHHKH HBJIHeTCH KCtHOHUHeCKUH dpOpMa TcLMUAb- 

Tona. 3aMeTHM, hto AHHSMH^ecKoe cocTOHHHe miaccHMecKofi ch- 
CTeMbi b AaHHbifl MOMeHT BpeMeHH nojiHOCTbio onpeAejineTCH 3aAa- 
HHeM ee R o6o6meHHbix KoopAHHaT q\, q 2 , qR h R 0606- 
meHHbix HMnyjibCOB p u p 2 , . . . , p«. Vao6ho bbccth npocTpaHCTBO 
2R H3MepeHHH, taK H33MBaeMoe 4>a3oaoe npocrpaHCTeo, rAe AHHa- 



§ 14. JIArPAH>KEBA H rAMH JlbTOHOB A "DOPMH YPABHEHHR 



43 



MHMecKoe cocTOHHHe npeACTaBJiHexcfl tohkoh P c KoopAHHaTaMH q 
h p. Ecjih onpeAeJiHTb (pyHKHHio TaMnjibTOHa (popMyjioft 

R 

H^H{q u .... q R ; p u .... p R ; ') = £<7r^-£, (13) 

r-l 

to ypaBHeHHH abh^cchkh 3aimcbiBaK)TCH b KaHOHHiecKOH (popMe: 

4r = lp7- Pr — lg; (r=l,2 R). (14) 

3to AH(p(pepeHUHa^bHbie ypaBHeHHH nepBoro nopflflKa. 3aAaHH» 

KOOpAHHaT H HMnyjIbCOB B HaHaJIbHblH MOMeHT BpeineHH AOCTa- 

tohho AJin onpeAeJieHHH hx sHa^eHHH b jiioSoh nocJieAyiomHH mo- 
MeHT BpeiweHH. TaKHM o6pa30M, ecjiH H He 33bhcht hbho ot Bpe- 
MeHH, to 4epe3 Ka>KAyK) ToiKy P <pa30Boro npocTpaHCTBa npoxo- 

AHT OAHa H TOJIbKO 0AH3 TpaeKTOpHH, npeACTaBJIHIOmaH B03MO>K'HOe 
ABI-IJKeHHe CHCTeMbl. 

B o6biqHOM cjiynae L npeACTaBjiaeT co6oh pa3H0CTb Me)KAy 

KHHeTHHeCKOH SHeprHefi T (flBJIHK)m.eHCH KBaApaTHIHOH (pyHK- 

uneS q) h noTeHUHa^bHoft SHepraeft V; (pyHKuna H — T + V ecTb 
noJiHaa sHeprHH chctcmh, npeACTaBjieHHan KaK (pyHKHHH q h p. 
Oah3ko (popMajiH3M JlarpaHjKa h TaMH^bTOHa npHMeHHM npH 
onHcaHHH caiworo nmpoKoro KJiacca AHHaMHiecKHX chctcm (cm. 3a- 
Aaqy 4). Bo Bcex onyqaHx mojkho paccMaTpHBaTb H KaK nojmyio 
sHeprnio CHCTeMbl. H3 ypaBHeHHH TaMHJibTOHa crceAyeT, hto 
H = dH/dt — dH/dt; sto 3H3hht, hto ec/ra (pyHKHHH TaMHjibTOHa 

He 33BHCHT OT BpeMeHH HBHO, TO nOJIHaH 3Hepi"HH CHCTeMbl ecTb 

HHTerpaji ABH^eHHH. Tanne cncTeMH Ha3HBaioTCH KOHcepBa- 

THBHHMH. 

B KanecTBe npHMepa paccMOTpHM ajieicrpoH b KyjioHOBCKOM 
nojie npoTOHa (npeAnojiaraeMoro SecKOHeHHO THJKejibiM). flycTb 
r(x,y,z) ecTb paAHyc-BeKTop ajieKTpoHa b cncTeMe KoopAHHaT 

C Ha^aJIOM B TOHKe, TAe H3X0AHTCH npOTOH, V = dr/dt — CKOpOCTb, 

p(Px,Py,pz) — HMny^bc sjieKTpoHa. OyHKUHH JlarpaHJKa ecTb 

2 r 

06o6meHHbift HMny^bc sjieKTpoHa HMeeT KOMnoHeHTH p x = dL/dv x , 
p y = dL/dvy, p z — dL/dvz, KOTopbie paBHbi cocTaBJiHiomHM ero ko- 

JIHMeCTBa ABH>KeHHH. H3 CpyHKUHH faMHJIbTOHa 




nojiyqaeM ypaBHeHHH TaMH^bTOHa 

dr p dp , e 2 9 r 
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ri0^b3yHCb 9THMH ypaBHCHHHMH, JierKO IipOBepHTb, 1TO MOMeHT 

HMnyjibca (KOJiHiecTBa ABHJKeHHH) / = [rp] HBjineTCH HHTerpajioM 
Abhjkchhh: dl/dt = 0 (*rro HBJiHeTCH oneACTBHeM u,eHTpajibHo-CHM- 
MeTpHiHoro xapaKTepa noTeHimajia — e 2 /r) h ito TpaeKTopHH a;ieK- 
TpoHa jiexHT b iuiockocth, npoxoAHmeii nepe3 Haiajio KOopAHHaT 
h nepneHAHKyjiapHoft nocTOHHHOMy BeKTopy I. 

AHajioraqHO mojkho ncrcyHHTb ypaBHeHHH ABHJKeHHH, Hcnojib3yn 
BCHKyio Apyryro cncTeMy koopahh3t. fljia TpaeKTopHH, pacnojio- 

XeHHHX B njIOCKOCTH Xt) (2 = 2 = 0), B nOJIHpHblX KOOpAHHa* 

Tax nojiyqaeM (x = r cos cp, y = r sin cp) 



pq> paBHO a6C0JIK>TH0H BeJIHIHHe MOMeHTa KOJIHHeCTBa ABHJKeHHH: 
3TO AeHCTBHTeJIbHO HHTerpaJI ABHJKeHHH. 

§ 15. npaBHJia KBaHTOBaHHfl Bopa — 3oMMep(pejibAa 

CrapaH KBaHTOBaH TeopHH no cymecTBy npeACTaBjiaeT coSofi 

oSlUHH MeTOA BbWHCJieHHA KBaHTOBaHHHX BeJIHIHH, OCHOBaHHblfi 

Ha nocTyjiaTax Bopa h npHHunne cootbctctbhh. Ilpon,eAypa Ta- 
KOBa: npeAnojiaraeTca, hto chctcmh MaTepnajibHHX qacran. noAHH- 

HHIOTCH 33KOH3M KJiaCCHqeCKOH MeXaHHKHJ nOCTyjIHpyeTCH, qTO H3 
BCeX B03MOJKHHX peiHeHHH ypaBHeHHH ABHJKeHHH AOJIJKHbl 6bITb 

OTodpaHH TO^bKO Te, KOTopbie yAOBjieTBopaioT HeKOTopbiM npaBH- 
jiaM, bboahmhm ad hoc. npoHcxoAHT ot6op HeKOToporo AHCKpeT- 
Horo ceMeficTBa abhjkchhh, npnqeM corjiacHO rnnoTese TOJibKO sth 
ABHJKeHHH h MoryT peajiH30BaTbca Ha npaKTHKe. KaJKAOMy H3 bo3- 
mojkhhx ABHJKeHHfi cooTBeTCTByeT onpeAeJieHHOe 3HaneHHe 9Hep- 
thh; AHCKpeTHbifi p«A noJiynaeMbix sHaqeHHH aHeprnn npeACTaBjiaeT 
co6oft cneKTp KBaHTOBaHHbix 9HepreTHiecKHX ypOBHefl. AHajiorHHHo 
nojiyqaiOT ahckpcthhh cneKTp pa3peiueHHbix 3HaqeHHH ajih Jiio6oro 
Apyroro HHTerpaJia ABHJKeHHH. 

OnpeAe^eHHe «npaBHji KBaHTOBaHHa» ecTb neHTpajibHan npo6- 
jieMa cTapoH kb3Htoboh TeopHH. OHa pemaeTCH no cymecTBy Ha 
ocHOBe HHTyHHHH: cHa^ajia nocTyjinpyioTCH npaBHJia, a 3aTeM 

CneKTpbl KBaHTOBaHHHX <pH3HieCKHX BeJIHHHH, CfieAyK)IH.He H3 3THX 



L = + + p r = mr, = mr 2 (p, 





.2 » 



(15) 



§ 15. IIPABHJIA KBAHTOBAHH3 BOPA — 30MMEP*EJIbflA 
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npaBHJi, cpaBHHBaioTCH c 3KcnepHMeHTajibHHMH 3HaHeHHHMH. ripn 
3tom BaxcHyio pojib HrpaeT npHHimn cooTBercTBHH. 

CymecTByeT onem, npoeraH CHTyauHH, Kor^a stot npHHunn 
no3BOJiHeT 6e3 Tpyaa nojiyiHTb hckommh pe3yjibTaT: sto cJiyuafi, 
Kor^a KJiaccH^ecKoe ABH)KeHHe hbjihctcji nepHOAHuecKHM, npimeM 

^aCTOTa eCTb <pyHKU.HH OAHOH TOJIbKO SHeprHH 

Vk J , = v k ^(£). 

Hmchho 3Ta CHTyau.ua peaJiH3yeTCH b aTOMe BOAopoAa (cm. ypaB- 
HeHHe (8)). IlycTb E\, E 2 , E n ecTb nocJieAOBaTejibHOCTb KBaH- 

TOB3HHbIX 3HaHeHHH SHeprHH. MOJKHO CIHTaTb, qTO SHeprHH CH- 

CTeMbi ecTb HenpepuBHaa (pyHKHHH E{n) KBaHTOBoro iHCJia n, 

T3K ITO AHCKpeTHOCTb 3HaHeHHH SHepTHH HBJISeTCH CJieACTBHCM 

flHCKpeTHOcra 3HatieHHH apryMeHTa n. ITobtophh paccyameHHH 
§ 13, KacaiomHecfl bhhhcjichhh nocrosMHOH PHA6epra, mojkho no- 
jiyiHTb cooraouieHHe cooTBeTCTBHH MexAy KJiaccHiecKoft H KBaH- 
toboh qacTOTaMH (cm. ypaBHeHHe (10)) 

1 dE 1U\ 

OTKy^a ncwiyqaeTCH npaBHJio KBaHTOBaHHH 

B 

S-^W = n/l + const ' 

cnpaBeflJiHBoe ajih SojibiiiHX SHaweHHH n. EerecTBeHHO pacnpocTpa- 

HHTb 3TO npaBHJIO Ha BCe 3HaieHHH tl H nOJIOJKHTb 
E 

dE 



J- 

£ min 



Vioi (E) 



= nh (n=l,2 oo) (16) 



{Emin — ecTb MHHHMajibHoe- 3HaqeHHe SHeprnH KJiaccnqecKofl ch- 
CTeMH). B cnyqae aTOMa BOAopoAa 3to npaBiuio KBaHTOBaHHa 
EHOBb npHBOAHT k (popMyjie BajibMepa. 

3to npaBHJio npHMCHHercH TaKKe h k nepnoflHqecKHM CHere- 
MaM c OAHofl CTeneHbio CB060AH. B 3tom cjiynae ero mojkho BHpa- 
3HTb b (popMe, 6ojiee yAo6Hoft rjik o6o6m,eHHH. IlycTb q ecTb 
KoopAHHaTa noJiomeHHH TaKofi cHCTeMbi, p — ee HMnyjibc, H(q,p) — 
nojiHaa 3HeprHH. Oa30Boe npocTpaHCTBo HMeeT ABa H3MepeHnn, 
a nepnoAH^ecKoe ABHJKeHHe npeACTaBjieHo 3aMKHyTbiMH kphbhmh 
H{q, p) = const b 3tom npoerpaHCTBe 16 ). Mojkho noKa3aTb, 



I6 ) Ecjih q ecTb uHKJiHqecKaa nepeMeHHaa (HanpHMep, yrjicmafl nepeMeHHaa) , 
HHaqe roBopn, ecjin 3Ha<reHHH q, oTJiniaiomHecH Ha uejiiie 3HaieHHH HeKoroporo 
nepHo^a Q, npeflCTaBJiHioT oAHHaKOBHe KOHCpHrypaiiHH CHCTeMU, to nepHCHHie- 
CKoe flBHaceHHe npeflCTaB^aeTCH b <pa30BOM npocTpaHCTBe He 3aMKHyTofl kphboh, 
a kphboh c nepaoAOM Q. 
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TJI. 1. HCTOKH KBAHTOBOH TEOPHH 



Hcnojib3yH ypaBHeHHH raMHJibTOHa, mto 

r^e chmboji ^ 03HaqaeT HHTerpnpoBaHHe no nojmoMy nepnOAy 
ABHJKeHHH c SHeprneH E (HHTerpaJi p dq Ha3HBaeTCH HHTerpajioM 

^eflCTBHH). TaK Mbl ITOJiyHHM npaBH^O KBaHTOBaHHH, SKBHBaJieHTHOe 

npaBHJiy (16): 

§pdq = nh (n=l,2 oo). (17) 

OopMyjia onpeflejiHeT KaK pa3peuieHHbie TpaeKTopria b (pa30- 
bom npocTpaHcise, TaK h cooTBeTCTByroiUHe KBaHTOBanHbie 3Haqe- 
hhh SHeprHH. 3to npaBH^o h3bcctho Kan npasuAO /csaHToeanun 
Eopa — 3oMMep<peAbda. 

BHjibcoH h 3oMMep<peJibA o6o6ih,hjih sto npaBHjio Ha cnyiaft 
MHoronepHOAHiecKHx chctcm. 3to cHCTeMH c HecKOJibKHMH cTene- 
hhmh cbo6oah, ABH>KeHHe KOTopHx MOJKeT 6biTb npeACTaBJieHO npa 
cooTBeTCTByromeM Bbi6ope o6o6meHHbix KOopAHHaT q u q 2 , . . . , qn 
h o6o6meHHbix HinnyjibcoB p\, P2, ■ ■ . , Pr c rroMoiUbio nocneAOBa^ 
TejibHOCTH (pyHKUHft p\{q\), Piiqi), Pr (<?r); HHaue roBopn, 

TpaeKTOpHH B (pa30BOM IipOCTpaHCTBe TaKOBbI, HTO KajKAHH HM- 

nyjibc 33BHCHT TOJibKO ox cooTBeTCTByromefi KOOpAHHaTH. Ka>KAaa 
<pynKU,HH Pr{q r ) npeACTaB/ineT nepnoAHHecKoe ABHJKeHHe c qacTO- 
Toii v r ; ABH>KeHHe Bceft cncTeMbi hbjihctch KOM6HHau.Heft nepHOAH- 
qecKHx ABHSienufi c nacTOTaMH vi, V2, vr. B 3tom cJiy^ae npa- 

BHJiaMH KBaHTOBaHHH CJiy>KaT R COOTHOIUeHHH 

jp r dq r = n r h (r=l,2, R); (18) 
R nejibix KBaiiTOBbix nacen n u n 2 , . . . , n R onpeAejiniOT KBaHTOBaH* 

Hbie TpaeKTOpHH CHCTeMH H KB3HT0BaHHbie 3HaieHHH pa3JIH1HbIX 

HHTerpajiOB abhjkchhh, t3khx KaK aHeprHH, momcht KOJimecTBa 

ABHJKeHHH H T. A- SHepTHH E{fl\, tl 2 , fig) , paccMaTpHBaeMan K3K 

(pyHKHHH nepeMeHHbix ti\, n 2 , . , . , tiR, yAOBJieTBopneT ycJiOBHHM co- 

OTBeTCTBHH 

JL „ hVr ( r =I,2 R). 

B KaqecTBe npHjiojKeHHH Kparao paccMOTpHM KBaHTOBaHHC 
aTOMa BOAopoAa. llocJie BbiSopa njiocKocTH sjieKTpoHHofi op6HTbt 
Mbi nojiynaeM 3aAaiy, ypaBHeHHH KOTopofl b noJinpHbix KoopAHHa- 
Tax yme 6vuiu BbinacaHbi (ypaBHeHHH (15)). Momcht HMnyjibca 



§ 15. nPABHJIA KBAHTOBAHHH EOPA - 30MMEP<J>EJIbflA 
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H SHeprHH HBJIHIOTCH HHTerpajl3MH ABH>KeHHfl. ECJIH (pHKCHpOB3Tb 

cooTBeTCTByiomHe 3HaieHHH L (^0) h E (<0) sthx AByx BejiH- 

1HH, Mbl nO-Jiy^HM B03MOJKHyK) TpaeKTO pHK) KJiaCCHHeC KOrO ABHJKe- 

hhh: sto ajuinnc c 9KcueHTpHCHTeT0M V 1 + 2L 2 Ejme 4 . 

KoMnOHeHTbl HMny^bCa p<p H p, HBJIHIOTCH (pyHKUHHMH COOT- 
BCTCTByiOmHX HM COnpH>KeHHbIX KOOpAHHaT. fleHCTBHTejIbHO 

Ap = Z " i(^ + 7r)~T = £ - 

rioaTOMy mojkho npHMeHHTb npaBHJia KBaHTOBaHHa Bopa — 3om- 
Mep(pejib,aa: 

^ p (f d($ = Ih, § p r dr = kh, 
trc I — a3HMyTajibHoe KBaHTOBoe qncJio h k — paana^bHoe KBaHTO- 

BOe TOCJIO HBJIHIOTCH UeJIHMH nOJIO*HTeJIbHbIMH ^HCJISMH (hjih Hy- 

jihmh). FlepBoe npaBHJio AaeT KBCHTOBaHHoe 3HaneHHe MOMeHTa hm- 
nyjibca (KOjiH*iecTBa abh^chhh) 

L = lti. 

BTopoe >Ke npaBHJio, noone aoctstotoo .zyiHHHoro, ho HeTpy/j,Horo 

BblMHCJieHHH, npHBOflHT K COOTHOUieHHK) 

-JZTe) 2nL = kh, 

OTKy^a, BBOflH «rjiaBHoe KBaHTOBoe ihcjio» n = I + k, nojiynaeM 
(popMyjiy Ba^bMepa 

p me 4 

c TeM xe 3HaneHHeM iioctohhhoh Pn^Sepra, hto h nojiyqeHHoe 
paHee (ypaBHeHHe (11)). 

K.B3HT0B3HH3H SHeprHH 33BHCHT TOJIbKO OT CyMMbI AByX KB3H- 
TOBblX qHCeJI / H k. 3T0 CBOHCTBO, X3p3KTepHOe flJIH KyjIOHOBCKOrO 
IIOTeHHHSJia, CBH33HO C TeM OfiCTOHT-eJIbCTBOM, HTO a3HMyT3JIbH3H 

h psflHaJibHaa qacTOTbi paBHbi Apyr apyry: v<p = v r . SHepran £„ 

COOTBeTCTByK)T tl KBaHTOBaHHblX Op6HT, Onpefle^HeMHX 3HaieHHHMH 

/= 1, 2 n (no npHHimaM, KOTopbie mh He 6yaeM 3^ecb 06- 

cyjKAaTb, 3Ha qeHHe / = 0 HCKJiioHaeTCH) ; sto ajuinncbi c aKcueHT- 
pncHTeTOM -y/l — Pjn 2 . 3HaieHHe l = n cooTBeTCTByeT KpyroBoft 
op6nTe 17 ) (cm. pnc. 6). 

Te >Ke npaBHJI3 KBaHTOBaHHH MOXHO npHMeHHTb K pejIHTHBHCT- 
CKHM ypaBHeHHHM ABH>KeHHH H nOJiyiHTb T3KHM 06pa30M peJIHTH- 



l? ) KBaHTOBaHHe KpyroBwx op6HT no3BOjm.no Bopy y«e b 1913 r. nojiywrb 
(popMyjiy BajibMepa. KBaHTOBaHHe sjuinnTHnecKHX op6HT 6mjio npoBeaeHO 
3oMMep(peJibAOM, KOTopwft pacnpocTpaHHJi TeopHio na pcjijithbhctckhh cjiyiafi 
[(cm. HHace). 
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IVI, I. HCTOKH KBAHTOBOH TEOPHH 



BHCTCKHe nonpaBKH b TeopHH aTOMa Boaopoaa. riojiyqaioineeca 
3HaqeHHe nocroaHHOH PnflSepra HaxoAHTCH b eme JiyiiueM corjia- 

CHH C OnblTOM (CM. CHOCKy U ) ) . IlpH 3TOM npOHCXOflHT CHHTHe 

«bhpo>ka6hhh» ypoBHH aHeprHH: KaawMy SHaqeHHio n cooTBer- 

CTByiOT 11 6JIH3KHX, HO paSJIH^HHX 3HaieHHH SHeprHH, COOTBeT- 

CTByromHx paaJiHTOHM 3HaqeHHHM MOMeHTa HMnyjibca lh. Ha onbiTe 
aeflcTBHTejibHO HaSjiioAaeTCH tohk3H cTpyKTypa cneKTpa aTOMa 
BOflopoaa, KOTopan oqeHb xopouio coBnaaaeT c TeoperaqecKHMH 
npeacKa3aHHHMH. 



n=3 

Phc. 6. Op6hth Bopa ocHOBHoro ypoBHH (n=l) h AByx nepBux B036yHmeH- 
hux ypoBHeft (re = 2,3) aTOMa BOflopoaa. CoCjnoaeHhi OTHOCHTejibHHe pa3Mepw 

Op6HT. 

06paTHMCH Tenepb k npofijieMe npocTpaHCTBeHHoro KBaHTOBa- 
hhh. npe^uiecTByromee paccMOTpeHHe, Kor^a KBaHTOBajincb op- 
en™, Jiemamne b oahoii iijiockocth, He Bic/HOHajio HHKaKoro Bbwe- 
■rceiiHoro HanpaBJieHna h no3BOJiHjio onpe^eJiHTb TOJibKO KBaHTOBbie 
cneKTpbi cKa^HpHbix bcjih^hh, TaKHX, KaK aneprHH HJIH BeJIH^HHa 
MOMeHTa HMnyjibca (L = /fi). CymecTByeT o6m.ee npaBHJio npocr- 
paHCTBeHHoro KBaHTOBaHHH flJiH cHCTeM, o6jiaaarouiHX aKcnajibHOii 
cHMMeTpHeft (HanpHMep, aTOM b hoctohhhom MarHHTHOM nojie). 
B 3tom cjiynae HHTerpaJiOM flBHxeHHH HBjiaeTCH L z — cocTaBjiaio- 
maa MOMeHTa HMnyjibca no ocn cHMMeTpHH Oz. B KJiaccHMecKofl 
MexaHHKe mo>kho noKa3aTb, hto 3Ta nepeMeHHaa HBjiaeTCH KaHO- 
HHiecKH conpfl^eHHofl nepeMeHHofl q>, (pHKCHpyromefi opneHTauHio 

CHCTeMbI OTHOCHTejIbHO OCH Oz. CjieAOBaTeJIbHO, 

L z dqp = mh (m — uejioe) 
h nocKOJibKy L z iioctohhho 

L z = tnh. (19) 
CocTaBJiHiomaH MOMeHTa HMnyjibca no HanpaBjieHHio och aKCHajib- 

HOH CHMMeTpHH CHCTeMbI paBHa HeJIOMy HHCJiy (nOJIOKHTeJIbHOMy 

hjih oTpnuaTejibHOMy) nocTOHHHbix FIjiaHKa h. Hhcjio m Ha3bi- 

BaeTCH MCtZHUTHblM K6ClHT06blM HUCAOM. 
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§ 16. AocTHxeHHn h orpaHHieHHOCTb CTapoft TeopHH kb<ihtob 

Ha 3TOM mh 3aKOHqHM H3Jio>KeHHe pe3yjibTaTOB CTapofl TeopHH 

KB3HT0B. OHa n03BOJIHJia 3HaiHTeJIbH0 npOflBHHyTbCH B HCCJieflO 
B3HHH aTOMHblX cneKTpOB, TaK KaK AaJia o6lU.HH MeTOA BbmHCJieHHyl 
CneKTpaJIbHHX TepMOB 60JIbIU0r0 HHCJia aTOMHblX H MOJienyjinpHbix 

CHCTeM. Pe3yjibTaTH, noJiy^eHHHe mm aTOMa BOAopoAa, 6e3 Tpy^a 
o6o6maioTca Ha c^ynaft BOAOpoAonoAo6Hbix chctcm He+, Li ++ 
h aTOMOB mejioiHbix MeTajuioB. TeopHH npHMeHHMa TaK>Ke k KOJie- 
6aTeJibHbiM h BpamaTejibHbiM cneKTpaM MOJieicyji, peHTreHOBCKHM 
cneKTpaM aTOMOB, HopMajibHOMy atpipeKTy 3eeMaHa. flonojiHeHHaa 
no^yKJiaccH^ecKoft TeopneH B3aHM0AeftcTBHH BemecTBa h H3Jiyqe- 
hhh, cTapan TeopHH KB3HT0B AaeT TaKJKe pa3JiHrabie npaBHjia ot- 
6opa h BepoHraocTH B03MO>KHbix KBaHTOBbix nepexoAOB. Bo Bcex 
3thx cJiyiaax TeopHH hjxoahtch b npeitpacHOM coiviacHH c oithtom, 

eCJIH He CTOTaTb OTAeJIbHblX paCXOHCAeHHH flJIH O^eHb MajIHX KB3H- 

tobhx TOceji; 9th pacxojK^eHHH MoryT 6biTb ycTpaHeHbi, ecjin ao- 
6aBHTb k npaBHJiaM KBaHTOBaHHH HeKOTopbie 3MnnpHqecKHe no- 
npaBKH (npHMepoM HBJineTCH 3anpemeHHe HyjieBoro sHa^eHHH a3H- 
MyTajibHoro KBaHTOBoro incJia, / = 0). 

TeM He Menee 3Ta TeopHH He HBJineTCH nojinofl. npaBHJia 
Bopa — 3oMMep<pejibA3 npHMeHHMbi TOAbKo ajih nepnoAHHecKHX 
hjih MHoronepnoAH^ecKHX CHCTeM. He cymecTByeT npaBHjia kbsh- 

T0B3HHH anepHOAHHeCKHX ABH>KeHHH. TaK, MexaHH3M OAHoro H3 

ochobhhx SKcnepHiweHTOB — onbiTa OpaHKa h repua — ocTaeTca 
Heo6i>HCHeHHbiM. TeopHH Bopa — 3oMMep<pejibAa AaeT KBaHTOBbie 

ypOBHH SHepPHH aTOMHOH MHIIieHH, OAH3KO OHa He B COCTOHHHH 

onncaTb TpaeKTopHH sjieKTpoHOB ny^Ka h ofi-bHCHHTb b AeTajiHx He- 
ynpyrne ctojikhoe6hhh sjieKTpoHOB h aTOMOB MHiueHH. Boo6m,e ro- 

BOpH, BCe HBJieHHH CTOJIKHOBeHHH OCTaiOTCH BHe paMOK 3T0H TeOpHH. 

Ho Aa>Ke npH bkhhcjichkh cneKTpajibHbix TepMOB ycnexn TeopHH 

OrpaHHHHBaiOTCH TOJIbKO IipOCTeHHJHMH CHCTeMaMHJ MHOIWIHCJieH- 

iibie TpyAHOCTH B03HHKaroT npH nonbiTKax cTporo nocTaBHTb 3aAaqy 
o KBaHTOBaHHH cjiokhhx aTOMOB; HMeioTCH cjiynaH pe3Koro pac- 
xo>KAeHHH c onbiTOM, HanpnMep, npn BHiHCJieHHH TepMOB aTOMa 
rejiHH (He HOHH30BaHHoro) hjih aHOMajibHoro 3<p(peKTa 3eeMaHa. 
flajiee, TeopHH He jinuieHa ABycMbicjieHHOcTefl h npoTHBoperafi. 

npHMepOM HBJIHIOTCH npaBHJia npOCTpaHCTBeHHOrO KBaHTOBaHHH. 
FIpaBHJIO KBaHTOBaHHH COCTaBAHIOUieH L z MOMeHTa HMnyjibca ajih 

CHCTeMH, HMeiomefl 3KCH3jibHyio CHMMeTpHK) c ocbro Oz, aojijkho 
6hjio 6h pacnpocTpaHHTbCH h Ha cjiynafi c(pepHHecKOH chmmctphh, 

TaK KaK 9T0 eCTb CJiyMafi CHMMeTpHH OTHOCHTeJIbHO JIK)60H OCH, 

npoxoAHuien nepe3 Haiajio KoopAHHaT. npn stom mh npnuuiH 6u 
k a6cypAHOMy BHBOAy, 'ito cocT3BJiHiom3H MOMeHTa HMnyjibca 
no HanpaBjieHHio jiioSoh och, npoxoAamefl Hepe3 Haqajio koopak- 
HaT, AOJiHCHa 6biTb uejiofl KpaTHofl h. 
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IVI. I. HCTOKH KBAHTOBOn TEOPHH 



OflHaKO npHHUHnHaJIbHHe TpyAHOCTH CTapOH TeOpHH KB3HT0B 

OKa3HBaK)Tca ropa3AO 6ojiee cepbe3HHMH. FIpaBHjia KBaHTOBaHna 
npeACTasjiaioT cofiofi uhcto (popM3JibHbie orpsHH^eHHa, HaKjiajbi- 
BaeMbie Ha peineHHa KJiaccH^ecKHX ypaBHeHHH ABHJKeHHa; ohh 
bboahtch 9MnHpHqecKH. FIoJiHOCTbio OTcyTCTByeT 6ojiee rjiy6oKoe 
o6ocHOB3HHe 3THX npaBHJi. B to me BpeMH caMO noHHTHe TpaeK- 
TopiiH lacTHUbi TpyflHo coiviacoBaTb c Tpe6oBaHHHMH npaBHji kbsh- 
TOBaHHH. npeACTaBJieHHe o abhjkchhh no TpaeKTOpHH noApa3yine- 
BaeT, mto nacTHua b Ka>KAbiH momcht BpeMeHH HMeeT Bno-nHe 
onpe^e^eHHbie nojio^eHHe h HMnyjibc, npn^eM sth BejiHHHHbi 

AOJI>KHbI 6bITb HenpepblBHblMH (pyHKUH3MH BpeMeHH. KaKoft >Ke MO- 
>KeT 6bITb npH 3THX yCJIOBHHX TpaeKTOpHH qaCTHHbl, noAoSHoft 

ajieKTpoHy b onbiTe <PpaHK3 h Tepua? Ecjih 3tot aJieKTpoH abh- 
meTCH no HeKOTopoft TpaeKTOpHH 11 ero SHeprna H3MeHaeTca Henpe- 

pblBHO, TO CJieAyeT OTK333TbCa OT B03MOJKHOCTH nepeASMH 3TOH 

sneprHH aTOMy OTAejibHMMH nopnnaMH — KBaHTaMH, t. e. OTKa- 

3aTbCH OT KBaHTOBaHHH SHepreTHHeCKHX ypOBHeft aTOMa MHUieHH. 

OSparao, nocTyjinpya cyinecTB0B3HHe AHCKperabix ypoBHeft 3Hep- 

THH aTOMa, MM AO.JI>KHbI OCTaBHTb HACK) 0 ABHKeHHH 3JieKTpOHa no 

KJiaccH'qecKOH TpaeKTOpHH h, crceAya JiorHKe H3jio>KeHHa, OT6po- 
CHTb noHHTHe KJiaccHiecKofi TpaeKTOpHH Boo6u;e. B AaJibHefimeM, 

B TJI. II H IV, Mbl yBHAHM, l ITO 0TK83 OT nOHHTHH KJiaCCHqeCKOH 

TpaeKTOpHH BnojiHe onpaBAaH, h npoaHajiH3HpyeM ero <pH3HHecKH& 

CMHCT H CJieACTBHfl. KaK 6bl TO HH 6bUIO, Mbl AOJIJKHbl OTK333TbCH 
OT KJiaCCHHeCKHX ypaBHeHHH ABHJKeHHH MaCTHUbl, HO TOrAa B03HH- 

KaeT Bonpoc, KaKofl xe (pH3HMecKHH cMbio/i mojkho npnnHcaTb pe- 
meHHHM 9thx ypaBHeHHH, kotophmh, no npeAnojio>KeHHio, HBJIHIOTCH 

KBaHTOBaHHbie TpaeKTOpHH ABH^eHHH SJieKTpOHa B aTOMe? 

CTapaH TeOpHH KBaHTOB BHe BCaKOrO COMHeHHH HBHJiaCb 60JIb- 

uihm uiaroM BnepeA- npeACKa3HBaa Ha ocHOBe HecKOJibKHX npocrax 
npaBHji 3HaHHTeJibHyio Maccy 3KcnepHMeHTa.nbHbix pe3yJibTaTOB, 
OHa AaJia oSmyio cxeMy (peHOMeHOJiorH^ecKoro oS-bacHeHna erpyK- 
Typu aTOMHbix cneKTpoB h b stom cMbicjie cwrpajia Ba>KHyio pojib 

B HCTOpHH COBpeMeHHOH CpK3HKH. OAH3KO 3Ta CTp3HHaa H npHHyA" 

.iHsaa kom6hh3Uhh KJiaccHHecKofi MexaHHKH h peuenTOB, bboahmhx 

ad hoc, HHK3K He MOX<eT paCCMaTpHBaTbCa B K3 l ieCTBe nOJIHOft 
H 33K0HqeHH0H TeOpHH. 

§ 17. 3aKJiK>neHne 

B 3toh rjiaBe mm npoaH3JiH3HpoBaji:? ocHOBHbie TpyAHOcra, c ko- 
tophmh cTOJiKHyjiacb KJiaccHqecK3H Teopna npn npoHHKHOBeHHn 

B 06jI3CTb MHKpOCKOnHieCKOH {pH3HKH. 3TH TpyAHOCTH B03HHKJIH, 

KorAa 6biJia CAeJiaHa nonbiTKa noHHTb h onncaTb MexaHH3M B33H- 
MOAeflcTBHa BemecTBa h HSJiy^eHHa. T^3BHaa ocoSeHHocTb aBjie- 
hhh Ha MHKpocKonHiecKOM ypoBHe coctoht b xapaKTepHofl npepbiB- 



§ 17. 3AKJ1IOTEHHE 
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HOCTH, CBH33HHO& C CymeCTBOBaHHeM HeAejIHMOTO KB3HT3 Aeft- 
CTBHH h. 

3tot cltomu3M dedcTeun, no-BHAHMOMy, HBjiaeTCH oahhm H3 ca- 

MblX (pyHAaMeHTaJIbHblX CBOHCTB HBJI6HHH npHpOflbl. B MaKpO- 

CKonHMecKHx MaciJJTaSax mojkho paccMaTpHBaTb BejiHiHHy h KaK 
fiecKOHe^HO Majiyio h yAOBjieTBOpHTbca KJiaccHuecKHMH onncaHHeM 
<pH3HHecKHX HBJieHHH, KorA3 sbojiiohhh (pH3HHecKHX cHCTeM npeA- 
cxaBjiHeTCH flHHaMHHecKHMH nepeMeHHHMH, to^ho onpeaejiHeMbiMH 

B K3JKAWH MOMeHT H HenpepblBHO H3MeH3K)lU.HMHCH BO BpeMeHH. 
HanpOTHB, B aTOMHOH H Cy6aTOMHOH (J)H3HKe MM y>Ke He MO>KeM 

npeHe6peMb BejiHqHHoft fi, 3Aecb HaSjiroaaioTCH hhcto KBaHTOBbie 
HBJieHHH. riomaTHy^ocb Bee 3AaHHe KJiaccHnecKOH TeopHH. 

KJiaccHiecKoe BcuiHOBoe onHcaHHe 3JieKTpoMarHHTHoro H3Jiyne- 

HHH He MOJKeT 6bITb COIViaCOBaHO C TeM OnblTHHM (paKTOM, HTO 

nepe^aia SHeprHH h HMnyjibca Me>KAy BemecTBOM h H3JiyqeHHeM 

npOHCXOAHT HeAeJIHMHMH nOpUHJIMH — KB3HTaMH. O0T09JieKTpHqe- 
CKHH 3(p(peKT, 3Cp(peKT KOMnTOHa MOJKHO 06-bHCHHTb, TOJIbKO eCJIH 

npeACTaBjiHTb ce6e CBer KaK itotok KOpnycKyji, OAHaKO rHnoTe3a 
cymecTBOBaHHa (})otohob He coniscyeTca c HBJieHHaMH HHTeptpe- 
peHUHH h AHtppaKUHH, b KOTopbix cBeT BeAeT ce6a KaK cynepno3H- 

UHH BOJIH. ECJIH npHflep>KHBaTbCa H3bIKa KJiaCCHMeCKOH <|>H3HKH, TO 

cBH3Hoe h HenpoTHBopeHHBoe onHcaHHe Been coBOKynHOCTH cbcto- 

BblX HBJieHHH HeB03MOJKHO; B 33BHCHM0CTH OT yCJIOBHH SKCnepH- 

MeHTa AJia ero hctojikob3Hhh npnxoAHTca npH6eraTb k oAHOMy H3 
AByx HecoBMecTHMbix npeacTaBjieHHH: hjih noTOKy KopnycKyji, hjih 
cynepno3HUHH bojih. CooTBeTCTBHe Me>KAy sthmh npeACTaBjieHHHMH 
AaeTCH ochobhhmh cooTHOiueHHHM;! (4), KOTopbie coAepJKaT no- 

CTOHHHyK) FIjiaHKa fi. B03HHK3K)II1,HH Aya-™3M BOJIHa — ^3cthh,3 

npome Bcero HHTepnpeTHpoBaTb Ha cTSTHCTHMecKoft ocHOBe, nocTy- 

^Hpya, MTO HHTeHCHBHOCTb BOJIHbl B HeKOTOpOH TOHKe IipOCTpaH- 

cTBa nponopuHOHajibHa BepoaTHOCTH o6Hapy>KeHHH b stoh Torae 
cooTBeTCTByiomero (p0T0H3. 

Hio KacaeTCH MaTepHajibHbix CHCTeM, to 3Aecb stpcpeKT KBaH- 
TOBaHHH 3HaHeHHfl HeKOTopbix (pH3H^ecKHX BejiHHHH AeJiaeT Heco- 

CTOHTeJIbHOH KOHUenUHK), corjiacHo KOTopoft BemeCTBO COCTOHT H3 

KOpnycKyji, ABH>KeHHe kotophx noA^HHaeTca 33KOHaM MexaHHKH 

HblOTOHa. npHMep3MH 3KCnepHMeHT3JIbHbIX (paKTOB, np0THB0pei3- 

mwx KJisccHqecKOH KopnycKyjiapHofi TeopHH, aBjiaiOTca KBaHTOBa- 
HHe 3Hepre™qecKHX ypoBHeft aTOMOB, KBaHTOBaHHe opneHTauHH 
aTOMOB h MOJieKyji b onpeAejieHHHx BHeuiHHX ycJioBnax. 

B noHCKax hoboh corjiacoBaHHofl TeopHH Ba>KHo yraraBSTb Te 
SJieMeHTbi K^sccHqecKOH TeopHH, KOTopbie MoryT 6biTb coxpaHeHbi. 
B nepByio o^epeAb CJieAyeT ynoMaHyTb (pyHA3MeHTaJibHbie 3aK0Hbi 

C0Xp3HeHHH SHeprHH H HMnyjIbCSJ HH OAHH H3 3KCnepHMeHT3JIbHbIX 
paKTOB, 06cyJKA3BUIHXCH B 3TOH T^SBe, He npOTHBOpe^HT 3THM 33- 
KOH3M, nOSTOMy MOJKHO CAeJiaTb 060CH0BaHHblfl BblBOA, HTO 3TH 
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TJI. I. HCTOKH KBAHTOBOfl TEOPHH 



OCHOBHHe 33KOHbl OCTaiOTCfl cnpaBe^JIHBUMH H ann MHKpocKonnqe- 

ckhx HBJieHHH. .ZJaJiee, eflHHCTBeHHOfi npHiHHOH Heyflan KJiaccHne- 

CKOH TeopHH, nO-BHflHMOMy, HBJIfleTCfl 3TOMH3M BeJIHIHHbl flefi- 

ctbhh; KJiaccHqecKaa TeopHH coxpaHfleT cboio cHJiy b MaKpocKonn- 
qecKHx MacuiTaSax hjih, b 6ojiee umpoKOM CMbioie, b Tex cjiyqaax, 
Koraa KBaHTOBbie cKaMKH MoryT CTHTaTbcn npeHeSpeiKHMO MaJiMMH. 
3to BTopoe yTBepx^eHHe jicjkht b ocHOBe npHHiinna cooTBeTCTB hh, 
ccpopMyjinpoBaHHoro b KOHiie rviaBbi. Ycnexn cTapofi kb3htoboh 

TeOpHH, yflHBHTeJIbHbie AJIH TeOpHH CO CTOJIb npOTHBOpeqHBblMH 
OCHOB3HHHMH, XOpOUIO HJUIIOCTpHpyiOT IIJIOAOTBOpHOCTb STOTO <pyH- 

AaMeHTajibHoro SBpHCTHiecKoro npHHUHna. 
3AflAHH H ynPA)KHEHH5I 

1. PaccMaTpHBaeTca pacceaHHe MOHoxpoMaraqecKHx 4>otohob cboSoahhmh 
dJieKTpoHaMH (s<p(peKT KoMnTOHa). OnpefleaHTb H3M6H6HH6 a^hhh bojihh, BeJiH- 
<MHy h HanpaB^eHHe HMnyjibca OTAaiH 3JieKTpoHa b 33bhchmocth ot yivia pac- 
ceHHHfl (pOTOHa, npeflnojiaraa: a) ito ajieKTpoH nepBOHa^ajibHo noKOHTca; 6) <ito 
sjieKTpoH nepBOHaiajibHO HMeeT HMnyjibc P b HanpaBJieHHH hcxoahoi-o nyina <po- 
tohob. KaKOBa b o6ohx cjijrqaax MatccHMajibHaa BejiHiHHa HMnyjibca, nepeaaBae- 
Moro ajieKTpoHy? 

2. 06cyflHTb Ha npninepe SKcnepHMewra K)Hra c HHTepcpepeHiwefi ot AByx 
mejieft bcwihoboh h KopnycKyjiapHbift acneKThi npnpoflbi CBeTa. noKa3aTb, iro 
npe^CTaBJieHHe o TpaeKTOpHH Kaxmoro (poTOHa, npoxoAameft qepe3 OAHy H3 me- 
jieft, HecocToaTeJibHO. 

3. THpocKon oSjiaaaeT MaraHTHbiM mombhtom fi, nponopuHOHajibHbiM mo- 
MeHTy HMnyabca: fi = Ml. Hcxoah h3 BbipaxceHHH ajih MarHHraoft amprHH 
— \iX, BbiBecTH ypaBHeHHH flBH»ceHHH / b nocroaHHOM MarHHTHOM nojie 36 h no- 
Ka3aTb, ito rapocKon coBepniaeT npeiieccnoHHoe ABHHteHne c KpyroBoft qacTOToft 
w t = M96 (qacTOTa JlapMopa). 

4. B HepeJiflTHBHCTCKOM npeAeJie KJiaccmecKHe ypaBHeHHa abh>kchhh sjieic- 

TpOH3 B 3JI6KTpOMarHHTHOM ncvie cyTb 

-£ T (mv)^e(E+~lv%]). (a) 

riycTb, flajiee, A k <p aBJiaioTca cooTBeTCTBeHHo bcktophum h acajiapHbiM noieH- 
unaJiaMH SToro nana: 

g = — gradtp — 3""^7"» # = rotA. 

rioKa3aTb, ito ypaBHeHHa ABHJKeHHa cnenymr H3 (pyHKUHH JIarpaHaca 
, mv 2 . ( vA \ 

— r +e \—-V- 

BuMHCJiHTb o6o6meHHbifi HMnyjibc h HanHcaTb ipyHKHHro TaMmibTOHa. 

5. ypaBHeHHH (a) 3aAaiH 4 ocTatOTca cnpaBeAJiHBHMH h b pgjihthbhctckoh 
o6jiac™, ecjiH Maccy noKoa 3aMeHHTb «peJiaTHBHCTCKofl Maccoii» M = m [1 — • 



3AflATO H yriPA>KHEHH3 
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— (v 2 /c 2 )]-'h. IlpoBepHTb, <ito $opMa^H3M /larpaHwa h TaMHJibTOHa ocTaeTca 
cnpaBefljiHBbiM, npnieM ypaBHeHHH nojiyqaiOTCH H3 tpyHKium JlarpaHwa 



rpfi p ecTb o6o6meHHHii HMnyjibc, t. e. BeKTop c KOMnoHeHTaMH p x , p y , Pz. 

3aMeTHM, no p = Mv+ —A h H — Mc 2 + eq>; H h pc o6pa3yioT 4-bcktop 

b npocTpaHCTBe-BpeMeHH, aHajiornqHO q> h A. HiueeT MeCTO cooTHOiueHHe 
(H — eq>) 2 — (pc — eA) 2 = rtfc*. 

6. MaTepnajibHasi TOiKa c Maccofl m BbmyjKAeHa nepeMemaTbcn no och x 
iioa AeflcTBHeM B03BpamaiomeH chjih — Kx, nponopuHOHajibHOft paccTosmmo ot 
HaiaJia KOopAHHaT (aapMOHunecKud ocu,ujiasitop) . npHMeiwrb k stoh AHHaMHHC- 
ckoh cHCTeine npaBHJio KBaHTOBaHHH Bopa — 3oMMep(pe^bAa: BbracmiTb aHeprmo, 
nepnoA KOJieCaHHfi h ainnjiHTyay KBaHTOBaHHHx TpaeKTOpuft. 

7. FIpoKBaHTOBaTb KpyroBue 3JieKTpoHHbie op6HTu BOAopoAHoro aToina, npn- 
mshhh npaBHJio Bopa — 3oMMep<peJibfla. OnpesejiHTb sHeprmo, nepHOA h paAHyc 
ocHOBHOfl op6HTH (mc 2 = 0,51 Mae; hc/e 2 c~ 137) a Hafl™ b stom qacraoM cjiy- 
>jae pe/iHTHBHCTCKyio nonpaBKy. IlpoBepHTb, mo b npeAejie 6onbiuHx KBaHTOBbix 
qnceji qacTOTu Bopa CTpeMHTCH k qacTOTaiu, npeACKa3biBaeMUM K-nacciwecKofi 

S^eKTpOAHHaMHKOft (tipUHliUn COOTeeiCTBUH). 




rioKa3aTb, mo (JjyHKUHH TaMHJibTOHa b stom cjiywae HMeeT bha 




r Jl A B A II 

BOJTHbl BE1UECTBA H yPABHEHHE UIPEflHHrEPA 



§ 1. HcTopHiecKHH o@30p h o6uiHH njiaH nocjieayiomHX niae 

OcHOBaHHe KBaHTOBofi MexaHHKH npnxoAHTCH Ha nepnoA Mexay 
1923 h 1927 roAaMH. IIoith OAHOBpeMeHHO 6hjih npefljio>KeHH ABe 
«e SKBHBajieHTHbie cpopMyjiHpoBKH: MaTpHiHaa MexaHHKa h bojiho- 
Ban MexaHHKa. 

HcXOAHbIM nyHKTOM MaTpUHHOU M6XCLHUKU l ) HBHJICH KpHTHHe- 
CKHH aHajIH3 IIOJIOHfeHHH CTapoft KBaHTOBOH TeopHH. ToiKa 3peHHH 

TeH3eH6epra mojkct 6biTb Bbipa>KeHa cjieAyiomHM o6pa30M. Bo 

BCHKOH (pH3HHeCKOH TeOpHH CJieAyeT OTJIHHaTb nOHHTHH H BejlH- 

mhhh, 4>n3HqecKH Ha6jiK>AaeMbie ot (pH3HHecKH HeHa6^ioflaeMbix; 
nepBbie no HeoSxoAHMOCTH aoji^khh (pHrypnpoBaTb b TeopHH, bto- 
pue ms 6es ymep6a ajih TeopHH MoryT 6biTb MOAHipHUHpoBaHbt 

KJIH BOBCe OIiymeHbl. IlpH nOCTpoeHHH yflOBJieTBOpHTeJIbHOH TeopHH 
MHKpOCKOnHqeCKHX HBJieHHH CJieAyeT no B03MOJKHOCTH HCXOAHTb 
TOJIbKO H3 Ha6jIK)AaeMbIX BeJIHMHH. B CTapOH KBaHTOBOH TeopHH 
HeKpHTH^eCKH HCnOJIb30BaJIHCb MHOTHe nOHHTHH, He HMeiomHe 

peajibHofi SKcnepHMeHTa^bHofi ochobh; sto h HBHJiocb npHTOHoft ee 
HeyAan. 

ripuMepoM 3KcnepHMeHTaJibHo He ofiocHOBaHHoro noHHTHa hb- 
jiaeTCH sjieRTpoHHan op6HTa. 3aAaAHMCH BonpocoM, mojkho jih Ha 
onbiTe npocJieAHTb 3a ABHJKeHHeM aJieKTpoHa no SopoBCKofi op6nTe 

aTOMa BOAOpOAa? 2 ) IlpH HafijIIOAeHHH ABHJKeHHH MH AOJIJKHbl (pHK- 

•cnpoBaTb nocjieAOBaTejibHbie nojiojKeHHH ajieKTpoHa b npocTpaH- 
CTBe, npHMeM ouin6Ka b H3MepeHHH Ka^KAoro nojioxceHHH AOJUKHa, 
ecTecTBeHHO, 6biTb 3HaiHTejibHo MeHbuie cpeAHero paAHyca a nccjie- 

AyeMOH Op6HTbI. ][IOA06HHe H3MepeHHH MO>KHO 6bIJIO 6bl npoBecTH 

c noMombio peHTreHOBCKHx jiynen AocraTorao Majiofi ajihhh bojihu 
X <C a. OAHaKO CTOJiKHOBeHHe Ka>KAoro peHTreHOBCKoro KBanra c 
3JieKTp0H0M, corjiacHO TeopHH aipcpeKTa KoMnTOHa, conpoBoxAaeTCH 
nepeAa^efl HMnyjibca nopHAKa h/k (3>/i/a), hto cymecTBeHHO B03- 
MymaeT ABnaceHHe HaSjiiOAaeMoro ajieKTpoHa. ^HTaTejib 6e3 TpyAa 

1) W. Heisenberg, Zeitsch. f. Phys. 33, 879 (1925); M. Born, P. Jordan, 
Zeitsch. f. Phys. 34, 858 (1925); M. Born, W. Heisenberg, P. Jordan, Zeitsch. 
f. Phys. 35, 557 (1926); P. A. M. Dirac, Proc. Roy. Soc. A 109, 642 (1925). 

2 ) OrpaHHTCHHH B03MOHCHOCTeft Ha6jIK>AeHHH, KOTopwe MH HMeeM B BHfly, 

He cBH3aHM c coBepuieHCTBOM H3MepHTeflbHoft TexHHKH; 3th rpaHHUu cTaBm caMa 
npnpofla Bemefl. 
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npoBepHT (cm. 3aAaqy 1), i ito B03MymeiiHe TeM sHaqiixejibHee,. 
new MeHbiiie KBaHTOBoe mhcjio, xapaKTepH3yiomee opSHTy; na- 
npHMep, ecjiH ajieierpoH HaxoflHTCH Ha ochobhoh opSHTe 
(n = l), to cpeflHHH aHeprHH, nepeaaBaeMaa npn ctojikhobg- 
hhh, paBHa no MeHbiueft Mepe SHeprHH H0HH3amra aTOMa. 3to- 
HeKOHTpojinpyeMoe B03MymeHne coctohhhh Ha6jno,aaeMOH cHdeMM 

H3MepHTeJIbHbIM yCTpOHCTBOM CT3BHT npe^e^ TOMHOCTH, KOTOpyK> 

mojkho HaaeHTbCH noJiy^HTb npn H3MepeHHH op6HTbi a.ieKTpoHa. 
ripn MaJiHX KBaHTOBbix HHCJiax jiK>6oe, aa>Ke AOCTaToiHO rpy6oe 
H3MepeHHe napaMeTpoB op6hth oSpeqeHo Ha Heyaaqy. Ho no- 
CKO^bKy He cymecTByeT sKcnepnMeHTa, no3BOJiaiomero flOKa3aTb, 
vto ajieKTpoH b aTOMe Boaopofla fleftcTBHTeJibHo nepeMemaeTCH no 
onpe/iejieHHOH op6HTe, hh*ito He MemaeT HaM OTK333TbCH ot ca- 
Moro noHHTHfl op6hth sjieKTpoHa. HHaqe roBopa, H3 Toro dpaKTa, 

1TO aTOM HaXOflHTCH B HeKOTOpOM COCTOHHHH C TOMHO <pHKCHpOB3H- 

hoh SHeprHefl, He c^e^yeT c Heo6xoflHMOcTbio, nro ero 3JieKTpon 
b KaJKflbift MOMeHT BpeMeHH o6jiaAaeT cTporo onpeaeJienHbiMH no- 
Jio^eHHeM h HMnyjibcoM 3 ) . 

MaTpntmaH MexaHHKa refl3eH6epra, BopHa h HopAaHa He bkjiio- 
qaeT noHHTHH ajieio-poHHOH op6Hra. PaccMaTpHBaa TOJibKO 
Ha6jiK>AaeMbie Ha onbue BejiHTOHH, TaKHe KaK qacroTbi h HHTeH- 

CHBHOCTH H3JiyHeHHfl aTOMOB, TeopHfl Ka>KAOH <pH3HMeCK0H Be^H^HHe 

conocTaBjineT HeKOTopyio MaTpnuy. B otjihhhc ot aJireSpbi o6hh- 
hhx BejiHiHH MaTpnqHan ajire6pa b o6meM cjiyqae HeKOMMyia- 

THBHa 4 ), HMeHHO 3TO CymeCTBeHHOe 06CT0HTeJIbCTB0 OTJIH^aeT HO- 

Byro MaTpHHHyio MexaHHKy ot MexaHHKH KJiaccH^ecKofl. ypaBHeHHH 

flBHJKeHHH AHHaMHMeCKHX nepeMeHHHX KB3HTOBOH CHCTeMbI HB- 
JIHIOTCH M3TpHHHbIMH yp3BHeHHHMH. CfleAyfl npHHHHny COOTBeT- 

ctbhh, mh npHHHMaeM, mto sth yp3BHeHHa dpopinajibHO coBnajiaiOT 

C ypSBHeHHHMH (CO,Ziep>Ka IUHMH 06bmHbie BejIHTOHbl), KOTOpbie 
OnHCbIB3K)T COOTBeTCTByiOmyK) KJiaCCHHeCKyK) CHCTeMy. 

BoAHoean uexanuKa LLIpeAHHreps 5 ) BHeuiHe BbirJiHAHT co- 
BepineHHO hhoh Teopneft. Hctokh ee bocxoaht k pa6oTaM Jlyn 
jxe Bpofljia 6 ), nocBHmeHHHM MaiepHajibHbiM bojihsm (bojihsm 



3 ) 3tot bhboa cne,nyeT cpaBHHTb c pe3yjibTaTaMH oScyjKfleHHH onHTa <t>pan- 
Ka h Tepua b KOHue nepBofi rjiaBH, i\ae 6wjio noKa3aHO, hto cymecTBOBaHHe He- 
npepHBHofi TpaeKTopHH 6oM6apanpyiomero sjieKTpoHa HecoBMecraMO c KBaHTO- 
BaHH6M BHepreTHqecKHX ypoBHeii aTOMa MHiueHH. npH3HaHHe cyiuecTBOBaHHsr 
AHCKpeTHbix KBaHTOBbix ypoBHeft aneprHH aTOMa Be^eT k OTKa3y ot noHHTHsr 

TpaeKTOpHH 3JieKTpOHa. 

4 ) OnpeaejieHHe MaTpnu h H3Ji03KeHHe hx ochobhhx cbohctb coflepxHTca b- 
m. VII h VIII, rae mh yBH^HM, wto cymecTByeT TecHan CBH3b Mexpy MaTpH- 
iiaMH h JIHH6HHMMH onepaTopaMH, o KOTopux noflfleT peyb HHJKe (§11). 

8 ) E. Schrodinger, Ann. d. Phys. 79, 361, 489 (1925): 80, 437 (1926); 81, 
109 (1926). 

6 ) L. de Broglie, Nature 112, 540 (1923); flnccepTauHH (1924); Annales de 
Physique 2 (1925). 



56 



rjl. II. BOJIHbl BEIUECTBA H ypABHEHHE IUPEAHHfEPA 



BemecTBa). ElbiTaHCb ycTanoBHTb ochobhhc npHHitHnbi e^HHoftTeo- 
pHH BemecTBa h H3JiyHeHHsi, Ae Bpofijib BHflBHHyji rnnoTesy, corjiacHO 
KOTopofl KopnycKyjiapHO-BOJiHOBOH /iyajiH3M BHpa>KaeT cpyHflaMeH- 

Ta.lbHOe CBOHCTBO BCeX MHKpOCKOnH^eCKHX 06"beKT0B H, CJieAOBa- 

TeJibHo, BemecTBo, iioao6ho H3JiyueHHio, Tanxe o6Hapy?KHBaeT h 

BOJIHOBbie, H KOpnyCKyJIHpHbie CBOHCTBa. yCTaHOBHB COOTBeTCTBHe 

MejKfly AHHaMH^ecKHMH nepeMeHHHMH KopnycKyjiu h BeJiH^HHaiwH, 
xapaKTepH3yiomHMH accouHHpoBaHHyio c KopnycKyjioS Bojmy, oh 
cyMeji c noMombio nojiyKOjiHqecTBeHHbix paccyjKfleHHH nojiyiHTb 
npaBHJia KBaHTOBaHHH Bopa — 3oMMep<pejibA3. IlpeAnojioJKeHHe 
Ae BpoftjiH o bojihoboh npHpoAe nacTHu BemecTBa nojiyMHJio Heno- 
cpeacTBeHHoe noATBepacAeHHe nepe3 HecKOjibKO jieT b pe3yjibT3Te 

OTKpblTHH HBJieHHH AH(ppaKUHH H3CTHH, 3H3JI0rHHHHX COOTBeT- 
CTByiOmHM HBJieHHHM BOJIHOBOH OnTHKH. MeJKAy TCM IIIipeAHHrep, 

pa3BHBan h o6o6ni3H noHHTHe bojih BemecTBa, otkpmji ypaBHeHHe 
pacnpocTpaHeHHH bojihoboh (pyHKHHH, npeACTSBjiHromeft AaHHyio 
KBaHTOByio CHdeMy. 9to dpyHAaMeHTaJibHoe ypaBHeHHe mojkct 6biTb 
BbiBeAeHO nyieM npHMeHeHHH npodoro npaBHjia cootb6tctbhh h3 

(pyHKHHH TaMH^bTOHa COOTBeTCTByiOmeH KJiaCCHHeCKOH CHCTeMbl. 

YpaBHeHHe LUpeAHHrepa jicjkht b ocHOBe bojihoboh MexaHHKH. 

KaK noKa3aJi IIIpeAHHrep 7 ) , bojihob3h MexaHHKa h MaTpHMHan 
MexaHHKa aKBHBajieHTHbi. Ohh AaioT ABe qacTHbie dpopMyjinpoBKH 
oahoh eAHHoft TeopHH, KOTopaa MOJKeT 6biTb npeACTaBjieHa b caMOM 
o6in,eM BHAe. Pa3pa6oTKa o6mero dpopM3jiH3M3 kbshtoboh TeopHH 
6buia ocymecTBJieHa flnpaKOM 8 ). B pe3yjibTaTe B03HHKJia kbshto- 

B3H HepejIHTHBHCTCK3H TeOpHH M3TepH3JIbHbIX M3CTHII,. OHa 6bljia 

AonojiHeHa KBaHTOBoft TeopHeft aJieKTpoMarHHTHoro nojin 9 ), ^ito 
npHBejio k nocTpoeHHio eAHHoro corjiscoBSHHoro TeoperaHecKoro 
MeTOAa, no3BOJi5nom;ero nccjieAOBaTb Bee 33Aa™, KacaiomnecH <|>h- 
3hkh cHCTeM MaTepnaJibHbix qacTHH b HepeJiaTHBHCTCKOM npn6jiH- 

JK6HHH H HX B3aHMOA£HCTBHH C 3JieKTpOM aFHHTHblM nOJieM. JXo6a- 

bhm, qTO BHyTpeHHHH HenpoTHBopeHHBOCTb TeopHH h rjiyQoKoe 
noHHMaHHe dpHsnqecKoro cMbicJia ee dpopMajiH3Ma 6hjih AOCTHr-HyTH 
TOJibKO nocjie pa6oT BopHa, refi3eH6epra h Bopa 10 ) . Ochobho6 



7 ) E. Schrodinger, Ann. d. Phys. 79, 734 (1926). 

8 ) P. A. M. Dirac, The Principles of Quantum Mechanics, Oxford Claren- 
don Press, 1 H3A. 1930, 4 H3«. 1958. PyccKHft nepeBOfl: II. A. M. flupaic, FIpHH- 
unnu KBaHTOBOfl MexaHHKH, nep. c 4-ro H3.zi.aHHH, <J>H3MaTru3, 1960. 

9 ) P. A. M. Dirac, Proc. Roy. Soc. A 114, 243, 710 (1927); P. Jordan, 
W. Pauli, Zeitsch. f. Phys. 45, 151 (1928). 

">) M. Born, Zeitsch. f. Phys. 38, 803 (1926); W. Heisenberg, Zeitsch. f. 
Phys. 43, 172 (1927); N. Bohr, Naturwiss. 16, 245 (1928); 17, 483 (1929); 
18, 73 (1930). r\ny6oKoe ocBemeHHe d)H3HiecKOH HHTepnpeTautiH TeopHH mojkho 
Haft™ b KHHrax: W. Heisenberg, Die physikalischen Prinzipien der Quantentheo- 
rie, Mannheim, 1958; N. Bohr, Atomic physics and human knowledge, Wiley, 
N. Y., 1958 — pyccKHfl nepeBOfl: H. Bop. ATOMHaa d)H3HKa h qejioBeqecKoe no- 
3HaHHe, HJI, 1961. B sthx pa6oTax coflepjKHTCH H3JiOH<eHHe Tan Ha3biBaeMoft 
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c0A6p>KaHHe 3toh khhth nocBHineHo H3Jio>KeHHio annapaTa h npn- 
jio»;eHHH HepeJiHTHBHCTCKoft KBaHTOBofi MexaHHKH. ripoSjieMbi pe- 

AHTHBHCTCKOH KB3HT0B0H MexaHHKH 6yAyT paCCMOTpeHH TOJIbKO B 

nocjieAHefi ^acTH; mu orpaHHHHMCH b ochobhom H3JiojKeHHeM peAH- 
thbhctckoh TeopHH ajieKTpoHa X^HpaKa"), ee ochobhhx npHMeHe- 

HHH H TpyAHOCTeft. 

Han6ojiee 3JieraHTHbiM h bo MHorax othoiiichhhx HaH6ojiee 

yflOBJieTBOpHTejIbHHM cnOCOfiOM H3JIO)KeHHH KB3HT0B0H TeopHH 
HBJIHeTCH TOT, KOTOpblft OCHOBblBaeTCH Ha 06meM dpOpM3JIH3Me. 
OAH3KO npH 9TOM CyiUHOCTb <p H3HlIecKHX HBJieHHH MOJKeT OKa- 

3aTbCH CKpHTofl 3a MaTeMaTHqecKHM annapaTOM, HMeiomHM 36- 
CTpaKTHbifl xapaKTep. Boahobsh MexaHHKa c ee Sojiee npHBbin- 

HHMH npeACTaBJieHHHMH 0 BOJIHaX H ypaBHeHHHX B MaCTHHX npOH3- 

boahhx Jiynme noAXOAHT aah nepBoro 03HaKOMAeHH3 c Teopnefi. 
KpoMe Toro, hmchho b stoh dpopMe KBaHTOBan TeopHH qame Bcero 
Hcnojib3yeTca b npHJiojKeHHHx. flosTOMy mm npHCTyriHM k kb3hto- 
boh TeopHH c o6mero H3JiOHceHHH bojihoboh MexaHHKH. 3Ty rJiaBy 
mh aaMHeM o6cyjKAeHHeM iiohhthh o BOJiHax BemecTBa, 3aTeM noAy- 
«ihm ypaBHeHHe LUpeAHHrepa h o6cyAHM ero ocHOBHbie CBOHCTBa; b 
iacTH0CTH 6yaeT noKa3aHO, KaKHM o6pa30M c noMombio stoto 
ypaBHeHHH onpeAeAHiOTCH ypoBHH SHeprHH cTaHHOHapHbix co- 

CTOHHHH. 

4to6h HayqHTbCH pafioTaTb c ypaBHeHHeM IUpeAHHrepa, mh no- 

CBHTHM TJl. Ill H3yieHHK) npOCTHX 3aAaq, KacaiOIUHXCH KB3HT0BbIX 
CHCTeM B OAHOM H3Mep6HHH, H AOKajKeM HeCKOAbKO TeopeM 06 3THX 

CHCTeMax. 3to AacT B03Mo>KHOCTb noAOHTH k o6ihhm npofijie- 

M3M HCT0AK0B3HHH KB3HT0B0H TeopHHJ HM 6yAeT nOCBHIU.eHa rjl. IV. 

DiaBa V nocBHmeHa pa3BHTHio <})0pMaAH3Ma boahoboh MexaHHKH 

H ero CT3THCTHqeCK0H HHTepnpeT3UHH, C0TA3CH0 npHHu,Hn3M, c(pop- 
MyJIHpOBSHHbIM B TJl. IV. 



CTaTHCTHqecKofl HHTepnpeTauHH kbahtoboA MexaHHKH KoneHrareHCKoft ihkojim. 
HMeHHO 9toh HHTepnpeTauHH mm 6yAeM npHAepJKHBaTbcH b AaHHOft KHHre. nocie 
pe3KOft 6opb6bi MHeHHft h cnopOB oHa fibijia npHHHTa noAaBjiHK>m.HM 6oJifauiHH- 
ctbom <pH3HKOB. TeM He MeHee, 3Ta HHTepnpeTauHH HaCHHTbiBa.ua (h HacmTbiBaeT 
AO chx nop) Heiwajio HenpHMHpnMbix nporaBHHKOB, cpeAH KOTopux HaAJieaiHT OT- 
MeTHTb SftHuiTeHHa, LUpeAHHrepa h Ae BpoftjiH. Peib HAeT o pa3HorjiacHax, ko- 
Topue He MoryT 6un pa3pemeHH Ha ochob3hhh TOJibKO pe3yjibTaT0B 3KcnepHMeH- 

TOB. Pa3HOrJiaCHH KacaiOTCH ofilUHX (pHJIOCO$CKO-MHpOB033peHieCKHX BonpocoB 

HCTOJiKOBaHHH HayKH, a He tpH3HqecKoft Hayra KaK TaKOBoft. OcBemeHHe ochob- 
hhx STanoB AHCKyccHH mojkho Haft™ b KHHrax: Albert Einstein, Philosopher — 
Scientist, P. A. Schilpp ed., Tudor Publ. Co., N. Y., 1949 and 1951 (cm. b oco- 
6eHHOCTH CTaTbH Bopa h SftHuiTeiiHa) h L. de Broglie, La Theorie de la Mesure 
en Mecanique Ondulatoire, Gauthier — Villars, Paris, 1957. Cm. TaioKe A. 3uh- 
tuTe&H, Co6paHHe HayiHbix TpyAOB, tom 3, «HayKa», 1966. 3>H3HHecKHe h Teope- 
THKO-no3HaBaTeJibHbie ochobh kb3htoboh MexaHHKH paCCMOTpeHH b KHHre: 
B. A. 0ok, Haqajia KBaHTOBofl MexaHHKH, «HayKa», 1976 (cm. b oco6eHHocxH 
rji. 1 SToft KHHrn). 

") P. A. M. Dirac, Proc. Roy. Soc. A117, 610 (1928); A118, 351 (1928). 
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B ivi. VI paccMOTpeHO kb33hk./i accH^ecKoe npH6jiHJKeHHe b boji" 
hoboh MexaHHKe. H TOJibKO noc/ie Toro KaK 6yner npeACTaBJieHa 
ofimaa KapTHHa TeopHH Ha «3biKe bojihoboh MexaHHKH mm nepefl- 
AeM b rn. VII h VIII k H3JiojKeHHio (popM3./ibHoro annapaTa KBaH- 

TOBOH TeopHH. 

PasAeA I. BOJIHbl BELU.ECTBA 
§ 2. BBefteuHe 

OTKpblTIie ABOHCTBeHHOH — BOJIHOBOH H KOpnyCKyjIHpHOH — npH- 

pOAH cBeTa HBHJiocb oahhm H3 HaH6oJiee BneHaTJiaioiUHx pe3yjibTa- 

TOB BBCaeHHH KB3HT0B B (pH3HKy. OpeAnOJICDKHM, HTO H BeiH,eCTBO 

ofijiaAaeT aHaJiornqubiMii cBoflcTBaMH KOpnycKyjiHpHo-BOJiHOBoro 
Aya^H3Ma; noAoSHO TOMy KaK 3JieKTpoMarHHT«aa bojihs acco- 

UHHpyeTCH C (pOTOHOM, AOnyCTHM, 1TO KaJKAOH MaTepHajIbHOH 

^acTHHe conocTaBJieHa Bojraa, KpyroBan nacTOTa KOTopofi oo cbh- 
33H3 c 3HeprneH i iacTHUu E cooTHOiueHHeM SflHiHTeftHa E = tm. 
Ecjih npHHHTb 3Ty TOHKy 3peHHH, to aTOM AOJiJKeH SyAeT o6^aAaTb 

CB0HCTB3MH pe30HHpyK>IU.eH nOJIOCTH (pe30HaTOpa) C AHCKpeTHbIM 
PHAOM COfiCTBeHHHX 13CTOT; 9T0 n03BOJIHT o6"bHCHHTb 3(p(peKT 

KBaHTOBaHHH sHepreTHMecKHx ypoBHeft aTOMa. 

npH 3TOM OTKpHBaeTCfl B03MO?KHOCTb nOCTpOHTb eAHHyiO TeO- 

pHK), b KOTopoft BemecTBo h H3JiyneHHe 6yAyT BbicTynaTb KaK pa3- 

HOBHAHOCTH 06"beKT0B OAHOH npHpOAbl, 06jI3AaK)mHX CB0HCTB3MH 

h BOJIHH, h KopnycKyjiH. 3th npeAnojiojKeHHH, pyKOBOAHBiuHe 
Ae BpoftjieM b ero TeopHH bojih BemecTBa, OKa3ajiHCb, KaK uu 

yBHAHM B AaJIbHefilHeM, nOJIHOCTbK) OnpaBAaHHHMH. 

OcHOBHbie cbohctbs bo^h BemecTBa nojiyqaioTCH no aH3.aorHH 
c onTHKofi. KaK h b cjiy^ae <potohob, mh AonycKaeM, hto 3HaqeHHe 

HHTeHCHBHOCTH aCCOUHHpOBaHHOH BOJIHbl B Ka>KAOH TOTKe nponOp- 
HHOHa.TbHO BepOHTHOCTH 06Hapy}KHTb HaCTHUy B 3T0H TOHKe. Ha- 

CTima 6yAeT jioKajiH30B3HHOH b npocTpaHCTBe TeM jiymne, MeM 
MeHbuiyio oGjiacTb b npocTpaHCTBe 33HHMaeT BOJiHa. ycjioBHH cnpa- 
BeAJiHBocTH KJiaccHqecKoii MexaHHKH pea/iH3yioTC5i TorAa, KorAa 
b Te^eHHe Bcero BpeMeHH oSjiacTb Ji0Ka/iH3an,HH bojihh mojkho pac- 
CMaTpHBaTb KaK ToqKy h npnnHcaTb nacTHue onpeAe/ieHHyio TpaeK- 
TopHio ABH>KeHH5i. Ahsjiohmhsh cHTyau,HH BCTpenaeTCH b onTHKe, 
ecjiH ajihhoh bojihh cBeTa mojkho npeHe6peHb no cpaBHeHHK) c 
ApyrHMH xapaKTepHbiMH AJiHHaMH: sto npu6Auxceuue eeoMerpune- 

CKOU OtlTUKU, KOrAa BOJIHOBbie CB0HCTB3 He npOHBJIHIOTCH. IlpH- 

6jiH>KeHHe cnpaBeAJiHBO, KorAa onraqecKHe CBOHCTBa cpeAu, b 

KOTOpOH pacnpOCTpaHHeTCH CBeT, OCTaiOTCH npaKTHHeCKH nOCTOHH- 
HHMH Ha paCCTOHHHHX nOpHAKa HeCKOJIbKHX A^HH BOJIH 

( I grad A I <C 1). 3to npHBOAHT k 3aKJiK)HeHHio, ^To KJiacamecKaH 
Teopna qacTHU, AOJiJKHa 6biTb npaMeHHMa b cJiynae OTcyTCTBHS 



§ 3. BOJIHOBOH riAKET. *A30BA3 H rpyiTTIOBAH CKOPOCTH 
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BHeiuiiHx nojiefi hjih MeAJieHHo mchhioii^hxcs nojieft, a raKxe ecjin 

Mbl He CTpeMHMCH CJIHIHKOM TOIHO JIOKaJlH30B3Tb iaCTHUy. 3TH Bbl- 

boah HaxoAHTCH b corjiacHH c o6meH3BecTHMMH pe3yjibTaTaMH, 

KacaiOIUHMHCH ABHXeHHH aTOMHHX H Cy6aTOMHbIX MaCTHU B KB3- 

SHCTaTH^ecKHX h KBa3HOflHopo^Hbix nojiHx: TpaeKTopHH 3apn>KeH- 

HHX HaCTHU B CTaTHHeCKHX SJieKTpHHeCKHX H MarHHTHblX I10J1HX, OT- 

KJioHeHHH napaMarHHTHbix aTOMOB b onHTe IllTepHa — Tep^axa h 
t. A- B 9thx npcuejibHbix cJiynaHX TeopHH bojih BemecrBa pfljimna 

6bITb SKBHBaJieHTHOH KJiaCCHHeCKOH TeopHH qacTHU, (npHHUHn co- 
OTBeTCTBHH). 

§ 3. Cbo6oahuh bojihoboh naneT. 4>a30Basi 
h rpynnoBaa CKopocTH 

PaCCMOTpHM BOJIHOBOe ABHJKCHHe B OAHOpOAHOfl H H30TpOIIHOK 

cpeAe. HaH6oJiee npocraM thiiom BOJiHbi hbjihctch wiocKaa moho- 
xpoMaTHiecKaa BOJiHa 

e i(ftr-<oO > (1). 

KOTopaa npeACTaBjiHeT KOJie6aHHe c ajihhoh bojihh a. = 2n/k, 
pacnpocTpaHHiomeecfl b HanpaBjieHHH BOJiHOBoro BeKTOpa k c 

nOCTOHHHOH CKOpOCTbK). CKOpOCTb, 0 KOTOpOH HAGT pe^Ib, eCTb 

cKopocTb nepeMemeHHH njiocKoc™ paBHofl (pa3bi, hjih cpa3oea}t 

CKOpOCTb 

v v = <a/k. 

HacTOTa a) He 33Bhcht ot HanpaBJieHHH k, ho, Boo6me roBopa, 

MOJKeT 3aBHCeTb OT a6C0JIK)TH0H BeJIHHHHbl aToro BeKTOpa. Ilo- 

cKOJibKy BCHKaH BOJiHa mojkct paccMaTpHBaTbCH KaK cynepno3HUH5r 

nJIOCKHX MOHOXpOMaTHHeCKHX BOJIH, 3H3HHH «3aK0H3 AHCIiepCHH» 
CD (ft) AOCTaTOHHO AJia HCCJieAOBaHHH FIOBeAeHHH JH06OH BOJIHbl 

c TeneHHeM BpeMeHH. 

CoraacHo Haiueft nraoTe3e Kam^aa nacTOTa co cooTBeTCTByer 
BROjiHe onpeAejieHHofl aneprHH nacTHUH 

E = M. (2) 

EcTecTBeHHo nosTOMy conocTaBHTb Bojmy (1) npHMOJiHHefiHOMy 
paBHOMepHOMy ABH>KeHHK) c SHeprHefi E b HanpaBJieHHH k. 

H3yqeHHe KJiaccHqecKoro npn6jiH>KeHHH no3BOjiHT HaM cBH3aTb 
k c HMnyjibcoM p ^acTHUH. JXjih 3Toro cjieAyeT conocTaBHTb qac- 

THUe BOJIHy KOHeHHOH IipOTHJKeHHOCTH. B0JIHa (1), KOHe^HO, He 

yAOB ji eTBopaeT STOiwy Tpe6oBaHHio, ho eMy mo>kho yAOBJieTBopHTb, 
ecjin Bocnojib30BaTbCH cynepno3HU,Heft bojih c 6jih3khmh bojiho- 

BHMH BeKTOpaMH. 9t0 3Ha»IHT, HTO CJieAyeT pacCMOTpeTb 80AH080& 

neuter 
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06o3Ha i iHM GyKBaMH A h a MOAy^ib h <pa3y aMnjiHTy^Bi /, coot- 
BeTCTBeHHO. no npeAnojioaceHHio A o6jia,naeT 3aMeTHo8 bc/ih^hhoh 
TOJibKO b HeKOTopoii oSjiacTH, oKpyjKaromefi k. Cjie^yeT BbiHCHHTb 
b KaKofl Mepe h npa KaKHX ycrcoBHHX «ABHJKeHHe» bojihoboto na- 
KeTa mojkct 6biTb conocTaBjieHo flBH^eHHK) KjiaccaqecKoft iac- 

THUbl. 

Pa^n npocTOTbi paccMOTpHM BHaiaae bojihoboh naKeT b oahom 

H3MepeHHH 

+00 

$(x, t)= J f(*')e ,( * w,) dft'. 
—00 

IIOJIO>KHM 

<p = k'x — eft + Of 

TorAa \J)(x, t) ecTb HHTerpaji ot npoH3BeAeHHH (pyHKUHH A, HMeio- 
men pe3KHH MaKCHMyM b o6jiacTH D luhphhoh Ak, OKpyxaiomeH 
TOHKy k' = k, h ocu,HjijmpyiomeH (pyHKUHH e'f. Ecjih ochhjijihuhh 

{pyHKUHH e'f B 06jiaCTH Z) AOCTaTOqHO MHOrOHHCJieHHU, TO BKJiaflbl 

pa3JiHqHbix qacTefl oSjiacTH aHHyjinpytoT Apyr flpyra, TaK mo 
BejiHHHHa 0Ka3HBaeTCH KpaftHe Majioft. HaH6ojibuiHe a6awiK>THbie 
3HaieHHH nojiy^aiOTCH b tom cjiyuae, Kor^a (pa3a <p oct3gtch 
no^TH nocTOHHHOH b oftjiacTH D, t. e. dyldk « 0 (chmboji 
03na^aeT npoH3BOflHyio no k', Koraa k' — k). Cnejxy&i noTpe6oBaTb, 
*rro6bi e'f HMeJia He Sojiee oahoh ocuhjijihuhh b oSjiaerH D: 



Ak 

IlOCKOJIbKy 



K 1. 



rfqp , rffo . da 

~dk~ X ~ dk ~T~~dT' 

BOJiHa ap(x, t) npaKraqecKH jioKaJiH30BaHa b oojiacra c pa3MepaMH 

oicpy>KaiomeH «neHTp bojihoboto naKeTa», onpeflejieHHbifl ycjiOBneM 
{dy/dk) = 0, t. e. 

, rfto da 

X ~ Ik ~~dk' 

3Ta TOHKa paBHOMepHO ABHJKeTCH CO CKOpOCTblO 

rf(0 ,n\ 

^=rfF' < 3 ) 

Koropan Ha3HBaeTCH epynnoeou CKopocTbto bojihh e'(**-toO, 
Hmchho 3Ta CKopocTb Vg, a He cpa30Ban cKopocTb u<p, AOJUKHa 6biTb 
OTOMiAecTBJieHa co CKopocTbio nacTHHbi b KjiaccnqecKOM npnSjiHxe- 
hhh npcuejibHofi ji0KajiH3au;HH naKeTa: 

V = B HepeflHTHBHCTCKOM npHGjIHHieHHH^ . 



5 3. BOJIHOBOH nAKET. 0>A3OBA3 H TPYnnOBAH CKOPOCTH 
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H3 ycjioBHH v = Vg a cooraoiueHHH (2) HaxoflHM 12 ) cooTHome- 
HHe Ae BpofijiH 

p = M = h/X. (4) 

3to paccy>KfleHHe 6e3 TpyAa o6o6maeTca Ha bo^hoboh naKeT 
b Tpex H3MepeHHHx: ueHTp naKeTa paBHOMepHO nepeMemaeTCH co 

CKOpOCTbK) 

v g = gradft co, (3') 
npuraeM rpynnoBaa CKOpocTb AOJiwHa 6biTb OTOJKAecTBJieHa co cko- 

pOCTbK) laCTHUbl 

v = gradpE. 

llocjieAHee coraomeHHe BMecTe c cooTHomeHHeM (2) no3BOjineT 

HaflTH CBH3b 13 ) MejKAy AHHaMHieCKHMH nepeMeHHHMH qaCTHIl,bI 

h Be^H^HHaMH, xapaKTepH3ytomHMH accoitHHpoBaHHyio eft Bojray: 

E = h<x>, p = hk. (5) 

3th cooTHoiueHHH HueHTHHHbi cooTHOuieHHHM (1.4), nojiyqeHHHM 
AJia cjiynaa cpoTOHa. 

B saKJiioqeHHe paccMOTpHM nojiyneHHbie pe3yjibTaTbi c toukh 

3pSHHH npHHHHna OTHOCHTCJIbHOCTH. 

B HepejIHTHBHCTCKOM npH6jIH5KeHHH SHepTHH E onpeflejiHeTCfl 

TOJibKO c TO^HOCTbio ao HeKoTOpofi nocToaHHofi; H3MeHHTb Haqajio 
OTcneTa SHeprHH sHauHT Ao6aBHTb k qacTOTe co(&) HeKOTopyio 
nocTOHHHyio qacTOTy co 0 (ypaBHeHne (2)), t. e. yMHoscHTb cpyHKHHio 
ty(r,t) Ha (pasoBufi cpaKTOp e~' <B » < . 3to He MeHHeT npeAiuecTByio- 
ihhx pe3yjibTaTOB, KacaiomHxcH ABH^eHHH bojihoboto naneTa, h 

COOTHOUieHHH (5), KOTOpbie H3 HHX BblTeKaiOT. 

Oah3ko noJiyqeHHbie pe3yjibTaTH hh b Koefi Mepe He 33bhcht 

OT HepeJIHTHBHCTCKOrO npH6jIH5KeHHH. IlpHHHHn OTHOCHTeJIbHOCTH 

no3BOAHeT onpeAeJiHTb TOHHyro aneprHio E = V m 2 c* + p 2 c 2 h coot- 
BeTCTByiomyK) eft qacTOTy co. SHeprnn E h HMnyjibc p hbjihiotch 
KOMnoHeHTaMH oAHoro 4-BeKTopa (npHHHMaeM c= 1). To >Ke ca- 
Moe mo>kho cKa3aTb OTHocHTejibHO HacTOTH co h BOJiHOBoro BeKTopa 

k. COOTHOUieHHH (5) yAOBJieTBOpHIOT npHHUHny OTHOCHTeJIbHOCTHI 

ohh 03HaqaiOT, hto 4-BeKTopbi (E, p) h (co, k) nponopuHOHajibHH 
Apyr Apyry. 



12 ) CTporo roBopa, sth abb ycnoBHa ncwBojiaioT onpeAeJiHTb k KaK (pymatmo 
p TOJibKO c ToiHocTbio ao aMHTHBHoft nocTOAHHoft. 3ra nocroHHHaa onpeAe;iaeT- 
ch H3 Toro ycJiOBHH, no coOTBeTCTBHe MexcAy p h k ne aojijkho 3aBHceTb ot Ha- 
npaBJieHHH ABHXcemia no och KOopAHHaT. 

lS ) Bropoe cooTHOineHHe (5) nojiyqaeTca c tothoctmo ao nocToaHHoro BeK- 
Topa, KOTopwii Mbi Bu6apaeM paBHHM Hyjiio, hto6h cooTHOineHHe He 3aBHce;io 
ot BpameHHH CHCTeMbi KOopAHHaT (cm. npeAuiecTByromyio CHOCKyJ. 
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rjT. II. BOJIHW BEIHECTBA H yPABHEHHE IlIPEAHHTEPA 



§ 4,. Bojihoboh naKer b MeAJieHHO MeHmomeMcn ncwe 

npeAinecTByiomHe pe3yjibTa™ h, b qacraocTH, cooTHomeHHH 
(5) cnpaBea^HBH h b cjiynae, KorAa lacTHUbi ABHJKyTca b MeA- 
jieHHo MeHHiomeMCH nojie, npmeM ycjiOBHe KJiaccHMecKoro npn6jiH- 

XeHHH CBOAHTCH K Tpe60BaHHK), qT06bI H3MeHeHHH UOJIH Ha paCCTOH- 

hhhx nopaAKa ajihhh bojihh qacTHUM 6unn npeHeSpeJKHMO Ma/iH. 

3aKOHH pacnpocTpaHeHHH cooTBeTCTByioT 33KOH3M reoMeTpH- 
<iecKOH oiithkh. B HacTHOCTH, naneT bojih orpaHHqeHHbix pa3MepoB, 
aHaJioraqHbiH TeM, KOTopbie paccMaTpHBajincb b npeAHAymeM napa- 
rpacpe, cJieayer BAOJib jiyqa co CKopocTbio, paBHofi rpynnoBofi cko- 
pocTM naneTa. Hto6h mojkho 6hjio oToxAecTBHTb ABHJKeHHH 
BOJiHOBoro naKeTa h KJiaccHuecKOH qacTHHbi, HeoSxoAHMo: 

a) mo6u jiyHH, cooTBeTCTByiom,He (KpyroBofi) MacTOTe co, 6bwiH 
HAeHTHUHH KJiaccimecKHM TpaeKTopHHM qacTOTuc9HeprHeH£ , =fi(o; 

6) hto6h rpynnoBaa CKopocTb BAOJib Ka>KAoro Jiyna 6una 
paBHa cKOpocTH cooTBeTCTByiomeH KJiaccHuecKOH qacTHiiu. 

TpaeKTOpHH KJiaccuqecKofi qacTHHbi onpeAeJintoTCH npHHunnoM 
HaHMeHbiuero achctbhh (1.12); eo/iH paccMaTpHBaTb TpaeieropHH 
c 3aAaHHofi sHeprHefi E, to cpyHKUHH JIarpamKa, corjiacHO ypaBHe- 

hhk) (1.13), een> p^~—E, h npHHunn 3anHCbiBaeTca b bhae 

6/ 12 = 6 | pdr = 0. 

Af, 

CjieAOBaTe^bHO HHTerpaji /12, BbiiHCJiaeMbiH BAOJib HeKOTopofi kph- 
boh, coeAHHHiomeH tohkh Mi h M 2 , HMeeT aKCTpeMajibHoe 3HaieHHe, 

KOrAa 3Ta KpHBaH eCTb TpaeKTOpHH HCTHHHOrO ABHJKeHHH HaCTHHH 

ot Mi k M 2 . HMnyjibc p 14 ), BOo6me roBopa, ecTb cpyHKUHH nojio- 
jKeHHH qacTHUH r h ee CKOpocra v — dr/dt, t. e. cpyHKUHH totkh 
no/io^eHHH Ha kphboh h HanpaBJieHHH KacaTeJibHoft k kphboh b 

3T0H TOHKe. B CJiyMae HepejIHTHBHCTCKOH MaCTHUH b o6jiacTH Aeft- 

ctbhh cKajiapHoro noTeHUHajia V(r): 

E= Sr +V ^ H P = mv ' ( 6 ) 

npnqeM HMnyjibCbi h CKopocra napaJiJiejibHH (p\\dr). Ho npHHunn 
HaHMeHbiuero achctbhh HMeeT cnjiy h b 6ojiee o6ihhx cjiyqanx, Ha- 
npHMep, ajih qacTHHH, ABHKymeftcH b MarHHTHOM none. 

IlpH 3aAaHHofi qacTOTe co jiyra b reoMeTpHiecKOH onTHKe onpe- 
AejiHioTCfl ApyrHM BapHauHOHHHM npHHii,HnoM, npHHunnoM OepMa, 



H ) Bo H36esKaHHe Heflopa3yMeHHfi otmcthm, no noA uunyAbcoM p mh bck>- 
«y noapa3yMeBaeM bcktop, KOMnoHeHTH KOToporo cyTb npoH3BO/i,Hbie ^yHKUHH 
JlarpaHHca no KOMnoHeHTaM CKopocTeft (stot BeKTop eme Ha3biBaK)T o6o6meH- 
hum HMnyjibcoM hjih KaHOHtwecKH conpflKeHHiiM HMny^bcoM); noA KOAmecTeoM 
deuacenuH mh noHHMaeM npoH3BeAeHHe cKopocra Ha Maccy. 



§ 5. KBAHTOBAHHE YPOBHEPI 3HEPTHH ATOMOB 
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KOTopuii MO>KeT 6biTb Bbipa>KeH b cjieAyromefl cpopMe: 

o/ 12 = 6 J * dr = 0, 

Mi 

r,n.e k ecTb bojihoboh BeKiop. HHTerpaji /i 2 , BHHHCJieHHbifi BAOJib 
aaHHoft KpHBofi, coeAHHHiomeH toikh Mi h M 2 , Ha3biBaeTCH onraqe- 
ckoh ajihhoh nyTH BAOJib 3T0H KpHBoft. FIpHHUHn OepMa yraep/K- 
AaeT, hto Jiyq, coeAHHHiomHH Mi h M 2 , ecTb KpHBaa, BAOAb KOTopoft 
onTHHecKaa A-flHHa nyTH aKcrpeMajibHa. B o6meM cjiyiae bojihoboh 

BeKTOp k (nepneHflHKyjIHpHHH nOBepXHOCTHM paBHOH (pa3bl) 33BH- 
CHT OT nOJIO>KeHHH Ha KpHBOft H OT HanpaBJieHHH KacaTeJIbHOH K 

KpHBOH. B H30TponHoft cpeAe, Koraa (pa30B35i cKopocTb He aaBHCHT 
ot HanpaBJieHHH, BeKTop k HanpaBjieH no KacaTeAbHoii k kphboh, a 
ero a6co^K»THaa BejiHMHHa k = 2jt/a. 33bhcht TOJibKO ot nojiojKeHHH 
Ha KpHBofl h He 33BHCHT ot HanpaBJieHHH pacnpocTpaHeHHH. Oah3ko 
npHHunn Oepiwa npHMeHaeTCH h b cjiynae HeH30TponHbix cpeA. 

HeTpy^Ho BH^eTb, nro o6a BapnaHHOHHbix npHHunna coBepuieH- 
ho aHajiornrabi no (popiwe. Mto6h jiyra, cooTBeTCTByiomHe qacTOTe 
(o, moxho 6mjio conocTaBHTb KjiaccHiecKHM TpaeKTopHHM c 3HeprHefi 
E (yciOBHe a)), AOCTaTorao, hto6h k n p 6hah nponopuHOHaJibHbi 

p = ak. 

KoHCTaHTa nponopuHOHaJibHocTH a MomeT 6biTb HaftaeHa H3 
ycJiOBHH 6). TpynnoBaH CKopocTb v g npe^cTaB^HeT co6oft rpaAneHT 
no k uacTOTbi ©; cjieAOBaTeAbHo 

v g = y grad* E = -|- grad p E. 

Mto KacaeTca ckopocth qacTHUH, to OHa AaeTCH (popMy.nofi 
t) = grad p £. 3th A^e ckopocth paBHbi, ccjih a — h. 

TaKHM o6pa30M, uu BHOBb nojiyiaeM cooTHonieHHH (5) . 

B cJiynae HepejiHTHBHCTCKOH nacTHUH b MeAAeHHo MeHHiomeMCfl 
nojie CKajiapHoro noTeHnjiajia V(r) Bojma pacnpocTpaHHeTca b H3o- 
TponHoft cpeAe, h A^HHa bojihh (cm. ypaBHeHHe (6)) AaeTCH bh- 
pa>KeHHeM 

= — = — P= h (7) 
P V2m (E — V (r)) ' 

§ 5. KaaHTOBaHHe ypoBHefi sHeprHH aTOMOB 

TeopHH bojih BemecTBa n03BOAHeT npocTO nojiyqHTb yoflOBHH 

KBaHT0B3HHH ypOBHefi SHeprHH aTOMOB. 

PaccMOTpHM, una onpeAeJieHHOCTH, 3aAaqy 06 aTOMe BOAOpOAa. 
IlycTb Mw HMeeM gjiflHiiTHHecKyio opSHTy c 3HeprHefi E, CooTHome- 
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HHH (5) II03BOJIHIOT OnpeflejIHTb BeKTOp k B Ka>KflOft TOHKe Op6HTH. 

npH KaaoiOM o6opOTe <pa3a bojihu yBejMHHBaeTCH Ha ^kdr. 

^toSh BOJiHOBaH KapTHHa 6bijia CTau,HOHapHofi, Heo6xoAHMO, hto6u 
3to H3MeHeHH6 <pa3bi 6hjio paBHO uejioMy qHCJiy 2n. 3to AaeT 

yCJIOBHe KBaHTOBaHHH 

pdr = h§kdr = nh in u.ejioe > 0), 

mto mojkho nepenncaTb, HcnoJib3ya o6o3HaHeHHH nepBoft rjiaBbi, b 
CJieayiomeM bhag- 

p r dr + <§> p<f d(f — nh. 

AHajiornuHbie paccyjKfleHHH ii03bojihiot nojiy^HTb npaBHJia kb3hto- 
BaHHH Bopa — 3oMMep(pe^bfla bo Bcex cJiyianx nepHO/jHiecKHX 

H MHOrOnepHOAHHeCKHX ABHJKeHHH. 

KOHe^HO BCe 3TH pe3yjIbTaTH HMeiOT CMHCJI TOJIbKO B npn6jiH- 

jkchhh reoMeTpH^ecKoft oiithkh, Koi\n,a noHHTHfl ajihhh bojihh h 

BOJIHOBOrO BeKTOpa COXpaHHIOT CBOe SHa^eHHe. B HaCTHOCTH, HejIb3H 

yTBep>KAaTb, hto ycJioBna KBaHTOBaHHH coxpaHHioT cbok) cpopiwy 

B CJiyMae MaJIblX KBaHTOBblX IHCeJI. YcTaHOBJieHHblM HBJIHeTCH TOJIb- 
KO (|)3KT KBaHTOBaHHH SHeprHH, 06H33HHHH CBOHM npOHCXOJKAeHHeM 
yCJIOBHK) CyiU,eCTBOBaHHH CTaUHOHapHOH BOJIHbl. 

fljiH paccMOTpeHHH 6oJiee o6iuhx cjiyiaeB cJie^yeT OTKa3aTbcn 
ot npH6jiH»eHHOH TeopHH, pacuiHpHTb o6jiacTb ee npHMeHeHHH, 
KaK 9to aeJiaeTCH b KJiaccHHecKoft onTHKe npn nepexoae ot oiithkh 
reoMeTpnqecKOH k onTHKe bojihoboh 15 ) . Kojib CKopo mh noeryjiH- 
poBajiH cymecTBOBaHHe bojih BemecTBa, cjiejiyeT hshth ypaBHe- 
HHe, onwcbiBaiomee hx pacnpocTpaHeHHe. Ho npe>K,ne *ieM o6pa- 
THTbca k 9toh npoSjieMe, pa36epeM Bonpoc 06 aKcnepHMeHTajibHbix 
non,TBep>KfleHH5ix cymecTBOBSHHH bojih BemecTBa. 

§ 6. JXn$p annua bojih BemecTBa 

B03MOKHOCTH 3KCIiepHMeHTaJIbHbIX Ha6jIK)fleHHH 33BHCHT, KO- 
HelHO, OT AJIHHbl BOJIHbl, COOTBeTCTByK)IU,eH H3yMaeMOMy ofiteKTy. 

Koraa mh HMeeM /jejio c MaKpocKonnqecKHMH npe/iMeTSMH, ajihhh 

BOJIH CTOJIb Majlbl, HTO BCHKHe BOJIHOBbie 9(p<peKTbI npaKTHieCKH 

HeHaSjiioflaeMbi. HanpoTHB, b cJiy^ae o6i>eKTOB aTOMHbix pa3MepoB 

MO)KHO 06pa30BaTb nyMKH C flJIHHOH BOJIHbl, CpaBHHMOH C AJIHHOH 



15) OTCIOAa H npOHCXOAHT H33B3HH6 BOJIHOBOH MGX3HHKH. 



§ 6. AH4>PAKUHH BOJIH BEIIIECTBA 
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bojihh peHTreHOBCKoro H3JiyqeHHH h, o/ieAOBaTejibHO, ocymecTBHTb 
onbira, aHajionro-Hbie peHTreHOBCKoft AH(ppaKu.HH Ha KpncTaJiJiax 16 ) . 
riepBbie onbiTbi no AHfppaioiHH bojih BemecTBa 6hjih CAeJiaHH 

C nOMOIIl,bK) SJieKTpOHOB {dtUppaKl^UH 3AeKTp0H0e) ,D,3BHC0H0M H 

flxepMepoM (1927 r.), V. IT. Tomcohom (1928 r.) h PynnoM 
(1928 r.). 

flaBHcoH h fl^epMep H3yqaJiH OTpaxeHne Ha MOHOKpHCTajuie 
h Ha6jiK)AaJiH nHTHa /lays, V. Yl. Tomcoh h Pynn HccjieAOBajiH 
KOJibna JXe6aa — fflepepa, noJiyqaeMHe npn npoxojKAeHHH nyiKa 
iepe3 TOHKyio noJiHKpHCTajuiHiecKyio MHineHb. 

B 3thx 3KcnepHMeHTax nepBOHatiajibHHH nyqoK noJiyiajicH b 
pe3yjibTaTe ycKopeHHH sjieicrpOHOB b 3JieKTpocTaTHiecKOM noTeH- 
unajie. Ecjih E ecTb sHeprHH ajieKTpoHOB b sjieierpoHBOJibTax, to 
AJiHHa bojihh Ae BpofljiH, H3MepneMaH b aHrcipeMax, paBHa 

B cjiynae SHeprafl ot 1 ao 100 K98 mh 0Ka3MBacMC9 b o6jia- 
cth o6hihoh cneKTporpacpHH KpncTajijioB. 3h3h napaMeTpH 
KpHcrajiJiHiecKOH peuieTKH, mojkho H3 Ha6jiK)AaeMoft HHTep<pe- 
peHHHOHHOH KapTHHH nojiyiHTb SKcnepHMeHTajibHoe SHa^eHHe 
AJihhh bojihh ajieKTpoHa; 3to SKcnepHMeHTaJibHoe 3HaqeHHe Ha- 
xoahtch b npeKpacHOM corjiacHH c TeopeTHiecKHM 3HaqeHHeM 
Ae BpoftjiH. 

AHaJiorHHHbie qnbiTH no AncppaKUHH Ha KpHcraJiJiax npoH3BO- 

AHJIHCb C M0H03Hep*reTHHeCKHMH nyHKaMH aTOMOB rejIHH H MOJieKyjI 

BOAopoAa (CTepH, 1932 r.), mo AaJio HOBoe noATBepacAeMe coot- 
HomeHHHM Ae Bpofijin. 

B 3THX OnHTaX AJIHHa BOJIHH COOTBeTCTBOB a JI a ABHJKeHHK) ueHT- 

pOB THxecTH KaiKAoro aTOMa hjih MOJieKyjiu nymca. Te Me Hadjiio- 
AeHHH MoryT 6biTb cAeJiaHH c Hcnojib30BaHHeM nyiKOB MeAJieH- 
hhx HeftTpoHOB, nojiynaeMbix b hagphhx peaKTopax. Bee sth onbiTH 
noKa3HBaioT, no BOJiHOBbie CBoflcTBa npncyinn He TOJibKO ajieicrpo- 
HaM, a hbjihiotch o6iuhm HBjieHHeM, xapaKTepHHM ajih Bcex MaTe- 

pHaJIbHHX 06-beKTOB. 



16 ) PaccMOTpHM ajih onpefleJieHHocTH qacnmy, yqacTByiomyio b 6poyHOB- 
ckom flBHxeHHH. Han6ojiee MeJirae lacTHuu STOro poaa HMeioT jmaMeTp nopsuuca 
MHKpoHa h Maccy M « 10 -12 ^. B TepMoflimaMireecKH paBHOBecHOM coctohhhh 
npn o6biqHbix TeiunepaTypax hx cpcuhhh KHHeTHqecKan SHeprim % kT paBHa npn- 
MepHO 0,4- 10 -13 spa, ito cooTBeTCTByeT cpe/weft fljiHHe booth 

Jl = A= * = « 5 .i(r 6 A. 

P i/3MkT 

npn toh Hce SHeprHH aTOM rejiHH HineeT AJmny BOJiHbi X « 0,9 A, HeilTpoH — 
X « 1 ,8 A, a BJieKTpoH — X » 77 A. 



3 A, MeccHa 
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§ 7. KopnycKyjiapHan cTpyKTypa BemecTBa 

OnHpaacb Ha araajiornio MejKAy bojih3mh BemecTBa h KJiaccnqe- 

CKOH BOJIHOBOH OIITHKOH, MOJKHO 3aA3TbCH BOnpOCOM, HejIb3H JIH 
riOJIHOCTbK) 0TK333TbCH OT IIOHHTHH HaCTHHbl BemeCTBa H 33MeHHTb 

KJiaccH^ecKyio Teopnio hhcto bojihoboh TeopHefi, rue bojihs if> (r, t) 
nrpajia 6u pa/ib, aHajionraiyio pojra ajieKTpoMarHHTHoro nojm 

b TeopHH H3JiyHeHHH. 

Tor^a o6pa3bi KopnycKyji, nopu,HH SHeprHH h JioKajiH30BaHHbix 
HMnyjibCOB 6yAyT 3aMeHeHH o6pa30M npoTHaceHHOH bojihh c 
HenpepbiBHbiM pacnpe^ejieHMeM SHeprHH h Hinnyjibca. ^acrauu 
KJiaccHnecKofl MexaHHKH SyAyT npej,CTaBJieHbi BOJiHOBbiMH naiceTaMH 

KOHe^HOH npOTH>KeHHOCTH, HO B AOCTaTOIHOH QTeneHH JIOKajIH30- 
BaHHblMH. Mbl 'BHAejIH, HTO T3KH6 naKeTbl CJieAyiOT 33KOHaM flfiH- 

mennsi KJiaccnqecKHx lacTHH b HeKOTOpbix npeAeJibHbix CJiynaax, 
Kor^a npHMeHHMo KJiaccH^ecKoe npH6jiH>KeHHe. Oah3ko Aame b 
oTcyTCTBHH nojia bojihoboh naKeT He MOxeT SecKOHe^Ho AOJiro co- 

XpaHHTb 3TO CXOACTBO C HaCTHHeH, TaK KaK c TeieHHeM BpeMeHH OH 

pacnjibiBaeTCH h b KOHe^HOM cneTe mojkct 3aHHTb cKOJib yroAHO 
6ojibinyio MacTb npocTpaHCTBa (cm. 33A3Hy 6) 17 ). B sthx ycJiOBHHX 
BH3HBaeT yflHBjieHHe tot (paKT, tto BemecrBO CTOJib qacro npoHB- 

JIHeTCH B (J)0pMe XOpOHIO JI0KaJIH30BaHHbIX HaCTHU,. 

Ho TpyAHOCTH 1HCTO BOJIHOBOH TeopHH TaKOTO pOAa CT3HOB5ITCH 

eme 6ojiee hcho bhahh, ecjin BHHMaTejibHo Hca/ieAOBaTb caMH 
SKcnepHMeHTbi no AHtppaKUHH bojih BemecTBa. PaccwtoTpHM nyqoK 

MOHOSHepreTHieCKHX SJieKTpOHOB, npOXOAHHJ,HH iepe3 n0JIHKpHCT3JI- 

jiHqecKyro MHUieHb; Ha 9KpaHe, pacnojiomeHHOM 3a MHUieHbio, mm 
HaojiioAaeM ueHTpajibHoe TeMHoe naTHO, cooTBeTCTByiomee npoxo- 

AHIUefi BOJIHe, KOTOpOe OKpyjKeHO K0HH6HTpHqeCKHMH KOJIbUaMHj 
o6pa30B3HHbIMH AH(pp3rHp0BaBHieft BOJIHOH. npeAnojioJKHM, q T0 

naAaiomaH BOJiHa ecTb bojihoboh naKeT \Jj (r, /) , xopouio pa3rpaHH- 
tieHHbifl b npocTpaHCTBe; 3-Toro mo>kho AoSnTbca, noMecTHB (pnc. 7) 
HHTeHCHBHbift hctothhk 5 K3T0AHHX jryqeft 33 AHacpparMoft D, CHa6- 
JKeHHofi o6TiopaTopoM c <pHKCHpoB3HHHM BpeMeHeM nponycK3HHH. 
3t3 bojihs npoxoAHT nepe3 njiacTHHKy C, p33AeJiHeTca hs npoxoAH- 
myio h AH^parHpOBaBiuyio bojihh h, HaKOHeu, o6pa3yeT Ha 3KpaHe 
onHcaHHyro Bbiiue HHTeptpepenuHOHHyio KapTHHy. flo npeAnojio>Ke- 
hhk> mh HMeeM AeJio c HenpepbiBHofl npoTHKeHHoii bojihoh, to me 
caMoe moxho CKa3aTb 06 HHTeptpepeHUHOHHoft K3pTHHe. Ecjih npn 
npoMHx paBHbix ycjioBHHx yMeHbuiaTb HHTeHCHBHocTb naAaiomeft 
bojihh (HanpHMep, yAajiHH hctohhhk S ot AHa(pparMbi D), to npo- 

nopHHOH3JIbHO A0JIJKH3 yMeHbHI3TbCfl HHTeHCHBHOCTb HHTep(pepeH- 
UHOHHblX nHTeH, HO C3MH OHH nO-npe>KHeMy AOJIKHbl OCTaB3TbCH He- 

npepbiBHO pacnpeAe^eHHbiMH. OnbiT noJiHOCTbio onpoBepraeT stot 



17 ) HcKjiioieHHeM H3 »<mer» npaiHJia HBJiHeTCH rapMOHHqecKHft ocuhjijihtop 
(cm. tji. VI). 
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bhboa- OKa3biBaeTcH, mo HHTeptpepeHUHOHHaH KapraHa o6pa30- 

BaHa SOJIbHIHM »IHCJIOM OTAeJIbHHX AHCKpeTHHX TO^eK. IIpH yMeHb- 

meHHH HHTeHCHBHOCTH naAaiomefi bojihh nponopu,HOHajibHo yMeHb- 
uiaeTCH iHc.no sthx totck. B npe^ejie oneHb cna6oH hhtghchbhocth 
MOJKHO Ha6jIK)AaTb AO oahoh tomkh, pacnojiojKeHHofi jih6o Ha MecTe 
ueHTpa^bHoro naTHa, jih6o xe Ha AH(ppaKUHOHHbix KOJibuax. 
EcTecTBeHHO npnnHcaTb KajKAyro tomky bo3A6hctbhio npouieA- 
uiero «iepe3 CHCTeMy OAHoro sjieKTpOHa, t. e. oahoh lacTHiiu Beme- 

CTB3. 

3aMeTHa nojmaH aHajiornn MOKAy cHTyauHefi, onncaHHOH 3Aecb, 
h onuTaMH no pacceHHHio CBeta Ha peiueTKe, o6cy>KAaBiiiHMHCH b 




Phc. 7. .ZJjmppaKUHH sjieicrpoHOB Ha no^HKpHCTajuiH<iecKOH nJiacTHHKe. riyqoK 
ajieitfrpoHOB H3 HCTOHHHKa S KOJiJiHMHpyeTcsj flHaipparinofi, a 3aTeM flHipparH- 
pyeT Ha iKWinKpHCTajiJumecKoft nJiacTHHKe C. ^HtppaKUHOHHan KapTHHa Ha6jiio- 

AaeTCH na sxpaHe E. 



nepBoft rjiaBe. Mojkho npoAOJiJKHTb ary aHajiornio h CAeJiaTb bh- 
boa, hto HanSoJiee npocToe HcmnKOBaHHe AyaJiH3Ma Bojma — n&c- 
THiia HMeeT CTaTHcnmecKyio ocHOBy b tom CMbiaae, *ito hhtchchb- 
HocTb bojihh b KaxAoft ToiKe aKpaHa AaeT BepoHTHocTb nonaAaHHH 
sjieKTpoHa b 3Ty TOiKy. 

§ 8. yHHBepcajibHbiH xapaKTep Ayajuraiwa Bojma — qacTHua 

H3 Bcero npeAiuecTBOBaBiuero mm AeJiaeM bhboa, hto MHKpo- 
CKOnHHecKHe oSteKTbi o6jiaAaioT qpe3BbmaHHo o6iu,hm cbohctbom 
o6Hapy»HBaTb ce6n b AByx Ha nepBbifi B3rjiHA HecoBMecTHMbix 
acneKTax: c oahoh ctopohh, kzk cynepno3Hu,HH bojih, c Apyrofi — 
KaK qacTHii,a, t. e. Ji0KajiH30BaHHaH nopUHH aHeprHH h HMnyjibca. 

Me>KAy 3THMH acneKTaMH IIOBeAeHHH MHKpOCKOnHqeCKHX 06"beKT0B 

cymecTByeT BnojiHe yHHBepcajibHoe cooTHomeHHe cootb6tctbhh, 
Bbipa^aeiwoe <popMyjiaMH (5). Kpoiwe toto, cBH3b Mexay Kopnyc- 

KyjiaM^ H aCCOUHHpOBaHHHMH BOJIHaMH HMeeT CTaTHCTHHeCKyiO 

npnpoAy, KOTopyio mh yTOiHHM b AaJibHefimeM. 
3* 
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Pa3Ae;i II. yPABHEHHE lUPEflHHrEPA 

§ 9. 3aKOH coxpaHeHHH incna lacTHu BemecTBa 

Bee, hto 6hjio cKa3aHO paHee, BbincHHeT h no^qepKHBaeT 3a Me- 
qaie^bHoe noAo6ne cbohctb cBeTa h BemecTBa. CneAyeT, OAHaico, 
OTMeTHTb oaho o^eHb BajKHoe pa3JiHqne. Raxe b npocTeiiniHx 
r.HTyaijHHX nvtcjio npHcyTCTByromnx (potohob mo>kct H3\ieHHTbca 
bo BpeMeHH 6jiaroaapH nponeccsM HcnycKaHHH h norjiomeHHH. Ha- 
npoTHB, hhcjio ajieKTpoHOB h Boo6me IHO/IO SJieMeHTapHblX UaCTHU 
BemecTBa ocTaeTCH nocTOHHHbiM. Ha sto yKa3HBaioT MHorae (pSKTM 

3T0MH0H (|)H3HKH, A3 H C3MH ycneXH KB3HT0B0H MexaHHKH CHCTeM 

wacTHu, noATBep>KAaK)T cnpaBefljiHBocTb 9Toro Ba>KHoro 3aK0Ha co- 
xpaHeHHH. Ha caMOM Aejie mm m umeeu 3decb a6coAK>moao 3aKona 
coxpanenuH, h pa3.ra™e MejKAy BemecTBOM h cbctom b stom nyHKTe 

He CTOJIb O^eBHAHO, KaK 3T0 MO>KeT nOKa3aTbCH. C MOMeHTa OTKpbl- 

thh (AHAepcoH, 1932 r.) no3HTpoHa — qacTHUbi toh m& MaccH, mo 

H SJieKTpOH, HO npOTHBOnOJIOJKHOrO 3ap3Aa — CTajIO H3BeCTHO, 1TO 
B HeKOTOpblX 06cT0HTeJIbCTBaX BO3M0JKHO o6pa30BaHHe SJieKTpOH- 

no3HTpOHHbix nap (ncnycKaHHe BemecTBa) , c Apyroft ctopohm ajieK- 
TpoH h no3HTpoH npH CTOJiKHOBeHHH MoryT aHHHrHJiHpoBaTb (noivio-> 
meHHe BemecTBa), ocBoSojKAan sHepnno b BHAe H3JiyieHHH. Co« 
rjiacHo 3aK0Hy 3KBHBajieHTH0CTH MaccH h SHeprHH, SHeprHH, Heo6- 
xoAHMaa ajih nopoxAeHHH napbi ajieKTpoH — no3HTpoH, no MeHb* 
niefl Mepe paBHa 2mc 2 («1 Mae), flpyrofi npHMep ncnycKaHHa 
a^eKTpoHOB (hjih no3HTpoHOB) AaeT p-pacnaA 3tomhhx HAep. Ho 

eCJIH OrpaHHHHTbCH HB/ieHHHMH aTOMHOH CpH3HKH, TO n03HTpOHH OT- 

cyTCTByiOT, hap a ycTOHHHBbi, a Bee nepeAain SHeprHH no BejiMHHe 
HH^e nopora o6pa30B3HHH 3JieKrpoH-no3HTpoHHbix nap; b stoh ch* 
TyauHH 33K0H coxpaHeHHH qncjia qacTHu cTporo co6jiK>AaeTCH« 
B A3JibHeftmeM mh 6yAeM paccivraTpHBaTb TOJibKo stot cjiyqaft. 
3aK0H coxpsHeHHH HHCJia lacTHn cymecTBeHHo ynpomaeT no- 

CTpoeHHe H HCTOJIKOBSHHe KB3HT0B0H TeopHH BemeCTBa. Pa3JIH1Hbie 
KBaHTOBbie CHCTeMbI, H3yMaeMbie H3MH, 06bI1H0 COCTOHT H3 A3HH0T0 
HHC.JI3 q3CTHU BemeCTB3. npOCTefiui3H CHCTeM3 BKJnOHSeT TOJIbKO 

OAHy qscTuny (HsnpHMep, ajieKTpoH bo BHeuiHeM nojie) ; scconHHpo*. 

B3HH3H B0JIH3 W (f, t) B K3JKAHH MOMeHT BpeMBHH eCTb (pyHKUHH 

KoopAHH3T, xapaKTepH3yioui,HX no^ojKeHne stoh HacTHHH b npo- 
CTpsHCTBe. Atom boaopoas ecTb CHCTeMa H3 AByx qacrau (aJieK- 

TP0H3 H np0T0H3), HaXOAHIHHXCH BO B33HM0AeHCTBHHJ COOTBeT- 

CTByK)iH3H BOJiHa W (r e , r p ; t) 33Bhcht ot nojioxeHHH r e h r p sthx 
AByx qacTHU. Cjio>khuh aTOM coctoht H3 HApa c 3apHA0M Ze b 

TOMKe R H Z SJieKTpOHOB B TCWKaX r u r 2 , . .., Tz\ 3CC0U,HHp0B3HHaJI 

BOJiHa Bbipa>KaeTCH HeKOTopoft (pyHKnneH W(R, r\, r 2 , .... r z ;t). 
Cxoahhm o6pa30M onpeAeJiHK)TCH Bo^HOBbie (pyHKHHH 6ojiee cjio^- 

HMX CHCTeM. 



§ 10. HEOEXOAHMOCTb BOJIHOBOTO ypABHEHHH 



69 



§ 10. He06X0flHM0CTb BOJIHOBOrO ypEBHCHHH H yCJIOBHH, 
KOTOpblM OHO flOJIJKHO yflOBJieTBOpJITb 

MH BHfleJIH, HTO HHTeHCHBHOCTb aCCOUHHpOBaHHOH BOJIHH B flaH- 
HOH TOIKe B AaHHblH MOMeHT BpeMeHH AaeT BepOHTHOCTb HaHTH 
laCTHIiy B 3T0H TOMKe B 3T0T MOMeHT BpeMeHH. B KB3HT0B0H Mexa- 

HHKe mh nocryAiipyeM, im BojmoBan ipyHKUHH W kbshtoboh ch- 
CTeMbi nojiHOCTbio onpeAejineT AHHaMH^ecKoe cocroHHHe CHCTeMH, 
t. e. mto Bee npeACKa3aHHH, KOTopbie MoryT 6biTb cAejiaHbi othoch- 

TeJIbHO pa3JIHHHHX AHHaMHHecKHX CBOHCTB CHCTeMbI B flaHHblft 
MOMeHT BpeMeHH t, CJieflyiOT H3 SHa^eHHH (pyHKHHH W B 3T0T MO- 
MeHT BpeMeHH i. OcHOBHan saAaua Teopnn MomeT 6biTb 
ccpopMyjinpoBaHa Tan: 3Haa BOJiHOByio (pyHKHHio b HanaJibHHH mo- 
MeHT BpeMeHH to onpe^ejiHTb ee 3HaneHHH b nocjieAyiomHe MOMeHTH 
BpeMeHH. fljiH 3Toro Heo6xoflHMO 3HaTb ypaBHeHHe pacnpocTpaHe- 

HHH BOJIHH W. 

BnojiHe oneBH^HO, hto HCKOMoe ypaBHeHHe He MoaceT 6biTb 
nojiyneHo nyTeM KaKoro-JiH6o AeAyKTHBHoro paccyjKAeHHH. KaK 
BCHKoe ypaBHeHHe MaTeMaraqecKoft (})H3hkh oho aojijkho 6biTb 
nocTyjiHpoBaHo; eflHHCTBeHHHM onpaB^aHHeM Toro hjih hhoto bh- 
6opa cjiy>KHT cpaBHeHHe TeopeTHnecKHX npeACKa3aHHft, nojiy^iaeMbix 
c noMombio ypaBHeHHH, c pe3yjibTaTaMH SKcnepHMeHTa. TeM 
He MeHee Bbi6op ypaBHeHHH JiHMHTHpyeTCH a priori HeKOTopwMH 
ycjioBHHMH, BHTeKaiomHMH H3 TpeSoBaHHH, HajiaraeMbix Ha (pyHK- 
HHio 

A) ypaBHeHHe aojijkho 6biTb AuueuHbiM h odHopodmiM; Tor^a 
BOJiHa yAOBjieTBopaeT npHHimny cynepno3HHHH, xapaKTepHOMy ajih 
bojihobhx nponeccoB b o6iueM cjiynae. Hmchho, ecjin h W2 

HBJIHIOTCH peiHeHHHMH ypaBHeHHH, TO H BCHK3H JIHHeHHaH KOM6H- 

HauHH Xi^i + 3thx cpyHKHHft ecTb peuieHHe Toro x.e 

ypaBHeHHH. 

B) YpaBHeHHe aojijkho 6biTb AHfpfpepeHimajibHHM ypaBHeHneM 
nepeoeo nopndKa omocureAbHo epeMenu; HMeHHo b stom cjiynae 

3H3HHe W B flaHHblfi HaHaJIbHHH MOMeHT BpeMeHH 0Ka3bIBaeTCH 

AocTaTO^HbiM ajih onpeAejieHHH nocjieayiomeH sbojiiohhh W, co- 
rjiacHO rHnoTe3e 0 tom, hto AHHaMHqecKoe cocTOHHHe (pH3H>iecK0H 
CHCTeMH nojiHocTbio onpe^e^HeTCH 3aAaHHeM ^F. 

C flpyroft cTopoHbi, npeacKa3aHHH TeopHH aojijkhh coBnaAaTb 
c npeACKa3aHHHMH KJiaccHHecKoft MexaHHKH b oSjiacTH cnpaBeAJiH- 
bocth nocJieAHeft. ,H,pyrHMH cjiobsmh, ypaBHeHHe aojijkho npHBO- 

AHTb K TeM JKe 33K0H3M ABHJKeHHH BOJIHOBHX naKeTOB, qTO H TeO- 
PHH Ae BpOHJIH B npH6jIH>KeHHH reOMeTpHMeCKOH OnTHKH. 3to 3Ha- 

hht, hto HCKOMoe ypaBHeHHe aoji>kho o6jiaAaTb (pOpMaJIbHHM cxoa- 

CTBOM C HeKOTOpHMH ypaBHCHHHMH KJI3CCHqeCKOH MCX3HHKH (tipUH' 

tiun cooreeTCTeuH.) , 
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CjieAy^ 9THM yK33aHHHM, Mbl AOBOAbHO npoCTO npHACM R 

ypaBHeHHio IIIpeAHHrepa. Ho npexAe HaM cJieayeT BBecTH oaho 
MaTeiuaTHHecKoe noHHTHe, KOTopoe OKa^eTca qpe3BbinaHHo nojie3- 
hhm b AajibHeftmeM: noHarae onepaTopa. 

§ 11. FloHsiTHe onepaTopa 

PaccMOTpHM (pyHKitHio dW/dt, t. e. npoH3BOAHyio no BpeMeHH 
ot *P; mo>kho CKa3aTb, hto onepaTop d/dt, AeftcTByfl Ha cpyHKHHio W, 
AaeT (pymajHio d^/dt. B o6meM CAyqae, ea/ra HeKOTopan onepa- 

UHH n03B0JIHeT COnOCTaBHTb Ka)KAOH (py HKU . HH ^ B HeKOTOpOM 

4)yHKUHOHa^bHOM npodpaHCTBe OAHy h TOJibKO OAHy BnojiHe onpc- 
AeJieHHyio (pyHKUHio W b tom me npocTpaHCTBe, to roBopaT, hto 
W eerb (pyHKUHH, nojiyiaeMaa b pe3yjibTaTe aghctbhh HeKOToporo 
onepaTopa A m aToro npocTpaHCTBa Ha (pyHKUHio W, a 3anncbi- 
BaiOT 3to TaK: 

V = AW. 

OnepaTop A HBjineTCH Atme&HbiM, ecjin ero AeficTBHe Ha pyHK- 
UHio kiWi + ^2^2, t. e. Ha JiHHefiHyio KOMfiHHauHio ¥i h T 2 c no- 

CT0HHHHMH (KOMnjieKCHHMH) K03(p(f)HUHeHTaMH {Wi H ^2 npHHaA" 

jiexaT OAHOMy npocTpaHCTBy), Bbipa?KaeTca popMyjiofi 

A + VF 2 ) = Xi (AYi) + % 2 (AW 2 ). 

CpeAH onepaTopoB, cnocoSHbix AeftcTBOBaTb Ha boahobhc (pyHK- 
uhh W = (r; /) = W (x, y, z; t) , accouHHpoBaHHbie c lacTHuefi, 
mojkho BHAeJiHTb ABa ocofieHHO Ba>KHbix THna JiHHeHHbix onepa- 

TOpOB: 

1° AH<p<pepeHH,HaJibHbie onepaTopu d/dx, d/dy, d/dz, djdt h 
2° onepaTopbi bha3 f(r,t), AeficTBHe kotophx coctoht b yMHo- 

WeHHH (pyHKHHH *F Ha (pyHKHHK) f(r, t). 

Hcxoah H3 HeKOTopbix JiHHeHHbix onepsropoB, mojkho nojiyqaTb 
Apyrne AHHeflHbie onepaTopbi c noMombio CAeAyiomnx ajire6paHie- 
ckhx onepaUHH: 

a) yMHOJKeHHH onepaTopa A Ha nocroHHHyio c 

(cA)W = c(AW); 
6) cocTaBJieHHH cyMMH S = A + B AByx onepaTopoB 
SW^AW + BW; 

b) nojiy i ieHHH npOH3BeAeHHa P = AB, rAe onepaTop B yMHO- 
»aeTCH na onepaTop A 

PW^ABW^AiBV). 

OTMeraM, <ito, b OTAHiHe ot cyMMH, npou.38edeHue deyx onepa- 
ropoe ne KOMMyramsHO. B stom coctoht oneHb BaJKHoe pa3AHHHe 



§ 12. BOJIHOBOE yPABHEHHE AJI3 CBOBOflHOH MACTHUM 
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Me>KAy ajire6poft JiHHefiHbix onepaTopoB h ajirefipofi wceji. ripoH3- 
BeaeHHe AB He o6H3aTejibHo TOJKAecTBeHHO npoH3BeAeHHio BA; 
b nepBOM cjiynae onepaTop B nepBHM AeftcTByeT Ha (pyHKimio ip, 
3axeM onepaTop A AeficTByeT Ha (pyHKUHio (S^P) h AaeT OKOHqa- 
TejibHbifi pe3yjibTaT; bo btopom cjiy^ae onepaTopbi A h B nepe- 
cTaBJieHH Me>KAy co6ofi. Pa3HOCTb AB — BA AByx npoH3BeA6HHH 
Ha3HBaeTCH KOMMyraropoM onepaTopoB A n B; KOMMyraTop 060- 
SHanaeTCH chmbojiom 

[A, B] = AB-BA. (8) 
Ecjih yKa3aHHan paaHocTb paBHa Hyjiro, roBopHT, hto onepaTopbi 

KOMMyTHpyiOT 

AB = BA. 

B KaiecTBe npHMepa HeKOMMyTHpyiomHx onepaTopoB ynajKeM 
onepaTop f(x), t. e. onepaTop yMHOJKeHHH Ha 3aAaHHyio (pyHKUHio 
f(x), h onepaTop AHtpcpepeHHHpoBaHHH d/dx. iJeftcTBHTejibHO, Ka- 
Kofi 6u hh 6biJia (pyHKii,HH W: 

^ fWT = ^ (m = |Lw + ,|f = (A + / | r )> ? . 

JiHane roBopa, 

». 

H, B HaCTHOCTH, 

[£.*H- (10) 

HanpoTHB, Bee onepaTopbi AHCp(pepeHUHpoBaHHH d/dx, d/dy, d/dz, 
d/dt KOMMyTHpyiOT MejKAy co6oft. 

THnHMHbiM npHMepoM JiHHefiHoro onepaTopa, nojiy^eHHoro ny- 

TeM yMHOSCeHHH H CyMMHpOB3HHH JIHHeftHblX OnepaTOpOB, HBJIHeTCH 

onepaTop Jlanjiaca 

A-divgrad-W--|£ i - + ^- + £-, 

KOTopbift mo>kho paccMaTpHBaTb KaK cKajiapHoe npOH3BeAeHHe ca- 
Moro Ha ce6a BeKTopHoro onepaTopa rpaflneHTa V = (d/dx, d/dy, 
d/dz). 



§ 12. BojiHOBoe ypaBHeHHe ajih cbo6oahoh qacTHuu 

TeopnH bojih BemecTBa no3Bo^neT 6e3 3aTpyAHeHHH HanHcaTb 
BojiHOBoe ypaBHeHHe ajih cbo6oahoh qacTHUbi b HepejiHTHBHCTCKOM 
npn6jiH>KeHHH. .HeftcTBHTejibHo, BOJiHa W(r;t) mojkct 6bm> npeA- 
CTaBjieHa K3K cynepno3HUH» 

Y (r, t) = $ F [p\4 (pr-Etm dp q t) 
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njiocKHX MOHoxpoMaTHiecKiix bojih exp[i(pr — Ei)jti\, npH^eM iac- 

TOTa CBH33Ha C BOJIHOBbIM BeKTOpOM p/fi COOTHOUieHHeM, CBH- 

3bIBaiOmHM SHeprHK) H HMny^bG laCTHUH 

°— 

2m 



Z = ^- (12) 



06pa3ya qacrabie npoH3BOAHbie ot oSenx qacTefl paBeHCTBa (11) 
(3Aecb mh He o6cy»AaeM MaTeMaraqecKHX BonpocoB cxoahmocth 
cooTBeTCTByiomHx HHTerpaJiOB), nojiyqHM nocjieAOBaTejibHo: 

ih ±W(r,t)=\ EF (p) e l <i"-«>/* dp, (13) 
j (r, t) = J pF (p) e* »'-«)/* dp, (14) 

—ft 2 (r, /) = J p 2 F (p) e< dp. (15) 

CorjiacHO cooraoiiieHHio (12) noAHHTerpajibHbie Bbipa>KeHHH 
b ypaBHeHHHx (13) h (15) nponopuHOHaJibHbi Apyr Apyry, to x.e 
mo>kho cKa3aTb h o caMHX HHTerpaJiax. riosTOMy 

ih^{r,t)=-^ r ^{r,t). (16) 

3to h ecTb ypaBHeHHe UIpeAHHrepa rjix cboSoahoh qacraiiu; oho 
yAOBJieTBopaeT ycAOBHJW A) hB), cm. § 10; H3 caMoro BHBOAa one- 
flyeT, mo ypaBHeHHe yAOBJieTBopaeT Tpe6oBaHH3M npHHHHna co- 
OTBercTBHH. HMeeT MecTo (popMajibHaa aHajiorna c KJiaccHiecKoft 
MexaHHKoft: ypaBHeHHe (16) npeACTaBjiaeT co6ofl KaK 6h kb3hto- 
bhSe aHajior KJiaccHHecKoro ypaBHeHHH (12). IlpH stom aHeprna 

H HMnyJIbC Ha KBaHTOBOM H3bIKe npe^CTaBJIHIOTCH AH(p(pepeHH,HajIb- 
HHMH OIWpaTOpaMH, A6HCTByK)IH,HMH Ha BOJIHOByK) (pyHKHHK) C0- 
IViaOHO npaBHJiaM COOTBeTCTBKH 

E->ih^, p-^4 v - 

TaKHM o6pa30M, BejmraHa p 2 = p 2 + p 2 , + P 2 . npeACTaBJiaeTCH one- 

paTOpOM 

-^-(4) ! (^ + ^r + *)- 

FIoaoSho cooTHOHieHKio (12) ypaBHeHHe (16) He yAOBjieTBo- 
paeT, ecTecTBeHHO, npHHunny oTHocHTejibHoc™. B to >Ke BpeMa 
Teopns ae BpofijiH caMa no ce6e He HMeeT noAo6Horo orpaHHweHHH. 
MtoSh noAyHHTb pejiHTHBHCTCKoe ypaBHeHHe ajw cbo6oahoh nac- 
thuh, pa3yMHo cJieAOBaTb toh me cxeMe paccyjKAeHHfi, mo h Bbiiue, 
ho 33MeHHTb ypaBHeHHe (12) erope^HTHBHCTCKHM aHajioroM. Flpa- 
BHJibHoe cooTHouieHHe E = V p 2 c 2 + m 2 c* He noAXOAHT no npn^HHe 



§ 13. HACTHUA B OB.1ACTH CKAJIHPHOrO ITOTEHUHAJIA 
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HaJIHIHH KBaApaTHOrO KOpHH. Hlo5bl 060HTH 3Ty TpyflHOCTb, MO>KHO 
HCnOJIb30BaTb COOTHOHieHHe 

£ 2 ==p 2 c 2 + m 2 c 4 > (lg) 

oTKy^a noJiynaeTca. ypaBHeHne 
KOTOpoe moxho 3anHcaTb b bhac 

(a + (^) 2 )w(r,t)=o 09) 

c noMOiubio onepaTopa flajiaMSepa n^-^r-^s — A. Me>KAy 

ypaBHeHHHMH- (18) h (19) cymecTByeT to >Ke (popMaflbHoe cooTBeT- 
CTBHe, mo h Mex/iy ypaBHeHHHMH (12) h (16). 

ypaBHeHHe (19), H3BeerHoe KaK ypaenenue KsieuHa — ropdona, 
nrpaeT Ba^KHyio pojib b pejiHTHBHCTCKofl kbshtoboh TeopHH. rio- 
CKOJibKy 3T0 ypaBHeHHe He yAOBjieTBopneT KpHTepnio B), oho He 
MO>KeT paccMaipHBaxbCH KaK BOJiHOBoe ypaBHeHHe 6e3 cooTBeT- 
CTByjomero H3MeHeHHH HHTepnpeTaunH ipyHKHHH W. Boo6me ro- 
Bopn, cawto yTBepHi^eHHe, i ito BojinoBaa (pyHKHUH MO>KeT npeA- 

CTaBJIHTb flHHaMHHeCKOe COCTOHHHe OAHOH H TOJIbKO OAHOH laCTHUbl, 

HMeeT cmwcji TOJibKo b HepejiHTHBHCTCKOM npeAejie, Kor^a cnpaBeA- 
jihb 33KOH coxpaHeHHH HHCJia »iacTHU. EIo3TOMy b na^bHefiuieM Mbl 
6yAeM H3ynaTb HMeHHO HepejiHTHBHCTCKoe BOJiHOBoe ypaBHeHHe. 

§ 13. HacTHua b oSjiacTH achctbhh CKajinpHoro noTeHUHaJia 

Hto6h o6pa30BaTb BOJiHOBoe ypaBHeHHe qacTHUH npn HajiH^HH 
noxeHHHajia V(r), Ha^HeM c «npH6jiHjKeHHH reoMeTpH^ecKOH 
onTHKH» h nonpooyeM HanncaTb ypaBHenne pacnpocTpaHeHHH 
BOJiHOBoro naKeTa W{r, t), cjieAyrom.ee H3 TeopHH Ae BpoftjiH. 

UeHTp naKeTa nepeMemaeTcfl ksk KJiaccnqecKan hscthus, no- 
./io^KeHHe, HMnyjibc h aHeprnio KOTopoii mh o6o3HaqHM cooTBeT- 

CTBeHHO KaK r KJ i, p K ji H £ K ji. 9tH BeJIH«IHHbI CBH33HM COOTHOHieHHeM 

2 

E** = H {r m , Pkji) = -f V (r KJI ), (20) 
rAe H(r K „,p KJl ) ecTb KJiaccHHecKan (pyHKHHH TaMHJibTOHa. ripeano- 

JI05KHM, mo V(r) HBHO OT BpeMeHH He 33BHCHT (K0HCepB3THBH3$I 

CHCTeMa), xoth 3to Tpe6oBaHHe He HBjiaeTCH cymecTBeHHO Heo6- 
xoAHMbiM b HauiHX paccyjKAeHHHX. CjieAOBaTejibHO, £ K ji ecTb hh- 
Terpsji ABH>KeHHH, 3 r KJI h p K ji hbjihk)tch Bnojme onpeAejieHHbiMH 
4>yHKHHHMH BpeMeHH. B yc^oBHHx Hauiero HpH6jiH>KeHHH V(r) 
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ocTaeTCH npaKTHHecKH nocTOHHHHM Ha paccTOHHHax nopn^Ka pa3- 
MepoB o6jiacTH npoTHxeHHOcra BOJiHOBoro naneTa; noaTOMy 

V(r)W(r,t)ttV(r KJI )W(r,t). (21) 

C Apyroft eropoHH, ecJiH orpaHH^HBaTbCH MaJibiMH HHTepBajiaMH 
BpeMeHH, KorAa OTHocHTejibHbie H3MeHeHHH p K „ npeHe6pe>KHMO 
Majibi, to moxho paccinaTpHBaTb W(r, t) KaK cynepno3HH,Hio n.io- 

CKHX MOHOXpOMaTMeCKHX BOJIH THna (11), IIpHHeM qaCTOTbl 6JIH3KH 
K E K „/h, a BOJIHOBbie BeKTOpbl 6JIH3KH K p KJ i/fi. IloaTOMy MOJKHO 
CIHTaTb, HTO 

ih-l-W{r,t)^E K ^{r, t), 

b (22) 
f W{r,t)ttp Kn {t)V{r, t), 

a B3HB flHBepreHUHio ot nocjieflHero BbipaJKeHHa, nojiyqaeM 

-tfW{r,t)ttpl^(r, t). (23) 

K0M6HHHpyH COOTHOUieHHH (21), (22) H (23) TaK, 1T06bI yAOBJie- 
TBOpHTb COOTHOIIieHHIO (20), HaXOAHM 

ih 4i w + <£- w - ™ « (*« - 4 - v (0) t « o. 

Bojihoboh naKeT T(r, <) yAOBjieTBOpneT, no KpaHHefi Mepe npn- 

6jIHJKeHHO, BOJIHOBOMy ypaBHeHHK) HCKOMOrO THna. M.H npHXOflHM 
K eCTeCTBeHHOMy BblBOAy, 1TO 3TO ypaBHeHHe MO)KHO npHHHTb KaK 

ypaBHeHne bojihh HacTHUbi npn Hajimnu noTeHnnajia. IIocTyjiH- 
pyeM, ito b caMOM o6meM cJiy^ae, aaxe Kor^a He BbinojiHHioTca 
ycJioBHH npH6jiH>KeHHH «reoMeTpHqecKofi onTHKH», BOJiHa W yAOB- 
jieTBopaeT ypaBHeHHK) 

in-!;- W (r, 0 = ( - A + V (r)) V (r, t). (24) 

3to — ypaBHeHHe IUpeAHHrepa ajih qacTHHbi, HaxoAHiueficH b 06- 
Jiacra AeflcTBHfl noTeHunajia V(r). 

§ 14. 3apn>KeHHaa lacTHua b ajieKTpoiviarHHTHOM nojie 

IlpeAHiecTByiomHe paccyscAeHHH MoryT 6biTb noBTopeHbi b 6ojiee 
oioxhux cHTyauHHX, KOiyia, Hanpniwep, noTeHunaji V hbho 3aBH- 

CHT OT BpeMeHH HJIH KOI"fla qaCTHH,a C 3apHA0M e ABHJKeTCfl B 3JieK- 

TpoMarHHTHOM nojie, onncHBaeMOM BeKTopHHM A (r, t) h cKajiHp- 
HbiM q> (r, /) noTeHunaAaMH. B nocJieAHeM aiyqae KJiaccHHecKoe co- 
OTHouieHHe (20) cneAyeT 3aMeHHTb (cm. 3aAaqy 1. 4) Ha 

E = -^ r {p-^A(r,t)) 2 + e (f (r,t). (25) 
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ocTaeTca npaKTHHecKH nocTOHHHUM Ha paccTOHHHHx nopH^Ka pa3- 
MepoB o6jiacTH npoTHxeHHOcra BOJiHOBOro naKeTa; nosTOMy 

V(r)W(r,t)~V(r KJl )W(r, i). (21) 

C ApyrOH CTOpOHU, eCJIH OrpaHHHHBaTbCH MaJIblMH HHTepBaJiaMH 

BpeMeHH, Kor^a oTHOCHTejibHbie H3MeHeHHH p KJ i npeHefipexHMo 
MaJiu, to mojkho paccMaTpHBaTb W(r,t) ksk cynepno3HU.HK> njio- 

CKHX MOHOXpOMaTH^eCKHX BOJIH THna (11), npHieM qaCTOTH 6JIH3KH 
K E KJ1 /h, a BOJIHOBbie BeKTOpbl 6JIH3KH K pKji/fi. IloaTOMy MOJKHO 
CHHTaTb, HTO 

iH-^W(r,t)^E K]l W(r, t), 
f V¥(r,0«p KJI (/)W(r, t), 

a B3hb flHBepreHUHio ot nocjieflHero Bbipa>KeHHH, nojiyqaeM 

-tffr¥{r,t)ttpl^(r,t). (23) 

KoM6HHHpya cooTHOiueHHH (21), (22) h (23) TaK, ito6h yAOBJie- 

TBOpHTb COOTHOIUeHHK) (20), HaXOAHM 

iH i w + £ w - w * (*« ~ik- v ('«)) * * o. 

Bojihoboh naneT Y(r, i) yAOBjieTBOpneT, no KpaflHefi Mepe npn- 
6jiH>neHHo, BOJi«oBoMy ypaBHeHHio HCKOMoro THna. Mh npnxoAHM 
k ecTecTBeHHOMy BbiBOAy, wo 3To ypaBHeHHe MOXHO npHHHTb KaK 
ypaBHeHHe bojihh nacTHnbi npn HajiH^HH noTeHunajia. OocTyjiH- 
pyeM, uto b caMOM o6meM cJiy^ae, Aaace Korja He BbinonHHioTCH 

yCJIOBHH npH6jIHJKeHHH «reOMeTpHHeCKOH OnTHKH», BOJIHa *F yaob- 

jieTBopHeT ypaBHeHHio 

ih ±- W (r, t) = ( - A + V (r)) W (r, /). (24) 

9to — ypaBHeHHe IIlpeAHHrepa juin qacTHUH, HaxoAHmeHCH b 06- 
Jiac™ AeftcTBHfl noTeHunajia V{r). 

§ 14. 3apfl*eHHaa qacTHua b 3JieKTpoMarnHTHOM nojie 

IlpeAuiecTByiomHe paccyxAeHHH MoryT 6biTb noBTopeHbi b 6o;iee 
cjiojkhhx cHTyauHHX, KorAa, HanpHMep, noTeHnnaji V hbho 3aBH- 
cht ot BpeMeHH hjih KorAa nacTHU.a c 3ap«A0M e ABHjKeTcfl b ajieK- 
TpoMarHHTHOM nojie, onHCHBaeMOM BeKTopHbiM A(r, t) h cKajiap- 
HbiM (p(f, 0 noTeHnnaJiaMH. B noc/ieAHeM cjiyiae KJiaccnqecKoe co- 
OTHoujeHHe (20) c/ieAyeT 33MeHHTb (cm. 3aAaHy 1.4) Ha 

E = ^ m -{p-^A{r,t)) 2 + e^{r,t). (25) 
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ocTaeTCH npaKTHHecKH nocTOHHHHM Ha paccTOHHHax nopn^Ka pa3- 
MepoB o6jiacTH npoTHxeHHOcra BOJiHOBoro naneTa; noaTOMy 

V(r)W(r,t)^V(r KJI )W(r, t). (21) 

C Apyroft ctopohh, ecJiH orpaHH^HBaTbCH MaJiHMH MTepBajiaMH 
BpeMeHH, KorAa OTHocHTejibHbie H3MeHeHHH p K „ npeHe6pe>KHMO 
Majibi, to moxho paccinaTpHBaTb W(r, t) KaK cynepno3HUHio imo- 
ckhx MOHOxpoMaraqecKHx bojih ™na (11), npHHeM qacTora 6jih3KH 

K E K „/h, a BOJIHOBbie BeKTOpbl 6JIH3KH K p KJ i/fi. IloaTOMy MOJKHO 
CIHTaTb, HTO 

ih-l-W{r,t)^E K ^{r, t), 

b (22) 
f W{r,t)ttp Kn {t)V{r, t), 

a B3HB flHBepreHUHio ot nocjie^Hero BbipaJKeHHa, nojiyqaeM 

-tfW{r,t)ttpl^(r, t). (23) 

K0M6HHHpyH COOTHOUieHHH (21), (22) H (23) TaK, 1T06bI yAOBJie- 
TBOpHTb COOTHOIIieHHIO (20), HaXOAHM 

ih 4t w + Sr w - vw « - 4 - v ('«>) t « o. 

Bojihoboh naKeT T(r, <) yAOBjieTBOpneT, no KpafiHen Mepe npn- 

6jIHJKeHHO, BOJIHOBOMy ypaBHeHHK) HCKOMOrO THna. M.H npHXOflHM 
K eCTeCTBeHHOMy BblBOAy, 1TO 3TO ypaBHeHHe MO)KHO npHHHTb KaK 

ypaBHeHHe bojihh HacTHiibi npn Hajimnu noTeHUHajia. IIocTyjiH- 
pyeM, ito b caMOM o6meM cJiy^ae, aaxe Kor^a He BbinojiHHioTca 
ycJioBHH npH6jiH>KeHHH «reoMeTpHqecKofi ohthkh», BOJiHa W yAOB- 
jieTBopaeT ypaBHeHHK) 

in-!;- W (r, 0 = ( - A + V (r)) V (r, t). (24) 

3to — ypaBHeHHe IUpeAHHrepa ajih qacTHUbi, HaxoAHiueficH b 06- 
Jiacra AeflcTBHfl noTeHunajia V(r). 

§ 14. 3apn>KeHHaa lacTHua b ajieKTpoiviarHHTHOM nojie 

IlpeAHiecTByiomHe p a ccy xcneH h h MoryT 6biTb noBTopeHbi b 6ojiee 
oioxhux cHTyau,HHX, KOiyia, HanpHiwep, noTeHixnaji V hbho 3aBH- 
cht ot BpeMeHH hjih Korfla qacTHH,a c 3apHA0M e ABHxeTcfl b ajieK- 
TpoMarHHTHOM nojie, onHCHBaeMOM BeKTopHHM A (r, t) h cKajinp- 
HbiM q> (r, /) noTeHunaAaMH. B nocJieAHeM aiyqae KJiaccHHecKoe co- 
OTHonieHHe (20) cneAyeT 3aMeHHTb (cm. 3aAaqy 1. 4) Ha 

E = -^ r {p-^A(r,t)) 2 + e (f (r,t). (25) 



§ 15. OBIHEE nPABHJIO nOCTPOEHHfl yPABHEHHfl IHPEflHHTEPA 
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^toSw H36exaTfa noAoSHoi HeoAH03HaqHocTH, mh ycnoBHMcn npn- 
MeHHTb npaBHJio (28) ToJibKO b tom cjiyiae, noma KOopAHHara q 
cyTb deKapreebi Koopdunarbi 19 ) . 

BTopaH npH«iHHa HeoAH03HaqHOCTH cBH3aHa c TeM o6cTOHTejib- 
ctbom, ito corjiacHO npaBHJiy (28) mh bmccto KJiaccHiecKHx bcjih- 
ihh, noOTHHHiomHXCH oShhhoh ajire6pe, noACTaBjiaeM onepaTOpH, 
KOTopbie b ofimeM cjiyiae Me?KAy co6ofi He KOMMyrapyioT. flo- 

9T0My, B006me rOBOpfl, SKBHBajieHTHbIM (pOpMaM (pyHKHHH TaMHJIb- 

TOHa MoryT cootbctctbob aTb pasjiHHHbie raMHJibTOHHaHbi. TaK, 

AByM SKBHBaJieHTHblM KJiaCCH'ieCKHM BbipajKeHHHM KHHeTMe- 

ckoh SHeprHH (oAHOMepHaa 3aflaMa) , - i — h 7= pqp —7=- coot- 

2m 2m V<7 V<7 

ft 2 d 2 ft 2 / 1 d d 1 \ 

BeTCTByiOT onepaTOpH h [ —7= q y= )= 

J v 2m dq 2 2m \*Jq dq dq V<? / 

e= ( 1 j , KOTopue oTJiH^aiOTCH Ha BejiHHHHy h 2 /8mq 2 . 

2m \dq 2 4q 2 ) 

HnKaKoe npaBHJio, ocHOBaHHoe Ha cootbctctbhh c KJiaccH^e- 

CKoft MexaHHKoft, He MOJKeT pa3peniHTb 3thx npoTHBope^Hfi, h6o 

ohh npoHCTeKaioT H3 HeKOMMyTaTHBHOCTH onepaTopoB, KOTopaa, 

b cboio oqepe^b, cBH33Ha c cymecTBOBaHHeM KBaHTa achctbhh ft. 

CjieAyeT noaTOMy (pHKcnpoBaTb (popMy (pyHKHHH TaMnjibTOHa sm- 

nnpHHecKHM nyTeM. Bo Bcex cJiy^anx, HMeiomHX npaKTHiecKHH 

HHTepec, HaAJiexHT AeficTBOBaTb corjiacHO cJieAyiomHM npeAnn- 

CaHHHM. 

B AeKapTOBbix KoopAHHaTax (pyHKHHH TaMMJibTOHa npeACTaB- 
jiaeTca b bhab cyMMH cjieAyiomnx hjichob: KBaAparaiHOH no p 
(popMbi (He 3aBHcamefl ot q), HeKOTopofl (pyHKUHH, 3aBHCHmeH 

TOJIbKO OT q, H, B03MOJKHO, JIHHeHHOH no p (pyHKHHH BHA3 

Xp<fi(?i» • • •> 9/?)- Emh (pyHKUHH TaMnjibTOHa npHBeAeHa 

B 3T0M BHAe, TO nOCJieAHHH IJieH B CyMMe 33MeHHeTCH Ha «CHMMeT- 

pH30B3HHoe» BbipaxeHHe j Yj [Pifi (9b • • • • 9/?)+/i (9b • • • ' 9i?) Pi]> 

i 

a 3aTeM npHMeHHeTea npaBHJio cootbctctbhh (28). 

«CHMMeTpH3aHHH» HJieHOB, JIHHeHHHX no p, K&K MH yBHAHM 

b rji. IV, ecTb Heo6xoAHMoe ycjioBne corjiacoBaHHOCTH craTHCTHqe- 

CKOrO HCT0JIK0B3HHH BOJIHOBOH (pyHKHHH. FIpHMepOM CHCTeMbI, npH 



19 ) 3to ycjiOBHe He nporaBOJibHO. Oho aBTOMaraqecKH oSecneraBaeT HHBa- 
pHaHTHOCTb (popniu ypaBHemm IHpeAHHrepa npn noBopoTe ocefl KOOpAHHaT. Mo- 

XHO BnpOTeM CHHTb 9TO OrpaHHieHHe H ClpOpMyJlHpOBaTb npaBHJIO COOTBeTCTBHH 

b KOBapnaHTHOH $°PMe, bboah noAXOAHmyio MeTpHKy b KOHipHrypauHOHHOM npo- 
erpaHCTBe h 3aMeHHH b (28) onepaiiHK) d/dq r Ha onepau;Hio KOBapnaHTHoro AH(p- 
tpepeHUHpoBaHHa (cm. no STOMy noBOAy: L. Brillouin, Les Tenseurs en Mecani- 
que et en Elasticity Masson, Paris, 1938, p. 200; cm. TaKxe: B. TlayAu, OSmne 
npHHiiHnbi BOJiHOBOii MexaHHKH, rocTexH3AaT, M. 1947, c. 68). 
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paccMOTpeHHH KOTopoft HeoSxoAHMa yKa3aHHan MaminyjiHUHH, 
HBJineTca wacTHita b sjieicrpoM arHHTHOM nojie (ypaBHeHHH (25) 
h (26)). 

3aKOHHHM 3tot naparpacj) BaatHbiM npHMepoM. HannineM ypaB- 
HeHHe IIIpeflHHrepa ajih cjiojkhofo aTOMa, cocTOHmero H3 HApa 
c 3apaAOM Ze h Maccofi M h Z ajieKTpoHOB c 3apaaoM — en Mac- 
con m. OyHKUHH raMHJifaTOHa BKJiioqaeT Z + 1 qjieHOB KHHexnie- 

CKOH SHeprHH, Z qJieHOB KyjIOHOBCKOrO B3aHM0AeHCTBHH SJieKTpO- 
HOB C HflpOM H Z (Z — - 1) qjieHOB KyjIOHOBCKOrO OTTajIKHBaHHH 

Meatfly napaMn ajieKTpoHOB, t. e. 

Z , 2 

2M 2_i 2m 2-i \R — r,\ 2-i \r, — r,\' 

i=i t-i ' ' ;</' 1 ' 1 

OTCK)fla mh noJiyuaeM ypaBHeHne LUpeAHHrepa 
ih-^W(R, ri r z ;t) = 

rae oneparap A/? ecTb onepaTop Jlanjiaca no OTHoiueHHio k BeK- 
Topy R (t. e. d 2 /dX 2 + d 2 /dY 2 + d 2 /dZ 2 ) , aonepaTop A,- ecTb onepa- 
Top JIanjiaca no OTHoiueHHio k paAHycy-BeK-ropy t'-ro ajieicrpoHa. 

B qacTHocTH, b cjiy^ae aTOMa BOAopoAa (Z=l) ypaBHeHne 
3anHCHBaeTca b bhac 

ih-jLvir,. r- 0 = (~w A P -|U -—^^ r/> 0 (31) 

(3Aecb M — Macca npOTOHa, r p — ero paAHyc-BeKTop, a r e — pa- 
AHyc-BeKTop ajieicrpoHa). B nepBOM npn6jin}KeHHH mojkho ciHTaTb, 
ito npoTOH HMeeT 6ecKOHeHHyro Maccy, h paccMaTpHBaTb aTOM boao- 
poAa KaK ajieKTpoH, HaxoAHinnftcfl b npHTHrHBaiomeM KyjioHOBCKOM 
nojie — e 2 /r, npn^eM r o6o3HaqaeT noJioaceHne sJieKTpoHa b ch- 
CTeMe KoopAHHaT, Ha^a-no KOTopoii coBnaAaeT c nojioaceHneM npo- 
TOHa (no npeAnoJiojKeHHio — HenoABiDKHoro) . Bojihob3h (pyHKnnn 
sjieicrpoHa yAOBjieTBopaeT ypaBHeHHio LUpeAHHrepa: 

W ^. V (r.0-(— £-A-4)*F(r,/). (32) 



§ 17. OEIUHE CBOnCTBA yPABHEHHfl 
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Paaieji III. C7AUHOHAPHOE yPABHEHME UIPEAHHTEPA 
§ 16. HccjieAoeaHHe cTaunoHapHbix coctohhhh 

ypaBHeHHe IIIpeAHHreps kb3htoboh cHereMbi (popMajibHO 3ann- 

CblBaeTCH B BHAe 

ih-^y^HV. (33) 

FIpeAnOJIOJKHM, WTO raMHJIbTOHHaH H OT BpeMeHH HBHO He 3aBH- 
CHT. 3TO CJiyuaft KOHCepBaTHBHblX CHCTeM, COOTBeTCTByiomHX KJiac- 
CHHeCKHM CHCTeMaM, A-JIH KOTOpblX SHeprHH eCTb HHTerpajI ABH}Ke- 

hhh. 06pa3yeM peiueHHe W, npeACTaBjiaiomee AHHaMH^ecKoe co- 
CTOHHHe c onpeAe^eHHOH aHeprneH E. 

TaKaa BOJiHOBaa (pyHKijHH *F AOJi.*Ha oSjiaAaTb BnojiHe onpe- 
AejieHHofi KpyroBoii qacTOTofi co, cooTBeTCTByiomeH cooraoiueHHio 

SHHIUTeftHa E = fitt). HanOMHHM, 1T0 3T0 COOTHOHieHHe MOKAy 

lacroTofi bojihh ii aHeprnefi chctcmh cocTaBJineT ochobhoh nocTy- 
jiaT TeopHH bojih BemecTBa. <t>yHKHHH *P 3anHCbiB3eTCH b BHAe 

-t 2- 

x ¥ = $e h , (34) 

TAe 1|) 33BHCHT OT K00PAHH3T B KOHCpHrypaUHOHHOM npOCTpaHCTBe, 
HO He 33BHCHT OT BpeMeHH. FIoACTaBJIHH 3T0 Bbipa>KeHHe b ypaBHe- 
HHe (33), noJiy^aeM ypaBHeHHe 

J7i|> = E$, (35) 

KOTOpoe ofibiHHO H33biBaeTCH ypaBHeHHeM LLIpeAHHrepa, He 33BH- 
chiuhm ot BpeMeHH, hjih CTctquoHapHbiM ypaenenueM Ulpedumepa. 
KorA3 CHCTeMa npeACTSBJiHeTCH bojihoboS cpyHKUHeft (34), ro- 

BOpHT, HTO OHa H3XOAHTCH B CTat^UOHapHOM COCTOHHUU C 3Hep- 

eueil E, a bojihobsh (pyHKUHH if, He 33BHCHman ot BpeMeHH, 
o6biqHO Ha3biBaeTCH bojihoboh (pyHKimefi cTauHOHapHoro coctoh- 

HHH, XOTH OHa OTJIHiaeTCH OT HCTHHHOH BOJIHOBOH (pyHKUHH <ba30- 
BbIM MHO>KHTeJieM e " . 

§ 17. 06mHe cBoAcTBa ypaBHCHHs. CTpyKTypa 
aHepreTHHecKoro cneKTpa 

Mto6u o6jierqHTb H3Jio}KeHHe, npoAOJiJKHM o6cyjKAeHHe Ha qacr* 
hom npHMepe lacTHuu c Maccofi m npH hsjihhhh CK3JinpHoro no- 
TeHixnajia V(r). FIpeAnojioKHM, KpoMe Toro, mto V(r)->0, KorAa 
r-*oo. OyHKUHH i|> 33BHCHT ot BeKTopa r(x, y, z), (pHKcnpyiomero 
no^ojKeHHe qacTHUH, a ypaBHeHHe IIIpeAHHrepa, He 3aBHCflm.ee ot 
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BpeMeHH, 3anHiueTCH b BH^e 

^(r)*[— |i-A+K(r)]n)(r) = £i|>(r). (36) 

Ha H3HKe TeopHH ypaBHeHHfi c hscthhmh npoH3BOflHHMH ypaBHe- 
HHe Tnna (36) Ha3MBaeTCH ypaenenueM net co6cTeeHHbie 3HcmeHUH. 
PeuieHHe ^>e(i") stoto ypaBHeHHH ecTb co6cTeeHHan (pyHfcuun, co- 
oTBeTCTByiomaH coScTBeHHOMy 3HaHeHHio E onepaiopa H. 

B aeficTBHTe^bHOCTH 3a^aMa Ha co6cTBeHHbie 3H3HeHHfl onpe,n,e- 

JI8HH TOJIbKO eCJIH CCpOpMyjIHpOBaHbl yCJIOBHH «peryjmpHOCTH» 

h rpaHHiHbie ycJioBnn, kotophm ^ojixcHa yziOBjieTBOpaTb (pyHK- 
h,hh ycjioBHH, HaKJiaabiBaeMHe Ha cpyHKUHio ty(r), rojixuh, 
KOHeqHO, corjiacoBHBaTbCH c ofimefi HHTepnpeTauHeft bojihoboh 
(pyHKHHH. Mh BepHeMca b 3Toft TeMe b rn. IV. rioTpeCyeM 3,necb, 
MToSbi (pyHKUHH h ee Macrabie npoH3BOflHbie nepBoro nopHflica 

6bIJIH HetlpepblBHblMU H OZpaHmeHHblMU <})y'HKHHHMH BO BCeM 

npocTpaHCTBe. 

B 3TOM c/iynae mojkho A0K333Tb cnpaBeflJiHBocTb cjieflyroumx 
pe3y,ribTaTOB, KOTopbie mh npHMeM KaK AaHHbie, ho 6y#eM HMeTb 
B03MO>KHocTb npOBepHTb hx Ha MHoro^HCJieHHbix npHMepax. 

a) Ecjih E <. 0, to ypaBHeHHe (36) HMeeT pemeHHH TOJibKO 
npH HeKOTopbix onpeAejieHHbix 3HaieHH5ix E, o6pa3yiomHX ductcper- 
Hbiu cneKTp. Co6ctb6hh35i (pyHKHHH rjih /iioSoro coScTBeHHoro 3Ha- 
MeHHH (hjih Ka>KiiaH cpyHKUHH, ecJiH hx HecKOJibKo) oSpamaeTCJi 

b Hyjib Ha SecKOHe^HocTH. Toraee roBopH, HHTerpaji ^ | (r) | 2 dr, 

pacnpocTpaHeHHbift Ha Bee KOHcpnrypaHHOHHoe npocipaHCTBo, exo- 

flHTCH. CorjiaCHO CTaTHCTHHeCKOH HHTepnpeTaHHH 370 3H3HHT, qTO 

BepoHTHocTb Haft™ qacrauy Ha BecKOHeiHocTH paBHa Hyjiro, iac- 

THUa 0CT3GTCH JIOKaJIH30BaHHOH B KOHeiHOH ofijiacTH npocTpaH- 
CTBa. ToBOpHT, 1TO HaCTHH3 HaXOflHTCH B C8R3Q.HH0M COCTOHHUU. 

6) Ecjih E > 0, to ypaBHeHHe (36) Mo>KeT HMeTb peuieHHH 

npH JIK)0bIX nOJIOXHTeJIbHblX 3HatieHH5IX E. ToBopHT, no nojio>KH- 

TejibHbie SHeprHH o6pa3yiOT Henpepuenbiu cnenrp. CooTBeTcTByio- 
HlHe co6cTBeHHbie cpyHKHHH He oSpamaioTCH b Hyjib Ha 6ecKOHeq- 
hocth, hx acHMnTOTHTCCKoe noBefleHHe aHaJioraiHo noBeaeHHio 
njiocKoft BojiHbi e ikT . Toraee roBopsi, MOAyjib j if> (y) | cTpeMHTca 

K KOHe^HOH nOCTOHHHOH HJIH OCHHJIJIHpyeT MeJK/iy 3HaqeHHHMH, H3 

KOTopbix no KpaftHefi Mepe o^ho otjihiho ot HyjiH. ^acTHua He 

OCTaeTCH JIOK3JIH30B3HHOH B KOHeiHOH oSjiaCTH. BoJIHOBbie (pyHK- 

uhh 3Toro Tnna anyxaT jynn onncaHHH 3aaaH ctojikhobchhh; tobo- 

pHT, qTO MH HMeeM AejIO C HaCTHIiefi B H6C8H3Q.HH0M COCTOHHUU, HJIH 
B CTaHHOHapHOM COCTOHHHH p3CCeHHH3. 

TaKHM o6pa30M, mh nojiyqseM nepBbift ^yHflaMeHTSJibHbifi pe- 
3y^bTaT: kbshtobshhc ypOBHeft sHepraH cBH3aHHbix coctohhhh, 
t. e. oahh H3 caMbix BneqaTjiHrouxHX 3KcnepHMeHTa^bHbix (paKTOB, 



3AflAqH H ynPAJKHEHHfl 
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o6ycJiOBHBuiHX KpymeHHe KJiaccnuecKoii TeopHH. OnpeaeJieHHe 
KBaHTOBaHHbix ypoBHefi sHeprHH npeACTaBjiaeTCH 3necb KaK 3aAam 

HaXO>KAeHHH COSCTBeHHHX 3HaUeHHH. PeilieHHe 3T0H 3aA^HH C H3H- 
60JIbUiefi B03MOJKHOH CTeneHbK) TOHHOCTH HBJISieTCH OflHOH H3 II,eHT- 

pajibHbix 3a&an bojihoboh MexaHHKH. JXjir HeKOTopbix ccodeHHO 
npocTbix (popin raMH^bTOHHaHa 3a^aqa MomeT 6biTb pemeHa 
CTporo. HMeHHo tskhm HBjineTCH cJiy^aft aTOMa BoaopoAa (mh pac- 
CMOTpHM ero noApo6HO b tji. XI), KOi\na ypoBHH sHeprHH 0Ka3H- 
BaroTCH coScTBeHHHMH 3HaieHHHMH onepaTopa [ — (fi 2 /2m)A — e 2 lr]. 
nojiynaeMMH cneKTp coBna,o,aeT c TeM, KOTopbifl npe,ncK33biBajia 
CTapan KBaHTOBan TeopHH; mh y>Ke hmcjih cjiy^afi no/iqepKHyTb 
yAHBHTejibHoe coBna^eHHe aToro cneKTpa c 3KcnepHMeHT3JibHbiMH 
aaHHMMH. B 6ojiee cJio>KHbix cHTyaunnx cneAyeT Hcnojib30B3Tb pa3- 
jiHMHbie npn6jiH>KeHHbie MeTOAbi. Ho bo Bcex cjiynanx, KorAa yua- 
Bajiocb BbmncJiHTb cneKTp sHepruft c flocTaToqHoft cTeneHbro toi- 

HOCTH, COrjiaCHe C onblTOM 0K333JI0Cb HaCTOJIbKO xoponiHM, na- 
CKOJlbKO 9T0r0 B006lH.e MOJKHO 6bIJIO OJKHAaTb OT HepejIHTHBHCTCKOH 
TeOpKH. 

CaMa co6cTBeHHan <pyHKn,HH t|)£ Mower 6biTb noABeprHyTa 
b onpeAeJieHHoS Mepe sKcnepHMeHTSJibHofi npoBepKe. fleScTBH- 
TejibHo, coScTBeHHbie (pyHKUHH AHCKpeTHoro cneKTpa Hcnojib3yioTC$i 
npn BbmHCJieHHHx pa3JiHqHbix Ha6jiioaaeMbix Bejimim, HanpHMep, 
BepoHTHOCTefi KBaHTOBbix nepexoAOB. ^to xe KacaeTCH co6cTBeH- 
hhx pyHKUHH HenpepbiBHoro cneKTpa, to hx acHMnT0THHecK3H 

(pOpMa HenOCpeflCTB6HHO CBH33H3 C 3(p(peKTHBHbIMH Ce^eHHHMH, 

xapaKTepH3yroniHMH HBJieHHH paccenHHH, hto 6yAeT noApoSHO bh- 
acHeHo b AajibHefinieM. B o6ji3cth HepejiHTHBHCTCKofi aTOMHoft tpn- 
3hkh flo chx nop He 6biJio oSHapyxeHO hh oahoto cJiyian pacxoac- 
aeHHH uexny npeACKa33HHHMH bojihoboh MexaHHKH h SKcnepn- 

MEHTaJIbHblMH ASHHblMH. 



SAflAMH H ynPAJKHEHHH 

1. B SKcnepHMeHTe nbnaioTCH Ha6jiio,naTb 3a ABHxeHHeM sjieKTpoHa no Kpy- 
roBoft 6opoBCKOfl op6HTe aToina BOAopoAa, MMepns nocjieaoBaTeJibHbie nojiowe- 
hhh sjieKTpoHa c noMomwo AOCTaToqHO xecTKHX peHTreHOBCKHx jiyqeft. 

OiieHHTb nopHAOK BejinqHHbi nepe^ara KHHeTiwecKOH SHeprHH sJiem-pony AT 

npH CTOJIKHOBeHHH C peHTreHOBCKHM (pOTOHOM B 3aBHCHMOCTH OT /yiHHb! BOJIHbl 

nocJieflHero. MTo6bi mojkho Ci.ijio HaSjiioflaTb ABHJKeHHe BROJib op6HTbi, Heofixo- 
fliiMo, bo bchkom CJiyiae, moSbi X Gujia 3HaraTejibHo MeHbme paAHyca op6nTU. 
CpaBHHTb b 9tom cjiyqae AT c paccTOHHiieM Mexjv; coceflHHMH ypoBHHMH. Mto 

MOHiHO CKa3aTb 0 B03M03KH0CTH Ha6^K)fleHHa 6opOBCKH.'C Op6nT? 

2. B peJTHTHBHCTCKofi MexaHHKe nojinasi SHeprnsi E n HMnyjibc p cboOoahoA 

mc 2 

■JaCTHUbl C MaCCOH nOKOfl m H CKOpOCTbK) V paBIIU COOTBeTCTBeHHO — " , ar 

V' — f /« 
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171. II. BOJIHbl BEIIIECTBA H YPABHEHHE IIlPEflHHrEPA 



mv 



FlpoBepHTb, ito ypaBHeHHa ABHHceHHH MoryT 6wTb 3ann- 



H 



Vl - o 2 lc 2 



CaHH B raMHJIbTOHOBOH (pOpMe, eCJIH B KaieCTBe (pyHKIIHH FaMHJIbTOHa B3BTb 

BeJiKMHy H — E = V "i 2 c 4 + p' l c 2 . 

riojiyraTb paBeHCTBO CKOpocra stoh qacTHUbi h rpynnoBoft ckopocth v g 

aCCOUHHpOBaHHOH BOJIHbl fle BpOHJIH. BblTOCJIHTb (pa30By[0 CKOpOCTb V STOft 

bojihh; noKa3aTb, no ona npeBoexoflHT CKopocTb CBeTa c h wto f> v = c 2 . 

3. IlpOBepHTb 06oCHOBaHHOCTb KJiaCCHHeCKOTO OnHCaHHSJ JJBHHCeHHa aTOMa 

B AByxaTOMWOH MOJienyjie. fljia SToro, npennoJiaraa, qTO stom coBepinaeT rap- 
MOHHiecKHe KOJie6aHHH c KpyroBOft qacTOTofl to h cpeflHeft khhcthigckoh SHeprneft 
nopa^Ka l /ikT, cpaBHHTb cpe/jHioio flJiHHy bojihh aTOMa c aiunjiHTyflaMH sthx 
Kojie6aHHft. PaccMOTpeTb cHaiajia cJiyqaft MOJieKyjia BO.nopo.ua b ycjiOBHHx o6bii- 
hhx TeMnepaTyp: T = 300 °K, kT — 0,025 as, Aw = 0,5 se, a 3aTeM cjiyqaft 
MOJieKyjiu H3 THHcejibix aTOMOB c Maccofl b 200 Mace BOflopoAa, npeflnojiaraa, 
■ito B03BpamaioiuaH CHJia b o6ohx cjiyiaax ojHHaKOBa. CaejiaTb sto ajih T — 
= 300 °K h 7"= 10 °K. 

4. SjieKTpoH ABHJKeTca no KpyroBoft TpaeKTopnn b iioctohhhom ManuiTHOM 
nojie 2f6. FIpHMeHHTb fljiH 3Toro BpamaTejibHoro jjBHJKeHHH ycjiOBHe pe30HaHca &e 
Bpofijia. IToKasaTb, ito KHHeTHiecKaa sHepraa sjieKTpoHa KBaHTyeTca, ypoBHH 
9HeprHH 9KBH,ziHCTaHTHbi h paccTOHHHe uexny hhmh paBHO (eh/mc)3@ — 9tot pe- 

3yjibTaT OTJiHiaeTca ot pe3yjibTaTa CTporofl KBaHTOBOH TeopHH TOJibKO CMeme- 
HneM Bcex ypoBHeft Ha BejiHTOHy (eh/2mc)2@. BbrancjiHTb pa^nyc opfiHT, KOjnme- 
ctbo flBHjKeHHH H KHHeraiecKyio SHeprmo KBaHTOBaHHbix TpaeKTopHH mh nojia 
b 10 4 zc. CpaBHHTb pa/jnyc op6nTbi c KBaHTOBbiM qncjiOM eAHHHiia c pa^nycoM 
CopoBCKoft op6HTbi aTOMa BOAopoaa b ochobhom coctohhhh. IIpuMeHaHue. Cjie- 
flyeT pa3JiHiaTb HMnyjibC p h KOJinnecTBO ABHsceHHa mv b stoh 3ap,ane. Ecjih A 
ecTb BeKTopHbift noteHUHaji nojia, TO 



5. HcnoJib3ya tot 4>3kt> qT0 npoH3BOJibHaa BOJiHa MOH<eT paccMaTpnBaTbca 
KaK cynepn03HUHa iijiockhx bojih, noKa3aTb, ito b OTcyTCTBHe nojia BOJiHa Be- 
mecTBa Wfattz) b TOiKe r 2 b momcht t 2 MoxeT 6biTb nojiyieHa H3 3Ha4eHHft 
^(fuii), B38TUX b MOMeHT t\, c noMoinbio onepamm 



B 9tom BbipaxeHHH E KaK (pyHKUHa p paBHa siieprHH cooTBeTCTByromeft nacTHiibi 
c HMnyjibcOM p. I7oKa3aTb, ito fljia HepeJiaTHBHCTCKoft qacTHuu c Maccoft m 



p = mv + (e/c)A. 



V <r», t t ) = \ K {rt - r,; h ~ U) V (r,, /,) dr u 



(1) 
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BHBec™ OTCiofla, ito rjiaBHHfl bkjisa b HHTerpa-'i (1) aaeT o6jiacTb, okojio 

f 2h(t t -U) \k 

totkh r 2 c ^HHeHHHM pa3Mep0M nopHflKa I J . 

6. KaK H3MeHHTb MeTOfl pemeHHH npeaunymeft 3a,naHH, itooh oh Mor 6biTb 
npHMeHeH k anyqaio iacm\m b oahom «3MepeHHH? noJib3y5ich sthm MeTOflOM, 

H3HTH BCWIHOByK) (pyHKUHK) B MOMeHT BpCMeHH / CBO6OAHOH HepejIHTHBHCTCKOH la- 
CTHU.H MaCCH m, eCJIH BOJIHOB3H (pyHKUHH B MOMeHT t — 0 eCTb 



HHTCHCHBHOCTb (KBaflpaT MOflyJISl) 3TOH BOJ1HM B MOMeHT < = 0 BbipajKaeTCH 

rayccoBofl kphboh uihphhh |o. IloKasaTb, ito (popMa kphboh hhtchchbhocth 
ocTaeTCH rayccoBofl b jhoSoh nocne.nyiom.HH momcht BpeMeHH, ho iimpHHa kph- 
boh yBeJiH^HBaeTCfl coniacHO 3aKOHy 



(pacnauBaHHe bojihoboi-o naKeTa). 



r Jl A B A III 

KBAHTOBblE CHCTEMbI B OflHOM H3MEPEHHH 



§ 1. BBeAeHne 

HtoGh no3HaKOMHTbCH 6jiH}Ke c ypaBHeHHeM LUpe^HHrepa ao 

paCCMOTpeHHH npoSjieM HCTOJIKOBaHHH H HHTepnpeTaiiHH KB3HT0- 
BOH TeopHH, Mbl H3yiHM BOJIHOByK) MexaHHKy 4>H3HHeCKHX CHCTCM 
B OAHOM H3MepeHHH. OAHOMepHbie 3aAa^H HHTepeCHH He TOJIbKO 

KaK npocrae MOAejiH, no3BOJiHioiHHe oSHapystHTb HeKOTopne oco- 
deHHOCTH, KOTOpbie BCTpeTHTca HaM b 6ojiee cjiojkhhx cJiyianx, ho 
TaKJKe h noTOMy, hto MHorne 3aAaiH noane cooTBeTCTByiomHX npe- 
o6pa30BaHHft MoryT 6biTb cBeAeHH k npo6jieMe pemeHHH ypaBHe- 
hhh, aHajiorHiHbix OAHOMepHOMy ypaBHeHHio EIpe^HHrepa. 

PaccMOTpHM qacrauy Maccn m, cnoco6Hyio nepeMemaTbcn no 
och x noA aeflcTBHeM HeKOToporo noTeHunajia V(x). ypaBHeHHe 
LUpeAHHrepa 3aimcbiBaeTCH b bhac 

Ut-Ht-V (x,t)=(-£-£r+V (x)) V (x, /). (1) 

Mh 3afiMeMCH HccJieAOBaHHeM CTaunoHapHbix coctohhhh. Ecjih E 
ecTb 3HeprHH craHHOHapHoro coctohhhh, to 

y(x,t) = $(x)e- iEm , (2) 

npnieM (pyHKHHH (x) nBJinercsi peuieHHeM cTauHOHapnoro ypaB- 
HeHHH LUpeAHHrepa, 

B 9toh rjiaBe mh Hcnojib3yeM o6o3HaqeHHH 

V{x) = ^U{x), E-^s, (4) 

ito no3BOJiHeT nepenncaTb npeAHiecTByiomee ypaBHeHHe b (popMe 

*|>" + ( e -t/(*)H = 0. (5) 

3to AH<p(pepeHHHaJibHoe ypaBHeHHe UlTypMa — JlHyBHJiJiH; mh hh- 
TepecyeMca orpaHHieHHHMH, HenpepHBHHMH h AHtpfpepeHunpye- 
mhmh ero pemeHHHMH bo BceM HHTepBajie ( — oo,-f-«°). 



§ 2. OBIUHE CBOnCTBA 
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Ec/ih TaKoe pemeHHe cymecTByeT, to BCHKoe Apyroe pemeHHe, 
noJiyqaewioe yMHoaceHHeM Ha nocTOHHHbiH K03(p<pHHHeHT, 6yaer 
oSjiaAaTb aHaJiorHiHHMH cBOHCTBaMH, nosTOMy mh He 6yaeM p33- 
jiHHaTb pemeHHH, oTjiH^aiomHecH Ha nocToflHHbifr MHOJKHTejib. 
Ecjih aonycTHMbi ABa JiHHefiHO He3aBHCHMbix peuieHHH, to BCHKaa 
kx jiHHefiHaa kom6hh3Uhh TaKxe 6yAeT ^onycTHMHM pemeHHeM. 
B 3tom cJiyuae roBopHT, hto coScTBeHHoe 3HaHeHHe HMeeT abipooic- 
denue npamocTU uau nopndica 2; no onpeaeJieHHio KpaTHOCTb hjih 

nopHAOK BHpO)KAeHH5I eCTb HHCJIO JIHHeHHO He33BHCHMbIX C06cTBeH- 
HblX (pyHKHHH, npHHaAJie^KaiUHX AaHHOMy COfiCTBeHHOMy 3HaHeHHK). 

YpaBHeHHe (5) BemecTBeHHO (V(x) ecTb BemecTBeHHaa <pyHK- 
uhh x). Ecjih t)> ecTb coficTBeHHaH (pyHKUHH, to ee AeftCTBHTe^IbHaH 

H MHHMaH HaCTH TaKJKe HBJIHIOTCH COfiCTBeHHHMH (pyHKHHHMH 
(B CJiy^ae OTCyTCTBHH BbipOJKAeHHH OHH 0TJIH13I0TCH TOJIbKO Ha 
nOCTOHHHblfi MHOJKHTejIb) . FIoSTOMy AJ1H H3X0JKA6HHH BCeX C06- 
CTBeHHblX (pyHKHHH, COOTBeTCTByiOmHX AaHHOMy C06CTBeHH0My 
3HaHeHHK), AOCTaTOHHO 3HaTb BCe AeHCTBHTeJIbHHe C06cTBeHHbI& 

pyHKHHH. 3to saMe^aHHe cymecraeHHO ynpomaeT BbiiHCJieHHH. 

B nepBOM pa3AeJie mh paccMOTpHM touho peuiaeMyio 3aAany 
Ha coScTBeHHbie 3Ha"ieHHH b cjiynae HeKOTopbix npHMoyrojibHbix 
noTeHHHajiOB. OcoSeHHoe BHHMaHHe 6yAeT o6pameHO Ha pa3jiH"iH5i 

Me^Ay KBaHTOBblMH H KJI3CCHieCKHMH ABHJKeHHHMH, a HMeHHO Ha 
KB3HT0BaHHe ypOBHefi SHeprHH CBH33HHHX COCTOHHHH H HBJieHHH 

OTpaJKeHHH bojih, pe30HaHca h npoxo»AeHHH noTeHHHajibHbix 

6apbepOB HeCBH33HHbIMH «H3CTHU3MH». Bo BTOpOM pa3AeJie MH 

noABeprHeM cHCTeMSTH^ecKOMy H3yieHHK> ypaBHeHHe (5) ajih npo- 
H3BOJibHoro noTeHunajia U{x). 3to no3BOJiHT HaM pacnpocTpaHHTb- 
Ha o6ih,hh cJiy^afi HeKOTopue pe3yjibT3Tbi, nojiyneHHbie b nepBOM 
pa3AeJie. 

Pas flea I. nPJIMOyrOJlbHblE nOTEHUHAJlbl 
§ 2. Ofimue cBOHCTBa 

J\JIH npOHBJieHHH THnH^HO KB3HT0BHX 3(p(peKT0B Heo6xOAHMO T 
1T06bI n0TeHUH3JI U(x) 33MCTH0 H3MeHHJICH H3 pSCCTOHHHHX nO- 

Phaks ajihhh bojihh. Han6ojiee npocraM ranoM noTeHunajia, ot- 
Beqaiomero STOMy Tpe6oBaHHK>, HBjiaeTCH npHMoyroJibHbiH noTeH- 
unaJi: 3T0 noTeHUHaji, o6ji3AaiomHH pa3pbiBaMH HenpepbiBHOCTH 
nepBoro pOAa (t. e. pe3KHMH cKauKaMH kohchhoh BejiHMHHbi) 

B HeKOTOpblX TOHKaX, a MeJKAy 3THMH TO^KaMH nOCTOHHHblft. Ocb x 

T3khm o6pa30M noApa3AeJifleTCH Ha HeKOTopoe mhcjio HHTepBajiOB, 
b ksjkaom H3 KOTopbix noTeHHH3Ji HMeeT BnojiHe onpeAeJieHHoe 

nOCTOHHHOe 3H3^eHHe. 

HsjiHHHe pa3pbiBOB nepBoro poAa y noTeHunaJia U (x) He H3- 

MeHHeT yCJIOBHH peryjIHpHOCTH, KOTOpbIM AOJIXHa yAOB JieTBOp 3Tb 
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rjl. III. KBAHTOBblE CHCTEMb! B OflHOM H3MEPEHHH 



<J)Vhkuhh ty. .HeficTBHxejibHO, corjiacHO ypaBHeHHio IIIpeAHHrepa, 

= — a)*. 

OieaoBaTeJibHO, b tohkax cKaiKOB noTeHunajia tpyHKHHH raKJKe 
paspbiBHa, ho nepBoo6pa3Han i|>', a TaKsce if ocTaioTCH Bcioay He- 

IipepUBHblMH (pyHKUHflMH. 

IlycTb Tenepb Ut ecTb 3HaneHHe (nocTOHHHoe) noTeHH.Ha.na 
b i-OM HHTepBajie (i = 1,2, ...,n). 06ru.ee pemeHHe b stoh 
o6.aacTH ecTb JiHHefiHaH KOM6HHauHfl 3KcnoHeHUHajibHbix (pyHK* 
h.hh. Ho noBeAeHHe pemeHHH cymecTBeHHO 33bhcht ot 3HaKa 
e-U,. 

ECJIH 8 > Ui, TO Mbl HMeeM K0m6hH3UHK) SKCnOHeHT C MHHMHMH- 

noK33afejiHMH: e'*'* h e~ lki>: {ki = V e — U t ) » T - e - 4 )aK ™ tiecKH 
kom6hh3Hhio CHHyca h KocHHyca; noBe^eHHe peuieHHH HMeer 
«ocuHJiJiHTopHHH» xapaKTep. 

ECJIH JKe 8 < Ui, TO HMeeT MCCTO KOM6HHanHH flefiCTBHTeJIb- 

hhx sKcnoHeHT e*'* h e - *'*^/ = Vf/j ~ 8 ) • B stom wiyiae mh 
roBOpHM, *ito pemeHHe HMeeT «3KcnoHeHHHajibHbiH» xapaKTep noBe- 

*4to6h HanncaTb o6m.ee pemeHHe AH(p{pepeHU,HaJibHoro ypaa- 
neHHH, CHanaJia BbipascaioT ero b BH^e jiHHeHHoft kom6hh3hhh skc- 

KOHeHT (AeHCTBHTejIbHblX HJ1H MHHMblx) B K3JKflOM H3 tl HHTepBa- 

jiob. riapaiweTpbi sthx kom6hh3hhh (ihcjio hx paBHO 2n) hsxo- 

JlflTCH H3 VCJIOBllfi HenpepblBHOCTH (pyHKUHH H ee npOH3BOflHOH 

b TOiKax p33pbiBa HenpepblBHOCTH noTeHunajia. 3to AaeT 2(n — 1) 
yCi/iOBHH, nocKOJibKy HMeeTCH n — 1 TOiKa pa3pbiB3. 06m.ee peme- 
HHe T3KHM 06p330M, 0Ka3bIBaeTCH 33BHC5UUHM OT flByX npOH3BOJIb- 

hhx napaMeTpoB, qTO h cneaoBaJio o>KH,naTb. L h , o6bi ncnyqaeMoe 
pemeHHe Shjio co6cTBeHHOH (pyHKUHefi HeoSxoflHMo, ito6h oho 
6wjio orpaHH i ieHo Ha Bcefi och, t. e. OKa3biBaJiocb orpaHHqeHHHM 
s KaJKAOM H3 npeneJioB x-* + °° h * -> — oo. 3aMeTHM, qTO ecnH 
aHeprHH e MeHbiue 3H3qeHHH noTeHUHajia bo BceM HHTepBajie 
( — oo,+oo), to o6m.ee pemeHHe Bcio,n,y HMeeT SKcnoHeHUHaJibHbiH 
xapaKTep. BTopan npoH3BOflHaa ty" BCKwy HMeeT tot »e 3H3K, 
■qTO h c3Ma ^yHKHHH Otcioas HeTpy^HO BbiBecTH, qTo o6mee pe- 
iueHHe 3KcnoHeHHH3JibHO pacTeT npn x -> — oo hjih x -> + oo h^h 
me b o6ohx cjiy^aax. 3anava Ha co6cTBeHHHe 3HaqeHHH npn stom 
He HMeeT pemeHHH. Otmcthm, qTO h b KJi3CCHqecKofi MexaHHKe 
JiBHJKeHHe B03M0JKH0 TOflbKO, eCJIH SHeprHH npeBocxo^HT 3HaqeHHe 
noTeHHHa^a xoth 6h b HeKOTOpofl qacra HHTepBa^s ( — oo,+oo). 
Ecjih e npeBocxoAHT xoth 6h oflHy H3 BejinqHH Ui, to cyme-. 

•CTBOB3HHe H qHC^O C06cTBeHHbIX (pyHKUHH 33BHCHT OT Xap3K- 
Tep3 nOBefleHHH (oCUHJIJIHTOpHOrO HJIH 9KCnOHeHHH3flbHOro) 06- 

iiiero pemeHHH b AByx 6ecK0HeqH0 yflajieHHbix KOHU,ax och x. 



§ 3. OTPAXEHHE H nPOXWKAEHHE BOJTH 
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§ 3. CuanoK noTeHUHajia. OTpa%eHHe h npoxoxAeHne bojih 

npocTeftuiHM npHMepoM npHMoyroJibHoro noTeHHHajia HBjineTca 
pe3KHft CKaqoK noTeHHHajia (n = 2) , npeACTaBjieHHbifi Ha pHC. 8. 

( U ly ec.™ x > 0 (oSjiacTb /), 

U{x) - \ U 2 , ecjiH x < 0 (oQjiacTb //). 

ByaeM CHHTaTb rjw onpeAejieHHocra, ito U 2 > U\. 
Bo3MO»Hbi Asa cjiyian: 

a) U 2 > e > t/i. 06mee pemeHHe HMeeT ochhjijihtophmh xa- 
paKTep b o6jiacTH / {x > 0) h 3KcnoHeHU.HajibHbifi xapaKTep b 06- 
jiacrH // (x < 0) . Hto6h sto pemeHHe Morjio HBHTbCH npneMJie- 

MOH CoScTBeHHOH (pyHKUHefi HeoSxOAHMO, HTo6bI B oSjiaCTH II OHO 

Chjio sKcnoHeHHHajibHO 3aTyxaiouj,HM. Bcerfla cymecTByeT oaho 
h TOJibKO oaho pemeHHe, yAOBJie- 
TBOpHiomee STOMy ycnoBHio. Ka>K- " I^U(x) 

Aoe 3HaHeHHe e b yK33aHHOM hh- 

TepBaJie hbjihctch HeBbipo>KAeH- 
hmm co6cTBeHHbiM 3HaneHHeM: 
cneKTp aHeprHH Henpepbiemiu ne- 
eupooicdeHHbiu. 06m.ee pemeHHe 
HMeeT bha: 



f i4isin(fei* + q)) x>0, 
y = \A^* x<0. (6) 



U, 



X 



ycJiOBHH HenpepbiBHOCTH onpeAe- P«c. 8. CKaqoK noTeHiwajia. 

JIHIOT y C TOMHOCTbK) AO nOCTOHH- 

HOH. BMeCTO TOrO, 4T06bI paCCMaTpHBaTb HenpepHBHOCTb (pyHKHHH 

h ee npoH3BOAHofl, yAo6Hee noTpefioBaTb HenpepbiBHOCTH (pyHKHHH 
h ee JioaapiupMunecKoti npou38odHou y'ly. HenpepHBHOCTb jiora- 
pntpMHiecKOH npoH3BOAHofi onpeAeJiaeT (pa3y 

(p onpeAeJineTCH c ToraocTbio ao onaraeMoro ran, TaK Kan 3a- 
MeHa <p Ha (p + rc SKBHBajieHTHa 3aMeHe 3Haica aMnjiHTyAbi A\~ 
FIpHMeM ajih <p SHa^eHHe 

cp=arctg-^-, (6a> 

npH^eM arctg Bupa»aeT 3Ha«ieHH3 stoh (pyHKHHH b HHTepBajie 
(-it/2, +jt/2) . 

HenpepHBHOCTb (py HKI * HH onpeAeJiaeT OTHomeHHe A 2 \A\ Y 

HMeHHO 

At . k\ I 8 — U 1 ICK\ 



^ * -- - - ■ — H*2 
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TJl. III. KBAHTOBblE CHCTEMH B OflHOM H3MEPEHHH 



6) e > U 2 . 06m.ee peiueHne HMeex ocuhjijihtophhA xapaKTep 
bo BceM npocTpaHCTBe h hbjihctch noaTOMy AonycTHMofi coSctbch- 

HOH (pyHKUHeft. KajKflOMy 3HaieHHK) e COOTBeTCTByiOT ABe JIHHeHHO 
-He33BHCHMbie C06cTBeHHbie (pyHKUHH; CneKTp C06CTBeHHbIX 3HaMe- 

hhh Henpepueubiu deynpaTHo ebipoofcdeumiu. 

06pa3yeM co6cTBeHHyio cpyHKUHio, noBeAeHHe KOTopoS b 06- 
jiacTH // HMeeT bha e~ tk >*. Ona onpeAeJiaeTCH c TOHHocTbio ao no- 

CTOHHHOH, KOTOpyK) MH Bbl6epeM T3K, 1To6bI K03(p(pHH.HeHT npH 

qjieHe e~ lk,x b oSjiacra / 6biJi paBeH eAHHHU.e. Hnane roBopn 

e -lk>x _|_ # e ik* x > o, 
S e -ik lX x<0. ^ 



riocTOHHHbie (BOo6me roBopH, KOMiuieKCHbie) R h 5 onpeaejinioTCH 
ycjiOBHHMH HenpepbiBHOdH b TOiKe x = 0. HenpepHBHOcTb jiora- 

pHCpMH^eCKOH npOH3BOflHOH aaeT 

a HenpepHBHOcTb caMofi (pyHKHHH — 

KoMnjieKCHo conpjDKeHHan (pyHKHHH %* ecTb co6cTBeHHaH 

(pyHKUHH, JIHHeHHO He3aBHCHM3H C %. Bee C06cTBeHHbie (pyHKHHH, 

cooTBeTCTByiomHe coScTBeHHOMy 3HaqeHHio e, MoryT 6biTb 3anH- 
caHbi KaK JiHHeftHbie kom6hh3Hhh % h %*. 

CpaBHHM noJiyneHHbie pe3yjibTaTbi c TeMH, KOTopbie AaeT Kjiac- 
CHiccKan MexaHHKa. ,D,BH>KeHHe KJiaccnqecKOH nacTHUbi b paccMaT- 
pnBaeMOM noTeHn,HaJie pa3JinqH0 b cjiynanx a) h 6). 

B cJiy^ae a) KJiaccHnecKoe ABHaceHne cooTBeTCTByeT ABHweHHio 
qacTHUbi c sHeprneH (h 2 /2m)e. Hacraua, npnxoAH H3 +oo, npo 
<5eraeT noJio>KHTejibHyio noJiyocb c iioctohhhoh CKopocTbio hki/m 
b HanpaBJieHHH yMeHbiueHHH x, 3ajeu ynpyro OTpaxaeTCH ot 

TO^KH X = 0 H yXOAHT o6paTHO C TOH >Ke CKOpOCTbK) B eecKOHe 1 !- 

HocTb. HTo6bi onncaTb aHajiorHMHoe ABH>KeHHe b bojihoboh Mexa- 
HHKe, cjie^yeT nocTpoHTb bojihoboh naKeT H3 bojih rana ye~ iEtlb 

C 6JIH3KHMH SHeprHHMH. BMeCTO (pyHKHHH (6) yAOfiHee HCnOJIb30- 
BaTb BOJIHy 

-ikiX gi (fe,Ai+2j>) x~> 0 

,<0, < 8 > 



/■ e -tk lx _ e ti 

(X) = {^_ eive u* 



nojiyiaeMyio, ecjin y pa3AejiHTb Ha |iiir''; mm nnuieM hhabkc 

€, ^TOSbl yKa3aTb, HTO 3T0 Co6cTBeHH3H (pyHKHHH, COOTBeTCTByK)m.aH 



§ 3. OTPA5KEHHE H nPOXOKflEHHE BOJIH 
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coficTBeHHOMy 3usmemm e. PaccMOTpmn bojihoboh naner 

oo 

V(x,t)=\f (k\ - % (x) e- iE '« h dk[. (9> 
o 

<I>yftKUHH / (k[ — edb AoeraTo^HO peryjinpHaa AeficTBH- 
TeJibHaa <py HKU . HH k[, ,,o6jiaflaiomaH pe3KHM MaKCHMyMOM npH 

k' x = /jj (OITPHX y k\ 3A©Cb He HMeeT OTHOUieHHH K npOH3BO,HHOHr 

no x; cmhcji bcjihihh k\, e', E' h hx B3aHMHbie cbh3h oieBHAHbi) . 
JX&6h ycTpaH'HTb HeHyatHbie cjiojkhocth, npuMeM, KpoMe Toro, qia 
i(k[ — k { ) oSpamaeTCH b Hyjib npH k[ 2 > U 2 — U v TaKHM o6pa- 
3om, (pyHKitHH W(x, t) o6pa30BaHa cynepno3Hii,HeH co6cTBeHHbix 
(pyHKHHft cjiyian a) c xapairrepHbiM MHOJKHTejieM e~ lE ' ilh , yiHTbi- 

BaiOIUHM 33BHCHMOCTb OT BpeMeHH. Ilo CaMOMy IIOCTpOeHHK) ^¥ 3B- 

jiaeTCH pemeHHeM ypaBHeHHH IIIpeAHHrepa, 3aBHcamero ot Bpe- 
MeHH. HeTpyAHO nptACTaBHTb ce6e, KaK st3 (pyHKHHH MeHHeTca bo 

BpeMeHH, eCJIH OfipaTHTbCH K HCCJieAOBaHHK) CB060AHHX BOJIHOBblX 

naKeTOB (rji. II). 

B oSjiacTH I pemeHHe W(x, t) ecTb cynepno3HUHa AByx BejiH- 
hhh: «naAaiomero bojihoboto naKeTa» 

00 f 

(x, t) = J f {k[ - e " tt i*e-w'</* dkl (tOa> 
0 

neHTp KOTOporo — (1/fi) (dE/dki)t = — vrf nepeMein,a*Tea co cko- 
pocTbro v\ = hki/m b OTpHuaTejibBOM BaBpawreHHH h ^OcTHraer 
to^kh x — 0 b MOMeHT t = 0, h «OTpa>KeHHOro BOJiHOBOto naKeTa»- 

W r (x, t) = - J / (k[ - *,) e ">* +2<P ) e -^m dk[, (106) 

o 

ueHTp KOToporo x — V\t — 2dq>Jdki nepeMemaeTCH co cKopocTbio v\ 
b npoTHBonojioJKHOM HanpaBjieHHH h noKH^aeT Ha^ajio KoopAHHar 

B MOMeHT 

x== ±*L = 2h%, (11), 

KOTOpbifi oTJiHHaeTCH ot MOMeHTa t = 0 npHXOAa «naflaromero boji- 
HOBoro naKeTa» b TOHKy x = 0. ,D,BH}KeHHe nenrpa BOJiHOBoro na- 
KeTa, TaKHM o6pa30M, noiTH hachthhho abhjkchhio KjiaccHiecKoft 

laCTHUM. EAHHCTBeHHOe OTJIHHHe COCTOHT B 3ana3AbIB3HHH T, KOTO- 

poe o6Hapy>KHBaeT ueHTp naxeTa npH OTpajKeHHH ottomkh pa3pHBa 
HenpepbiBHOcTH noTeHunajia x = 0, TorAa KaK OTpajKeHHe KJiaccn- 
'lecKofi qacTHUbi nponcxoAHT MrHOBeHHO. 3aMeTHM no aTOMy no- 
BOAy, hto caMo paccMOTpeHHe ABHJKeHHH ueHTpa naKeTa HMeeT; 



$0 TJI. III. KBAHTOBblE CHCTEMbI B OAHOM H3MEPEHHH 

cmhcji TO^bKo, ecrm 4>opMa naKeTa He cjihuikom mchhctch 3a BpeMH 
^BH^eHHH. 9to ycjiOBHe BbinojiHHeTCH b c/iyiae naAaiomero bojiho- 
Boro naKeTa, noKa ero ueHTp otctoht ot Hauajia KoopAHHaT Ha 
paccTOHHHH, SojibnieM, HeM uinpHHa naneTa Ax. Hto6h to me 
ycjiOBHe BunojiHHjiocb ajih oTpajKeHHoro BOJiHOBoro naneTa Heo6- 
xoahmo, KpoMe Toro, fTo6bi innpHHa Ak MaKCHMyMa (pyHKUHH f 
^biJia AocTaTOHHo MaJioft. npH 3tom <pa3a 9 He MeHHeica 3aMerao 
b o6jiacTH, AaioiHeft HanSojibiiiHH BKJiaA b HHTerpaji (9), ecjin 
Ak(d<p/dki) <C 1. FIocKOJibKy npocTpaHCTBeHHbie pa3Mepbi Ax na- 
KeTa nopfl/uta l/Ak, sto ycjiOBHe mojkho 3anncaTb b bhac 

Ax»4l. ' < 12 > 

C^eflOBaTejibHO, Axfvi t. FlaKeT bojih HacTOJibKO mnpoK, mo 
BpeMH, 3a KOTopoe oh nepeceKaeT Becb HeKOTopyro To^Ky Ha och, 
3Ha t iHTejibH0 Sojibine 3ana3AHBaHHH, Bbi3BaHHoro OTpaateHHeM. 

ITomhmo 3ana3AbiBaHHH x HMeeTCH eme oaho otjih^hc MejK^y 
ABHJKeHHeM KJiaccnqecKOH nacTHUbi h oTpaxeHHeM KBaHTOBoro 
BOJiHOBoro naKeTa. Boraa W He Bcer^a paBHa Hyjiio b oSjiacra //. 
HccJieAOBaHHe, aHajiorniHoe BbiuienpHBeaeHHOMy, noKasbiBaeT, hto 
W paBHa npoH3BeaeHHio (paKTopa 2A 2 e K ' x /A l Ha BejiHHHHy, npHHH- 
Maromyio 3aMeTHbie 3HaqeHHH b npoMexyroK BpeMeHH, 6jih3khh 
MOMemy £=t/2;,&tot npoMexyTOK mojkho paccMaTpnBaTb KaK 

BpeMH CTOJIKHOBeHHH C nOTeHUHaJIbHOH «CTeHKOH» B TOHKe X = 0. 

TaKHM o6pa30M, b stot MOMeHT BpeMeHH cymecTByeT oTjiHMHaa 

OT HyjIH BepOHTHOCTb HaHTH qaCTHHy B oSjiaCTH II, B TO BpeMH KaK 

KJiaccH^ecKaa qacrana HHKqrAa He npoHHKaeT b 3Ty oS^acTb. 
PaccMOTpHM Tenepb cjiynaft 6). B stom c/iyqae hmciotch ABa 

B03MO>KHbIX KJiaCCHMeCKHX ABH>KeHHH, COOTBeTCTByiOLUHX OAHOMy 

SHa^eHHio SHeprHH 1 ). B oahom nacTHHa npo6eraeT bcio ocb ot 
-f oo ao — oo, npn^eM ee CKopocTb, nocTOHHHan h paBHan v\ = 
= hk\jm b o6.nacTH /, MeHHeTCH cKa^KOM ot v\ ao v 2 = M 2 /m 
b TOHKe pa3puBa HenpepbiBHOCTH noTeHnnajia; b AaJibHeftuieM 

^aCTHUa ABHJKeTCH CO CKOpOCTbK) V2 AO — OO. flpyrOe B03MO>KHOe 

ABHmeHHe ecTb b tomhocth npoTHBonojiojKHoe ABH^eHne qacTHHbi, 
npoSeraiomeft ocb x b nojio>KHTeJibHOM HanpaBjieHHH co CKopocTbio 

V 2 B 06^aCTH // H CKOpOCTbK) Vi B 06jiaCTH /. 

CpaBHHM 3TH KJiaCCHHeCKHe ABHJKeHHH C ABHJKeHHHMH BOJIHO- 

bhx naKeTOB, HaxoAHmnxcH b Tex we Ha^ajibHbix ycnoBHHX. CAe- 
jiaeM 9to ajih nepBoro H3 ABH>KeHHH (nepeMemeHne b oTpnua- 
TejibHOM HanpaBJieHHn) . XleflcTByH cooTBeTCTBeHHO cJiynaio a), 
o6pa3yeM bojihoboh naKeT, aHajiorH^Hbifl (popMyjie (9), KaK cynep- 

n03HHHK) C06CTBeHHbIX (pyHKHHH, COOTBeTCTByiOIUHX C06CTBeHHbIM 



') 3tot (})aKT ciieflyeT cpaBHHTb c Ha^HiHeM AByKpaTHOro BwpoWAeHHH b 
cooTBetCTByiomeft KBaHTOBofl 3aAaie. 
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3HaieHHHM, 6JIH3KHM 6. CHa6,3,HM COGCTBeHHyiO (|>yHKU.HI0 % ™ na 
(7) HHfleKCOM 6, qT06bI OTMeTHTb, <ITO OHa 33BHCHT ot sneprHH. 

A priori naKd AOjijKeH BKJiKwaTb cynepno3HU,Hio (pyHKHHH x e h Xg- 
Ho iTo6bi ocymecTBHTb >KejiaeMbie HanajibHbie ycjiOBHH, naxer 

flOJIJKeH COAepjKaTb TOJIbKO (pyHKUHH Xe. ^TO 6yAeT BH/JHO H3 AaJIb- 

Hefiuiero. 3anHiueM nosTOMy 

oo 

W (x, 0 = \ I (k[ - V W d^. 

o 

EflHHCTBeHHOe OTJIHHHe OT CpOpMyjIbI (9) COCTOHT B TOM, HTO MaK- 

CHMyM ki = — Ui (pyHKii,HH f HaxojHTCH b oSjiacTH aHeprnfi 6), 
a He b oSjiacTH a). Sbojuouhh BOJiHOBoro naneTa bo BpeMeHH hc- 
CJieayeTCH aHajiorHHHO (pO]3Myjie (9) H & aeT cjieayjomne pe- 

3y.1bTaTbI. 

Mh KOHCTaTHpyeM, qTO HaqaJibHbie ycJioBHH yAOBjieTBopnioTCH, 
a HMeimo npH KO (pyHKUHH ^(x,t) npaKTHHecKH paBHa Hyjifo 
b oSJiacTH //, a b o6jiac™ / 3aMeTHbift BKJiaa AaeT TOJibKo qjien 
e -ik,x > T . e Mu nojiyiaeM bojihoboh naneT, ueHTp KOToporo x = 
= — v\t nepeMemaeTca nan KJiaccHiecKaa wacTHua co cko- 
pocTbio V\ b HanpaBjieHHH yMeHbmeHHH x h flocTHraeT Haqajia 
b MOMeHT / = 0. B aajibHefimeM ^(x, t) pa3AeJiHeTC5i Ha ABa na- 
KeTa: «npoxoA5UHHH bojihoboh naKeT» 

oo t 

yp f ( x , t) = \ f {k[ - A,) S^'Vg-iB'w* dk ' v 

0 

u,eHTp KOToporo x = — v 2 t CTporo cJieAyeT AsnxeHHio KjiaccHqe- 
ckoh nacTHUbi, h «OTpa5KeHHHH bojihoboh naKeT» 

oo f 

W r (x, t) = J f (k[ - k x ) R'e ik i x e-tB'm dk[, 
o 

HeHTp KOToporo x = v\t flBHJKeTCH Tan, kbk KJiaccH^ecKaH nacTHua, 
npeTepneBiuan ynpyroe OTpa>KeHHe b Tonne x = 0. CymecTByeT, 
TaKHM o6pa30M, o^eHb BajKHoe OTJIHHHe ot KJiaccHiecKoro ABH- 
»eHHH: KeaHToean «.Hacrui{a» UMeer OTAUHHyw ot hijah eepoHT- 

HOCTb «OTpCC3UTbCX» tipil tlpOXOOKdeHUU TOHKU pd3pbl6a tlOTeHl{UClACl. 

Mto6h npoflOJiJKHTb 3tot aHajiH3, cjieayeT yTOHHHTb 3Ty BeponT- 
HocTb, ito 6yaeT CAeJiaHO b tji. IV. Otmcthm 3Aecb 6e3 ao- 
Ka3aTeJibCTBa, hto BepoHTHOCTb HafiTH qacTHuy b OTpa^eHHoii 



BojiHe paBHa 
paBHa (k 2 fki) 



R\ 2 , a BepoHTHOCTb HafiTH ee b npoiueauiefi BOJiHe 
S| 2 (cm. sa^a^y IV. 2). 3th pe3yjibTa™ corjiaco- 



BaHbl, T3K K3K CyMMa 3THX flByX BejIHHHH paBHa eAHHHue 

\R\ 2 + ^\S\ 2 =l, (13) 
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no nemo npoBepnTb, noACTaBjins b sto ypaBHeHHe BbipajKeHHH 
(7a) h (76). 
BejiHHHHa 

Ha3biBaeTCH K03cptpuu,ueHTOM npoxoowdeHUH. 3t& Bejimiraa pacTer 
c SHeprnefi h erpeMHTCH k 1, KorAa e-»-oo. Mojkho CKa3aTb, 
ito b 3TOM npcuejie mh nojrynaeM pe3yjibraT KjiaccnqecKOH Me- 

XaHHKH. 

MlOJKHO 3aMGTHTb, qTO T eCTb CHMMeTpH^HaH (pyHKIXHH ki H & 2 . 

CjieAOBaTe^bHo, Bojraa toh see aHeprHH, ho pacnpocrpaHHromaHca 
b npoTHBonojiojKHOM HanpaBjieHHH (ot o6jiac™ // k o6jiac™ /), 

HMeeT OAHHaKOBUH K09(p4)HU;HeHT npOXOKAeHHH: OH He 33BHCHT OT 
HanpaBjieHHH ABHJKeHHH. 

Bee 9TH pe3yjibTaTbi He MoryT oieHb yAHBHTb, ecjin npHHATb 
bo BHHMaHHe aHaJiornio c pacnpocTpaHeHneM cBeTOBoft bojihm. 
PaccMaTpHBaeMan Bbinie 3aAaqa BnojiHe SKBHBajieHTHa 3aAaqe 
o pacnpocTpaHeHHH cBeTOBoro cnrHajia b HenoiviomaiomeH cpe^e 
c nepeMeHHHM noKa3aTejieM npejiOMjieHHH. B oiyqae a) noKa3a- 
TeJib nepexoAHT ot AeficTBHTeJibHoro 3HaqeHHH (cpeaa /) k 3Ha- 
qeHHio MHHMOMy (cpeAa //) b TOiKe x = 0: HMeeT MecTO nojmoe 
•OTpajKeHHe. B cJiyqae 6) noKa3aTejib ocTaeTCH AeficTBHTeJibHbiM, 
ho sHaqeHHH ero b cpeaax I n II pa3JiHtiHbi: pe3Koe H3MeHeHHe 
JiOKa3aTejia conpoBoncAaeTCH lacTHHHHM OTpaxeHHeM. 



§ 4. BecKOHeHHo bmcokhh noTeHUHajibHbifi Qapbep 

npeaeJibHUM anyqaeM npeAinecTByiomeH 3aaaqH HBjmeTCfl 3a- 
jiaia 0 qacTHue, BCTpeiaromeS 6ecKOHe t mo bhcokhh noTeHUHajib- 
Hbiii Sapbep. npeAnojioatHM ajih onpeAeJieHHocra, ito U(x) = ' 
= +00, Kor^a x<0. Mh HaxoAHMCH b cHTyauHH, aHajioruiHofi 
-cjiynaio a), Kor^a f/ 2 -*+ 00 - H3 (popMyji (6), (6a), (66) b stom 
upeiiejibHOM crcyqae (X2-*- 00 ) oneAyeT, qTO Bojrna o6pamaeTca 
b Hyjib b ToqKe x = 0. 

STO 06lUHH pe3yjIbTaT, He 3aBHCHIU.HH ot (popMbi (pyHKynH 
U(x) B 06jiaCTH X > 0. flefiCTBHTeJIbHO, BOJIHOBaH (pyHKHHH b 06- 

jiacTH x < 0 no HeoSxoAHMOCTH npHHHMaeT (popiay Ae KiX , ee jiora- 
pHCpMHHecKan npoH3BOAH3H ecTb x 2 . B npeAeJie, KorAa no- 

TeHnHaJI V2 CTpeMHTCH K 6eCKOHeHHOCTH, Y.2 T3KJKe CT3H0BHTCH 

^ecKOHenHbiM. 3H3HHT (pyHKUHH AOJiJKHa HMeTb 6ecKOHeHHyio Jiora- 

pHfpMH^eCKyiO npOH3BOAHyiO B TOTKe X = 0, T. e., HHblMH CJIOB3MH, 
o6paTHTbCH B Hyjlb. 

TaKHM o6pa30M, e npedeAbHOM cAynae 6ecKoneHHo bucokozo 
noreHi{uaAbHoeo 6apbepa eoAHoean (pynKqun doAOKHa o6paw l aTbCH 
e nyAb ua zpauuqe 3tozo 6apbepa. 



§ 5. EECKOHE^HO n/iyEOKAH TIOTEHUHAJIbHAH StMA 
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§ 5. BecKOHeHHO rjiySoKaa noTeHunaJibHasi «Ma. 
JI,HCKpeTHbiH cneKTp 

B KanecTBe BToporo npocToro npHMepa mm paccMOTpHM cjiyqaft 
gecKOHe^Ho rjiySoKofl npHMoyrojibHofi noTeHunajibHoft hmu. 3Ha- 
qenne noTeHunajia Ha AHe 'hmh 6yaeM cHHTaTb HauajioM oTcieTa 
3HaHeHHft aHeprHH. 3Ta o6jiacTb Hy- 
jieBoro noTeHUHaJia 3aHHMaeT HeKOTo- 
pbifi ynacTOK och ( — L/2, +L/2); c 
o6enx CTopoH HHTepBaji orpaHHneH 
6ecKOHe4HO bhcokhmh noTeHimaJib- 
hhmh SapbepaMH (pnc. 9). 

3aAaqa o co6cTBeHHbix 3HaieHHHX 

CBOAHTCH K HaXOMfleHHK) (pyHKUHH 

oSpamaiomeHca b Hyjib b Tomcax 
+L/2 h — L/2 h yAOBjieTBopaiomeH 
b HHTepBajie ( — L/2, +Z./2) ypaBHe- 
hhio IIIpeaHHrepa 

,)," + gajj == 0. 



L 
'2 



4 



X 



Phc. 9. BecKOHeHHO niy6oKaH 
npHMOyroJibHan noTeimiiajibHaH 
HMa. 



OQmee pemeHHe ecTb jiHHeftHaa kom- 
6HHau,HH sinkx h cos kx (k — V 8 )- 
PemeHHH, OAHOBpeMeHHo yaoBjieTBO- 

pHiomHe flByin rpaHHHHbiM ycjiOBHHM, cymecTByiOT TOJibKo npH He- 

KOTOpblX AHCKpeTHHX 3HaHeHH5IX 8, a HMeHHO! 



n'n' 



(«=!, 2, oo) 



(15) 



(peuieHHH, ajih KOTopbix kL = tin). Ka>KAOMy H3 3THX SHa^GHHH En 
COOTBeTCTByeT OAHa H TOJIbKO OAHa COSCTBeHHaH (pyHKUHH (bu- 

pojKAeHHH HeT), a hmchho: 



ran 

• cos —j— x npn n HeneTHOM, 



ran 

\|3„ = sin — x npn n hcthom. 



(16a) 
(166) 



3tot npocTofi pe3yjibTaT BbiabiBaeT ue^bift pha o6iu.hx 3aMena- 
hhh. Bo-nepBbix, AaHHbifl pe3y^bTaT npHHimiraajibHO OTJiH^aeTCH 
ot pe3yjibTaTa KJiaecnqecKOH MexaHHKH. B tom >Ke noTeHunajie 
KAaccnqecKaH qacTHua mojkct ABHraTbcn npH Jno6oii nojioxtHTejib- 
Hoft sHeprHH. 3to 6yAeT nepHOAHqecKoe ABHjKeHHe TyAa h o6paTHO 

MeSCAy AByMH nOTeHUHaJIbHHMH CTeHKaMH, HaXOAHUIKMHCH Ha KOH- 

iiax HHTepBajia ( — L/2, +L/2). B kb3htoboh MexaHHKe abhjkchhq 
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MosceT HMeTb Mecro TOJibKO npH HeKOTopux onpeAejieHHUX flHCKpeT- 
Hfaix sHa^eHHHX sHeprHH 2 ): snepeun nacruqu KeaHTyercx. 

BTopoe 3aMeMaHHe KacaeTca nemocm coSctbchhhx (pyHKimfi 3 ) . 
OyHKUHH qerabie, ecjiH n HeueTHo (ypaBHemie (16a)), h He^eTHbie, 
ecjiH n Herao (ypaBHeHHe (166)). To oSeroHTejibCTBO, ito co6- 
cTBeHHbie (pyHKUHH oSjiaaaioT onpeAejieHHofi ueTHOCTbio, cbh33ho 

CO CBOHCTBaMH nOTeHUHajia, KOTOpblft HBJIHeTCH leTHOH (pyHKUHeft 

OTHOCHTejibHO Ha^ajia KOOpflHHaT: 



npofijieMa qeTHOCTH bo Bcefl nojmoTe 6y#eT paccMOTpeHa b § 14. 

OocjieaHee 3aMeqaHHe othochtch k nucny y3Aoe co6cTBeHHbix 
pyHKUHH. Flo onpeaejieHHio y3Jibi cyTb tohkh, b kotophx (pyHKHHH 
oGpamaeTca b Hyjib (3a HCKJironeHHeM Hyjieft Ha KOHuax HHTepBajia 
— L/2 -{-L/2). Hhcjio y3Ji0B mohotohho pacieT c poctom coScTBeH- 
Horo 3HaieHHH aHeprnn, oho yBejiHMHBaeTca Ha eAHHHuy npH ne- 
pexo^e ot HeKOToporo coScTBeHHoro 3HaHeHHH k 6jiH»afiiueMy no- 
CJieayiomeMy: coScTBeHHan (pyHKUHH ocHOBHoro coctohhhh ifn He 
HMeeT y3JioB, co6cTBeHHan (pyHKUHH n — 1-ro B036yjKfleHHoro 
coctohhhh ip„ HMeeT n — 1 y3eji h t. a. riojie3HO no^qepKHyTb aHa- 
JIOrHK) C 1HCJIOM y3,7IOB CTaUHOHapHblX coctohhhh 3aKpenjieHHO& 
Ha KOHuax KOJie6jnomeficH CTpyHbi. Cxoactbo 3flecb nojiHoe, TaK 
Kan MaTeMaTH^ecKH o6e 3aaaqH To^aecTBeHHbi. 

§ 6. KoHemasi noTeHUHajibHaa aivia. Pe30HaHCbi 

Pe3yjibTaTM, nojiyueHHbie h3mh Ha npHMepax cKa^Ka noTea- 
unajia h 6ecKOHeiHO iviySoKOH noTeHUHajibHofi hmh, noinoryT Haw 
paccMOTpeTb 6ojiee cjiojkhhc cjiy^an. B KanecTBe hoboto npniwepa 
B03bMeM noTeHunaji, H3o6pa>KeHHbiH Ha pnc. 10. 3flecb (pyHKUHH 
U(x) npHHHMaeT bha: 



npnqeM t/ 2 < U\ < U s . 

3aflaqa o codcTBeHHbix 3HaieHHHx npeACTaBjineTca pa3JiHHHoft 

B 33BHCHM0CTH OT BeJIHTOHbl E no CpaBHeHHK) C nOCTOHHHHMH 

U u U 2 h U s . 

a) < e < LJ\. flucKpembiti cnenrp u cea.3aHH.bie co- 

CTOHHUfl. 



2 ) riepHoa KJiaccHiecKoro ABHHceHHH paBeH h/AE, rue A£ — paceroHHHe 
Meacny 6jiHJKafluiHMH ypoBHHMH, b corjiacHH c npHHunnoM cootbctctbhh. 

3 ) OyHKUHH f(x) ecTb leTHaa (pymcimH, ecjiH f(x) — f(—x), h HeieTHaa, 
ewiH f(x) = —f(— x ). 



U(x) = U{-x). 



U(x) = 




x > a (odJiacTb /), 
a > x > b (o6jiacTb //), 
b > x (ofijiacTb ///), 



§ 8. KOHEMHA3 nOTEHUHAJIbHAS HMA. PE30HAHCM 
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06iuee peuieHHe Be^eT ce6a SKcnoHemniaJibHo bo BiieiuHHx o6jiaerax / h 
///, a bo BHyipeHHeft o6jiac™ xapaKTep ero noBeaeHHH ocnjHJiJiaTopHbift. Hto6m 
6uTb npaeMJieMHM b KaiecTBe co6ctb6hhoh cpyHKUHH, peuieHHe aojdkho siccnoHeH- 
UHaJibno 3aTyxaTb b o6enx BHeuiHHx ofijiacTHx. CymecTByeT oaho h TOJibKO oaho 
peuieHHe, SKcnoHeHimajibHO 3aTyxaiomee b ofijiacTH /, a TaKxe oaho h TOJibKO 
oaho peuieHHe, 3aTyxaioiu.ee b o6;iacTH ///; sth ABa pemeHHH corjiacoBaHHO cuih- 
BaioTCsi TOJibKO npH HeKOTopbix onpe- 

AeJieHHHX AHCKpeTHblX 3HaqeHHHX E. 

Mbi AeJiaeM 3aKJiiOTeHHe, hto aHepreTH- 
qecKHft cneKTp no Heo6xoAHMOCTH ahc- 
KpeTeH h He BbipOJKAeH. 

cpyHKuna no npeiuiojioweHHio 
BeniecTBeHHaa (cp. CTp. 85), b Kasc- 
floft H3 Tpex oSjiacreft HMeeT: bha: 

f A x e~* a x>a, 

cp = | A 2 sin (k 2 x + cp) a > x > b, 

\ A 3 e K3X b > x. 

(17) 

Ecjih (pa3a cp H3BecTHa, to ABa ycjio- 
bhs HenpepuBHocTH (pyHKUHH onpeae- 
jihiot nocTOHHHbie A\, A',., A 3 (c toi- 

HOCTbK) AO nOCTOHHHOrO MHOJKHTejia) . 

Mto see KacaeTCH cp, to OHa AOJiHcna yAOBJieTBopaTb OAHOBpeMeHHO AByM ycjio- 

BHSM HenpepblBHOCTH JIOrapHCpMHieCKHX np0H3B0AHHX: 

k 2 ctg (k 2 a + <p) = — 5ti, k 2 ctg (k 2 b + cp) = x 3 ; 

HHblMH CJIOBaMH 

(p = — k 2 a — arctg — - + tin (ft — uejioe nojioxHTeJibHoe) 




Phc. 10. KoHeiHan npaMoyroJibHaa no- 
TeHiwajibHafl aitia. 



(18) 



<p = — k 2 b + arctg — 

«3 



(19) 



(cp onpeAeJiaefcjasfc TO^HOCTbio ao CJiaraeMoro nit; mh TpefiyeM, htoom k 2 b + cp 
HaxoAHJiocb b Hffl|epBajie ( — jt/2; +it/2)). 3to bo3mo>kho b tom h TOJibKO b tom 
cjiyqae, KorAa npasbie lacra Asyx nocjieAHHX ypaBHeHHft paBHU. yKa3ainioe pa- 

BeHCTBO MOJKeT 6biTb peajIH30BaH0 TOJibKO npH HeKOTOpUX AHCKpeTHblX 3Hatie- 

hhhx e„ BeJiHqHHu e, a HMeHHO npn Tex 3HaqeHHax, KOTopue yAOBJieTBopaioT 
ypasiieHHio 

• k 2 (a — b) — arctg + arctg 



tin ■ 



BBeAeM cjieAyrouine o6o3HaqeHHa: 

K*=*JU y -U t , L=b-a, cos y = ^J^E^ 



(20) 



Ut , L=b 
h HOByio nepeMeHHyio 



(0< Y <f) 



6 — 



u 2 



V, 



ypaBHeHHe MoaceT 6biTb 3anHcaHO b bhag ycjioBHa Ha %: 

tin — %KL = arcsin | + arcsin (| cos y). 

IlocjieAHee ypaBHeHHe rpacpaqecKH peuieHO Ha pnc. 11. KorAa e pacTeT ot U 2 
Ao Ui, | pacTeT ot 0 ao 1, a npaBaa qacTb ypaBHeHHH pacTeT ot 0 ao at — y, 
cjieAya kphboh C (Koropaa 3aBHCHT TOJibKO ot napaMeTpa y). B to 3Ke BpeMa 
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JieBaa uacTb ypsBHCHHs yineHhiiiaeTCH ot nit pp nn — KL, oiie,aya OTpe3Ky nps- 
moh D„. Hto6h C h D n nepeceKajiHCb, Heo6xoaHMO h AOCTaTomo, ito6m uejioe 

MHCJIO n 6bIJIO flOCTaTOTHO MaJIHM: 

/CI>(«- l)n + y. 

Ecjih KL < y, co6cTBeHHHX 3HaieHHfl HeT; ecjiH y =g KL ^ n + y. t ° cymecT- 
ByeT oflHO co6cTBeHHoe 3HaneHHe ei; ecjiH Jt + Y ^ < 2ji + y. HMeerca flBa 

COdCTBeHHblX 3HaMeHHH 81 H 62(6] < 6 2 ) H T. A- JIei"KO BHfleTb, 1TO C06cTB6HHbie 

3HaieHHa pacnojiaraioTca b nopH^Ke B03pacTaK>mnx n. Ohh o6pa3yioT AHCKpeT- 
Hyio h KOHeiHyio nocJieaoBaTeJibHocTb — ot ocHOBHoro co6cTBeHHoro 3HaieHHH ei 



fit,) 




0 0,25 0,50 0,75 t f 



Phc. 11. rpa<pH<iecKoe peuieHne 3aAaiH o flHCKperaux coficTBeHHux 3HaieHHax: 
1 = [(e — U 2 )/(Ui — t/2)] 1 '*. Co6cTBeHHbie 3Ha«ieHHH cyTb toikh nepeceqemia 
KpHBoft (C), 3a«aHHoft ypaBHeHHein / (|) =» [arcsin £ + arcsin (| cos y)]/n, h 
KaacAofi H3 npHMHX (D n ): y (g) = n — (KL/n) g (npuHHTO y = n/3, KL/n— 5). 

ro MaKCHMaabHoro co6cTBeimoro 3HaieHHa, cooTBeTCTByiomero HaH6ojibmeMy ue- 
jioMy incny, He npeBocxoflameMy 1 + (KL — y)ln. 

KBaHTOBoe ihcjio n HMeeT Bnojire onpefleJieHHHfl MaTeMaraHecKHft cmhcji. 
PaccMOTpeHHe ypaBHeHHft (19) n0Ka3HBaeT, hto (jjymtmiH sin(£ 2 * + cp) o6pa- 
maeTCH b Hyjib n — 1 pa3, KorAa x npofieraeT HHTepBaji (a, b). Ho, cneAya ypaB- 
HeHHK) (17), HyjiH 3toh (pyHKUHH coBnaAaiOT c HyjiHMH ty. CneAOBaTejibHO, qncjio 

y3JIOB COSCTBeHHOH (pyHKIiHH, COOTBeTCTByiOmeft rt-OMy C06CTBeHHOMy 3HaieHHio 

e n , ecxb n — 1 . 

B 3aKJnoqeHHe mo>kho npoBecra c'paBHeHHe c KJiaccmecKoft CHTyaiiHeft, Kan 
9to 6hjio cae^aHO b cjiyqae 6ecKOHeqHO rjiyfioKofl noTeHUHajibHofi hmm. Tenepb 
noMHMO KBaHTOBanHH SHepran cjie^yeT OTMeTHTb AonojiHHTejibHoe OTjrarae; no- 
CKOJibKy BOJiHOBaa (pymuma coxpaHaeT OTJiHmbie ot Hyjia 3HaieHna b ooViacTax 
/ h ///, cymecTByeT OTJiMHaa ot Hyjia BepoaTHOCTb Haflra lacrauy h b sthx 06- 
jiaerax, Ky^a flocTyn KJiacciraecKoft qacraue nojiHOCTbw 3anpemeH. 

6) Ui < e < Us. CneKTp wnpepbietibiu HeebipootcdeHHuu. Ot- 
paoweuue bojihu. 

Mh HaxoAHMCH b cHTyauHH, aHajiornqHoft cJiyqaio a) b 3a- 
fla^e o cKaMKe noTeHunaJia. Kaa<AOMy sHa^eHHio e cooTBeTCTByeT 
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oflHO h TOJifaKo (who bcioay orpaHHHeHHoe pemeHHe, hmchho to, 
KOTopoe 3KcnoHeHU.Ha.nbHO 3aTyxaeT b oSjiacra ///: b HHTepBa^e 
(U\, Uz) cneKTp co6cTBeHHbix 3HaieHHH HenpepbiBHbift h HeBbipo>K- 

AeHHHH. 

Mm Huieni peuieHHe b BHAe 



2Ae t i>> sin (k 2 x + qp 2 ) a > x > b, (21) 
2Be i ^e*>* b > x. 



KaK h b npefliuecTByiomHx 3aAaiax, ycJioBHH HenpepHBHocTH jio- 
rapHtpMH^ecKoft npoH3BOAHOH onpeaejiHioT <pa3M <pi h q>2- HaxoAHM 



<P2 = — ^ + arctg -f- 

^3 



<Pi 



= _ kia _ JL + arctg [ *L tg(* 2 L + arctg -£)] , 



b to >Ke BpewtH HenpepbiBHOCTb caMofi cpyHKUHH no3BOJiHeT onpe- 

fleJIHTb A h B. 

JXanee mm 6yAeM npeanojiaraTb, hto £/ 3 — e e — (7 2 OTKyAa 
£2 -C «3 h, cjieAOBaTejibHO, £i -C X3. Bee nponcxoAHT TaK, KaK eanH 
6bi o6jiacTb /// xapaKTepH30Bajiacb 6ecK0HeHH0 orra.nKHBaioiiiHM 
noTeHUHajioM, TaK *ito B — 0. HHTepecyiomHMH Hac BciHWHaMH 

51BJIHIOTCH (pi H A 2 . 

ycnoBHMca, qTO a = 0, b = — L, h iiojiojkhm 

Toraa nocjie ajieMeHTapHoro pacieTa 

cp, = arctg (ytg IKL) — 



i4 



2 n! 



n 2 + cos 2 g/CL 



ripn B03pacT3HHH sHeprHH (pa3a <pi SoJiee hjih MeHee peryjinpHbiM 
o6pa30M pacTCT, b to BpeMH KaK BeJiH^HHa A 2 , H3MepaiomaH otho- 
CHTeJIbHyK) HHTeHCHBHOCTb BOJIHbl b o6jiaeTH //, ocuHJUiHpyer 
Me^Ay 3HaneHHHMH rf/ (I -\- rf) h 1. Ocuhjijihhhh TeM 6oJiee 3Ha- 
^HTejibHbi, ieM Combine KL h qeM MeHbiue tj. IloaTOMy npeAnojio- 
JKHM b AaJibHefluieM, 1T0 

KL >it, t]<1. 

B 9T0M cjiy^ae A 2 KaK cpyHKUHH r\ 2 (t. e. aHeprnn) o6Hapy>KHBaeT 

CepHK) OCTpblX M3KCHMyMOB UIHpHHbl 4f\/KL, OTCTOHIHHX APVT 0T 

Apyra Ha 2n/KL. Ha puc. 12 noKa3aHO sto 3aMeiaTejibH0e noBeAe- 
HHe A 2 , a TaK>Ke qn b ycjiOBHHX Hauiero npn6jiH>KeHHa. 

4 A, Meccua 
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171. III. KBAHTOBblE CHCTEMbI B OOTOM H3MEPEHHH 



Mh cTajiKHBaeMCH c HBJieHHeM THnnqHO bojihoboto xapaKTepa, 
c HBJieHHeM pe30HaHca. JXnn HeKOTopux orpaHHueHHbix o6jiacre& 

H3MeHeHHH SHeprHH (iDHpHHbl 4f\/ KL) HHTeHCHBHOCTb BOJIHbl BO 

BHyTpeHHefi o6^acTH nopaflKa 1: sth pe30H3HCHbie 3HeprHH coot- 
BeTCTByioT ycJioBHio q)2 = {n + l/2)n, t. e. oSjiaerb // coAepacHT 




Phc. 12. Pe30HaHCH OTpaxeHHft. H3MeHeHHe A 2 h q>i (cm. ypaBHeHHe (21)) b 3a- 

BHCHMOCTH OT SHeprHH. KpHBbie COOTBeTCTByiOT KL — (b — a) V U\ — U 2 = 100. 

Ilo och a6ci;HCC OTJioxeHa nepenieHHaH T) 2 = (e — U\)I(U\ — ~J7 2 ) 
n+1/2 «noJiyBOjiH». BHe sthx pe30HaHCHbix oSjiacTefl HHTeHCHB- 

HOCTb OHeHb Majia. 

Kan h b cjiynae 3aAaqH co cnaqKOM noTemtHajia, mh MO^ewt 
cpaBHHTb flBHKeHHe bojihoboto naKeTa THna (9) c ABHJKeHHeM 
KJiaccHHecKOH nacTHUbi b tom >Ke noTemmajie. FIpHxoflH H3 +°° 
c nocTOHHHoft cKopocTbio V\ = (hKlm)v\, KJiaccHqecKaa qacTnn.a 
HcnbiTUBaeT pe3Koe ycKopeHHe npa x = 0, npoSeraeT oSjiacTb // 
co CKopocTbio v 2 = (S/(/m)Vl + T 1 2 . OTpa>KaeTCH b TOHKe x = — L, 

flBHJKeTCH B npOTHBOnOJIO>KHOM HanpaBJieHHH CO CKOpOCTbK) v 2 
B 06jiaCTH //, 3aTeM CO CKOpOCTbK) Vi B oSjiacTH /. BpeMH, KOTO- 
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poe K^accHHecKaa lacTHita npoBOAHT b o6jiacTH //, paBHo t KJ i = 
= 2L/u 2 . UeHTp BOJiHOBoro naiceTa ABHmeTCH aHajionnmbiM o6pa- 
30M, no KpaHHeS Mepe b o6jiacTH oieHb 6o^biiiHX x, r#e na- 
KeT He cjihiukom cHJibHo AeipopMHpoBaH, T3K uto noHHTHe ero 
ueHTpa coxpaHneT cmhcji. Bee nponcxoAHT TaK, Kan ecJin 6h oh 
ocymecTBHji to yue caMoe ABH»eHHe 3a HCKJiroieHneM Toro, hto 
«BpeMa, npoBe^eHHoe b o6jiacTH //» paBHo He t K ji, a % = 
= (2!vi)dy/dki — (2/viK)dq>i/dr\. Mh He 6yaeM B^aBaTbCH b ae- 
TajiH sToro HccJieaoBaHHH, BnojiHe aHajiorHiHoro npoBe,a,eHHOMy Ha 
cTp. 89. IloBefleHHe pa3JiHHHbix bcjihtoh, ynoMHHaBuiHXca Bbime, 
cBe^eHO b (yie/iyiomyio Tao^Hny: 



HaqaJibHaa sHeprHH 




dkx 


T 


/I 2 


B pe30HaHce 


reit 


L 


1 

f\ 


1 


FIocepeAHHe itexny ABy- 

MH pe30HaHCaMH 


( b +t)" 




1 


Tl 2 



MejKAy pe30HaHcaMH A 2 ocTaeTca o^eHb Majiofi BeJiHHHHOH, Bpe- 
mh npoxo>KfleHHH oSjiacTH // t Majio no cpaBHeHHio c % K „: bojihoboh 
naKeT np a kthm ecKH He npoHHKaeT b o6jiacTb //, BOJiHa no^TH noji- 
HOCTbio oTpajKaeTca ot tohkh x = 0. 3ia CHTyau,HH aHajionmHa 
onTHiecKoft, me pe3Koe h 3HaraTejibHoe H3MeHeHHe noKa3aTejia 
noqTH BcerAa Bbi3HBaeT nojmoe OTpa>KeHHe. HaoSopoT, b pe30- 
HaHce A 2 = 1, BOJiHa nojmocrbio npoHHKaeT b o6jiacTb // h oc- 
TaeTCH TaM oTHocHTeJibHo AOJirnii npoMemyTOK BpeMeHH, 3HaHH- 
Te^bHO 6oJibniHii x KJl . CorjiacHO ycjioBHio (12) nojiyMeHHaa Kap- 
THHa cnpaBeflJiHBa mnbKO ajih AOCTaToqHo npocTpaHCTBeHHo npo- 
THJKeHHbix naKeTOB, Sojibinnx qew pa3Mepbi o6jiacTH // 
( (dyildki) = L b pe30HaHce), h, cneAOBaTejibHO, nepeflHHfi (ppoHT 
BOJiHOBoro naKeTa AOCTHraeT totkh OTpa>KeHHH x = — L SHa^H- 
rejibHo paHbuie Toro, KaK BOJiHa 3aBepixiHT npoxomAeHHe tohkh 

CK3HK3 nOTeHUHaJia X = 0. 3T0T 9(p(peKT HMeeT 1HCTO BOJIHOByiO 

npHpo^y — npoHcxoAHT HHTepcpepeHUHH Me>KAy naaaiomeH h oTpa- 

JKeHHOH B0JIH3MH B OfijiaCTH //. 

b) e > U 3 . CnetCTp nenpepueHbiu u eupooKdeHHuu. Orpaowe- 
Hue u npoxooKdenue eo/in. 

3ia CHTyauHH aHajiorniHa cjiyqaw 6) b 3ap,ane co CKamoM noTemmajia. 

BcHKOMy 3HaHeHHK) e COTBeTCTByfOT RBe JIHHeHHO HG3aBHCHMfaIG co6cTBeHHue 

<P>'hkiihh: b HHTepBajie (U 3 , oo) cneKTp co6cTBeHHHX 3H3H6hhh HenpepUBeH H 
Bee co6cTBeHHue 3Ha4eHHH ABaxflu BupoxAeHU. 



4* 
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5C = 





-lk { x 


e 




Pe 


-ik t x 




Se 


~lk % x 





KaK h b 3aAaqe co CKaiKOM noTeHiinajia nocTpoHM co6cTBeHHyio (pyHKinuo 

B BHAe 

+ Re iklX x>a, 

+ Qe ik ** a>x>b, (22) 
b > x. 

ycnoBHa HenpepbiBHOCTH b Towax a h b no3B0JiaK>T onpeAeJiHTb R, Q, P h S. He 
bxoah b AeTaJiH BUHHCJieHHH, npHBeAeM pe3yjibTaTu urn BejinmiH R h S. Hcnanb- 
3yeM caeAyiomHe o6o3HaqeHHa: 

a = 0 b = -L, K = Vt/i - ^2. 

6— K , n - K , <=— K - 

nojiynaeM 

p _ | (1 ~ S) cos f^L + f (| 2 - Tjg) sin £JCL 
I (T| + 0 cos - i (£ 2 + tit) sin IKL ' 
-HKL 2tj| 



5 = 



I (n + t) cos \KL - i (I 2 + Tig) sin IKL 



9th BupasceHHH no3BOJiHK)T cpaBHHTb ABHxeHHe bojihoboto naKeTa, o6pa30BaH- 
Horo H3 bojih rana (22) c 6jw3khmh SHepraaMH, c ABHHceHHeM KjiaccnqecKoft qa- 
cthh,h toh xce SHeprHH b tom ace noTeHimajie. 

— ikx 

HaqajibHHfi bojihoboh naKeT (o6pa30BaHHMH b o6jiacra / H3 bojih e 1 ) 
nepeMemaeTCH b o6jiac™ 1 c fioctohhhoh CKopocTbio i>i = hki/m h BCTpeiaeTca 
c o6jiacTMo //; nocne cm/iKHOBeHHa oh pa3AeJiaeTca Ha naKeT oTpajKeHHHX bojih 

ik X 

(o6pa30BaHHbifl BOJiHaMH Re 1 b oSjiacra /), nepeMemaiomHHCH co CKopocTbio 

V\ k +°°. h naKeT npoxoAamnx bojih (o6pa30BaHHbm BOJmaMH Se 3 b oSjia- 
cth ///), nepeMemaiomHHCH co CKopocTbio V3 k — 00. TaKHM o6pa30M, b OTJiHine 
ot KJiaccHMecKofi lacTHUH bojihoboh naKeT BcerAa TOJibKO lacrarao npoxoAHT 
b o6jiacTb ///, h mojkho onpeAeJiHTb KOScptpHimeHT npoxoscAeHaa 

t_^Liq|2 4T)gg 2 ioa\ 

fe. 1 1 I 2 (Ti + £) 2 cos 2 IKL + (i 2 + T|£) 2 sin 2 IKL ' 

KaK mh 3to y>Ke Aejiajin b cjiyiae cKaiKa noTeHimaJia. 

3Aecb mu TOHce 3aMeiaeM, ito npn paBHofl SHeprHH KOSfptpHiineHT npoxo- 

JKAeHHH He 33BHCHT OT HanpaBJieHHH ABH5KeHHH (f\ H £ BXOAHT CHMMeTpHIHO B 

BupaxceHHe AJia T). Mojkho npoBepHTb h paBeHCTBO 

*L|S|*_1. (24) 

OTHOCHTejibHaa BejiHiHHa OTpaxceHHoft h npoxoAflmefi bojih H3MeHaeTCH c 
SHepraefl h mojkho o6HapyjKHTb cymecTBOBaHHe HBjieHHfl pe30HaHca Toro see 
THna, hto h b cnyqae 6) . Ohh oco6eHHO 3aMeTHW KorAa KL > n, t, < T] <g 1 
(t. e. | = 1). B 9tom cjiyqae bhaho npH HccJieAOBaHHH ypaBHeHHa (23), hto ko- 
94xpHUHeHT npoxoKAeHHa, paccMaTpHBaeMHfl KaK 4>yHKUHa rf (t. e. KaK (pyHKiina 
SHeprnn), ocTaeTca oqeHb MajiwM (nopaAKa 4t)S) nomvi BCiOAy, ho o6Hapy»CHBaeT 

CepHK) pe3KHX M3KCHMyM0B, paBHblX 4jl?/ (11 + Z) 2 IIlHpHHa 9THX MaKCHMyMOB 

paBHa npHMepHO 4(tj + t)/KL. FIojiOHceHHa MaKCHMyMOB cooTBeicTByioT 9Hep- 
rnaM, AJia KOTopux b o6^ac™ // yK^aAHBaeTca uejioe ihc^o n «nojiyBOJiH», a 
HMeHHO \KL = nit (paccroaHHe MeacAy MaKCHMyMaMH okojjo 2n/KL\. 
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Mohcho npoflOJiacHTb 9T0 HccjieAOBaHHe, paccMaTpHBaa (pa3bi aMiuiHTyA R 
h S, onpe^eJiHTb «BpeM3 npoxoscfleHHH» npoxoAameft bojihh hjm «BpeMfl OTpa- 
H<eHHH» OTpaxeHHoft bojihh h cpaBHHTb 9th BeJiH^HHbi co Bp6MGHeM nepeceqe- 
hhh o6jiacra // KJiaccHiecKoft qacnmeft. KaqecTBeHHo noJiyqaeTCH cjieAytomas 
KapTHHa: b pe30HaHce Bojma ocTaeTCH KOHiieHTpHpoBaHHoft b o6jiac™ // b Te- 
neHHe npoMexyTKa BpeMeHH, 3HaqHTejn>HO (b (ti + Q -1 pa3) npeBOCxoAHiuero 
KJiaccmecKoe BpeMH, npeJKAe qeM pa3Ae/iHTbCH Ha npoxoAamyro h OTpasceHHyio 
bojihh; BH6 pe30HaHca BOJiHa npaKTmecKH He npoHHKaeT b ofijiacTb //, OHa no- 
qra noJiHOCTbio OTpaacaeTCH Ha rpaHHite ofijiacTeft I h II npnqeM noqTH mi-ho- 
BeHHo (cm. 3aAaqy 1). 

§ 7. TlpoxoxcAeHHe npaiwoyrojibHoro 
noTeHUHajibHoro 6apbepa. TyHHejibHwfi scpcpeKT 

B KaiecTBe nocjiejHero npHMepa paccMOTpHM npoxo>K,fl,eHHe 
npHMoyrojibHoro noTeHUHajibHoro 6apbepa (phc. 13) 

{0 x > L (o6^acTb /). 

t/ 0 (>0) 0<x<L (o6jiacTb //), 
0 x < 0 (o6;iacTb ///). 

B 3tom cJiynae Bee nojiowHTejibHbie SHa^eHHH e hbjihiotch co6- 
CTBeHHbiMH 3HaqeHHHMH, flByKparao BbipoxcAeHHbiMH. Cjie/iyeT 
paccMOTpeTb ABe bo3mo>khocth: e Mo>KeT 6biTb 6ojibuie hjih MeHbine 
U 0 . B o6oHx cjiyqaax o6pa3yeM peiueHHe, npefleraBjiHiomee b 06- 
jiac™ /// BOJiHy, pacnpocTpa- 

HHIOmyiOCH B OTpHUaTeJlbHOM 

HanpaBJieHHH, t. e. peiueHHe 
vwa e~ l ^ x + Re l ^ ix flJia x > L 
h Se- l ^ x hjih x<0. 

Ee noBeaeHHe b o6jiacTH //: 
SKcnoHeHUHaJibHoe: Ae KX +B e~ KX , 

ecjiH s < U 0 {% = -y/U 0 — e ); 
CHHycoHAaJibHoe : 
Ce ikx + De~ ikx , ecjiH e > U Q 



U(xh 

@ 




© 
*- 




-< 






L x 



(fe=V8-f/ 0 ). 



Phc. 13. IlpHMoyroJibHHH 6apbep 



OrpaHHHHMCH TeM, HTO Aa^HM pe3yjIbTaT BHIHCJieHHH K03(p(pH- 

UHeHTa npoxoxfleHHH (pnc. 14): 

4e (e - U 0 ) 



r=isi 2 = < 



4e(e- U 0 ) + U\s\a 2 kL 
4e (£/„ - e) 



ecjiH e > f/ 0 ; 
■, ecjiH e < U 0 . 



{ 4e (t/ 0 - 8) + U 2 Q sh 2 kL 

KaK h b npeflinecTByiomHX naparpacpax, mojkho cpaBHHTb abh- 
xeHHe Bo^HOBoro naiceTa rana (9) , o6pa30BaHHoro H3 HairacaHHbix 
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BHiue bojih, c ABHJKeHHeM KJiaccH^ecKoft qacTHUH, npHXOAflmefi 

H3 +°°- 

HaH6ojiee noKa3aTeJibHoe pa3JiHMHe HMeeT Mecro npH e <C Uq. 
KJiaccHqecKaa qacraua OTpaxaeTCH ot fiapbepa, He HMen bosmojk- 
hocth ero npeoaojieTb. Bojihoboh naKeT pa3AeJiHeTCH Ha oTpameH- 
hhh naKeT h naKeT npoxoAHiUHH, npnqeM HHTeHCHBHOCTb nocneA- 
nero HHKorfl,a He oSpamaeTca b Hyjib. npH B03pacTaHHH b ot 

T 





1 1 
11 
II 


/ 

/ 

/ 
/ 
/ 








II 
h 







0 12 3 4 

£/U„ 



Phc. 14. H3MeHeHHe K09(p<pHUHeHTa npoxoHtneHHH b 33bhchmocth ot SHeprnn 
juih noTeHiiHajibHoro Saptepa, noKa3aHHoro Ha pHC. 13. IIphhhto U 0 L 2 = AO. 



Hyjia ao Co KoacpfpHuneHT npoxo>KAeHHH mohotohho pacTeT ot 
HyjiH ao 3HaqeHHa (1 + i/o^ 2 /4) _1 . ^BJieHHe npoxoacAeHHH qacTH- 
uefi noTeHU,Ha^bHoro Sapbepa Ha3HBaeTCH TtjHHeJibHbiM atpipeKTOM 
h HrpaeT Ba>KHyio pojib b TeopHH paAnoaKTHBHoro a-pacna^a. Be- 
■iiHHHHa TyHHejibHoro atptpeKTa TeM 6ojibiue, qeM MeHbiue BbicoTa 
Sapbepa h ero mnpHHa. 

KorAa e > U 0 , KJiaccnqecKaa qacTHua 3aMeA^iHeTca b o6;ia- 
cth //, ho TeM He MeHee nepeceKaeT ee h npoAOJincaeT cboh nyTb 
b o6jiacTH /// b HanpaBjieHHH — oo. Bojihoboh naKeT BcerAa, xoth 
6h qacTHHHO, OTpa>KaeTCH. EIojiHoe npoxoJKAeHHe (7*=1) HMeex 
MecTO To^bKO npH HeKOTopbix 3HaqeHHHx SHeprHH, KorAa kL paBHo 
uejioMy qncjiy n. Upu poere SHeprHH KoacpcpHuneHT npoxoacAeHHH 

K0Jie6jieTCH Me>KAy 3THM MaKCHMaJIbHbIM 3HaMeHHeM H MHHHMaJIb- 

hhm, paBHbiM 4e(e — U 0 )/(2b — U 0 ) 2 . 3(p<peKT oco6eHHO 3aMeTeH, 
KorAa 6apbep oqeHb bhcok hjih oieHb uiHpoK h KorAa KHHeTHHe- 
CKaa sHeprna e — U 0 b oSjiacTH // Majia. Mo>kho oTMeTHTb cxoa- 
ctbo c pe30H3HCHbiMH HBjieHHHMH, oScy^AaBuiHMHCH b npeAine- 
CTByrouiHx naparpacpax (cm. 3aAaqy 2). 



§ 8. CBOHCTBA BPOHCKHAHA 
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Paaaea II. OB1UME CBOHCTBA OflHOMEPHOrO yPABHEHHJl 
UIPEflHHrEPA 

§ 8. CBOHCTBa BpOHCKHaHa 

BepHeMCH k ypaBHeHHK) 

y" + [e-U(x)]y = 0. (25) 

BHBeAeM HecKOJibKo o6mnx cbohctb aToro ypaBHeHna Ha co6- 
cTBeHHue 3HatieHHH. B flaJibHeflmeM Sy^eM Tpe6oBaTb orpairaqeH- 

HOCTH BemeCTBeHHOH (pyHKUHH U ( x ) » flOnyCKaH TOJIbKO KOHeiHOe 

mhcjio pa3pbiBOB nepBoro po^a Ha BceM HHTepBajie ( — oo, -)-oo). 

Bojibiuoe ^hcjio HHTepecyiomnx Hac cbohctb aToro ypaBHeHHa 
HenocpeacTBeHHO BufeKaeT H3 BaKHofi TeopeMH, KacaiomeHCH 
onpeae^HTejiH BpoHCKoro, cocTaBjieHHoro H3 AByx pemeHHfi ypaB- 
HeHHH; 3Ty Teopeiwy mu 6y#eM b aaJibHefiiueM Ha3HBaTb reopeuou 
epoucKuana. 

OnpejxejiHTeJieM BpoHCKoro, hjih bpohckh3hom flByx (pyHKHHH 
y\ H f/2 Ha3HBaeTCH BHpameHHe 

w (yv ^) = ^2 — y 2 y'r 

3to Bbipa>KeHHe aHTHCHMMeTpH^HO no oTHOuieHHio k nepecTaHOBKe 

(pyHKHHH y\ H yz- ECJIH Bp0HCKH3H paBeH HyjIK) B HeKOTOpOH TOIKe 

Ha och x, (pyHKHHH y l h j/2 HMeioT b 3TOH TO^Ke paBHbie Jiorapncp- 
MH^ecKHe npoH3BOOTbie; ecjm BpoHCKHaH paBeH Hyjiio Ha BceM hh- 
TepBaJie ( — oo,+°o), (pyHiuiHH nponopuHOHajibHH apyr apyry. 

TeopeMa BpoHCKHaHa. Ecau z x h z 2 hsahk>tch cooreeT- 
CTeentio peiuenuRMu ypaeneHuti 

z'l + F^x) 2, = 0, (25') 

z% + F 2 (x)z 2 = 0 (25") 

8 unrepeaAe {a,b), ede cpyHKU,uu F\(x) u Fi(x) nenpepbieHbi uau 
UMetor pa.3pu8u TOAbKO nepeoeo poda, to uauenenue epoucKuana 
na 9tom uHTepectAe daercn ebipaoKeuueM 

b 

W (z u z 2 ) \ b a = \ [F\ (x) - F 2 (x)] z x z 2 dx . (26) 

a 

^toBh A0Ka3aTb 3Ty TeopeMy, yMHOJKHM ypaBHeHHe (25') Ha 
Z2, a ypaBHeHHe (25") — Ha z\ h bhhtcm nojiyneHHbie BbipajKeHHH 
oflHo H3 Apyroro. IlojiyqaeM 

, ■ (2 a zr-zi<)+( /7 i-^)2,z 2 =o. 

nepBbifl ijieH B Kpyrjibix CKoSnax ecTb (c TO^HOCTbio ao 3HaKa) 
npoH3BOflHaa BpoHCKHaHa no x. HHTerpnpyH paBeHCTBO no x b hh* 
TepBa^e (a, b), nojiynaeM cooTHomeHHe (26). 
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3Ta TeopeMa 0Ka3HBaeTCH oco6eHHo nojie3Hofl, Kor\na ypaBHe- 
HHH (25') HJIH (25") HBJIHMTCH ypaBHeHHHMH THna (5) C OAHHM 

h TeM xe noTeHunajiOM U (x) h c 3aAaHHbiMH 3HaneHHHMH 3Hep- 
thh 8. B 3TOM cnyiae noJiyqaeM Tpn Ba>KHUx oneACTBHa: 

CjieacTBHe 1. Ecjih yi h y% hbjihiotch peineHHHMH ypaBHe- 
HHH (5), COOTBeTCTByromHMH 3HaHeHHHM 8l H 82 IIOCTOHHHOH 6, TO 

AJin bchkhx AByx 3H3HeHHH a h b nepeMeHHofi x H3 ofijiacTH onpe- 
AejieHHH pemeHHH HMeeM 

b 

W («/., y 2 ) I* = (e, - e 2 ) J y,y 2 dx. (27) 

a 

CjieACTBHe 2. Ecjih y h z hbjihiotch AByMH pemeHHHMH 

ypaBHeHHH (5), COOTBeTCTByK)UI,H M H OAHOMy 3HaHeHHIO e, HX BpOH- 
CKH3H He 3aBHCHT OT X 

W(y, 2) = const. 

CjieACTBHe 3. IlycTb Y(x; e) ecTb peuieHHe ypaBHeHHH (5), 
jiorapntpMH^ecKaH npoH3BOAHaH KOToporo (no nepeMeHHofi x) 
HMeeT onpefleJieHHoe 3HaneHHe f a b TOHKe x = a, h nydb /(x;e) 
ecTb jiorapHcpMHHecKaa npoH3BOAHaa aToro pemeHHH b npoH3Bojib- 
Hoft Tcnae x. PacciwaTpHBaeMaH KaK (pyHKUHH s, BejiOTHHa f(x;e) 
HBjiHeTCH mohotohhoh (pyHKUHefi 3T0H nepeMeHHofi, pacTymefi npH 
x <. a a ySbiBaromeft npn x > a, npnqeM npoH3BOAHaa paBHa 

x 

IH-7^b> W e >^ (28) 

a 

(KaK (pyHKUHH e, BeJiHHHHa f{x;e) BeAeT ce6n noAoSHO TaHreHcy 
hjih KOTaHreHcy npH HajiHiHH BepTHKa/ibHOH acHMnTOTH b KaacAofi 
ToqKe, rAe Y(x) otipamaeTCH b Hyjib). 

CaeACTBHa 1 h 2 HenocpeACTBeHHO BhiTeKaioT H3 TeopeMU BpoHCKHaHa. ,3,0- 
Ka3aTeJibCTBo c^eACTBHH 3 TaKOBO. Ecjih e (pHKCHpoBaHO, to peuieHHe ypaBHeHHH 
(5) noJiHOCTbio onpeAeJiaeTCH npn 3aAaHHH 3HaqeHHH pemeHHH h ero npoH3BOA- 
Hoft b HeKOTopoft ToiKe x = a Ha och x. FlycTb Y(x; e) ecTb sto qacraoe pe- 
uieHHe: 

Y{a; e) = y a , Y' (a; e)=y' a . 

Ecjih Tenepb H3MeHHTb e, coxpaHHH HeH3MeHHHMH yKa3aHHHe ycjiOBHH, to Y(x\ e) 
6y«eT HeKOTopofi HenpepMBHoft (pyHKiweft e (h x). XlByM 6ecKOHeiHO 6jih3khm 
SHaieHHHM e, e + 8e cooTBeTCTByioT abb 6ecKOHMHo 6jih3khx BupaJKeHHH Y, 
Y + 8Y. EIpHMeHHM k hhm CjieACTBHe 1 Ha HHTepBaJie (a, b): 

b 

W(Y, Y + 6Y) \ b a = - fie § Y 1 dx. 

a 



§ 9. ACHMnTOTHMECKOE nOBEflEHHE PEIHEHHH 
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IlpH x = o corjiacHO npeAnojioHceraio W(Y, Y + 8Y) = 0. J\jih BCHKoro apyroro 
3HaHeHHJi x 

W (Y, Y + 6Y) = YW - Y'bY = Y 2 6 = Y 2 6f. 

3aecb mm nojiosuMH / = Y'/Y. JIorapmpMHiecKaH npoH3BOAHaa /, iioao6ho Y, 
flBJiaeTca HenpepuBHoft (pymcmieft e h x. ncmoMy 

b 

_ Y'&} \ x=b = 6 8 ^ Y 2 dx 
a 

Km 

b 

a 

no h TpeSoBajiocb ,noKa3aTfa. 

CBoftcTBa peuieHHft ypaBHeHHH IIIpeAHHrepa, BbrreKaiomHe H3 

yHa33HHHX TpeX CJieACTBHH TeopeMbl BpOHCKHaHa, HMdOT 6(WIb- 
IUOe 3HaqeHHe, TaK KaK 3TH CB0HCTB3 He 38BHCHT OT KOHKpeTHOH 

4)opMbi noTeHUHajia U(x). 

§ 9. AcHMirroTHHecKoe noBeAeHHe peuieHHft 

AcHMnTOTimecKaH (popMa oSmero pemeHHH ypaBHeHHH (5) Ha 
Kpanx HHiepBajia ( — oo,-f-°°) cymecTBeHHo 33Bhcht ot 3HaKa 
pa3H0CTH e — U npa x, cTpeMHiueMCH k oAHOMy hs npeaeJiOB ±oo. 
PaccMOTpHM acHMnTOTH^ecKyio (popMy peuieHHH npH x->+°°- 
AHajiorHMHbie pe3yjibTaTbi ncwiyqaioTCfi h npn x->- — oo. flonycTHM, 
ito e — U(x) He MeHHeT 3HaKa, Koraa x npeBoexoAHT HeKOTopoe 
3Ha i ieHHe x 0 . npH stom bo3mo>khh jsfia c/iy^an. 

1) &>U(x), Kozda x > x 0 . ripeAnojio>KHM (TaK o6hhho 6m- 
BaeT Ha npaKTHKe), no npn x— *oo (pyHKUHH U(x) mohoto hho 
dpeMHTCH k KOHeTOOMy npeAeJiy U+. IIojicokhm k — -\/e — U + . 

Mh noKa>KeM, no npH x->oc: 

— BeiuecTBeHHbie pemeHHH ypaBHeHHH (5) ocTaiOTca orpa- 
HH^eHHHMH h SecKcme^HO ocuHJUinpyioT Mew:fl,y AByMH npOTHBO- 

nOJIOJKHblMH 3HaieHHHMH; 

— ecm, Kpoiwe Toro, U(x) CTpeMHTCH k U+ 6bicTpee, neM 

ljx, TO 

y A + sin (kx + <p + ), (29) 

rje A+ h q>+ cyTb ABe BemecTBeHHbie nocTOHHHbie. 

fljia AOKa3aTeJibCTBa 33mgthm, hto ypaBHeHne (5) «acHMnTOTHiecKH cTpe- 
mhtch» k ypaBHeHHio z" + k 2 z = 0, o6mee peinemie KOToporo ecTb A sm{kx+<p), 
t. e. 3aBHCHT ot AByx npon3BOJibiibix nocTOHHHux A a q>. Hto6u Haftta 
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acHMnTOTHHecKyio (popiwy y, BBeaein (MeTOA BapnauHH nocTOHHHbix) (pyHKUtm 
A(x) h <p(At), onpeaeJieHHue paBeHCTBaMH 

y = i4 sin (&* + <p), = Ak cos (fe* + <P)- (30) 

ypaBHerae (5) sKBHBajieHTHO jipyu AH(p(pepeHu,HajibHbiM ypaBHeHHHM nepBoro no- 

-j-== 2k ^ sin 2 (kx + qi), cp = £— ^sin 2 (£* + (p). 

OrcioAa HHTerpHpoBaHHeM nojryiaeM 



>4 (*) = il (* 0 ) exp I J - + - sin 2 [A£ + <p (£)] d\ 



X 

<p (x) = <p (* 0 ) - J ^E)-^ sin 2 [fe£ + (p (1)] 



(31) 



(32) 



HHTerpaJi b npaBoft nacra (31) cxoahtch, noaTOMy npn x-*-oo (pyHKmia 
A(x) CTpeMHTCs k KCweiHOMy npe^eJiy A+. flaJiee, nocKOJibKy q>'->-0, <pynKii,HH 
sin (kx + q>) b Bbipa>KeHHH (30) ocuHJuinpyeT c nepnoAOM, KOTopbifi acHMnTOTH- 
■jecKH CTpeMHTCH k 2n/k. 3to AOKa3HBaeT nepBbifl H3 (popMyjmpoBaHHHx Bwme 
pe3y^bTaT0B. Emh, KpoMe Toro, U (x) CTpeMHTCH k U+ 6bicTpee, ieM 1 fx, to 
cxoahtch h HHTerpaJi b npaBoft iac™ ypaBHeHHH (32); b stom cjiyqae o6e cpyHK- 

UHH A H (p CTpeMHTCH K KOHeiHHM npe^eJiaM A+ H q>+, COOTBeTCTBeHHO, HTO AO- 

Ka3biBaeT cnpaBeAJiHBOCTb acHMnTOTHqecKOH (popMH (29). 

2) e<U(x), Kozda x> x Q . Pe3yjibTara, KOTOpbie mu nojiy- 
hhm, He 33BHCHT ot noBefleHHH U (x) Ha 6ecKOHeHHOCTH. IlpeAno- 

JIOKHM TOJlbKO, 1TO 

U (x) — 8 > M 2 > 0 npn x > jc 0 . 

9tot cjiynaH cooTBeTCTByeT sKcnoHeHiiHajibHbiM pemeHHHM b 3a- 
Aaiax c npHMoyrojibHbiM noTeHCHajioM. 
Mh noKajKeM, ito npn x— >-oo: 

— cymecTByeT oaho nacTHoe pemeHiie (onpeaejieHHoe c toh- 
HocTbio ao nocTOHHHoro MHO^HTejifl) ypaBHeHHH (5), CTpeMHiueeca 
k 0 He MeA^ieHHee, ieM e~ Mx ; 

— Bee Apyrae pemeHHH CTpeMHTCH k oo He MeA^ieHHee, 
ieM e Mx . 

nocKOJibKy pemeHHH onpeAeJieHH c TOHHOcTbio ao iioctohhhoh, (pHKcnpyeM 
9Ty nocTOHHHyio ycJiOBHent y(x 0 ) — 1 h paccMOTpHM noBeaeHHe pemeHHft, yAOBjie- 
TBopniomHX 9TOMy ycJioBHio HopMHpoBKH. HeKOTopwe H3 TaKHX pemeHHH npeA- 
CTaBjieHbi Ha pnc. 15. 

06o3Ha™M qepe3 Y(x) h Z(x) qacTHHe pemeHHH, onpeAeJieHHbie ycjioBHHMH 

Y(x 0 ) = l Y'(x 0 )=0 h Z(x») — 0, Z'(x 0 )=h 

TorAa HCKOMbie pemeHHH mojkho 3anncaTb b BHAe 

y(x) — Y (x) + fZ (x). (33) 
IlapaineTp / = y'(x 0 ) MomeT npHHHMaTb Bee 3HaqeHHH MOKAy — <» h +oo. 



§ 9. ACHMnTOTHHECKOE TTOBEflEHHE PEIIIEHHFI 
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PeiueHHH Y(x) h Z(x) ocTaioTCH noJiowHTejibHHMH bo BceM HHTepBa^e (jto, oo) 
h crpeMHTCH k 6ecKOHeHHOCTH He MeflJieHHee, Mein e Mx . fleftcTBHTejibHO, KaK bch- 
Koe pemeHHe ypaBHeHHH (5), 3th (pyHKUHH BCKwy hmciot tot we 3HaK, ito 
h hx BTOpue npoH3BO«Hbie. OTCWAa cneflyeT, ecjiH ynecTb HaiaJibHiae ycJioBHH, 
mto ohh MoryT TOJibKO 6ecKOHeiHO pacTH, npHHeni rpacpHK Bee BpeMH ocTaeTCH 

BbinyiOIbIM BHH3. Mto6u OUeHHTb CKOpOCTb B03paCTaHHH, 33MeTHM, 1TO Y" ^ M 2 Y 

H Z" ^ M 2 Z H CpaBHHM 9TH (pyHKUHH c pemeHHHMH AHCpcpepeHU.Ha;ibHoro ypaBHe- 
HHH u" — M 2 u = 0, yflOBJieTBO- 

pHlOlUHMH TeM )Ke HBia^bHblM y(x)n 
yCHOBHHM B TOIKe Xo, a HMeHHO 

chM(x — x 0 ) h shM(x — Xo), 
cooTBeTCTBeHHo; y H Z BCKDfly 
6ojibiiie 3THX peuieHHfl (hjih paB- 

Hbl HM). 

ripHMeHHH Teopeiviy BpOHC- 
raaHa, HMeeM 

W{Y, chM(x — x 0 )XQ, 

nosTOMy 

Y' 



-p- > Af th Af (x - 



X 0 ). 




HHTerpnpyst, nojiyiaeM 

7 > ch M (* - x 0 ). 

AHaJiorHHHO flOKa3MBaeM, hto 
Z ^ shM(x — Xo)- 3aMeTHM no- 
ny™o, qTO 

Y' > MY th M (x - x a ), 

nosToiiy Ha 6ecKOHeHHoc™ Y' ^ MY; aHaJiorHHHo Ha 6ecKOHeiHocra Z' > MZ. 
C Apyroft CTopoHbi (cJieACTBHe 2) 



Phc. 15. JlnarpaMMa, npeacTaBJiHromaa He- 
KOTopbie peuieHHH ypaBHeHHH (5), yaoB- 
jieTBopsiomHe ycjioBHro y (x 0 ) = 1 b wiy- 
qae, Koraa U (x) — 8 > M 2 > 0 njin x > x a . 



Z'Y — Y'Z = \ npH jik>6om x. 



(34) 



BBCHeM (pyHKUHH 



u(x)^ 



Z ' 



v(x)s=-£r. 



H3 paBeHCTBa (34) h Toro (paKTa, ito Y h Z hbjihiotch peineHHHMH ypaBHe- 
HHH (5), c/ieayeT: 

Y Y' 1 



Z 

Y'Z- 



Z 2 

Y"Z' — Y'Z" 



Z' ZZ' ' 
-YZ' 1_ 

U-e 



(35) 



Z" 



Z" 



B HHTepBajie {x 0 , °°) u ecTb y6usaioiii.aH (pyHKUHH, a v — (pyHKUHH bo3- 
pacTaiomaa, npimeM hx pa3H0CTb Ha 6ecKOHeTOOCTH o6pamaeTCH b Hyjib. rio- 
3T0My ohh HMeiOT o6uihh (iKWioJKHTejibHbift) npeaeJi C npa x -*■ oo h 

a (x)< C < u (x). 

y HHTHBan (35), 9T0 HepaBeHCTBO mowho nepenncaTb b BHAe 

1 „ „ 1 



ZZ' 



<v—C<0<u—C< 



ZZ' 



(36) 
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lacTHoe pemeHHe 

g {x) = Y — CZ = [u (x) — C] Z (x) 

h ero npoH3BoaHan 

g' (x) = V — CZ' — [v (x) — C] Z' (x) 
yflOB^eTBopaioT BCKwy HepaBeHCTBaM 

BcioAy noJiOHCHTejibHaa thymoma g CTpeMHTCH k Hyjiio He MeAJieHHee, qeM l/Z' h, 
wieflOBaTejibHO, He MeAJieHHee, "ieM e~ Mx . BciOAy OTpHiiaTejibnasi (pyHKUHH y' 
ctpeMHTCH k Hyjiio He MeAJieHHee, ieM e~ Mx . PemeHHe g ecTb peiueHHe, ofipamaio- 
meecH b Hyjib Ha SecKOHeMHoera, KOTopoe uu HiueM. 

He cymedByeT Apyrnx pemeHHH, o6jiaAaiomHx sthm cbohctbom, thk kqk 
ecra f #= — C, to pemeHHe y(x) MoaceT 6biTb 3anHcaH0 b BHAe 

V—P + U + C) Z, 

h ero acHMnToraiecKoe noBeAeHHe coBnaAaeT c noBeAeHHeiu (pyHKUHH Z c toi- 

HOCTbK) AO OTJIHHHOrO OT HyjIH MHOJKHTejIH / + C. 

§ 10. CTpyKTypa cneKTpa coSctbchhux 3HaMeHHH 

FlyCTb U+ H U- HBJIHIOTCH IipeAeJIbHHMH 3HaqeHHHMH U(x) 
npH AT->+00 H X-*- — OO COOTBeTCTBeHHO. .HajIbHeHIUHe BHBOflbl 

ocTaiOTCH cnpaBeAJiHBHMH, ecjiH oaho h (hjih) Apyroe npeAeJibHbie 

3HaieHHH OK33bIBaK)TCH paBHHMH +OO. BeJIHqHHbl U+ H U- AeJIHT 

oSjiacTb H3MeHeHHH e Ha TpH oSjiacTH, b KOTOpbix cneKTp co6- 
CTBeHHbix 3HaqeHHH HMeeT pasJiH^Hyio npnpOAy. Oojiokhm, 
onpeAeJieHHOCTH, mo U+ < LL. 

B oGjiacTH e > U- pa3H0CTb e — U(x) oeraeTca nojio>KHTejib- 
hoh Ha o6ohx KOHnax HHTepBajra ( — oo,-|-oo). BcHKoe pemeHHe 
ypaBHeHHH (5), orpammeHHoe npn x— >-±°o, AonycTHMO b Kaie- 
CTBe coScTBeHHOH <pyHKii.HH, noaTOMy e ecTb AByKpaTHo Bbipo>K- 
AeHHoe coScTBeHHoe 3HaieHHe. CneKTp co6ctb6hhhx 3HaHeHH& 
nenpepbieHbiti. h ebipooicdeHHbiti,. C Apyrofi CTopoHbi, b o6enx acHM- 

IITOTH'ieCKHX 06jiaCTHX COgCTBeHHbie (pyHKUHH 6eCKOHeiHO OCUHJI- 

jinpyioT MexAy AByMH npoTHBono/io^HHMH KOHe^HbiMH npeAeflb- 

HblMH 3HaqeHHHMH: OHH npeACTaBJIHIOT HeC8M3aHHbie COCTOHHUH. 

B o6jiac™ (/_>e>L' + , rAe pa3HOCTb e — U(x) b npeAcne 
x— > — oo oxpHitaTeJibHa, cymecTByeT TOJibKO oaho orpaHH^eHHoe 
(9KcnoHeHU,HaJibHo y6biBaiomee) pemeHHe, b oTpHuaTejibHofl acHM- 
nTOTHHecKOH o6jiacTH. 3to pemeHHe ocTaeTca orpaHHHeHHHM h 6ec- 
KOHeiHO ocuHjuiHpyeT b Apyrofi acHMnTOTHnecKOH oSjiacTH, TaK 
KaK pa3HOCTb e — U(x) b stoh o6jiacra noJio>KHTeJibHa. GneAO- 
BaTejibHO, 3T0 pemeHHe AonycTHMO b Ka^ecTBe coScTBeHHofl 4>yHK- 
Uhh h npeACTaBJiaeT HecBH3aHHoe cocTOflHHe. CneKTp co6cTBeHHbix 
3HaieHHH nenpepbieHbiti. HeeupooKdeHHbiu. 

KorAa U+>e, pa3HOCTb e— U(x) OTpnuaTe^bHa b o6eax 
acHMnTOTHiecKHx oS^acrax. OrpaHHqeHnoe peuienne, ecAH oho cy- 
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mecTByeT, o6pamaeTC» b Hyjib (acnoHeHUHajibHo) Ha o6ohx koh- 
uax HHTepBaJia ( — oo, +°°) h npeACTaBJiaeT C8H3a.HH.oe cocronHue. 
Ho oho cymecTByeT TojibKO npn HeKOTopbix onpeaeJieHHbix ahc- 
KpeTHbix 3HaqeHHHX e. fleflcTBHTejibHo, nycTb ecTb peuieHHe, 
oSpamaioiueecfl b Hyjib npn x-+ — oo, a y+ — peuieHHe, o6pamaio- 
meecH b Hyjib npH oo, f_ h f+ cooTBeTCTBeHHO hx JiorapH(p- 

MH^eCKHe npOH3BOAHbie B HeKOTOpofl T04Ke Ha OCH x. BejiHMHHa e 

ecTb co6cTBeHHoe 3HaieHHe b tom h TOJibKo b tom cnyHae, ec/iH 
y- h t)+ paBHbi (c TO^HocTbio ao noeroHHHoro (paKTopa), t. e. ecjin 
/_ = f + . Ho, paccMaTpnBaeMbie KaK (pyHKUHH aHeprHH e, /_ ecTb 
mohotohho yfibiBaromaa (pyHKUHH, a /+ — mohotohho B03pacTaio- 
maa (pyHKUHH (cJieACTBHe 3) 4 ). Ohh MoryT 6biTb paBHbi Apyr 

APyry TOJIbKO npH HeKOTOpblX H30JIHp0BaHHHX 3HaHeHHHX 8. 

CneKTp ducKperHbiu h HeebipootcdeHmiu. 

Hucao co6cTeeHHbix 3HmeHuu ducKpemoeo cneKTpa cyme- 

CTBeHHO 33BHCHT OT (pOpMbl (pyHKUHH U (x) . OHO MO>KeT H3Me- 
HHTbCfl OT 0 AO SeCKOHe^HOCTH. ^HCJIO AHCKpeTHblX COSCTBeHHblX 

3HaqeHHH o^eBH^HO paBHo Hyjiio, ecjiH (pyHKUHH U (x) BCicny npe- 
BocxoflHT HanMeHbuiee (17+) H3 AByx acHMnTOTH^ecKHX SHa^eHHH. 
Boofime yue mo>kho noKa3aTb (3Aecb mh sto npHMeM 6e3 A0Ka3a- 

TeJIbCTBa), HTO HHCJIO AHCKpeTHblX C06cTBeHHbIX SHa^eHHH OKa3H- 

BaeTCH nopnflKa BejiHHHHbi 

^^jir^mdx^^^^^dx, 

rAe HHTerpHpoBaHHe pacnpocTpaHeHO Ha Ty oSjiacTb och x, rAe 
U(x)<i U+. B lacTHOCTH, ecjiH stot HHTerpaji pacxoAHTcn, ihcjio 

COSCTBeHHHX 3H3ieHHH AHCKpeTHOrO CneKTpa 6eCK0H6MH0. 

§11. Coctohhhh HenpepbiBHoro cneKTpa: OTpameHHe 
h npoxoxAeHHe bojih 

CoScTBeHHbie (pyHKUHH HenpepbiBHofi h AByKparao Bbipo>KAeH- 
hoh qacTH cneKTpa no3BOJi5HOT npeACTaBHTb ABH^eHne 13Cthhho 
npoxoAHiUHX h uacTHiHO OTpajKeHHbix bojihobhx naKeTOB b nojie 
noTeHunajia U(x). ^Toebi H36exaTb TpyAHOCTeft, npeAno;io- 

7KKM, HTO U(x) CTpeMHTCH K CBOHM aCHMnTOTH^eCKHM 3HaHeHHHM 



4 ) flejio HfleT o pacnpocTpaHeHHH cneacTBHa 3 Ha cjiyiaft, Kor.ua a = +oo 
hjih a = — oo. HeTpyflHO BHfleTb, mto cJieACTBHe no-npewHeMy cnpaBe,zuiHBO, ecjiH 
TojibKO HecKojibKo H3MeHHTb onpe,ne.neHHe (pyHKUHH Y(x, e). 9Ta (pymoiHH aoji- 
JKHa 6biTb peuieHHeM ypaBHeHHH (5), o6pamaioiu,eMCH b Hyjib (bmcctc co CBoeft 

np0H3B0fl,H0fl) B TOtKe a( — ±00). 3aMeTHM, 1T0 f- H /+ npH HeKOTOpblX 3Ha4e- 
HHHX 8 MOryT 06jiaAaTb BepTHKaJIbHblMH aCHMITTOTHMH. 
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rjl. III. KBAHTOBHE CHCTEMbI B OAHOM H3MEPEHHH 



U+ h U- 6bic'Tpee, neu l/x, TaK hto6h mojkho 6bmo HcnoJib30BaTb 
acHMnTOTHHecKyio (popiny (29) BemecTBeHHux co6cTBeHHux 

(pyHKHHH. 

HmepecyiomHe Hac BOJiHOBbie naneTu MoryT 6HTb nocTpoeHbi 
c noiwombK) co6cTBeHHbix (pyHKHHH AByx thiiob. OyHKUHH nepBoro 
•rana u(x) cyTb (pyHKUHH, noBeAeHHe kotophx b AByx acHMnTOTH- 
lecKHX oSjiacTHX BbipaacaeTCH coothouighhhmh 

u ~ e ik - x +R u e- tk - x , 

X->—oo 



u ~ S u e ik + X (k. = s/e-U + ). 



Bojihoboh naKeT BHAa (9) npeACTaBJiaeT na^aiomyio BOJiHy e ' 

flBH^ymyiOCH H3 OO B IIOJIOiKHTeJIbHOM HanpaBjieHHH, KOTopaa 

3aTeM nonaAaeT b 30Hy AeficTBHH 
noTeHitnajia U(x) h pa3AejineTca 

Ha OTpa^eHHyio BOJiHy R u e~ ik - X , 

ABHJKymyiOCH B npOTHBOnOJIO>K- 

hom HanpaBjieHHH h npomeAuiyio 
bojihy S u e tk+X , pacnpocTpaHHio- 
myiocH b HanpaBjieHHH +°° 
(pHc. 16, a). 

OyHKHHH BToporo rana v(x) 

aCHMnTOTHHeCKH npeACTaB^HIOTCfl 

(popMyjiaMH 

v ~ S„e - , 



u 

«) \ 


> 

If. ** 




u. — *~ 




u + ^ 




f *~ 



Phc. 16. OTpaKeHHe h npoxoscne- 
HHe bojihh qepe3 noTemiHaji: a) pe- 
meHHe THna u: BOJma, npHXOAHiuaa 

CO CTOpOHH OTpHUaTejIbHHX X\ 

6) peiueHHe Tuna v; Bojma, npnxo- 
Aflmaa co cropoHw nojioxHTejib- 
hux x. 



V r- e 
x-y+<x> 



*+ x + R v e ik + X , 



mo no3BOJiHeT onncaTb aHajiornq- 
hhh bojihoboh naxeT, pacnpodpa- 

HHIOIUHHCH B npOTHBOnO^O>KHOM 

HanpaBAeHHH (pHc. 16,6). 

OyHKHHH U, V H KOMnjieKCHO 

conpameHHbie (pyHKHHH «*, v* 
hbjihiotch pemeHHHMH oAHoro ypaBHeHHH IlIpeAHHrepa. PaccMOT- 

PHM BpOHCKH3H, 06pa30BaHHblfi AByMH H3 3THX peUieHHH, OH He 

33BHCHT ot x (cjieACTBHe 2). 3anHCbiB3H ycjiOBHe ero tokacct- 
BeHHOCTH b AByx acHMnTOTHiecKHx o6jiacTHx, mojkho no^yqHTb 
cooTHomeHHe Mex^Ay K03(p<pHHHeHTaMH Ru, S u , R v , S v hjih KOMn- 
JieKCHo conpn>KeHHbiMH BejiHHHHaMH. CymecTByeT cmnbKO cootho- 

UieHHH 3TOTO BHAa, CKOJIbKO MOJKHO nOCTpOHTb pa3JIHMHbIX nap H3 
(pyHKHHH U, V, U* ', V*, T. e. BCerO UieCTb COOTHOIHeHHH, He 33BHCH- 

iu,hx ot KOHKpeTHOH (popMu noTeHHHaJia U{x). 
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flojiyqaeM 5 ) : 



±W(u, u*) = k_ 
^ W (v, v*) = - 
±W{u, v) = k_ 
±W(u, v*) = - 



i 



(37) 



k_\S v \ 2 = 



k + (l-\R v I 2 ), 



(38) 




(39) 




(40) 



a TaiOKe eme ABa cooraomeHHH, noJiyqaeMbie H3 flByx nocjie/iHHX 
nepexoflOM k KOMnjieKCHo conpHJKeHHbiM BeJiHMHHaM. 

YpaBHeHHH (37) h (38) Ha3biBaioTca cooTHomeHHHMH coxpa- 
HenuH noTOKa; mh hx yme npoBepHjm paHee b KOHKpeTHbix cjiyqanx 
(ypaBHeHHH (13) h (24)). llpoHcxoJKfleHHe Ha3BaHHH cjiejiyeT H3 
CJieayiomero hctojikob3Hhh bojihoboh (pyHKUHH if HecBH3aHHoro 

COCTOHHHH B aCHMnTOTHqeCKOH oSjiaCTH (060CH0BaHH0CTb 3T0r0 
HCT0JIK0B3HHH MH nOflpo6HO paCCMOTpHM B 171. X npH H3yqeHHH 

npo6jieM pacceflHHH). llycTb Ae ikx + Be~ ikx ecTb (popMa bojihoboh 

(pyHKUHH if B OAHOH H3 aCHMIITOTHieCKHX 06jiaCTeft, CK3>KeM npH 
X-* — OO. EcJIH C nOMOIIlblO 3T0H BOJIHOBOH (pyHKUHH 06pa30BaTb 

bojihoboh naneT BHfla (9), to oh 6ya.eT cocTOHTb H3 AByx qjieHOB: 

OAHH, 06pa30BaHHbIH H3 Ae ikx , HMeeT OTHOCHTejIbHyK) HHTeHCHB- 

HocTb \A\ 2 h pacnpocTpaHHeTCH b HanpaBjieHHH B03pacTaioin,HX * 
co CKopocTbio hk/tn, Apyrofi, o6pa30BaHHMH H3 Be-' kx , HMeeT hh- 
TeHCHBHOCTb \B\ 2 h pacnpocTpaHHeTCH c Toft xe CKopocTbio b npo- 

THBOnOJIOJKHOM HanpaBjieHHH. riOJIHblH nOTOK qaCTHU B HeKOTOpOH 

ToiKe b HanpaBjieHHH B03pacTaroin.HX x ecTb pa3HOCTb Mexpy 
noTOKOM (hk/m)\A\ 2 qacTHn, ABHJKywHXCH b noJio>KHTejibHOM Ha- 
npaBjieHHH, H nOTOKOM (hk/m)\B\ 2 qaCTHH, flBH>KyUIHXCH B OTpH- 

uaTejibHOM HanpaBjieHHH. C ToqHocTbio no nocTOHHHoro mho>kh- 
TeJifl oh paBeH BpoHCKHaHy W(if), if)*): 



Tot (paKT, nro Ha Komiax HHTepBaJia ( — oo, -f oo) BpoHCKHaH HMeeT 
oflHHaKOBbie 3HaqeHHH, 03HaqaeT, qTO qncJio qacran, bxomuum b 
30Hy aeHCTBHH noTeHUHaJia b ejiHHHuy BpeMeHH, paBHo qHCJiy qa- 

CTHU, BblXOflaiUHX H3 3T0H 30HH B TOT >Ke npOMe>KyTOK BpeMeHH. 

CorjiacHO stoh HHTepnpeTanHH Ka?K,zioe H3 ypaBHeHHH (37) h 
(38) MO>KeT 6biTb 3anHcaH0 b BHfle: 

naAaromHH noTOK — OTpajKeHHHH nOTOK = npoxojiHineMy noTony. 



5 ) BHMHCJieHne ocoSeHHo ynpomaeTca, ecjin yiecTb cbohctbo aHTHCHMMGTpHH- 

HOCTH BpOHCKHaHa h paBeHCTBa 



^-(\A\ 2 -\B\ 2 ) = ±-^W($, 



W {e ikx , e ikx ) = W(e- ikx , <;-'**) = 0, W («-'**, e ikx )>=2ik. 
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TJI. Ill KBAHTOBblE CHCTEMbI B OflHOM H3MEPEHHH 



CjieayH toh *e HHTepnpeTauHH, mo>kho onpe^ejiHTb K09(p<pu- 
i^uem npoxowcdenuR T OTHOiueHHeM 

j npoxoflgmnft noTOK 

naAatomnfl noTOK 

B MaCTHOCTH, HMeeM 

k k 

Til = I $U l"» ^0 = I $v I • 

y^HTbiBaa paBeHCTBO Moayjiefi oSenx nacTefi ypaBHeHHH (39), no- 
jiy^aeM paBeHCTBO 

T U = T V . (41) 

ripH 33A3HH0H SHepTHH K03(p(j)HUHeHT npOXOJKfleHHH BOJIHH He 3a- 

bhcht ot HanpaBjieHHH pacnpocTpaHeHHH. 3to — ceo&creo e3auM- 
hoctu KoacpcpHUHeHTa npoxo^eHHH, OTMeqeHHoe yme Ha CTp. 92 
h 100. Mojkho CKa3aTb, iro npoHHitaeMocTb Sapbepa b o6ohx Ha- 
npaBJieHHflx OAHHaKOBa. 

PaBeHCTBO Monyjieih o6enx qacTefi ypaBHeHHH (40) BMecTe c 

COOTHOUieHHHMH COXpaHeHHH (37) H (38) BHOBb AaeT COOTHOUie- 
HHe B33HMHOCTH (41). 

H3 ypaBHeHHH (39) h (40) mohcho noJiyiHTb Taioice cooraouieHHH MejK^y 
<pa3aMH KOMiuieKCHbix aMnjiHTya OTpaxeHHH h npoxoxAeHHH: 

(pa3a (S u ) = (pa3e (S 0 ), 

* a3a df) =Il -* a3a (If)- 

3tH COOTHOHieHHH MOryT npeflCTaBHTb HHTepeC, eCJIH CBH3bIBaTb (pa3bl C HeKOTO- 

puM «3ana3flbreaHHeM» b pacnpocTpaHCHHH bojihobhx naKeTOB. Mm HecKOJibKO 
pa3 OTMeqa™, mto BeJiHMHa hd (4>a3a) /dE, t. e. yMHOsceHHan Ha ft npoH3BO,n- 
Han (pa3bi KOMnjieKCHbix aMnjiHTya OTpajKeHHH hjih npoxoJKAeHHH no SHepran 
(BejinqHHa c pa3MepHOCTbio BpeMeHH), mojkct 6biTb HHTepnpeTHpoBaHa KaK «3a- 

na3^bIBaHHe» BOJIHbl B HBJieHHHX OTpajKeHHH H npOXOJKaeHHfl. 3T0 HCTOJIKOBaHHe 

pacnpoctpaHneTCH h na o6ih,hh cJiyqaft. 



§ 12. HhCJIO y3JIOB CBH3aHHblX COCTOHHHH 

PaccMOTpHM Tenepb coScTBeHHbie (pyHKUHH (ecjin ohh cyme- 
dByroT) AHCKperaoro cneKTpa. B stom cyiyqae HeT Bbipo>KAeHHH; 

CJieflOBaTejIbHO, 3TH (pyHKUHH H3BepHHKa fleftCTBHTejIbHbl C TO^HO- 
CTbK) flO nOCTOHHHOrO (pa30BOrO MHOJKHTeJIH. 

BepHeMca k o6o3HaqeHHaM Ha CTp. 103. ripeAnojioxcHM, qTo 

(pyHKUHH t/l H 1)2 AeftCTBHTeJIbHbl, 62 > 6i H npHMeHHM COOTHOUie- 

Hne (27), B3aB b KaHecTBe npeAeJiOB HHTerpnpoBaHHH ABa nocjie- 
AOBaTe^bHbix HyjiH (pyHKUHH t)\. nojrynaeM 



■ ( e 2 — e i) \ y&z dx - 



§ 13. COOTHOIHEHHH OPTOTOHAJIbHOCTH 
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B HmepBajie (a, b) (pyHKnna y\ coxpaHHeT cboh 3H3k. IlpeAnojio- 
khm, HanpHMep, ito yi > 0. B stom aiynae y f 1 (a)>0, y f { (b)<0. 
Cjie^OBaTeJibHO, (pyHKHHH t/ 2 b HHTepBajie (a, b) HaBepHHKa MeHHeT 
3H3K. Ecjih 6bi 3to 6biJio He TaK, to npaBaa HaCTb ypaBHeHHH 
HMejia 6h 3H3K a JieBaa qacTb — npoTHBonojiojKHbifi 3H3K. llo- 
aTOMy y2 o6a3aTejibHo HMeeT no KpaHHeft Mepe oahh Hyjib BHyTpH 
HHTepBaJia (a,b). Mex^y AByMH y3JiaMH y\ Bceraa HMeeTca no 
KpaHHeft Mepe oahh y3eJi y 2 . 

npeAnojioHJHM, qTO y x h y 2 hbjihiotch coScTBeHHHMH <pyHK- 
uhhmh flHCKperaoro cneKTpa. 06e ohh o6pamaioTCH b Hyjib 
(<OKcnoHeHUHajibHO») Ha rpaHHnax HHTepBaJia ( — oo, -f- oo). Ysjim 
y x (nycrb qncjio hx paBHO n x ) AejiHT Becb HHTepBaji Ha «i + 1 ia- 

CTHHHblX HHTepBaJIOB. K KaJK/JOMy H3 HHX MOKHO npHMCHHTb TOJIb- 

ko hto flOKa3aHHoe cbohctbo: (pyHKUHH 2/ 2 HMeeT no KpaflHefi Mepe 
n\ + 1 y3eji. TaKHM o6pa30M, co6cTBeHHaH (pyHKHHH HMeeT TeM 
6ojibine y3JioB, qeM Bbiuie co6cTBeHHoe 3HaieHHe, KOTOpoMy OHa 

COOTBeTCTByeT. 

OoBTOpHH paccyxAeHHH Ha CTp. 109, KacaiomHecH nocTpoeHHH 
co6cTBeHHbix (pyHKHHH, h yMHTbiBasi yBejinneHHe ^HCJia y3JiOB 
(pyHKHHH y- h no Mepe yBejiHieHHH SHepniH e, mojkho nojiyiHTb 
cjie/iyiomee 6ojiee TOHHoe yTBep>K^eHHe (3afl,aHH 4 h 5). 

Ecau pacnonooKUTb co6cTeeHHbie coctohhuh no nopndny eo3pa- 

ctcihuh anepeuu e x , 82, s n to codcTeennbie 0yuKquu oKa- 

3bieafOTCH pctcnoAootceHHbiMU no eospacTamu^euy nucny y3Aoe. II pu 
9tom n-an co6creeHHaH cpynKt^un tuneer n — 1 y3eA u jneotcdy kclok- 
dbiuu deyMH y3Aauu n-oix dpytiKuxiu UMeercn no KpauneU Mepe odun 
y3eA cAedytouifiix no HOMepy co6cTeeHHbix <pyHKti,uu. 

§13. CoOTHOUieHHH OpTOrOHaJIbHOCTH 

Xlpyroe BajKHefimee CJieACTBHe TeopeMbi BpoHCKHaHa mohcho 
no^ynHTb, ecJiH b ypaBHeHHH (27) yerpeMHTb npeaejibi HHTerpnpo- 

B3HHH a H b K — OO H -(-OO COOTBeTCTBeHHO. 

llycTb t/i h y2 cyTb flBe co6cTBeHHbie (pyHKHHH, npHHaflJie^a- 
Lune flByM coScTBeHHbiM sHaqeHHHM ducKpemoeo cneKTpa. 06e ohh 
o6pamaiOTca b Hyjib Ha eecKOHeraocTH, BpoHCKHaH, coctsbjich- 

Hblft H3 HHX, — TOJKe H nOCKOJIbKy 62 — 81 °# 0, HMeeM 

+00 

J y 1 y 2 dx = 0. (42) 

— oo 

Ecjih HHTerpaJi ot npoH3BeaeHHH y x y 2 AByx AeflcTBHTejibHbix pyHK- 
HHH, pacnpocTpaHeHHHH Ha Bee npocTpaHCTBO, paBeH Hyjiio, tobo- 
p«T, tiTo 3th flBe (pyHKHHH opToroHajibHH. B Sojiee o6meM cjiyiae 
ABe KOMnjieKCHbie pyHKHHH AeftcTBHTejibHoro nepeMeHHoro y\ h y% 
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IV 1 ,. III. KBAHTOBblE CHCTEMbI B OAHOM H3MEPEHHH 



OpTOeOHdAbHbl, eCAH 

+00 

J y\y 2 dx = 0. 
—00 

TaKHM o6pa30M, co6cTBeHHbie cpyHKUHH AHCKperaoro cneKTpa opro- 
ronsAbHH. JIcho, hto stot pe3yAbT3T cnpsBeAAHB h b tom cjiyiae, 
Kor^a TOJifaKo o^Ha H3 AByx (pyHKUHfi npHHaAAe>KHT AHCKpeTHOMy 
cneKTpy. 

riepexoA k npeAejiy b ypaBHeHHH (27) OKa3faiBaeTca 6oAee 
AejiHKaTHHM, Kor^a o6e (pyHKnHH y\ a y 2 npHH3AAe>K3T HenpepbiB- 
HOMy cneKTpy. B stom cAyqae BpoHCKHaH W(yi,y 2 ) SecKOHerao 
ocuHAjmpyeT no KpafiHefl Mepe Ha oahom H3 npeAeAOB HHTerpnpo- 

BaHHH, HHTerpaji ^ y\y 2 dx, cAeAOBaTejibHO, ogjiaAaeT TeM xe cbo&-> 

CTBOM. 0aH3K0 eCJIH 33MeHHTb B HHTerpaJie XOTH 6bl OAHy co6- 

cTBeHHyio (pyHKnnio, HanpHMep y 2 , boahobhm naKeTOM, o6pa30BaH- 

HHM H3 C06cTBeHHHX (pyHKHHH, COOTBeTCTByiOmHX MajIOH o6AaCTH 

aHeprHH 6e b oKpecraocTH aHeprHH £2, to cooTHomeHne opToroHaAb- 
hocth 0Ka3HBaeTca cnpaBeAJiHBbiM npn ycjioBHH 8e<C|ei — 62 1. 
fleftcTBHTeJibHO, 3annuieM y 2 b (popiwe y(x;e), hto6h noA^epKHyTb, 
hto 3T0 (pyHKUHH c SHepraeH e 6 ). 06pa3yeM boahoboh naneT 

Y 2 (x; Se) = -4=- \ V(x\ e)de. (43) 

lloCKOAbKy BpOHCKH3H W (y h y 2 ) AHHeftHO 33BHCHT OT (pyHKUHH 

y 2 , noAy^aeM, HHTerpHpyn o6e qac™ ypaBHeHHH (27) ; 

b b p 62+62 1 

= (e 2 — ei) J yiY 2 dx + ^yA ~j= § (e — z 2 )y (*; e) de dx. 

Cmhca 3Toro npeo6pa30BaHHfl coctoht b tom, ito Y 2 crpeMHTCH 
k nyjiio (KaK 1/x) b Tex acHMnTOTH^ecKHX oSAacTHX, rAe y 2 o6na~ 
pyjKHBaeT noBeAeHne ocuHAAHTopHoro Tnna. riosTOMy, KorAa a h b 

CTpeMHTCH, COOTBeTCTBeHHO, K — OO H +OO, AeB3H HaCTb ypaBHeHHH 

CTpeMHTca k HyAK), tsk ito cyMMa AByx cxoahiuhxch HHTerpa- 
aob b npaBOH qacTH paBHa HyAio. Ho b npeAeAbHOM cAynae 



6 ) 3aflaHHfl e He AOCTaTOHHO ,zyia onpeflejieHHH peiueHHH y(x;B), oho 33bh- 

CHT OT OflHOft HJ1H JSfiyX npOH3BOJIbHHX nOCTOHHHHX, B 33BHCHM0CTH OT KpaTHOCTH 

Bupo^fleHHJi co6cTBeHHoro 3HaweHHH. ripoH3BOJ ycTpaHHeTca 3aaaHHeM acHMnTo- 
THiecKoii cpopMbi y{x; e) Ha oahom H3 npeAejioa (—00 hjih +00) HHTepBajia hh- 
TerpHpoBaHHa. 



§ 14. 3AMEMAHHE no nOBOfly qETHOCTH 
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fie <C 1 82 — 6i| BTOpOH H3 3THX HHTerpajioB npeHe6pe)KHMO MaJI. 
Mojkho noaTOMy HanncaTb 

+00 

lim [ y l (x)Y 2 (x; be)dx = 0. (42') 

— 00 

Bojihoboh naneT Y 2 {x; 8e), onpeA&neHHHH ypaBHeHHGM (43), b 
KOTopoM 8s ecTb o^eHb Majian BejMHHHa, Ha3HBaeTca «co6ctbch- 
hhm AH<p4>epeHii;HajioM» (pyHKii,HH y 2 {x). IloApasyMeBaeTCH, hto 
b KOHue BbiMHCJieHHH ocymecTBJiHeTCH nepexoA k npe^ejiy 8s— *0. 

B 3aKJiiOTeHHe AeJiaeM bhboa, ^to dee co6creeHHbie (pyHKi{uu, 
npuHadAeoKCMifiie pa3AUHHbiM co6cTeeHHbtM 3HaHeMtHM, oproeo- 
HdAbHu npH yoioBHH, ito Korfla o6e co6cTBeHHbie (pyHKUHH npH- 
HaAJiejKaT HenpepbiBHOMy cneKTpy, no KpafiHefi Mepe oAHa H3 hhx 

B COOTHOIIieHHH OpTOrOHaJIbHOCTH (ypaBHeHHe (42')) AOJIJKHa 6bITb 

3aMeHeHa ee co6cTBeHHHM AH<p<pepeHU,Ha./ioM. 

Hauie onpeAeJieHHe co6cTBeHHoro AH<p(pepeHu,Hajia oneHb cxe- 
MaTHHHO. Ha npaKTHKe sto noHHTHe HHKorAa He Hcnojib3yeTCH. 
Mh yBHflHM b flajibHeHineM, mto cymecTByioT ajieraHTHbie MaTeiia- 

TH'ieCKHe MeTOAH, n03BOJIHK)IUHe npHAaTb CBOHCTBy opToroHa^b- 

hocth caMbifl oSmnft xapaKTep, He npH6eraa k noHHTHio co6cTBeH- 
Horo AHCp<}>epeHUHa.Jia. 

§ 14. 3aMe*iaHHe no noBoay hcthocth 

B03BpaTHMCH K nOHHTHK) qeTHOCTH, KOTOpoe HaM BCTpeTH^OCb 

nepBbift pa3 npH paccMOTpeHHH npHMepa c 6ecKOHeiHO rviy6oKOH 
noTeHUHaJibHOH hmoh. 9to cbohctbo HMeeT caMbifi o6iuhh xa- 
paKTep. 

Ecjih noTeHUHaji U (x) leraHH, t. e. ecjin 
U(x) = U(-x), 

to raMHJibTOHHaH ypaBHeHHH IlIpesHHrepa TaK>Ke HHBapnaHTeH 
OTHOCHTejibHo 3aMeHH x Ha — x: oh cuMMerpuneH omocureAbHO 
uanaAa Koopdunar. FIoaTOMy earn ty(x) ecTb coScTBeHHan (pyHK- 
UHH, npHHaAJiemaman co6cTBeHHOMy 3HaneHHK> E, 

Hty {x) = E$(x), 

to ypaBHeHHe He MeHHeTCH npH 3aMeHe x Ha — x, t. e. 

H${—x) = E$(—x). 

CjieAOBaTeJibHO, 1(3 (x) h \f( — x )> a TaK^e ieman (pyHKUHx 
t|5 (*) -f- ijj ( — x) h HeieraaH (pyHKUHH ty(x) — — x) — Bee hbjih- 

IOTC3 C06CTBeHHHMH (pyHKUJHHMH OAHOTO Co6cTBeHHOrO 3HaHeHHH E. 

rio KpafiHeA Mepe OAHa H3 AByx nocneiiHHx (pyHKUHH He paBHa 
To^KAecTBeHHo Hy^iio. Bo3Mojkhu rbsl ciy^aH: 
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1. Co6cT6enHoe snanenue E ne eupoomdeHo. Herape ynoMjmy- 
Tbie (pyHKUHH paBHbi apyr Apyry c ToiHocTbio ao nocTOHHHbix mho- 
JKHTe^efi. OyHKU,HH ty(x) nponopUHOHa^bHa toh H3 (pyHKHHH 
\p(A:)4-ip( — x) h — — x), KOTOpaa He paBHa TOJKflecTBeHHo 
Hyjiio (ApyraH Heo6xoAHMO ecTb To>KAecTBeHHHH Hyjib). TaKHM 
o6pa30M, coficTBeHHbie (pyHKUHH HeBbipo>KAeHHOH qacTH cneKTpa 
HMeioT onpeAejieHHyio qeTHocrb: oahh qerabie, Apyrne HeneTHbie. 
Kpoine Toro, qeraan (pyHKHHH o6H33TejibHO HMeeT qeTHoe rac.no 
y3JioB, a HeqeraaH (pyHKHHH — HeieTHoe qncjio y3JioB. CjieaoBa- 
TejibHo, ecJiH pacnojiaraTb coScTBeHHbie (pyHKHHH no nopHAKy B03- 
pacTaiomnx co6cTBeHHbix 3Heprnfl, to qeTHbie h HeqeTHbie (pyHKHHH 
HepeAyroTCH, npHHeM (pyHKHHH ochobhoto coctohhhh BcerAa qeraaa. 
Pe3yjibTaTbi § 5 noATBep>KAaiOT ara bhboam. 

2. Co6cTeeHHoe 3HmeHUe E ebipooKdeno. B stom cjiyqae Bee 
(pyHKUHH MoryT 6biTb npeACTaBJieHbi b bhac Xip + fiq), i\ne ip h <p — 

ABe JIHHeftHO He33BHCHMbie COfiCTBeHHbie (pyHKHHH. ripeAnoJioKHM, 

qTO xoth 6bi OAHa H3 sthx pyHKHHH, HanpHMep if), He HMeeT onpe- 

AeJieHHOH leTHOCTHJ B STHX yCJIOBHHX HH OAHa H3 (pyHKHHH 

if + = (x) -f- ( — x) h = ty(x) — ij3( — x) He o6pamaeTCH tojk- 

AeCTBeHHO B Hyjib. 3th ABe (pyHKHHH npOTHBOnOJIOJKHOH leTHOCTH 
06H3aTeJIbH0 JIHHeftHO He33BHCHMbI H, KaK Mbl BHAejIH, HBJIfllOTCH 
C06cTBeHHbIMH (pyHKHHHMH OAHOrO Co6cTBeHHOrO 3HaqeHHH E. Ylo- 
3T0My MOJKHO Bbipa3HTb if), (f H, CJieA0B3TeJIbH0, Xlp + Hq> B BHA6 

jiHHefiHOH kom6hh3Uhh h TaKHM o6pa30M, BcerAa mojkho 

Bbipa3HTb C06cTBeHHbie PyHKHHH BbipOJKAeHHOTO COScTBeHHOTO 3Ha- 

qeHHfl b BHAe JiHHeftHoft kom6hh3uhh AByx cpyHKunfi, HMeiomnx 
onpeAejieHHyio qeTHOCTb. 

Mojkho, BnpoqeM, y6eAHTbca b pe3yjibT3Te npocToro hccjicao- 
B3HHH, qTO co6cTBeHHHe 3H3«ieHHH HenpepbiBHoro cneKTpa Bee 
AByKparao BbipoaiAeHbi h KSjKAOMy H3 hhx cooTBeTCTByeT OAHa 
co6cTBeHH3H (pyHKHHH qeTHaH (npoH3BOAH3H (pyHKHHH paBHa HyjIK) 
b Haqajie KoopAHHaT) h OAHa (pyHKuna HeqeraaH ((pyHKHHH paBHa 
Hyjiio b Haqajie KoopAHHaT) . 

B KB3HTOBofi MexaHHKe iscto cJiyqaeTCH, ito raMHJibTOHH3H 
HCCJieAyeMofl CHCTeMH OKa3biBaeTCH HHBapnaHTHHM oraocHTejibHO 

HeKOTOpblX npeo6pa30B3HHft; H3 3TOTO CBOftCTB3 HHB3PH3HTH0CTH 

cjieAyiOT HeKOTopwe cBoftcTBa chmmctphh, xapaKTepH3yiomHe co6- 
CTBeHHbie (pyHKHHH ypaBHeHHH LLIpeAHHrepa. ^eraocTb AaeT HaM 
npocTofi npHMep TaKofi CHTyannH. 

3AaAMH H yriPAJKHEHHJI 

1. B 3aAaie o noTeMwajibHoii HMe, onpeflejieimoft b § 6, BuracuHTb iioctohhi 
Hue P, Q, R, S, 4>HrypHpyiomHe b BbipaiKeHHH (22) ajih peuieHHfl x. k^k <pyHK- 
uhh napaMeTpoB hmu, npoBepHTb BbipaxceHHe (23) a^h K09(p(pHUHeHTa npoxo- 
XAeHHH h cooTHonieHHe coxpaHeHHa (24). npeAnonaraa, no KL » jt h q> < 
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■< 11 <C 1, BbWHCJIHTb «BpeMH npOXOJKAeHHH» npOXOAaiUeft B0J1HW H «BpeMH OT- 

paxeHHH* OTpaxeHHofl bojihm, o6Hapy>KHTb najimne pe30HaHC0B h cpaBHHTb 
ABHHceHHe npoxoflamefl bojihm c AsnxeHHeM cooTBeTCTByromefl KJiaecmecKOH 
qacTHUH. 

2. BbiMHCJiHTb KoatpipHiiHeHT npoxoacAeHna ajih npanioyrojibHoro 6apbepa f 
onpeAejieHHoro b § 7. BbmHCJMTb «BpeMa npoxoJKAeHHH» npoxoAamefi bojihh h 

CpaBHHTb ABHJKeHHe 9T0H qaCTH BOJIHH C ABHXeHHeM KJiaCCHieCKOft HaCTHUbl. 

3. H3yiHTb ABHJKeHHe lacTHiibi b npnMoyro^bHOM noTeHUHajie, BKAKwaiomeM 
CecKOHeiHO BbicoKHft 6apbep npH x < 0, a npn noJioJKHTejibHbix x HineiomeM, 
(popMy 

V (x) = V x 0<x<a, 

V(x) = V u a<x<b, 

V{x)=0 x>b 

FIpeAnoJiaraeTCfl, qTO Vi < 0 < Vn. CpaBHHTb ABHxeHHe BOJiHOBoro naKeTa, hc- 
nbiTHBaiomero OTpaxeHHe b Towe x = 0, c ABH>KeHHeM cooTBeTCTByromeft KJiac- 
CHqecKoft lacTHUbi. HccjieAOBaTb, b qacTHOCTH, «3ana3AHBaHHe 0Tpa5KeHHa», Kor- 
Aa HaqaJibHaa SHepnia iacTHu.u E MeHbiue Vn- 

06HapyJKHTb pe30HaHCH H BHHCHHTb CBH3b MejKAy HIHpHHOH 9THX pe30HaH- 

cob h 3ana3AbiBaHHeM OTpaaceHHa b npeAejie, KorAa E < V u h KorAa 
(6 — a) ^/2mV n > h 

4. CneKTp SHeprHH qacTHUbi, ABHacymeftca b oahom H3MepeHHH b HeKOTOpow 
noTeHUHaae, coAepxHT, BOo6me roBopa, AHCKpeTHyio iacTb. noKa3aTb, no npn 
pacnoAWKeHHH co6cTBeHHbix coctohhhh AHCKpeTHOro cneKTpa no B03pacTaromnM 
3HaHeHHSM SHeprHH co6cTBeHHbie (pyHKiiHH pacnojiaraiOTca no B03pacTaK>meMy 
qncjiy y3JiOB, npnieM n-aa co6erBeHHaa (pyHKUHH HMeeT n — 1 y3eji; MescAy Kax- 
Ahmh AByMH y3JiaMH pacnoJiaraeTca no KpaftHefl Mepe oahh y3eJi coScTBeHHbix 
4>yHKUHH c 6oJiee bhcokhmh HOMepaMH. 

5. HacTHiia b oahom H3MepeHHH noABepraeTca b HHTepBaJie (0, <») achctbhio 
noTemiHajia V(x), acHMnTOTmecKH cTpeMHiueroca k Hyjiio, npnneM b ToiKe 
x — 0 HMeeTca 6ecKOHe»iHo bhcokhh oTrajiKHBaiomHH Capbep. rioKa3aTb, qm 
•mcjio CBH33HHbix coctohhhh paBHO qncny y3AOB peiiieHHa ypaBHeHHH IlIpeAHH- 
repa, o6pain,aiomerocH b Hyjib b Haiajie KOopAHHaT u cooTBeTCTfeyiomero 6ecKo- 
HeiHO Maaofl oTpHuaTejibHoft aneprHH. 



r Jl A B A IV 

CTATHCTHHECKAJI HHTEPIIPETAUHJl 
KOPnyCKyJIJIPHO-BOJIHOBOrO AyAJ1H3MA 
H COOTHOUIEHHJI HEOFIPEAEJIEHHOCTH 



§ 1. BBefleHHe 

HcaieayH (pyHfl3MeHT3JibHbie npHTOHbi pacxojKAeHHH Memjiy 
SKcnepHMeHTajibHbiMH (paKTaMH aTOMHofl <pH3HKH h npe,ncKa3a- 

HHHMH KJiaCCHMeCKOH TCOpHH, MO)KHO BHAeJIHTb flB3 OCHOBHblX 

acneKTa MHRpocKonnqecKHX HBjieHHH caMoro o6mero xapaKTepa. 

riepBufi H3 HHX, H33B3HHHH H3MH Q.TOMU3MOM deUCTBUH, npHBO- 

flHT k HapyuieHHio HenpepHBHocra TeqeHHa npoueccoB Ha MHKpo- 
CKonHMecKOM ypoBHe: H3MeHeHHH aghctbhh <pH3HqecK0H CHCTeMH, 

06MeH AeHCTBHeM MOKfly (|)H3HHeCKHMH CHCTeMaMH MoryT npOHCXO- 
flHTb TOJIbKO B (pOpMe duCKpeTHblX U HedeAUMblX K8CIHT08. Mhl 

noApo6Ho o6cy>KAaJiH sto HOBoe noHarae b nepBoft rjiaBe h bhhc- 

HHJIH, HTO OnHCaHHe HBJieHHH B paMKaX KJiaCCH^eCKOH TeopHH MO- 

xeT SbiTb ycneiiiHbiM TOJibKO b tom onyqae, KOiyja BejiHMHHa KBaHTa 
AeftcTBHH MO>KeT paccMaTpHBaTbCH KaK npeHe6pe>KHMo Majiaa. 

BTOpOH acneKT nOBefleHHfl MHRpOCKOnH^eCKHX 06"beKT0B CBH3aH 

c npHcymHM hm KopnycKyAHpHo-eoAHoeuM dyaAU3MOM, t. e. cno- 

C06HOCTblO B paSJIHMHHX SKCnepHMeHTaJIbHblX yCJIOBHHX npOHBJIHTb 
p33JIHMHbie H npOTHBOpeqHBbie CB0HCTB3 BOJIHbl H qaCTHUH. 3ia 
flBOHCTBeHHOCTb nOBefleHHH TeCHO CBH33H3 C 3T0MH3M0M fleHCTBHH, 

Ha hto yK33HBaeT noHBjieHHe iioctohhhoh fi b o6iuhx (popMyjiax 

COOTBeTCTBHH (II. 5) MeJKfly B0JIH3MH H HaCTHUaMH. Mbl BHAeJIH, 

ito oSiuhh xapsKTep ^BoflcTBeHHoro noBefleHHH MHKpocKonnqecKHX 
o6T>eKTOB 6hji noHHT AOBOJibHO no3flHo h cbirpaji peuiaiomyio pcwib 

B nOCTpoeHHH KB3HT0B0H TeOpHH CpH3HHeCKHX CHCTeM. 

AHanm pe3yjibTaTOB /iHtppaKUHOHHbix onbiTOB (cm. tji. I, § 5 
h 6, rji. II, § 7 h 8) noK33biB3eT, ^to HaaSo-nee npocToe MHCJMMoe 
HCT0JiK0B3HHe fly3JiH3Ma Bojma — qacTHU.3 MO»<eT 6biTb npoBeaeHo 
H3 cTaTHCTH^ecKOH ocHOBe, t. e. Ha ocHOBe npeanoJioxeHHH, qTo 

BepOHTHOCTb HaXO>KAeHHH qSCTHUH B HeKOTOpOH o6jI3CTH npocTpaH- 
CTB3 IipOnOpUHOHajIbHa HHTeHCHBHOCTH BOJIHH B 3TOH 06JI3CTH. 

B 3toh iviaBe mh yToiHHM yKa3aHHyio cT3THCTHHecKyio HHTepnpe- 
TauHio, npoBepHM ee BHyTpeHHioio corjiacoBaHHOCTb, a Taione co- 
iviacHe c sKcnepHMeHT3JibHbiMH pe3yjibT3TaMH. 

B nepBOM pa3AeJie 6yAeT pa3BHTa cTaTHCTH^ecKaH HHTepnpeTa- 

UHH BOJIHOBOH (pyHKUHH K3K OCHOBHOTO nOHHTHH BOJIHOBOH 
MeXaHHKH CHCTeM MaTepH3JIbHbIX qaCTHU,. Pe3yJIbTaTbI 3T0r0 p33- 



§ 2. KOOPflHHATH H HMnyjIbCbl MACTHUbl 



119 



AeJia no3BO^HT hsm bo btopom pa3AeJie BbiBecTH cooTHouieHHa 
HeonpefleJieHHocTH re&3eH6epra k&k oneACTBHe CTaracTHqecKOH 
HHTepnpeTau,HH KopnycKyjiapHO-BOJiHOBoro AyaJiH3Ma. JlaJiee, b 
pa3flejie III mh noicajKeM, hto sth cooTHouieHHa, cKOjib 6h omi 
hh Ka3aJiHCb cTpaHHHMH Ha nepBbifi B3rjiHfl, BnojiHe corjiacyioTCH 
c onbiTOM, ecJiH yiecTb, qTO H3MepHTejibHbie npnfiopH Taione hb- 

JIHIOTCH KB3HT0BbIMH 06'beKTaMH, IIOfllHHHIOmHMHCH T6M JKe COOT- 
HOUieHHHM, H MTO nOSTOMy B03MymeHHe, BBOAHMOe B COCTOHHHe 

H3MepaeMoro o6i>eKTa BMemaTejibCTBOM H3MepHTejibHoro npH6opa, 
He MO»eT 6biTb cflejiaHo hh cKOJib yroAHO MajibiM, hh nojiHOdbio 

KOHTpOJIHpyeMblM. 

TOBOpH TOqHO, Ha MHKpOCKOnHieCKOM ypOBHe HejIb3H CTporo 

pa3fle.aHTb H3MepneMbiH 06'beKT h H3MepHTeJibHHH npn6op. B to >Ke 
BpeMH, Kor.ua b o6nqHbix yaioBHHx roBopHT 0 HeKOTopoft npo- 
ueAype H3MepeHHH, to Bcerja HeHBHo npeAnojiaraioT B03M0jKH0CTb 
npoBecTH qeraoe pa3Jimm MexcAy o6i>eKTOM H3MepeHHH h bccmh 

TeMH npHCnOC06jieHHHMH, KOTOpbie CJiy>KaT AJIH np0H3B0ACTBa H3- 

MepeHHfl. Ha MHRpocKonaqecKOM ypoBHe BMeuiaTeJibCTBO H3Mepn- 
TejibHoro annapaTa bhocht HeKOHTpojinpyeiwoe B03MymeHHe, KOHeq- 
Haa BejiHiHHa KOToporo HenocpeflCTBeHHO cBH3aHa c cymecTBOBaHHeM 

3T0MH3M3 AeHCTBHH. HajIHHHe HeKOHTpOJIHpyeMOrO B03MymeHHH 

CT3BHT npe^eji bo3mo>khocth pa3JinqaTb cy6-beKT h o6T>eKT h BeAeT 
k nepecMOTpy KJiaccnnecKHX KOHiiermHft, KacaiomaxcH onncaHHH hb- 
jieHHH. 3tot Bonpoc paccMaTpHBaeTca b pa3/iejie IV stoh rjiaBbi. 

P asAeji I. CTATHCTHHECKAfl HHTEPIIPETAUHJI BOJIHOBblX 
•WHKUHH B BOJTHOBOn MEXAHMKE 

§ 2. BepOflTHOCTH pe3yJIbTaT0B H3MepeHHH KOOpAHHaTbl 

h HMnyjibca qacTHUbi 

Pa36epeM BHaqajie cjiyqafl kb3htoboh chctcmh, cocTOHineft hs 
OflHofl qacTHUbi. llycTb W(r, t) ecTb ee BOJiHOBaa <pyHKu,HH. OHEf 
VflOBjieTBopHeT ypaBHeHHio LUpeAHHrepa h nojiHocTbio onpe- 
AejiaeTca b jiioSoh momcht BpeMeHH, bcjih H3BecTH0 3HaqeHHe 
^(r, to) b HanaJibHbiH momcht to. Cefiqac mh aHajiH3HpyeM CHTya- 

UHK) B HeKOTOpblH AaHHHH MOMeHT BpeMeHH t, H 0603H3HHM qepe3 

*F(r) BOJiHOByio (pyHKu,Hio qacTHiibi b stot momcht. 

flHHaMHqecKoe cocTOHHHe KJiaccnqecKOH qacrairH onpeAeJiHeTCH 
b Ka^Abift MOMeHT 3aAaHHeM ee nojioxceHHH r(x,y,z) h HMnyjibca 

PiPx, Py, Pz). HO nOCKOJIbKy B0JIH0B3H (pyHKUHH HMeeT HeKOTOpyK> 

npocTpaHCTBeHHyio npoTHJKeHHOCTb, mh He mojkcm npHnncHBaTb 
KBaHTOBOH qaenme ToqHoe nojiojKeHHe b npocTp aHCTBe. Mojkho 

TOBOpHTb JIHUJb 0 BepOHTHOCTH H3HTH qaCTHUy B HeKOTOpOH 06jiaCTH 

npocTpaHCTBa, KorAa npou38odurcn U3jnepeHue ee nonooiceHUH. 
06o3HaqHM chmbojiom P(r)dr BepoaTHOCTb HaflTH qacrauy b 
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TJI. IV. COOTHOUIEHHH HEOnPEjlEJIEHHOCTH 



ajieMeHTe o6-beMa (r, r -\-dr), Tor^a BepOHTHOCTb HaftTH ee b o6-beMe 

V MM nOJiyiHM HHTerpHpOBaHHeM «nJIOTHOCTH BepOHTHOCTH» P(r) 

no 9T0My 06-beMy: P(V)— ^ P(r)dr. I1oao6ho 3T0My mm, BOo6ma 

v 

roBopa, He MOJKeM npnnHcaTb kb3htoboh HacTHue toiho 3aflaH-> 
Hbifl HMnyjibc. KoHenHO, ecjiH conocTaBjiaeMaH qacTHite BOJiHa 
HBjiaeTCH njiocKofi bojihoh e lkr , to oHa, no 3aKOHy cootb6tctbhh 
Ae BpofljiH, AeflcTBHTe^bHO npeacTaBjineT qacTHijy c HMnyjibcoM 
p = hk. Oahsko b ofimeM cjiyiae BOJiHa W npeACTaBjiaeT cofioft 
cynepno3HUHio MHornx njiocKHX bojih c paajin^HbiMH bojihobmmh 

BCKTOpaMH k. ri03T0My M05KHO OnpeAC/IHTb TOJIbKO BepOHTHOCTb 

Toro, nio H3MepHeMbifl HMnyjibc OKameTCH b HeKOTopoft oSjiacTH 
np ocTp a hctb a HMnyjibcoB. 06o3H3hhm chmbojiom H(p)dp BepoHT- 
HocTb HaftTH HMnyjibc qacTHUH b HHTepBaJie (p, p + dp) , Toraa 

BepOHTHOCTb U(D) H3HTH HMnyjIbC B HeKOTOpofi KOHeMHOft oSjiaCTH 

D HMnyjibCHoro npocTpaHCTBa nojiynHTCH HHTerpHpOBaHHeM: 

II (D) = J II (p) dp. FIJIOTHOCTH BepOHTHOCTH P (r) H II (p) HBi 
D 

JIHIOTCH BejIHIHHHMH CymeCTBeHHO nOJIOJKHTCJIbHblMH H AOJIJKHH 
yflOB^eTBOpHTb O^eBHAHblM yCJIOBHHM 

$P(r)dr=l, $II(p)dp=l, (1) 
Tfle HHTerpHpoBaHwe pacnpocTpaHHeTca Ha Bee KOncpHrypaimoHHoe 

H HMnyjIbCHOe npOCTpaHCTBa, COOTBeTCTBeHHO. 

Pacnpeae^eHHH BepoHTHOcra P(r), U (p) aojijkhm 6bm> noji- 
HocTbio 3aAaHU, ecjiH H3Becraa BOJiHOBaH (pyHKii,HH W (r) . OnpeAe- 

JIHM P(r) paBeHCTBOM 

P(r) = W*{r)W(r) = \W(r)\ 2 . (2) 
3Ta (popiwyjia BnojiHe corjiacyeTca c BbicKa3aHHoft paHee HAeeft 

O TOM, 4TO BepOHTHOCTb HaXOJKAeHHH qaCTHHJbl B TO^Ke AOJDKHa 
■6bITb TeM SOJIbHie, HeM 60JlhUie HHTeHCHBHOCTb BOJIHH B 3TOH TOHKe. 

BbinojiHeHne paBeHCTBa (1) Tpe6yeT, hto6m bojihob3h (pyHKUHH 
noAiHHHjiacb TaK Ha3biBaeM0My ycAoeuto HopMupoem 

N = \ j \W{r)\ 2 dr=l. (3) 

3to npeAnojiaraeT, ^to (pyHKUHH W(r) HBJiaeTCH KBaApaTHTOO hh- 
TerpHpyeMoft, npHHeM ee HopMa ocTaeTCH nocTOHHHoft bo BpeMeHH. 
Mu noKa>KeM b AajibHeftmeM, qra sto ycfioBHe corjiacoBaHHOCTH 

CTaTHCTHHeCKOH HHTepnpeTaU.HH AeftCTBHTejIbHO BbinOJIHEeTCH. 

Mto6m onpeAeJiHTb II (p), paccMOTpHM onepaHHio H3MepeHHH 
HMnyjibca qacTHHbi, conocTaBjineMoft BOJiHe ^. 3Ta npo6;ieMa 
aHaaoraiHa cneKTpa^bHOMy aHa;iH3y CBeTOBofi bojihm, npnqeM 



§ 2. KOOP.IIHHATbI H HMnyJIbCM ^ACTHUH 
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aHaJiorHH cTaHOBHTca oco6eHHO hchoh, ecjin H3MepeHHe HMnyjibca 
npOH3BOAHTCfl C nOMOIUbK) HeKOToporo AH4)paKUHOHHoro ycTpoft- 
cTBa; OAHaKO Bee paccyxAeHHH hmciot o6hihh xapaKTep h He 3a- 
bhcat ot KOHKpeTHoro ycTpoftcTBa H3MepHTeJibHoro annapaTa. BBe- 
jieM npeo6pa30BaHHe Oypbe bojihoboh (pyHKUHH corviacHO cootho- 

UieHHHM *) 

Cjieayn ypaBHeHHK) (5) (pyHKUHio W(r) mojkho paccMaTpHBaTb- 

ipr 

KaK jiHHe&Hyio cynepno3HUHio sjieMeHTapHbix bojih e H c tohho 
onpeAeJieHHHM HMnyjibcoM p, npn^teM KajKAaa ajieMeHTapHaa BOjiHa 
bxoaht c K03<p(pHUHeHTOM (2jtfi)- 3/2 <£ (p) . Ecjih 6h 3Ta cynepno- 

3huhh coAep>Kajia m/ibKo oahh qjieH e h , to pe3yjibraT H3MepeHHfl 
6wji 6bi paBeH po. Ecjih CD(p) oiyiHTOa ot HyjiH mribKO b Majioft: 
o6jiacTH, OKpyacaiomeH po, KaK b cjiynae bojihobhx naneTOB, H3y- 
qaBiiiHXCH b rji. II, to 3HaMeHHe HMnyjibca iiohth HaBepHHKa Haxo- 
AHtch b6jih3H p 0 . B o6meM cJiytiae mo>kho CKa3aTb, qra BepoHT- 
HOCTb II(p)dp Haflra sHa^eHHe HMnyjibca b sjieMCHTe o6T>eMa 
(p, p + dp) TeM 6ojibme, qeM 6oJibiue |<D (p) | . TaKHM o6pa30M, mh 

MOXeM IIOJIOJKHTb 

n(p) = (D*(p)Q(p) = |<D(p)| 2 . (6> 

FIocKOJibKy cKaJiapHoe npoH3BeAeHHe HHBapnaHTHO oTHOcHTeJibHO 
npeo6pa30BaHHH <J>ypbe (TeopeMa IV, cm. flonojmeHHe A § 16; b 
AajibHefimeM 6yAeM o6o3HaMaTb, HanpHMep, § A. 16, § B.9 h t. a.) : 

J I O (p) | 2 dp=J|W(r) fdr, 

yCJIOBHe HOpMHpOBKH (1) aBTOMaTHMeCKH yAOBJieTBOpfleTCH, eCJIH 

(pyHKUHH T(r) HopMHpoBaHa na eAHHHuy. 

npeo6pa30BaHHe G>ypbe ycTaHaBJiHBaeT B3aHMOOAH03HaqHoe co- 

OTBeTCTBHe MeJKAy (pyHKUHHMH *F(r) H O(p). 3aAaHH3 (pyHKUHH 

<D(p), noAo6HO 3aAaHHio (pyHKUHH W{r), AOcraTO*rao ajih onpeAe- 
JieHHH AHHaMHHecKoro coctohhhh qacTHUbi. EIoaTOMy <D(p) Ha3H- 



') Ecjih HHTerpa;ibi b npaBbix qacrax paBeHCTB (4) h (5) He cxoahtch b 

06bIHHOM CMHCJie, TO nOHSTHe CXOflHMOCTH AOJI5KHO 6bITb MOflHIpHUHpOBaHO CO- 

iviacHO npeAnncaHHflM Teopenu I flonoJiHCHHH A (§ 16) npn yqeie Toro o6ctos- 
TejibCTBa, no (pyHKUHH ¥(»■) Bceraa aanxHa 6biTb KBaAparaiHo HHTerpHpyeMofi.. 
flocjieflyiomHe pesyjibTaTH He aaBHCHT ot onpejiejieHHH cxoahmocth. 
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BfliOT 60AH060U cpyHicmieu 8 uMtiyAbCHOM npocrpaHCTse, nro onpaB- 
XMBaeTCH eme h tcm, ito W r Q> HrpaiOT b onpeAejieHHax (2) h 
(6) Bnojme aHa^orHHHyio pojib. HHOi\na roBopHT, hto (pyHKixHH W 

H <D HBJIHIOTCH 3KBHBaJieHTHbIMH tipedCTQ,8A6HUHMU OAHOrO AHHa- 
MHMeCKOrO COCTOHHHH. 

CjieflyeT mctko npeACTaBjiHTb ce6e (pHsnqecKHH cmho/i BBeaeH- 
hhx HaMH BejiHHHH P (r) a II (p). MacTHixa, conocTaBjiaeMaa Bojme, 
Boo6m,e rdBopa, He o6jiaAaeT hh onpeAejieHHHM noJiojKeHneM, hh 
onpeflejieHHHM HMnyjibcoM; ecjin npOH3BOAHTb H3MepeHHe toh hjih 
hhoh flHHaMHqecKofi nepeMeHHOH b OTflejibHofl cncTeivie, npeACTaB- 

JlHeMOH BOJIHOBOH (pyHKUHefl TO HHK3KHX npeACKa33HHH pe3yjib- 

TaTa c^eJiaTb Hejib3H. BepoHraocTHbie npeACKa3aHHH, o KOTopbix 
uijia pe^b Bbiuie, othochtch k aHcaiviSjiio H3 oneHb 6ojibiuoro qncjia 
Jf sKBHBajieHTHbix cHCTeM, He 3aBHCHMwx Apyr ot Apyra, Ka^Aaa 

H3 KOTOpblX npeACTaBJIHeTCH OAHOH H TOH >Ke BOJIHOBOH PyHKUHefl 
ECJIH npOH3BOflHTb B Ka>KAOH H3 3THX CHCTeM H3MepeHHe npOCTpaH- 

cTBeHHoro noJioxceHHH, to BeJiHHHHa P(r) AaeT BepoHraocTb pac- 
npeaeJieHHH Jf pe3yjibTaTOB H3MepeHHH b npeAejibHOM aiyqae, 
Kor^a ^HC/io Jf uieHOB cTaTHCTHnecKoro aHcaM6jin erpeMHTca k 
SecKOHeHHOCTH. Ecjih H3MepHeTca HMnyjibc, to BejiH^HHa II(p) npn 
Tex xe ycjioBHHx AaeT pacnpeAeJieHHe pe3yjibTaTOB H3MepeHHH 
HMnyjibca. 

Hto6h onpeaeJiHTb P(r) h II (p), hcxoah H3 bojihoboh (pyHK- 
UHH, Mbl OCHOBHBaJIHCb Ha C006pa>KeHHHX npaBAOnOfl06HOCTH H 

BHyTpeHHefi jioi-hkh onpeAejieHHH. Ho coBepmeHHO He oueBHAHO, ^to 

BblpajKeHHH (2) H (6) HBJIHIOTCH eAHHCTBeHHHMH, KOTOpbie M05KHO 

noJiyHHTb nyTeM noAoSHbix paccy>KAeHHH. PacnpeAeJieHHH BepoHT- 
hocth P(r) h II(p) MoryT 6biTb b npHHunne HenocpeACTBeHHO 
conocTaBJieHbi c onbiTHbiMH aaHHbiMH. BbipaxeHHH (2) h (6) no- 
jiynaT OKOHiaTejibHoe noATBepatAeHHe, ecjiH pe3yjibTaT TaKoro co- 

TIOCTaBJieHHH OKajKeTCH yAOBJieTBOpHTejIbHHM. 

§ 3. CoxpaHCHHe HOpMbi bo BpeMeHH 

l lTo6bi onpeAeJieHHH BepoHTHOCTefi, AaHHbie Bbiiue, Shjih cnpa- 

BeAJIHBbl, Heo6xOAHMO, «IT06h HOpMa N BOJIHOBOH (pyHKUHH OCTaBa- 
JiaCb nOCTOHHHOH BO BpeMeHH. Ho (pyHKUHH H V yAOBJieTBOpHIOT 

cooTBeTCTBeHHO ypaBHeHHio LUpeAHHrepa (11.33) h KOMnjieKCHO 
conpHJKeHHOMy ypaBHeHHio, t. e. 

ih-j r W= HV, ift -^-T = - (HW)\ 

CjieAOBaTeJibHO, 

jL | w |2 _ ¥ * qr) + W = [y* (fW)-(Hn n (7) 



§ 3. COXPAHEHHE HOPMbI BO BPEMEHH 
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HHTerpHpyn o6e ctopohh paBeHCTBa no BceMy KOHtpHrypauHOHHOMy 
npocTpaHCTBy, nojiyuaeM 

in- = ih S w ^ - ^ dr - 

HopMa 6y^eT ocTaBaTbca iioctohhhoh bo BpeM&HH, ecjiH 

^W*(HW)dr = ^{H^yWdr. (8) 

3tO paBeHCTBO AOJIJKHO BbinOJIHHTbCH K3KHM 6bl HH 6bIJI0 AHHaMH- 

qecKoe cocTOHHHe lacTHUH, t. e. flJifl bchkoh (pyHKUHH T, KBaapa- 
rmno HHTerpHpyeinofi b npocTpaHCTBe KOHCpHrypauHft. 

B MaTeMaTHKe oneparopH, yAOBjieTBopaiomHe coothouichhio 
(8) AJia bchkoh (pyHKUHH W H3 (pyHKUHOHaJibHoro npocTpaHCTBa, 
r^e onpeAeJieH onepaiop, Ha3HBaK)Tca apMuroebiMu onepaTopaMH. 
OcHOBHbie cBOHCTBa spMHTOBbix onepaTopOB 6yayT H3yneHH b tji. V. 

npoBepHM, ito raMHJibTOHHaH IIIpeaHHrepa AeficTBHTe^bHO 
ofiJiaaaeT cbohctbom spmhtobocth. OrpaHHHHMca 3Aecb cnyqaeM 
qacTHUH, HaxoAflmeficH b o6jiacTH AeftcTBHH cKaJinpHoro noTeH- 
nnajia (c^yuafl 3apa>KeHH0H lacTHUbi b ajieicrpoMarHHTHOM nojie 
HBjiaeTCH npeAMeTOM 3aAaHH 1). HMeeM 

riocKOJibKy V(r) ecTb BeJiHHHHa AeftcTBHTeJibHan, ypaBHeHHe (8) b 
AaHHOM cjiywae npnHHMaeT bha 



J [¥* (AT) - (AT)* \F] dr = 0. 



Ecjih 6h HHT.erpHpoBaHHe pacnpocTpaHfljiocb Ha HeKOTopbifi KOHei- 

Hblfi 06"beM, OrpaHHqeHHHH nOBepXHOCTbK) 5, TO no H3BeCTHO?I 

TeopeMe TpHHa o6-beMHbifi HHTerpaji 6hji 6h paBeH HHTerpajiy 
no noBepXHOCTH 

s 

rAe chmbojiom d/dn o6o3HaneHa BHeniHHH HopMajibHaa npoH3BOA- 
Haa. B HameM cjiyqae HHTerpnpoBaHHe pacnpocTpaHHeica Ha Bee 
KOH(pHrypanHOHHoe npocTpaHCTBo, t. e. Bee aJieMeHTbi noBepxHocra 
S yAajiHioTCH b 6ecK0HeHH0CTb. B to >Ke BpeMH, nocmflbicy T npeA- 
CTaBJiaeT AHHaMHuecKoe coctohhhc (pHSHMecKofi cncTeMbi, oHa ecTb 
pyHKUHH KBaApaTH^HO HHTerpnpyeMafl, cjieaoBaTeJibHO, noBepxHO- 

CTHblH HHTerpaji CTpeMHTCH K HyjIK). 

TaKHM 06pa30M, eCJIH yCJIOBHe HOpMHpOBKH (3) BbinOJIHHeTCH 

B HanajibHbiH MOMeHT BpeMeHH, oho BbinojiHaeTCH h bo Bee nocjie- 
Ayromne momchth BpeMeHH. BBHAy Toro, hto ypaBHeHHe LLIpeAHH- 
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repa ecTb oAHOpoAHoe ypaBHeHHe, ero peiueHna onpeAeJieHbi TOJibKO 

C TOHHOCTbK) AO npOH3BOJIbHOrO ITOCTOHHHOrO KOMIIJieKCHOrO MHO- 
JKHTeJIH. YcJIOBHe HOpMHpOBKH B HaqajIbHblH MOMeHT BpeMeHH 

4>HKCHpyeT a6cojiK)THoe 3HaieHHe SToro mhokhtcjih; (pa3a KOMn- 

JieKCHOrO nOCTOHHHOrO MHOKHTeJIH OCTaeTCH npOH3BOJIbHOH. 

§ 4. floHHTHe noTOKa 

Cbohctbo coxpaHeHHH HopMbi Jienco HHTepnpeTnpoBaTb, ecJiH 
BBecTH noHHTHe noTOKa. FIpaBaH qacTb ypaBHeHHH (7) BcerAa mo- 
3Ker 6biTb BbipajKeHa b bhac AHBepreHUHH HeKOToporo BeKTopa — 
BeKTopa njiOTHOCTH noTOKa BepoaTHOCTH hjih npocTo eeKTOpa no- 
TOKa. OrpaHHHHMCH 3Aecb cny^aeM qacranbi, ABH^ymeftcn b nojie 
CKaJiapHoro noTeHHHa.ua (cm. 3aAauy 1). OnpeAe-JiHM noTOK 
J(r, t) b To^Ke r b MOMeHT BpeMeHH t BupajKeHHeM 

/(,,/) = Re [V -A. V*]. (9) 

HeTpyAHO npoBepHTb, wto 

div/ = 4 [W*(HW) - (HV)*W]. (10) 

3to no3BOJineT nepenncaTb ypaBHeHHe (7) b (popMe 

-^-P+div/ = 0. (11) 

YpaBHeHHe ™na (11) qacTO BCTpe'-iaeTca b rHApOAHHaMHKe. 
3to ecTb ypaBHeHHe coxpaHeHHH ajih jkhakocth c njiOTHoerbio P 
h noTOKOM / b cpeAe 6e3 noiviomeHHH, 6e3 hctohhhkob h ctokob. 

Mbl npHXOAHM, T3KHM 06pa30M, K aHaJKXTHH MeJKAy ABHJKeHHeM 

KBaHTOBofi qacTHitbi h KJiaccHqecKofi jkhakocth 2 ). Macca JKHAKO- 
CTH, coAepjKamaacH b 3aA3HH0M o6T>eMe T, paBHa HHTerpaJiy ot 
njiOTHOCTH no 3T0My oSieMy. H3 ypaBHeHHa (11) BbiTeKaeT tot 
o6meH3BecTHbifi (p aKT > ito npOH3BOAH3H no BpeMeHH OT MaCCbl 
^chakocth, saKJiioHeHHOH b T, paBHa 

- J div/dr = - J/dS, 

V S 

t. e. noTOKy BeKTopa / qepe3 3aMKHyTyro noBepxHocTb S, orpaHH- 
HHBaiomyio o6-beM. FIojiHafl Macca >khakocth bo BceM npocTpaHCTBe 
ocTaeTCH nocTOHHHoft (coxpaHeHHe HOpMbi) , TaK KaK noTOK iepe3 
noBepxHocTb S CTpeMHTca k Hyjiio, KorAa o6T>eM f BKJiKKaeT Bee 

npOCTpaHCTBO. 



2 ) KoHeiHO 9Ta aHa^iorHR He MoaceT 6uTb pacnpocTpaHeHa cjihihkom aaJieKO. 
Bee, mo mojkho noJiywHTb Ha ocHOBe stoh aHajiorHH, cboahtch k 3aKOHy coxpa- 
«eHHa, BbipajKaeMOMy, ypaBHeHHGM (11) (cm. m. VI), 



§ 5. CPEflHHE 3HAMEHH3 tyHKUHH OT r H OT p 
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B onpe/ieJieHHH / coxpaHHeTCH HeKOTOpaa cTeneHb npoH3BOJia: 
ypaBHeHHe (11) ocTaeTCH cnpaBeflJiHBHM, ecra k BeKTopy / npn- 

SaBHTb JIK)60H BeKTOp C p3BH0H HyjIK) flHBepreHUHefl. OflHaKO 

onpeAeJieHHe (9) HMeeT npeHMymecTBo npocTOTH. KpoMe Toro, 
oho MO>KeT 6uTb nojiyqeHo no npHHunny cootbctctbhh H3 KJiaccH- 
ijecKoro onpeaejieHHH noTOKa. fleftcTBHTeJibHO, coraacHO npHHiiHny 
cooTBeTCTBHH, onepaTop (h/im)V npeflCTaBJineT BejiHHHHy p/m, 
t. e. CKOpocTb qacTHUH; BejiHHHHa / cooTBeTCTByeT npoH3BefleHHio 

CKOpOCTH Ha njIOTHOCTb, T. e. nOTOKy. B UaCTHOCTH, eCJIH W ecTb 

njiocKaa BOJraa A exp [(i/h) (pr — Et)] , to J(r,t) = \A\ 2 (p/m) 

^eHCTBHTeJIbHO paBHO npOH3Be^eHHK) ITJIOTHOCTH BepOHTHOCTH H3 
CKOpOCTb. 

Cbohctbo, Bbipa^aeMoe ypaBHeHHeM (11), ecTb hchto 6ojiee 
rjiy6oKoe, qeM npocTO cbohctbo coxpaHeHHH hopmh. Ecjih tpyHiuiHa 
Y HBJIH6TCH cTauHOHapHHM pemeHHeM ypaBHeHHH IIIpeAHHrepa 

-•— t 

¥(r, t) = W)e '* , 

TO CBOHCTBO COXpaHeHHH HOpMbI JIH60 TpHBH3JIbHO, JIH60 He HMeeT 

cMHCJia. Oho TpnBHaJibHo b a/iyqae cBH33HHoro coctohhhh, oho He 
HMeeT CMHCJia b cjiynae coctohhhh HecBH3aHHoro, h6o bo btopom 
c/iyqae cpyHKUHH if> He HBJineTCH KBaapaTH^HO HHTerpnpyeMOH. 
O/iHaKO b o6ohx aiynanx ypaBHeHHe (11) ocTaeTCH cnpaBeAJiH- 

BHM H, BBHfly TOrO, HTO njIOTHOCTb |\f>| 2 He 33BHCHT OT BpeMeHH, 

npHHHMaeT (popMy 

div/ = 0. (12) 

3T0 CBOHCTBO CO()CTBeHHOH (pyHKUHH l|) OCoGeHHO B3JKH0, TaK K3K 
OHO He 33BHCHT OT KOHKpeTHOH (pOpMH nOTCHUHaJia V (r) , BXOflH- 

iu,ero b raMHJibTOHHaH IHpeAHHrepa 3 ) . 

§ 5. CpeflHHe 3HaMeHHH <J)yHKII,HH OT f H OT p 

y6eAHBUiHCb b corjiacoBaHHOCTH onpeflejieHHfi ruioTHocTeft Be- 

POHTHOCTH P H II, npHMeHHM HX Tenepb K BblHHCJieHHK) CpeflHHX 

3HaqeHHH (pyHKUHft ot r h ot p. 

3Haa pacnpe^eJieHHe P(r) pe3yjibTaTOB H3MepeHHH nojio>KeHHvt 
b HeKOTOpHH MOMeHT BpeMeHH, mojkho onpeaejiHTb cpe^Hee 3Haie- 
HHe (MaTeMaTHqecKoe o>KHflaHHe) ajih HeKOTopoft (pyHKUHH F(r) = 
= F(x,y,z) KOopAHHaT qacTHUbi. d>H3HHecKHH cmmc/i sToro cpea- 
Hero 3HaqeHHa coBnaaaeT c TeM, kotophh mh (popMyjinpOBa/iH npn 
onpeaeJieHHH P(r): sto cpeflHee 3H3qeHHe H3MepeHHfl F(r), ocy- 

IHeCTBJieHHblX Ha OHeHb 60JIbIUOM TOCJie SP SKBHBaJieHTHblX CHCTeM, 



8 ) 3to CBoftcTBO HrpaeT b TpexMepmdx saaaiax pojib cBoficTBa coxpaHeHHH 
BpoHCKHHHa W(y*,y) b 3aAaiax OflHOMepHhix (cm. Ill, § 11, b AaJibHeftuieM 
§IH, 11).. 
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He3aBHCHMbix Apyr ot apyra h npefldaBJiaeMbix oahoh h toh nee 

BOJIHOBOH (pyHKUHefi *P. 

ripHMeM RJlfl 3T0H BeJIHHHHbl 0603HaqeHHe (F(r)y. 0>ieBHAHO, 

mo 

(F(r))=\p(r)F(r)dr. 

AHajiornqHO ajih cpeflHero 3HaHeHHH HeKOTOpoft (pyHKUHH HMnyjibca 
G (p) = G (p x , p y , p z ) nojiyqHM 

(G(p))=\u(p)G(p)dp t 

Hcnojib3yn onpeflejieHHH njioTHOCTeS BepoHTHOCTH, npHHHTbie b 
§ 2, nojiy«iHM BHpajKeHHH (npH yanoBHH, hto HHTerpajibi cxo- 

AHTCH) 

(F(r))=\w*(r)F(r)V(r)dr, (13) 
(G(p))=\&(p)G(p)®(p)dp. (14) 
Tan, cpeAHee 3HaieHHe KoopAHHaTbi qacTHUH ecTb 

&)=\V(r)xV(r)dr, (15) 
a cpeAHee 3HaneHHe cocTaBJiHiomeH p x HMnyjibca ecTb 

(p x )=\®*(p)p x Q>(p)dp. (16) 

3anHineM Bbipa>KeHHe (16) b Apyroft (popMe, npnMeHHH cboh- 
CTBa npeo6pa30BaHHH Oypbe, H3JiojKeHHbie b JlonojiHeHHH A. Eojih 
(pyHKUHH pxO(p) KBaAparaHHO HHTerpHpyeMa, hto mh npeAno.no- 
>khm BbinoJiHHiomHMCH BcerAa, ee o6pa3 Oypbe ecTb (h/i) (r) / dx 
(Teopeiwa III § A. 16). IIpHMeHHH k cpyHKUHHM G> h p x (b CBOHCTBO 
HHBapHaHTHOCTH cKajiapHoro npoH3BeAeHHH (TeopeMa IV § A. 16), 
nojiyiaeM 

( Px )=\^(r)(-^ 7 )w(r)dr. (17) 

Mh bhahm (popMajibHyio aHajiorHio Me>KAy npaBHMH nacTHMH ypaB- 
HeHHH (16) h (17): nepexoA ot nepBoro ko BTOpoMy ocymecTBjiH- 
eTCJi 3aMeHofi HHTerpHpoBaHHH no p HHTerpHpoBamieM no r, noACTa- 
hobkoh BMecTo <D(p) ee o6paTHoro Oypbe-o6pa3a *F(r), a bmccto 

Q*(p) — KOMnJieKCHO COnpJDKeHHOH BeJIHIHHbl h, HaKOHeu, 3aMeHOft 

BeJiHUHHbi px onepaTopoM (Ji/i)d/dx, npn^eM d/dx o6o3HaqaeT 
onepauHio B3HTHH ^acTHofl npoH3BOAHofi no x, npHMeHHeMyio k 
(pyHKUHH, cTOflmefi cnpasa ot cHMBOJia onepaTopa. 



§ 5. CPEAHHE 3HAMEHH3 *yHKUHlt OT r H OT p 
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AHajiornHHO mojkho nepefira ot ypaBHeHHH (15) k Bupa*eHHio 

(x)= \ <V(p)(ih JL-)(D(p)dp. (18) 

9th pe3yjibTaTbi Moryr 6biTb o6o6meHbi Ha (pyHKUHH 6o.rcee 
cjiojkhoh (popMbi. Tax, H3 Toro (patera, qra p 2 /b{p) (no npeanojio- 
xeHHio KBaAp aTHiHO HHTerpHpyeMan) ecTb o6pa3 Oypbe (pyHKUHH 

(noBTOpHoe npHMeHeHHe TeopeMH III § A. 16), bhboahm 

(pl) = \ ®y x ®dp= -h* J V^-dr. (19) 

BooSme, ecjiH G(p) ecTb nojiHHOM hah (pyHKUHH, npeacTaBjineMaH 
aScoJiioTHO cxoahiuhmch pHAOM no CTeneHHM p x , Py, Pz, HMeeM 

(G (p)> = \ W* (r) G (f V r ) W (r) dr (20) 

npH yCJIOBHH BbinOJIHeHHH Tpe60B3HHH CXOAHMOCTH, KOTOpbie JierKO 

(popMyjiHpoBaTb. ripn BbinojiHeHHH Tex ace yonoBHH aah cpeAHero 
3HaieHHH F(r) HaxoAHM 

(F (r)> = J ©• (p) F (/ftV p ) <P (p) dp . (21) 

riojiy^HB AocTaTo^HO pe3yjibTaTOB, HToSbi HanaTb o6m.ee 06- 
cyjKAeHHe npo6jieMH, KOTopoe HBjiaeTCH npeAMeTOM stoh rjiaBbi, 
mh He 6y#eM 6ojiee yrjiySjiHTb 3Aecb Bonpocbi cTaTHCTHiecKoft 

HHTepnpeTaUHH (pyHKUHH W. Beflb nOMHMO CTaTHCTHKH H3MepeHHH 

noJio»;eHHH h HMnyAbca h pe3yAbTaTOB, KacaioiunxcH cpeAHHX 3Ha- 
qeHHH BeJiH^HH ™na F(r) h G(p), 3aAaHHe W aoaxho onpcuejiHTb 

CTaTHCTHKy H3MepeHHH JIK)60H H3MepHMOH <pH3HHeCKOH BeAHMHHbl. 

3th BonpocH 6yayT paccMaTpHBaTbca b rji. V. 3Aecb mh orpaHH- 

HHMCfl HeKOTOpblMH IIpeABapHTeAbHblMH SaMe^aHHHMH. 

BejiHHHHbi <x> h (p x y AeficTBHTejibHbi; 3 T o cneAyeT H3 hx onpe- 
AeaeHHa. noaTOMy npaBbie qacra ypaBHeHHH (15) h (17) TaK>Ke 
AeHCTBHTejibHH. Hhwmh cJiOBaMH, onepaTopbi x h (fi/i) (d/dx) hb- 
jihiotch apuuToeuMU onepaTopaMH (sto cJieayeT H3 caMoro onpe- 
flejieHHH apMHTOBocTH b ypaBHeHHH (8)). AHajiorHMHO ABe Apyrne 
cocTaBAHiouiHe BeKTopa r h ABe Apyrne coeraBjiHioiUHe BeKTopHoro 
onepaTopa — j'fiV hbahiotch spmhtobhmh onepaTopaMH, a TaioKe h 
onepaTopu bha3 F(r), G( — ifiV), ecAH F h G kuk (pyHKUHH cbohx 
apryMeHTOB AeftcTBHTejibHbi. 

PaCCMOTpHM Bbipa>KeHHH AAH CpeAHHX 3Hat!eHHH,- noAyneHHHx 

c noMombio (pyHKUHH W (ypaBHeHHH (13), (20), (15) h (17)). Bee 
ohh HMeiOT OAHy (popiay. Be^HHHHe, cpeAHee 3HaieHHe KOTopoft 
Mw BbiiHCAaeM, cooTBeTCTByeT neKOTopbifi j'lHHefiHbift onepaTop 
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rjl. IV. COOTHOIUEHH3 HEOriPEAEJlEHHOCTH 



(apMHTOB) A, h HCKOMoe cpeAHee AaeTCH BwpajKeHHeM bhas 



b kotopom, corjiacHO o6meMy npaBHjry, onepaTop AeftcTByeT Ha 
(pyHKUHio, CTonmyio cnpaBa ot Hero. 9tot onepaTop noJiyMaeTca 
c nc>Mom,bio npocToro npaBHJia cootbctctbhh : ecjiH pe^b HAeT o 
4>yHKUHH F(r) KOopAHHaT qacTHUu, to cooTBeTCTByiomHM onepa- 
TopoM HBJiaeTCH caiwa cpyHKHHJi; ec/m xe mu HMeeM (pyHKUHio 
G(p), to onepaTop nojiyuaeTca hs stoh (pyHKUHH noACTaHOBKofi b 

G BMeCTO COCTaBJIHIOIUHX p COOTBeTCTByiOmHX COCTaBJIHIOUtHX BeK- 

TopHoro onepaTopa — ihV. Mh BHOBb Bcrpe^aeM 3Aecb npaBHJio 
cooTBeTCTBHH (11.17) Me>KAy HMnyjibcoM p h onepaTOpOM — tfiV, 
KOTopoe HaM noMorjio ycTaHOBHTb ypaBHeHHe IIIpeAHHrepa. 

Ka>KAoe H3 cpeAHHx sHa^eHHfi mojkct 6biTb BbrqncJieHo c no- 
MombK) hjih c noMoutbio <D: BHpajKeHHH (21), (14), (18), (16), 

nOCTpOeHHbie C nOMOIUbK) (pyHKUHH (D, COOTBeTCTBeHHO SKBHBa- 

jieHTHbi BbipaJKeHHHM (13), (20), (15), (17), b KOTopue bxoaht 
(pyHKUHH W. Me>KAy nepBHM h btophm phaom (popMyji HMeeTca h 
4>opMajibHaH aHajiorHH. Bo btopom cjiynae BeJiH^HHe, cpeAHee 3Ha- 

MeHHe KOTOpOH BblHHCJIHeTCJI, T3K>Ke COOTBeTCTByeT JIHHeHHbifi 

(apMHTOB) onepaTop B, AeftcTByioiuHH b a3hhom cjiynae Ha (pyHK- 
UHH ot p, a HCKOMoe cpeunee AaeTCH BbipaiKeHHeM THna 



OnepaTop B nojiyiaeTCH Ha ocHOBe npaBHJia cootb6tctbhh, cxoa- 
Horo c TeM, KOTOpoe cjiyjKHT a^ih Haxo>KAeHHH A: ecjiH peqb HAeT 
o pyHKUHH G(p), to onepaTOpOM HBJiaeTCH caMa (pyHKUHH, ecjiH me 
mh HMeeM PyHKUHio F (r) , to onepaTop nojiynaeTca noACTaHOBKofi 
b F BMecTO r onepaTopa jfiV p ( V p s (d/dp x , djdp y , d/dp z ). 

KaK BOJIHOBbie (pyHKUHH $ H f HBJIHIOTCH 3KBHB3JieHTHbIMH 

npedcTaeneHUHMU oahoto h Toro *e AHHaMH^ecKoro coctohhhh sac- 
THUbi, Tan h onepaTopbi B h A hbjihiotch SKBHBajieHTHbiMH npeA- 

CT3BJieHHHMH OAHOH H TOH JKe <pH3HHeCKOH BeJIHTOHbl, npHTCM Bbl- 

qncjieHHe paccMOTpeHHbix 3Aecb cpeAHHx SHaneHHH mojkct npoH3- 

BOAHTbCH (pOpMaJIbHO TOJKAeCTBeHHO B TOM HJIH APyrOM H3 9THX 
npeACTaBJieHHH. 3tO HaBOAHT Ha MblCJIb, HTO KBaHTOBaH TeOpHH MO- 
HieT 6bITb (pOpMyjlHpOBaHa CaMbIM 06lUHM 06pa30M He33BHCHMO OT 

KOHKpeTHoro npeACTaBJieHHH. TaKaa o6maa (popMyjwpoBKa 6yAeT 
AaHa b rji. VII h VIII. 

§ 6. CHCTeMW MHOrHX MaCTHU 

OnpeAejieHHH h pe3yjibTara npeAmecTByioiuero paccMOTpeHHH 
6e3 TpyAa MoryT 6biTb pacnpocTpaHeHbi Ha CJiyuafi KBaHTOBHX 

CHCTeM, COCTOHU1HX H3 MHOrHX qacTHU. 




(22) 



<D*B0> dp. 



(23) 



§ 6. CHCTEMbl MHOTHX MACTHU 
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FlycTb b caMOM o6meM cJiynae ^"(<7i, .... q R \ t) ecrb bojihob3h 

(pyHKHHH KB3HT0B0H CHCTeMbI B /?-MepHOM npOCTpaHCTBe, npH^eM 
AHHaMH^eCKHMH IiepeMeHHblMH CHCTeMbI HBJIHIOTCH R KOOp^HHaT 

<7l, . . . , q R H R KaHOHHHeCKH COnpHiKeHHblX HMIiyJIbCOB pi p R . 

ripeflnOJIO>KHM, 4T0 Mbl HMeeT ^ejIO C AeKapTOBblMH KOOpAHHaTaMH, 

h o6o3HaiHM c noMombio dx = dqi . . . dq R h da = dpi . . . dp R 
ajieMeHTH o6T>eMOB b h p-npocTpaHCTBax cooTBeTCTBeHHO. Boji- 
HOBaa (pyHKUHH b p-npocTpaHCTBe ecrb 

<D(pi, . ... p R ; t)= {2nh)Rt 2 ) XV ^i> •••> 1iC> l ) e ' dx > 

\W\ 2 dx eCTb BepOHTHOCTb H3HTH KOOpflHHaTbl q B o6jiaCTH 

(t, x-\-d%)\ |<D| 2 <i(B ecTb BepoaTHOCTb HaiiTH HMnyjibcbi p b o6;ia- 
cth (a), a) + dca) . HcxoflH H3 SToro, mo>kho noBTopHTb Bee paccym- 
AeHHH npeAiuecTByiomHX naparpacpoB. 

PaccMOTpHM b KanecTBe npHMepa CHCTeiny H3 £Byx qacTHu,. 
IlycTb ri(xi, yi, zi), r 2 (x 2 , y 2 , z 2 ) cyTb BeKTopbi nojio>KeHHH, a 

Pi (P*,» Py., pz), p 2 (Px„ P Vl , Pz} — BeKTOpbl HMnyjIbCOB MaCTHH CO- 

oTBeTCTBeHHo. BejiHiHHa P(ri,r 2 )dridr 2 eCTb BepoaTHOCTb Haft™ 
nacTHuy / b ajieMeHTe o6-beMa (ri, ri -f- dri) h qacTHiiy 2 — b ajie- 
MeHTe oS^eivia (r 2 , r 2 -\-dr 2 ). BejiHqnHa II (pi, p 2 )dpidp 2 ecTb Be- 

pOHTHOCTb HaftTH HMnyjIbC iaCTHU,bI / b HHTepBaJie (pi, pi + dpi) 

h HMnyjibc MacTHinbi 2 — b HHTepBajie (p2, P2 + dp 2 ). Mo>kho bbccth 

TaK>Ke IMOTHOCTb BepOHTHOCTH npHCyTCTBHH qaCTHUbl 1 B TOHKe 

fu Pi(f\), ecjiH noJio>KeHHe BTopofl qacTnubi He tpHKcnpoBaHo; 9Ta 
BejiHHHHa ecTb cTaTHCTHiecKoe pacnpe,ne.neHHe, noJiynaeMoe npH 
H3MepeHHH nojiojKeHHH ^acTHUbi ) 6e3 yneia nojio»ceHHH qacTHUbi 

2. OieBHflHO, 4TO 

Pi(ri)=\ P{r u r 2 )dr 2 . 

CxOAHbIM 06pa30M MO>KHO BBeCTH njIOTHOCTH BepOHTHOCTH P 2 (r 2 ) , 

Hi (pi), Il2(p2). Bee 3th CTaTHCTHMecKHe pacnpeAeJieHHH hbjihiotch 

CyUJ,eCTBeHHO nOJIOJKHTejIbHHMH BeJIHHHHaMH, yflOBJieTBOpHK>IH,HMtf 
yCt/IOBHHM HOpMHpOBKH 

\ ^ p ( r i. r z) dridr 2 =\ ^ n 2 (p 2 ) dp 2 = 1 

(chmboji ^ dri dr 2 03HaqaeT uiecTHKpaTHbift HHTerpaji, paenpo- 
cTpaHeHHbifl Ha Bee KOHipHrypauHOHHoe npocTpaHCTBO, chmbo.t 
dp 2 — TpoftHoft HHTerpaji, pacnpocTpaHeHHbift Ha HinnyjibCHoe 

npOCTpaHCTBO laCTHUbl 2 H T. 

^HHaMHHeCKOe COCTOHHHe CHCTeMbI H3 AByX qaCTHIX B flaHHHH 

MOMeHT BpeMeHH onpeAe^aeTCH bo^hoboh (pyHKuaeii ^(fi, r 2 ), 
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B35itoh b tot Me MoineHT BpeMeHH. C noMOWbio npeo6pa30BaHHH 
Oypbe mu nojiy^aeM BOJiHOByro (pyHKUHio b HMnyjibCHOM npo- 
CTpaHCTBe: 

® (pl ' ^ = Tzkv \ \ e ~ l u ' :r ' Mlh ^ (ri, r 2 ) dr , dr 2 , 

¥ (r '• rz) = WfiF S S e ' (/ " r,+Pir ' >/ft(I) (Pi. P2) rf Pi d P2. 

06o6meHHHMH onpeaejieHHH (2) h (6) ohcbhaho hbjihiotch cne- 
ayromHe cooTHOiueHHH: 

P (r„ r 2 ) = | V (r,, r 2 ) | 2 , n (p,, p 2 ) = I 0> (p„ p 2 ) I 2 , (24) 

npH46M yCJIOBHfl HOpMHpOBKH BepOHTHOCTefi npHBOflHT K yCJIOBHK) 
HOpMHpOBKH BOJIHOBblX <J)yHKU,HH 

5 J | ¥ (r,, r 2 ) | 2 dr, dr 2 = J J | df(p lf p 2 ) I 2 dp, dp 2 = 1. 

3to ycJiOBHe HOpMHpOBKH fleflcTBHTejibHO MO>KeT 6biTb pea.nn- 
30BaHo e KaoKdbiu momcht Bpeuenu, ecjiH raMHJibTOHHaH, bxoah- 
iu,hh b ypaBHeHHe WpeAHHrepa, HBjiaeTCH spmhtobhm onepaTopoM. 
JlerKO npoBepHTb, ito fle.no o6ctoht hmchho Tan. BojmoBbie (pyHK- 

IXHH f Hit, T3KHM 06pa30M, OnpeAC/IHlOTCH C TOHHOCTbK) AO IipOH3- 
BOJIbHOrO IIOCTOHHHOrO (pa30Boro MHOKHTeJIH. 

Hs yKa3aHHbix onpeAeJieHHfi mojkho ncnyiHTb h Apyrae pac- 
npeaejieHHH, BBeaeHHbie Bbime. Tak, HanpHMep, 

Pi(ri) = \\V(r l , r 2 )| 2 dr 2 . 

AHajiorHHHHM nyTein bboahtch onpeAejieHHH cpeAHHx 3HaqeHHH 
^yHKUHH F(r u r 2 ) h G{pup 2 ) koopAHHaT hjih HMnyjibcoB AByx 
qacTHit. Tan, HanpHMep, 

<*,) = \ \ Vx<9 dr, dr 2 = - 4 -§^- dp, dp 2> 

</>*> = J J *X<I> d Pl dp 2 = A ^ Y U- dr, dr 2 . 

Bee 3aMeqaHHH, cAejiaHHbie b KOHue § 5 coxpaHHiOT cboio cnjiy. 

Koraa BOJiHOBaH cpyHKUHH W(r,,r 2 ) npeACTaBHMa b BHAe npo- 
H3seAeHHa AByx (pyHKunfl ((paKTopH3yeTCH) 

W(r u r 2 ) = ^,(r,)^ 2 (r 2 ) 
(npH 3tom ^(r,) h ¥2 to) npeAno^araioTca HopMHpoBaHHbiMH Ha 

eAHHHUy), TO H BOJIHOBaH (pVHkUHH B npOCTpaHCTBe HMnyjIbCOB n 

pacnpeaejieHHH P h II TaK>Ke OKa3biBaK)TCH 4 )aKTO P H30BaHHbIMH: 
P(r u r 2 ) = P, (r,) P 2 (r 2 ), n (p,, p 2 ) = n, (p,) IT 2 (p 2 ). 



§ 6. CHCTEMbI MHOfHX MACTHU 
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3to cJie^yeT HenocpeACTBeHHO H3 caMoro onpeAeJieHHH sthx bcjih- 
nun. Mh bhahm, hto b 3tom cjiyqae He cymecTByeT hhk3khx KOppe- 
jihuhh MescAy cTaTHCTHHecKHMH pacnpeAejieHHHMH pe3yjIbTaTOB 
H3MepeHHH, npoBeAeHHbix juih KajKAOH H3-3thx qacrau. Ct3thcth- 
qecKHe npeacKa3aHHH o pe3yjifcTaTax H3MepeHHH BejiHHHH, othoch- 
iuhxch, HanpHMep, k qacraue /, 6yAyT T3KHMH, KaK ecjiH 6bi oHa 

HaXOAHJiaCb B AHHaMH^eCKOM coctohhhh, onpeAejiaeMOM BOJIHOBOH 

(pyHKUHefl YiCri). HeTpyAHo npoBepnTb, qTO P\(r\) = \W\(ri) \ 2 h 
rii(Pi) = | ( I ) i(Pi) I 2 . r«e (£>\(pi) ecTb BOJiHOBaH (pyHKUHH b npo- 
cTpaHCTBe HMnyjibcoB, cooTBeTCTByromaH *Fi. Bo Bcex Bbiqncjie- 
hhhx, KacaromHxca H3MepeHHH, npoBeAeHHbix c 3toh qacTHuefi 
(cpeAHHe 3HaqeHHa, (pJiyKTyauHH h t. a.), mojkho npocTO HniopH- 
poBaTb cymecTBOBaHne BTopofl qacTHUbi h paccMaTpHBaTb TOJibKO 
oAHy qacTHuy c bojihoboh (jiyHKUHefi ^(n). 

Ecjih ABe qacTHUH He B3aHMOA6HCTByK>T MescAy co6ofi hjih no 

TOH HJIH HHOH npH^HHe Mbl MO>KeM npeHeSpe^b 9THM B33HMOA6H- 
CTBHeM, TO CBOHCTBO <paKTOpH3aU,HH BOJIHOBOH (pyHKUHH COXpa- 

HaeTca c TeqeHHeM BpeMeHH. J^eficTBHTejibHO, raMHJibTOHHaH ch- 
CTeMbi b 3tom cjiyqae mo>kct 6biTb 3anncaH b BHAe cyMMbi AByx 
qjieHOB: // = //,-)- H 2 , H3 kotophx nepBbift — Hi AeflcTByeT TOJibKO 
Ha (pyHKUHH nepeiweHHOH r it a BTopoft — H 2 — Ha (pyHKUHH nepe- 
MeHHoft r 2 . IlpeAnojiojKHM, qTO b HaqajibHbifl momcht BpeMeHH 

l F(r,, r 2 ; t 0 ) = W x {r u t 0 )^ 2 {r 2 , t 0 ) 

h. nycTb W\(ri,t) h ^fo, t) hbjihiotch peiueHHHMH ypaBHeHHft 
IUpeAHHrepa 

C HaqaJIbHblMH yCJIOBHHMH Wi{ri,t 0 ) H W 2 (r 2 ,t 0 ) COOTBeTCTBeHHO. 

0aKTopH3OBaHHaa BOJiHOBaa (pyHKUna 

V(r,, r 2 ; /) = ¥,(!■„ 0Y 2 (r 2 , 0 
yAOBJieTBopneT ypaBHeHHio IUpeAHHrepa cncTeMbi, Tan KaK 

ih^V = ih(^W 2 + V l ^) = (H 1 W 1 )W 2 + W l (H 2 W 2 ) = 

= HW* + Hj¥W 2 = [H x + H 2 ) W^ 2 = HV. 

H,BH>KeHHH K3JKAOH H3 qaCTHU, KaK 3TOrO H CJieAOBajIO OJKH- 
A3Tb, OCT3IOTCH COBepiUeHHO He33BHCHMHMH, TaK .qTO HHK3KHX 
KOppeJIHUHH MOKAy CTSTHCTHqeCKHMH p3CnpeA6JieHH5IMH H3Mepe- 
HHH, npOBeAeHHblX H3A K3>KAbH H3 HHX, HH B K3K0H MOMeHT Bpe- 
MeHH Tie B03HHKaeT. ; 

5» 
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TJl. IV. COOTHOU1EHH3 HEOnPEflEJIEHHOCTH 



Paajiea II. COOTHOUIEHHfl HEOriPEAEJIEHHOCTH 
rEH3EHBEPrA 

§ 7. CooTHouieHHH HeonpeAejieHHocTH KoopAHHaTa-HMnyjibc 

KBHHTOBOH HBCTHUbl 

BepHeMCH k onpeAeJieHHHM BepoHraocTefi § 2. Pacnpe^ejieHHH 
P(r) h II (p), 6yAyHH onpefleJieHbi Ha ocHOBe oahoh h toh >Ke 

BCWIHOBOH (pyHKUHH ^(r), He HBJIHIOTCH He33BHCHMbIMH flpyr OT 

flpyra, xoth (pyHKii,HH W(r) mojkct a priori 6biTh jiio6oh cpyHKUHeft 
c HHTerpHpyeMHM KBa/ipaTOM. O^ho H3 sthx pacnpeAeJieHHfi 
Bcer^a Momer 6biTb Bbi6paHo npOH3BOJibHO c noMombio cooTBeT- 
CTByiomero BbiSopa (pyHKUHH W: ea/iH, HanpHMep, mu 3a;jaeMCH 
HeKOTopbiM pacnpeaejieHHeM P(r), to aocTaTOHHo Bbi6paTb bojiho- 

ByK) (pyHKUHK) C aScOJIIOTHbIM 3HaMeHHeM, paBHHM V-P> a HMeHHO 

^ (r) = ^ P (r) e ia {r) , npn stom cp a3a a(r) ocTaeTCH, KOHeiHO, 
nojiHocTbio HeonpeaejieHHOH. Ho c noMombio cooTBeTCTByromero 
BbiSopa a(r) mh yme He MOweM nojiyqHTb jiioSoe Hanepea 3aaaH- 
Hoe pacnpe^ejieHHe II (p), xoth II (p), paccMaTpHBa^Moe KaK (pyHK- 
HHOHaji a(r), MO>KeT H3MeHHTbCH b ^ocTaTOHHO tflHpoKHX npeaejiax. 
Tot (paKT, qTo Bcer\a,a cymecTByeT HeKOTOpan KoppejiHUHH uemjiy 
pacnpeaejieHHHMH P(r) h II (p) HBjineTCH xapaKTepHbiM ann KBaH- 

TOBOH TeOpHH 4 ). 3Ta KOppejIHUHH KOJIHHeCTBeHHO BblpaJKaeTCH co- 

OTHouiBHUHMU HeonpedeAeHHOcru reu3eu6epaa. 

PaccMOTpHM ajih Ha^ajia qacTHuy b oahom H3MepeHHH. IlycTb 
x ecTb ee KoopAHHaTa, a p — HMnyjibc h nycTb if (x) h 

+ 00 

cp(p)=± — L_^- \ -tyWe-Wdx 
YUV (2nh) k J t \ / 

— 00 

cyTb BOJiHOBbie (pyHKUHH, npeflCTaBjiHioiHHe ee AHHaMH^ecKoe co- 

CTOHHHe B npOCTpaHCTBe X H npOCTpaHCTBe p COOTBeTCTBeHHO. 



4 ) B 3tom nyHKTe HMeeTca cymecTBeHHoe OTJinqae Mescay cTaracTHqecKHMH 
pacnpe,aejieHHHMH P(r) h ri(p) h cooTBeTCTByiomHMH pacnpeAeaeHMMH P K x{r) h 

IIkji(p) B KJiaCCHqeCKOH CTaTHCTHieCKOH MeXaHHKe, CXOflCTBa C KOTOpUMH MOJKHO 

CbiJio 6u HCKaTb, 9th nocjie.nHHe ncwiyqaiOTCH c noMombio nJiOTHOCTH b <j>a30B0M 
npocTpaHCTBe p(r, p): 

P™ (r) = ^ p (r. p) rfp, n KJI (p) = ^ p (r, p) rfr. 

3aecb p(r, p) ecTb newiomHTejibHasi pyHKUHH, noAiHHHiomaacH ycJiOBHio 

^ p (r, p) rfr dp = 1. B KjiaccHqecKoii CTaracTHqecKOft MexaHHKe mojkho oaho- 

BpeM6HH0 npoH3BOJibHo BuSnpaTb pacnpeaeJieHHH P KJ1 (r) h n M (p); fleflcTBHTeflb- 
ho, cymecTByeT no KpaflHeft iuepe oana nJioTHocTb b (pa30B0M npocTpaHCTBe 
P( r . P) = P**(r)H*a(p) » no3BOJiflK>maH sto c^eJiaTb. 



§ 7. COOTHOU1EHH3 HEOnPEflEJIEHHOCTH 
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Pe3yjibTaT reft3eH6epra onnpaeTCH Ha tot MaTeMawiecKHft 
cpaKT, ito npOTHJKeHHocTb bojihh ip h ee o6pa3a Oypbe cp b coot- 

BCTCTByiOmHX IipOCTpaHCTBaX He MOryT OAHOBpeMeHHO 6bITb CAe- 
JiaHbl npOH3BOJIbHO M3JIHMH. ECAU 60AHO, l|) 3Q.HUMCIST o6ACLCTb flO- 

pndKa Ax e npocrpaHcree x, a eoAHa cp — o6Aacrb nopndKa Ap 
e npocrpaHcree p, to npou3eedeHue Ax Ap ocraercn ece epeun 
6oAbtue ueKOTopou eeAUHumi nopndKa b 

Ax • Ap >, h. (25) 

3tot pe3yjibTaT mh y>Ke BCTpeqajia npn nocTpoeHHH bojihobmx 
naKeTOB b TeopHH bojih BemecTBa. Oh npoHBHjicfl TaKxe, xoth h 

He CTOJIb HBHbIM o6pa30M, npH 06cy>K,AeHHH 9B0JII0U.HH BOJIHOBMX 

naKeTOB, nocTpoeHHbix c noMombio coctohhhh HenpepbiBHoro cneK- 
Tpa, b rji. III. 

B cnpaBeajiHBocTH cooTHouieHHH (25) mo>kho y6ejHTbCH nyTeM 
cjieAyiomnx noJiyKOJiH^ecTBeHHbix paccy>KfleHHH, KOTopbie TOJibKO 
nepe(ppa3HpyK»T apryMeHTH, npHBeAeHHbie Ha CTp. 60. JIio6afi 
BOJiHa ty(x) MOJKeT 6biTb npeACTaBJieHa b BHAe cynepno3HiiHH njio- 
ckhx bojih e' kx c ajihhoh bojihh 2n/k. EfycTb Ak xapaKTepH3yeT 
paaMep o6jiacTH H3MeHeHHH napaineTpa k b stoh cynepno3HUHH. 
Mto6h BOJiHa ip(jc) 0Ka3a^acb JiOKajin30BaHHoft b npocTpaHCTBen- 
hoh oSjiacTH Ax, Heo6xoAHMo, iTo6bi «KOHCTpyKTHBHoe» corjiacne 
Me>KAy (pa3aMH pa3JiHqHbix bojih b cynepno3HUHH ocymecTBjinjiocb 
HMeHHo b 3toh oQjiacTH, a BHe ee HHTepipepemiiili MejKAy BOjmaMH 
AOJi>KHa HMeTb «AecTpyKTHBHbift» xapaKTep. ^HCJIO ajihh BOJIH 
2n/k, coAepHcamnxcH b Ax, paBHo kAx/2n. ^toSh pa3jiH^Hbie njio- 
CKae bojihh, (popMHpyiomHe ip(x), MorjiH B33HMH0 norauiaTb apyr 
Apyra Ha rpaHHuax HHTepBajia Ax, HeoSxoAHMo, <iTo6bi sto tocjio 
bojih H3MeHHJiocb no KpaflHefl Mepe Ha eAHHHiiy, KorAa k npo6eraeT 

odjiaCTb CBOerO H3MeHeHHH, T. e. AOJDKHO BbinOJIHHTbCfl ycjioBHe 

Ax Ak ^ 2k. IlocKOJibKy Aejio hact TOJibKO o nopHAKe BejmiHH, 
onycTHM MHOHtHTeJib 2jt h HanHiueM npocTO 

Ax- Ak>. 1. 

OTCIOAa, HCnOJIb3yH COOTHOHieHHe Me>KAy HMnyjIbCOM H BOJIHOBbIM 

BeKTopoM (p = hk), noJiyqaeM HepaBeHCTBO (25). 

OSbiHHO BejiHiHHH Ax h Ap Ha3HBaioTCH HeonpeAeJieHHocTHMH 
KOopAHHaTbi h HMnyjibca cooTBeTCTBeHHo, h pe3yjibTaT TeH3eH- 
6epra Bbipa^aeTca cjieAyromHM oSpasoM: npou3eedenue neonpede- 
ASHHOCTeu KoopduHdTbi u UMnyAbca HacTuu,bi ecezda ocraercn 
6oAbiue HenoTopou eeAmuHbi nopndKa fi. 

npotwijiiocTpHpyeM stot pe3yjibTaT HecKtwibKHMH npHMepaMH. TayccoBbiH na- 

KeT BOJIH (He HOpMHpOBaHHblfl Ha eflHHHUy) 



if (x) = exp \j- p 0 x - " J 
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sanHiuaeT o6jiacrb nopsiflica i; okojio to<ikh x 0 BoJiHa 

* (p) = ~w exp [i Xa {p °- p) -\^ {p - p ° )2 ] 

b npocTpaHCTBG HMny^bcoB, Koropaa eMy cooTBeTCTByeT, 3aHHinaeT b npocTpan- 
CTBe HMnyjibcoB oSjiacTb nopa^Ka fi/g okojio toikh p 0 . YMeHbiuaH £, mh yMeHb- 
maeM A*, ho npa stom yBeJimwBaeM Ap, TaK ito hx npoH3Bejj,eHHe ocTaeTca no- 
paflKa h. 

B KaqecTBe apyroro npHMepa paccinorpHM «npHMoyroJibHbifl cnrHaJi* 

JPoxW, ecffl \x\<a, 



0 ecjin | x | > a, 



KOTopbifi oTjnmeH ot Hyjia b oSjiacra umpHHoft 2a, oKpyxaromeft TOTKy x = 0. 
B 9tom cjiyqae HMeeM 

P — Po S 

<J>yHKUHsi I tp Co) 1 2 o6HapymHBaeT HaJin™e pe3Koro MaKCHMyMa b Towe p 0 , OKpy- 

>KeHHOrO C flByX CTOpOH nOCJieflOBaTejlbHOCTHMH HyjieBblX MHHHMyMOB (npH p — 

= Po + nnh/a), pa3AeJieHHbix MaKCHMyinaMH, BejiHqima KOTopwx y6biBaeT iok 
[l/(p — p a )] 2 . Mojkho CKasaTb, ito BOJiHa <p(p) CKOHUCHTpnpoB3Ha MejK^y nep- 
blimh HyjiHMH |<p(p)| 2 no o6e ctopohh iieHTpa^bHoro MaKCHMyina, t. e. b o6.ua- 
cth Ap « Inhja. BejmiHHa Ap TeM 6oJibine, qeM MeHbiue npoTHweHHOCTb cnr- 
Hajia Ax « 2a, t. e. 

Ax ■ Ap » 4ith. 

Ha phc. 17 npeflCTaBJieHbi rpa(J)HKH |i(>(x)| 2 Kan <pyHKiwn x h |<p(p)| 2 KaK 

4>yHKUHH p /J.JIH flByX BCWIHOBblX naKeTOB, KOTOpbie Mbl paCCMOTpeJIH. 

Bee paccyjKAeHHH, KacaiomHecfl npoTHaceHHOCTH bojihh if a 
cpaBHeHHH c npoTaxeHHocTbio ee o6pa3a Oypbe b cooTBeTCTByro- 
meM npocTpaHCTBe, 6e3 Tpyaa nepeHocaTcn Ha TpexiwepHbiH cjiy- 
^afl. 06o3Ha'iHM c noMombK) Ax, Ay, Az HeonpeaejieHHOc™ Tpex 
npocTpaHCTBeHHbix KOopAHHaT, a c noMombio Apx, Ap y , Ap z — He- 
onpeaejieHHOCTH cocTaBJiHiomHX HMnyjibca. KoppejiHUHH Me>KAy 
GTaTHCTHMecKHMH pacnpeAeJieHHHMH P(r) — \W (r) | 2 h U(p) — 
— | <D (p) | 2 npOHBJiHK)TCH b cymecTBOBaHHH cooTHOiueHHft Heonpe- 
flejieHHOCTH: 

Ax-Ap x ^,h, I 

AyApy^H, > (26) 
Az • Ap z ^>,h. ) 

JXo HacToamero BpeiweHH mh npeACTaBjiHJiH cooTHOiueHHn He- 
onpeAeJieHHocTH KaK cooTHomeHHH no nopnflKy BejiHHHHbi. 3to 
HeH36e>KHO, noKa He yciaHOBJieHO ToiHoe onpeae^eHHe BejiHMHH 
Ax, Ap x h t. a., H3MepHiomHx pasJiHHHbie HeonpeaejieHHOCTH. ycTa- 
hobhb noAXOAHiu.ee onpeAeJieHne sthx Be.nnqHH, mh npHAeM k 6o;iee 
CTporHM 3aKJnoHeHHHM. Ho xoth ohh h HMeioT onpeAe^eHHbie npeH- 
MymecTBa, HeoSxoAHMO oco6eHHo noA^epKHyTb, hto rjiaBHbifi 
cmhc^ h 3Ha4eHHe cooTHomeHHH HeonpeAejienHocTH y>Ke npoaB- 
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JIHIOTCH B CpOpMyjiaX, BepHblX TOJlbKO no nopHAKy BeJIHHHHbl. Hh 
npH K3KHX 06CT0HTeJIbCTBaX Mbl He MO)KeM npHnHCaTb KBaHTOBOft 

qacTHii,e oflHOBpeMeHHo CTporo onpeaejieHHoS KOopaHHa™ h CTporo 
onpeAe^eHHoro HMnyjibca. npe/j,CTaBJiHTb qacTHiiy KaK o6T>eKT, 



\flx)\ 2 




Phc. 17. KBajipaTH MOAy^ieft bojihobmx naKeTOB if> (x) h <p(p) b cjiyqanx: 
a) rayccoBa BOJiHOBOro naKeTa; 6) npHMoyroflbHoro cnrHajia. 

o6jiajiaiomHH toiho onpe,aejieHHbiMn nojioneHHeM h HMnyjibcoM, 
mo>kho TOJibKO b anyqae, K0i\na BeJiHTOHa KBaHTa achctbhh h 
MO>KeT cHHTaTbCH npeHe6pe>KHMo Majiofi, t. e. b o6jiacTH cnpaBea- 

JIHbOCTH KJiaCCHHeCKOH TeOpHH. 

§ 8. ToiHoe BHpaMeHHe coothouichhh HeonpeflejiemiocTH 

KOOpflHHaTa-HMFiyjIbC 

^ToSbl COKpaTHTb H3JIO>KeHHe, Mbl paCCMOTpHM fleTaJIbHO TOJIbKO 

cjiyqafi qacTHUbi b oahom H3MepeHHH. OpHMeM cjie/jyiomee on- 
peAeJieHHe 5 ) : Ax h Ap hbjihiotch cpeAHHMH KBaapaTHqHbiMH otkjio- 



5 ) 3to HecoMHeHHO, HaH6ojiee yflo6Hoe onpeflejieHne. B 6oJibiiiHHCTBe cjiyqaeB 
onpeaeJieHHwe TaK BejmmiHbi hx h Ap AaioT xopomee npcueraBJieHHe o Heonpe- 
AeJieHHOCTHX b x h p. OflHaKO HHOi\aa cnyiaeTCH, no sto MaTeinaTHMecKoe onpe- 
aejieHHe cymecTBeHHO OTJinqae-rca ot oueHOK no nopsiflKy BejiHiHHbi. FIpHMepoin 
«05KeT cjiyjKHTb pa3o6panHbift BHiiie cjiyqaft «npHMoynwibHoro cnrHaJia»: Bejm- 
mma Ap no cpopiuyjie (27) OKa3UBaeTca oecKOHeraoft, ho hu bhacjih, no rpy6a« 
oueHKa Aaet 2nA/a. 
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HeHHHMH pacnpe^ejieHHH | if (jc) j 2 h |<p(p)| 2 . YlpnueHaa oSosHa^e- 
hhh § 5, HMeeM 

Ax^ ^{x 2 )-{xf, Ap = V<P 2 >-<P> 2 - (27) 

BejiH^HHa Ax, tskhm o6pa30M, HenocpeACTBeHHO CBH33Ha c H3Me- 
peHHeM nojioxeHHH nacmubv. sto cTaTHCTHnecKan (pJiyKTyauHa 
pe3yjibTaTa H3MepeHHH okoao cpeAHero 3HaqeHHH <x>; to »e 3a- 
MeHaHHe othochtch k Ap, ecnu HMeTfa b bhay H3MepeHne HMnyjibca. 
Mh noKajKeM, hto npn caMbix o6iu,hx npeAnoAOKeHunx 

Ax ■ Ap > A/2. (28) 
PaccMOTpHM noJioiKHTejibHO onpeAeJieHHoe Bbipa>KeHHe 

-{-co 

/(*) = J l^ + U-Hpx (HV>0 npH jik)6om A). 

— oo 

PacKpuBan sto Bbipa>KeHHe h HHTerpnpyH no lacTHM, nocAeAOBa- 
TeAbHo nojiyuaeM 

/(A) = 5 \x$Fdx + Kh \ (-^-x* + xV$)dx + 

— oo — oo 

+ oo +oo +oo +00 

+ X 2 h 2 J I |J | 2 dx = ^ o|>*x 2 i|j dx - M J dx - X 2 H 2 J i|>*0- dx, 

— oo — oo — oo — oo 

mo AaeT, npeAnojiaraa f HopMHpoBaHHofi Ha eAHHHuy h Hcnojib3y>i 
pe3yjibTaTbi § 5, 

l{^)=,{x 2 )-%h + X 2 {p 2 ). (29) 

Bbhay Toro, mo noJiHHOM BToporo nopflAKa hbahctch noAO- 
>KHTejibHO onpeAeAeHHbiM (hah paBHHM HyAio), ero AHCKpHMHHaHT 
fi 2 — 4<p 2 ><x 2 > OTpHuaTejieH (hah paBeH HyAio), CAeAOBaTeAbHO 

(x 2 )(p 2 )>ft 2 /4. (30) 

YcAOBHe (30) MeHee orpaHHHHTeAbHo, qeM o6i>HBAeHHoe Bbime 
ycAOBHe (28). Ho mo>kho npoBecTH aHaAorH^Hoe BbiiHCJieHne, 
hcxoah H3 cAerKa oTJiH^Horo BbipameHHH ajih /(A), a HMeHHo, 
33MeHHH b cpopMyAe ajih I (X) BEAHMHHy x Ha x — <x> h h(d/dx) 
Ha h(d/dx) — t'<p> hjih, mo to «e caMoe, 3aMeHHH ij)(x) Ha 

e *if(x + (x)). Pe3yAbTaT aHaAonMeH ypaBHeHHio (29): 
/ (X) = (Ax) 2 - Xh + X 2 (Ap) 2 > 0. 

YCAOBHe (28) BbIpa>KaeT TOT (paKT, HTO AHCKpHMHHaHT 3T0r0 MHO- 

roHAeHa BTaporo nopHAKa no X He MOxeT 6biTb noAOJKHTejibHbiM, 
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npefliuecTByiomee AOKa3aTejibCTBO npnMeHHMO TaK>Ke h k cJiy- 
naio qacTHiibi b TpexMepHOM npocTpaHCTBe. BojiHOBaa (pyHKUHH 
W(r) ecTb (pyHKUHH Tpex KoopAHHaT qacTHiibi b stom npocTpaH- 
CTBe h HHTerpajibi, BcrrpeqaioinHecH no xoAy AOKa3aTejibCTBa, cyTb 
HHTerpaJiu no TpexMepHOMy npocTpaHCTBy KOHCpHrypauHfi; mna- 
Tejib JierKO npoBepHT, mto Bee MaHHnyjiHUHH c sthmh HHTerpajiaMH 
ocTaioTca b ciuie. CaMo onpe^ejieHHe (27) cpeAHHX KBaApaTHrabix 
oTKjioHeHHH o6o6maeTCH 6e3 TpyAa. TaKHM odpa30M, nojiynaiOTCH 
coomoiueHUH neonpedeAeHHocru reu.3en6epza 

Ax-Ap x >h/2, "J 

AyAp y ^h/2, > (31) 
Az • Ap 2 > fi/2. 3 

§ 9. 06o6meHHe: coothouichha HeonpcuejieHHOCTH 
AJiH conpn*eHHbix nepeiueHHbix 

B o6meM cjiyiae KBaHTOBbix chctcm b 7?-MepHbix npocTpaHCTBax 
HMSioT Mecro aHajiornqHbie cooTHoiueHna HeonpeAeJieHHoerH. 
Hcnojib3yn o6o3HaqeHHH § 6 h ^io-aHajiorHH c onpeaejieHHeM (27), 
Sy^eM xapaKTepH30BaTb Heonpe,ne.neHHOcTH qi h pi KBaflparaqHbiMH 

OTKJIOHeHHHMH, COOTBeTCTByiOmHMH HX CTaTHCTHqeCKHM pacnpe- 

AejieHHHM: 

Paccy>KAeHH3 npe^uiecTByiomero naparpacpa MoryT 6biTb noBTO- 
peHbi 6e3 H3MeHeHHfi, n b pe3yjibTaTe mm nojiyqHM cooTHOineHHH 
Heonpefle^eHHoc™ Me>KAy conpaiKeHHbiMH (AeKapTOBHMH) nepe- 

MeHHblMH: 

AqrAp^hll (i= 1, 2, . . ., R). (32) 

§ 10. CooTHomeHHe HeonpeflejieHHOCTH BpeMH-3HeprHsi 

CymecTBOBaHHe cooTHOineHHH HeonpeAejieHHoc™ KoopAHHaTa- 

HMnyjIbC CBH33HO C TeM, MTO HMnyJIbC C TOHHOCTbK) AO nOCTOHH- 

Horo MHO>KHTejiH onpeAeJineTCH K3K xapaKTepncTHnecKoe BOJiHOBoe 
mhcjio njiocKOft BOJiHbi, a njiocKan BOJiHa, cTporo roBopa, 3anojiHHeT 
Bee npodpaHCTBo; nonwTKa JioKaJiH30BaTb HMnyjibc nacTHiibi b He- 
KOTopoft onpeAejieHHoft To^Ke npodpaHCTBa dOJib Me 6e3ycnetuHa, 
Kax nonbiTKa jioKaJiH30BaTb njiocixyio BOJiHy. 

Ho noAoSHo TOMy, KaK HMnyjibc, 6yAyHH nponopuHOHajieH boji- 
HOBOMy qacjiy, He MOxeT 6biTb jiOKajiH30BaH b npocTpaHCTBe, TaK 
h SHeprHH, nponopuHOHaJibHaa qacTOTe, He MO>KeT 6biTb jiOKaJiH30- 

BaHa BO BpeMeHH. rioSTOMy B COOTBeTCTBHH C Tpe60BaHHHMH npHH- 

lxrnia OTHocHTejibHocTH cymecTByeT cooTHomeHHe HeonpeAeJieHHoerH 
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BpeMH-3HeprHH, aHajioraqHoe cooTHOiueHHHM HeonpeaejieHHOCTH 
Koop^HHaTa-HMnyjibc, a hmchho 

At-AE^t, h. (33) 

OflHaKo (pH3HHecKaa HHTepnpeTauHH 9Toro cooTHouieHHa HHaa. 
B cooTHouieHHHx HeonpeAejieHHocra KOopAHHaTa-HMnyjibc nepe\ieH- 
Hbie nojio>KeHH5i h Hinnyjibca bxoaht cHMMeTpH^HbiM o6pa30M: Kan 
Te, TaK h flpyrne MoryT 6biTb noABeprHyTbi H3Me,peHHio b aaHHbia 
momsht BpeMenH t. CTaTHCTH^ecKHe pacnpeflejieHHH pe3yjibTaT03 
H3MepeHHH, a cjieaoBaiejibHO, h HeonpeflejieHHOCTH A<?i, Apt onpe- 

AeJIHlOTCH 3HaMeHHeM BOJIHOBOH (pyHKU,HH CHCTeMbI B flaHHblfl MO- 
MeHT BpeMeHH. B npOTHBOnOJIO)KHOCTb STOMy SHeprHJ) H BpeMH 3 

cooTHomeHHH (33) HrpaiOT coBepiueHHO pa3Hbie pojih: SHeprHH E 
ecTb AHuaMHqecKaa nepeMeHHan CHcreMbi, a BpeMH t ecTb napa- 
MeTp. CooTHoiueHHe (33) censueaer HeonpedeAennocTb AE 3hcl- 
nenuH, npunuMaeMOzo 9tou dunaMunecKou nepeMeHHou c umep- 
eanoM epeMenu At, xapaKTepucrmecKUM 6ah epeMenHou aeoAtoi^uu 

CUCTeMbl. 

Ha^HeM o6cy>KAeHHe SToro Bonpoca c HCCJieaoBaHHH noBe^eHHH 
cbo6oahoh qacTHiiu. rijiocKan MOHOxpOMaTHHecKan Bojma e' »* r ~ at) 
npeACTaB^aeT lacrauy co cTporo 3aAaHHbiM HMnyjibcoin tik h aHep- 
rHefl fio). C noMombio cynepn03HUHH bojih mo>kho nojiy^HTb bo^ho- 
boh naKeT THna, npeACTaBJieHHoro b ypaBHeHHH (11.11). ,DUih ynpo- 
meHHH paccy>KfleHHH paccMOTpHM bojihoboh naKeT b oahom H3Me- 
peHHH h Boo6pa3HM ce6e HeKOTopwH u,yr bojih, nonodHbift npHMo- 
yroJibHOMy carHajiy, H3o6pa>KeHHOMy Ha pnc. 17. EiycTb Ax 
o6o3HaHaeT ero jiJiuay, a v — rpynnoByio CKopocTb. naKeT nepe* 

MeiUaeTCfl CO CKOpOCTblO V BAOJIb OCH X, OAHaKO MOMeHT IlpOXOJKAe- 
HH3 T3KHM naKeTOM 33,HaHH0H TOIKH Ha OCH X He MO>KeT 6bITf> 

yKa3aH tohho: HeonpeaeJieHHOcTb b onpeAeJieHHH aToro MOMeHTa 
0Ka3biBaeTcs nopa,a.Ka At » Ax/v. KpOMe Toro, mh bhacjih, mo 
yKa33HHbiH bojihoboh naKeT xapaKTepH3yeTCH TaKjKe pa3Ma3aH- 
HocTbio b npocTpaHCTBe HMnyjibcoB, OTHero B03HHKaeT HeonpeAe- 

JieHHOCTb AE B 3H34eHHH SHeprHH UaCTHUbl 

AE « —■ Ap = v ■ Ap. 

H3 9THX flByX npH6jIH*eHHHX paBeHCTB HaXOAHM, MTO 

At ■ AE Ax • Ap 

h, npHMeHHfl cooTHomeHHe HeonpeAejieHHOCTH KOopAHHaTa-HMnyjibc, 
nojiytiaeM HepaBeHCTBo (33), KOTOpoe orpaHHHHBaeT cHH3y BejiH- 
iuny npoH3BeAeHHH luhphhh 9HepreTHqecKoro cneKTpa qacrauH 
AE h HeTOHHOCTH A* H3MepeHHH MOMeHTa npoxoscaeHHH qacTHU,eH 

HeKOTOpoft T01KH Ha OCH. 
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rioAo6HHH noAxoA JierKO pacnpocTpaHneTCH Ha cjiynafi bojiho- 
Boro naneTa b MeAJieHHo MeHHioiueMCH no/ie, ho 0K33biB3eTca He- 
cocTOHTejibHHM B 6ojiee o6ih.hx cjiy^aax. Mto6h nojiywTb cootho- 
meHHe Tnna (33), hsao, Boo6me roBopn, yiHTHBaTb BpeMeHHyio 

33BHCHM0CTb BOJIHOBOH (pyHKUHH. 

HanSoJiee npocTbiM HBJineTCH cjiy^sfi cncTeMH, o6ji3AaromeH 
BnojiHe onpeaejieHHbiM 3HaHeHHeM aHeprHH. Mu 3Haein (cm. rn. II, 

§ 16), HTO B0JIH0B3H (pyHKUHH KB3HT0B0H CHCTeMbI C 33A3HHOH 

sHeprHefl E = fico HMeeT xapaKTepHyio 3aBHCHMOCTb ot BpeMeHH 
e~ iat . PaccMOTpHM b KaqecTBe npHMepa uacTHuy, noMeiueHHyio 
b HeKOTOpoe CHJioBoe nojie. Ecjih KBaHTOBoe cocroHHHe xapaKTepn- 
3yeTCH onpeAejieHHHM 3HaneHHeM SHeprHH E — Aco, to bojihob3h 
(pyHKUHH 33nHiueTCH b BHAe W (r , t) — ^ (r) e~ iat . OTCioAa orceAyeT, 
hto pacnpeAeJiemie nojioJKeHHft stoh Hacraubi P(r) = \ty(r) \ 2 He 
33BHCHT ot BpeMeHH. JlerKO BHAeTb, tto pacnpeAe^eHHe no HMny/ib- 
csm TaKsce b4aaAaeT sthm cbohctbom. CjieAOBaTcribHO, pesyjiwaT 

H3MepeHHH nOJIOJKeHHH HJIH HMnyjIbCa He 3aBHCHT OT MOMeHTa Bpe- 
MeHH, KOrAa npOH3BOAHTCH H3MepeHHe. KopOTKO 3TO BbIp3>K3I0T, 
TOBOpH, HTO 4>H3HqeCKHe CBOHCTBa CHCTeMbI He 33BHCHT OT BpeMeHH 
HJIH, HTO CHCTeMa H3X0AHTCH B CTaqUOHapHOM COCTOKHUU. 

npeAnoJioxHM Tenepb, ^to kbshtoboc coctohhhc iscthuh ecTb 

Cynepn03HHHH AByX CTaUH0H3pHbIX COCTOHHHH C SHeprHHMH E\ H El 
B0JIH0B3H (pyHKUHH HMeeT BHA 

(r) e -«.</* + ij) 2 (r) e~ iE ^ h , 

a pacnpeAeJieHHe 

P ( r , 0 = |*, (r) | 2 + I * 2 (r) I 2 + 2 Re ^ 2 e l 

ocuHJiJinpyeT Me^Ay AByMH kpshhhmh 3HaneHHHMH (|i|)i| — l^l) 2 

h 

h (|ifi[ + |^2|) 2 c nepnoAOM T — | £ t _ £ 2 1 • PacnpeAe-neHHe no 
HMnyjibcsM HMeeT to >Ke cbohctbo. 

T3KHM 06p330M, BpeMH T HBJIHeTCH XapaKTepHCTHieCKHM AJIH 
3B0JII0UHH (pH3HqeCKHX CBOHCTB CHCTeMbI. Pe3yjIbT3TbI H3MepeHHH, 

TOHHee cT3THCTHHecKoe pscnpeAeJieHHe pe3yjibTaTOB H3MepeHHfi, 
npoBeAeHHbix b Asa pa3JiH*iHbix momchts BpeMeHH ^i h t 2 , 6yAyr 

np3KTHMeCKH OAHHaKOBblMH, eCJIH pa3H0CTb At = 1 1\ — h I MaJia 
no cpaBHeHHK) C T. HHHMH CJIOBaMH, HT06bI CB0HCTB3 CHCTeMbI 33- 
MeTHO H3MeHHJIHCb 33 HHTepBajI BpeMeHH At, HeoSxoAHMo, hto6h 
npoH3BeAenHe At h HeonpeAeJieHHocra b sHa^eHHH aHeprHH AE = 
= |£i — £2! 6hjio no KpaHHefi Mepe paBHO BejwmHe nopHAKa ft: 
At-AE^, ft. Bbipa^eHHuii b TaKoft (popMe 3tot pe3yjibTaT ocTaeTcn 
cupaBeAJiHBHM, KorAa cocTOHHHe chctcmm ecTb npoH3BOJibHaa 
cynepno3HUHH npOH3BOJibHoro incjia cTauHOHapHHX coctohhhh. 
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CjieflOBaTejibHO, oh HMeeT o6m.ee 3HaqieHHe. Crporoe AOKa3aTe^b- 
ctbo 6yaeT ruho no3flHee (§ VIII. 13). 

Ba>KHbiM npHJio>KeHHeM cooTHOiueHHH (33) HBjiaeTca cooTHouie- 
Hne cpednee epeua. MU3HU — tuupuna ajih paAHoaKTHBHbix h bo3- 
6y>KAeHHbix cHCTein (paAHoaKTHBHbie aapa, B036y>KAeHHbie coctoh- 
hhh aTOMOB, HecTa6HJibHbie sjieMeHTapHbie iacTHU.bi h t. a.). Taxne 
CHCTeMbi He hbjihiotch cTau,HOHapHbiMH h He o6jia,o,aK)T onpeAe- 
JieHHHM sHa^eHHeM sHeprHn; ohh xapaKTepH3yK>Tca cneKTpoM 3Hep- 
thh c HeKOTopofl uiHpHHoft AE. CpeflHee BpeMH >kh3Hh nrpaer 
sflecb pojib xapaKTepncTHHecKoro HHTepBajia BpeMeHH, paccMOTpeH- 

HOrO BblUie. ^TOSbl 3aMeTHTb CyiUeCTBeHHbie H3MeHeHHH (pHSHHeCKHX 
CBOHCTB CHCTeMbi, HeoSxOflHMO HCflaTb yKa3aHHblft npOMOKyTOK 

BpeMeHH. riosTOMy 

t • AE » h. 

.ZIpyroe cjieflCTBne HepaBeHCTBa (33) othochtch k H3MepeHHK> 

SHeprHH K3K TaKOBOMy. TotHOCTb AE H3MepeHHH SHeprHH CBH3aHa 
CO BpeMeHeM A^, Heo6xO.H,HMbIM AJIH H3MepeHHa, COOTHOUieHHeM 

(33). TaK, mo>kho H3MepaTb, HanpHMep, sHepraio B036y>K,a,eHHH 
nepBoro B036y>KAeHHoro ypoBHa aTOMa Boflopozta, 6oM6apflHpya 
aTOMbi BOAopoaa nyncoM MOHosnepreTnqecKHX sjieKTpoHOB h H3Me- 
paa sHepraio, TepaeMyio ajieKTponaMH npn cooTBeTCTByiomnx He- 
ynpyrax ctojikhobchhhx. BpeMJi H3MepeHHH 3,n,ecb no KpaHHeft Mepe 
paBHO BpeMeHH crojiKHOBeHHa, t. e. BpeMeHH A^ npoxo^aeHHH na- 
KeTa bojih, npeACTaBJiaioinero sjieKTpoH, Mepe3 odjiacrb Haxo>K,ae- 
hhh aTOMa BOAopoAa; ouindKa H3MepeHna no KpafiHen Mepe paBHa 
HeonpeflejieHHOCTH AE b sHeprnn ajieKTpoHOB naaaromero nyiKa; 
jierKo BHAeTb, hto At-AE ^ h. 

% 11. CooTHOiiieHHfl HeonpeflejieHHOCTH ajih $otohob 

CooTHouieHHH HeonpeaejieHHOCTH fljia chctcm MaTepwajibHbix 

HaCTHH CJieflVIOT H3 flBOHCTBeHHOCTH (pH3HHeCKHX npOHBJieHHH 

9THX nacTHH, KaK bojih H k&k KopnycKyji. flo toh >Ke npHHHHe COOT- 

HOUieHHH HeOnpe/ie^eHHOCTH flOJDKHbl HMeTb MeCTO aJlH (pOTOHOB. 

OflHaKO npn BMBOAe sthx nocjieAHHX cooTHomeHHH cjie^yeT yiHTbl- 

BaTb, MTO HHCJIO (pOTOHOB, COJiepjKamHXCa B (pHSHHeCKOH CHCTeMe, 

o6h i iho He HBJiaeTca xopouio onpeAejieHHOH bcjih^hhoh h, cTporo 

rOBOpH, 3BOJHOUHIO (pOTOHa BO BpeMeHH MO>KHO paCCMaTpHB3T[> 
TOJlbKO, eCJIH OH CBoSOfleH OT BCflKHX B3aHMOfleHCTBHH. 

npn sthx orpaHHieHHax mojkho npejiCTaBJiaTb cboSoahhh cpo- 

TOH KaK BOJIHOBOH naKeT, COCTaBJieHHblH H3 nJIOCKHX MOHOXpOMaTH- 

qecKHX bojih, pacnpocTpaHHiomnxca co cKopocTbio cBeTa 6 ). 



6 ) Mto6i>i ynpocraTb H3Jio>KeHHe, mu npeHefiperaeM aB^eHHeM nofljjpH3aunH 
cBeia. JXjih ynera ero o/ieayeT npHnacaTb <J)OTOHy BHyTpeHHioio CTeneHb cbo6oam. 



§ 12. HEKOHTPOJIHPyEMOE B03MyiUEHHE 



141 



OcBemaa aKpaH, cHa6aceHHbift AHacpparMofi, cnoco6Hofi otkpm- 

BaTbCH Ha BpeMH At, MOJKHO nOJiyHHTb npOXOAHLUHH CBeTOBOH CHr- 

Haji, KOTOpbiH b npeflejibHOM cyiynae 6yaeT coAepmaTb TOJibKo oahh 

KB3HT CBCTa. 3T0T (pOTOH MOJKeT 6bITb npeACTaBJieH BOJIHOBHM 

naKeTOM, uiHpHHa KOToporo b HanpaBjieHHax Tpex oceft KoopAHHaT 
(Ax, Ay, Az) 6yaeT 3aBHceTb ot pa3MepoB AHatpparMbi h npoMe- 
>KyTKa BpeMeHH At. TaKofl bojihoboh naKeT HBjiaeTca HeKOTopofi 
cynepno3Hu,HeH MOHOxpoMaTH^eciaix bojih h HMeeT Bee cBoficTBa 
naKeioB, paccMOTpeHHbix Bbime. CocTaBJiaiomHe HMnyjibca h aHep- 
thh naneTa otjihhhm ot Hyjia b HeKOTopbix KOHeqHbix oSjiacTax 
c pa3MepaMH Ap x ,\Ap y , Ap z h AE. Bee 3th BejiHHHHbi yAOBjieTBO- 

PHIOT COOTHOIIieHHHM^ 

Ax-Ap^ti, AyApy^h, Az-Ap z ^h, At-AE^h. 

3th HepaBeHCTBa no3BOJiaioT cAejiaTb HeKOTopbie BbiBOAH otho- 
CHTejibHo MexaHH3Ma B3aHMoaeficTBHa cpoTOHa c BemecTBOM. Ha- 
npHMep, b npon,ecce non/iomenHa (poTOHa aTOMOM (<pOT03JieKTpH- 
necKHft 3(p(peKT) npoH3BeaeHHe HeonpeAeJieHHOCTH AE BejiHiHHH 
3HeprHH, nepeaaBaeMoft aTOMy, h HeonpeaejieHHocra A^ MOMeHTa 
nepcuaqn stoh sHeprHH no nopjmicy BejiK^HHH b jiymueM cJiyiae 

paBHO fi. E(VIH >Ke aTOM, HaXOAHIUHHCH B B036y>KAeHHOM COCTOHHHH, 

HcnycKaeT (})otoh, to momcht nepexoAa xapaKTepH3yeTca Heonpefle- 
jieHHOcTbio, paBHoft npHMepHo cpeAHeiny BpeMeHH >kh3hh aToro 
B036yjKiieHHoro coctohhhh. <£>otoh npeACTaBJiaeica bojihobhm na- 
KeroM npocTpaHCTBeHHoft npoTaraeHHOcra cx h, cJieAOBaTeJibHO, 
AHcnepCHH 9HeprHH AE ACvraHa 6biTb TaKOBa, no x-AE » ft. 3tot 
pe3yjibTaT xopomo noATBep>KAaeTCH Ha onbrre. Ero mojkho 6bmo 
6bi nojiy^HTb, hcxoah H3 cooTHoiueHHH HeonpeAeJieHHoc™ cpeAHee 
BpeMH >KH3HH-uiHpHHa, o6cy>KAaBiiieroca Bbime, h 3aMeTHB, ^to, 
corjiacHO 3aK0Hy coxpaHeHHa aHepran AHcnepcaa sHeprnn ncny- 
meHHoro (poTOHa (KOHenHoe cocTOHHHe) AOJiiKHa 6biTb paBHa ahc- 
nepcHH SHeprHH B036y>KAeHHoro aTOMa (Ha^ajibHoe cocTOHHHe) . 

PasaeJi III. COOTHOU1EHH51 HEOnPEflEJIEHHOCTM 
H MEXAHH3M H3MEPEHHJI 

§ 12. HeKOHfpojiHpyeivioe B03MymeHHe b npouecce H3MepeHHH 

HnjKe mh cocpeAOToiHM BHHMaHHe Ha cooTHouieHHHx Heonpe- 
AejieHHOCTH ™na KoopAHHaTa-HMnyjibc. OrKJioHeHHH Ax, Ap, bxo* 

AHUIHe B 3TH COOTHOUieHHH, OTHOCHTCfl K H3MepeHHHM, OCyiHeCTB- 

jieHHHM npH BbinojiHeHHH ycJioBHfl, KOTopbie 6hjih yKa3aHbi Bbiuie 
npn onpeAeJieHHH KBaHTOBbix BepoaTHocTefi. Hx He cJieAyeT cMemn- 

BaTb C 06biqHbIMH OUIHfiKaMH H3MepeHHH, HCTOIHHKOM ^KOTOpblX 

HBjiHeTca HecoBepuieHCTBO caMoro H3MepHTejibHoro ycTpoflcTBa, He 
no3BO^Hiomee cp HKCH P 0BaTb H3MepaeMbie Be.iHiHHbi c HAeaAbHoft 
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TOHHocTbio. Bo Bcex npeAiuecTByiomHX paccyjKAeHHnx mm npeHe- 
6per3Jiii oiiiH6KaMH 3Toro pOAa. 

PaccMOTpnM TmaTejibHefi, ito npeACTaBJineT co6oft caMa one- 

paUHH H3MepeHHH, eCJIH npHHHTb C(J)OpMy^HpOBaHHyiO BHIIie CT3TH- 

CTHHecKyio HHTe,pnpeTaitHK>. IlycTb mh HMeeM Ae;io, HanpHMep, c H3- 
MepeHHeM koopahhst, onpeAe^niomHX nojiojKeHHe Hacraubi kb3hto- 

BOH CHCTeMbI, AHHaMH^eCKOe COCTOHHHe KOTOpOH IipeACTaBJIfleTCfl 

bojihoboh (pyHKUHeft W (b AaJibHeftmeM a^h KpaTKOCTH mh 6yAeM 

TOBOpHTb, HTO CHCTeMa HaXOAHTCH B COCTOHHHH W ) . J3,OnyCTHM, TO} 

mh o6^aAaeM udeaAbno tohhum H3MepHTeJibHHM npnSopoM. He- 
B03MO>KHOCTb to^ho npeACKa3aTb noK333HHH aToro npnSopa He 
CBH33Ha c ero HecoBepiueHCTBOM. J\ejio b tom, hto cocroHHHe W 
b o6meM cjiyqae He cooTBeTCTByeT K3KOMy-jiH6o TO^HOMy 3HaneHHK) 

X\ 3TO Cynepn03HU,HH AHHaMHHeCKHX COCTOHHHH, K3>KA0e H3 KOTOpHX 

cooTBeTCTByeT CBoeMy 3HaieHHK) x. HenocpeACTBeHHO noae Toro 
naK H3MepeHHe BbinojraeHO, mm mojkcm yTBep>KA3Tb, wo CHCTeMa 

H3X0AHTCH B AHHaMH^eCKOM COCTOHHHH, B KOTOpOM KOOpAHHaTa X, 

HMeeT To^Hoe sHaneHne x', yKa3aHHoe npnCopoM. Ho TaKoe coctoh- 
hhc, oqeBHAHo, y>Ke He MO>KeT 6biTb npeACTSBjieHo bojihoboh (pyHK- 
UHeft W, cJieAOBaTejibHo, BMeuiareAbcreo u3MepureAbHoao npudopa 
usMenuAo dunaMunecKoe cocronHue U3MepneMou cucTeMbi. BoAee 
roeo, eosjuymenue cucreMu e npou,ecce U3Mepenua 0Ka3ueaercR e 
H3eecTHou juepe HeicoHTpoAupyeMbiM. 3to HaAO noHHMaTb b tom 

CMHCJie, TO) MH He MOJKeM TO^HO npeACKa3aTb, K3KHM >Ke 6yAeT 
COCTOHHHe CHCTeMbI nOCJie H3MepeHHH — MH 3HaeM TOJIbKO BepOHT- 
HOCTH TOrO, HTO CHCTeMa H3X0AHTCH B HeKOTOpblX AHHaMH^eCKHX 
COCTOHHHHX, C00TBeTCTByK)III,HX TeM HJIH HHHM 3Ha*ieHHHM x' KOOp- 
AHH3TH X. 

B tom, to) H3MepaeMaH CHCTeMa b npouecce H3MepeHHH Hcnbi- 
THBaeT HeKOTopoe B03MymeHHe, HeT HH^iero yAHBHTejibHoro. BeAB 
caM npouecc H3MepeHHH npeAnoJiaraeT B33HMOAeftcTBHe chctcmh 
c H3MepHTejibHHM npnSopoM, npH kotopom noc/ieAHHfi npeTepne- 
BaeT HeKOTopoe H3MeHeHHe cBoero coctohhhh. 9to H3MeHeHHe co- 
ctohhhh npHSopa HrpaeT pemaromyio po^b, TaK KaK HMeHHo oho 
Bbipa>KaeT peaKUHio npnfiopa, no3BOJiHtoui,yio 3a<pHKCHpoBaTb onpe- 
AejieHHoe 3Ha*ieHHe H3MepneMOH bcjihhhhh. EcTecTBeHHO, To) h 
H3MepneMaH CHCTeMa b nponecce H3MepeHHH H3MeHHT cBoe co- 

CTOHHHe. 

B ciyqae MaKpocKonHHecKHX HBjieHHft BcerAa mo>kho AOOHTbcn, 
mtoSh B03Mymaiouj,ee AeficTBHe H3MepHTeJibHoro npn6opa Ha ch- 
CTeMy 6hjio npeHe6pe>KHM0 MaJio hjih Morjio 6biTb yTOeHO c AOCTa- 
tohhoh cTeneHbio tohhocth. FIohchhm sto Ha npHMepe. Mo>kho 
ycTaHOBHTb no^OKeHHe MaKpocKonnqecKoro o6T>eKTa, cpHKCHpyn ero 
o6pa3 Ha <poTorpa(pH4ecKoft njiacTHHKe c noMOiubio KaKoft-JiH6o 
onTHHecKOft cHCTeMbi; AHHaMHiecKoe cocTOHHHe oS-beKTa b npo- 
uocce xaKoro H3MepeHHH HeH36e>KH0 H3MeHHeTCH, TaK KaK oh noA- 
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BepraeTCH bo3A6hctbhk) CBeTa (A3BJieHHe H3JiyieHHH) . B KJtaccH^e- 
ckom npHSjiHJKeHHH, Korfla naflaiomHH cb6T mojkho paccMaTpHBaTb 
KaK HenpepHBHyio Bojmy (6oJibiuoe qHC.no npncyTCTByiomHX (poTO- 
hob), H3MeHeHHe coctohhhh oo^eKTa MOKeT 6biTb b npHHHnne 
tohho BbiHHCJieHo. FIpH ycjioBHH, ito mh pacnojiaraeM aoctstohho 

^yBCTBHTejIbHOH nJiaCTHHKOH, MO>KHO yMeHblHHTb OCBemeHHOCTb 

oS-beKTa HacTOJibKO, hto B03Mymaiomee AeficTBHe cBeTOBofi Bo;iHb) 
CTaHeT npeHe6pe>KHM0 MajibiM. 

3th paccy>KiieHHH, oieBHAHO, cnpaBczuiHBH TOJibKO b paMiox 
KJiaccHHecKoro npH6jiH5KeHHH. Ha caMOM jxene aeucTBue H3MepH- 
TeJibHoro HHCTpyMeHTa Ha o6T>eKT He mokct 6biTb cAeJiaHO CKOJib 
yroAHo MajiHM, TaK KaK hx B3aHM0AeftcTBHe ocymecTB^aeTca 

flHCKpeTHblMH KB3HTaMH. YrOJI OTKJIOHeHHH KB3HT3 CBeTa OO^eKTOM 

tohho He onpeAejieH, ApyrHMH cjiobsmh, nepeAana HMnyjibca b npo- 

H,eCCe CTOJIKHOBeHHH KB3HT3 C o6"beKTOM AOJDKHa p3CCMaTpHB3TbCH 

KaK HeKOHTpojiHpyeM3H BejiHHHH3. Tskhm o6p330M, H3MepeHHe no- 

J10>KeHHH B npOCTpSHCTBe COnpOBOKflaeTCH HeKOHTpOJIHpyeMbIM 

H3MeHeHHeM HMnyjibca o6"beKTa (nojiyKOJiHiecTBeHHWH aHajiH3 
3Toro 3(p(peKTa dyne? AaH b cjieAyiomeM napsrpsipe). FIocKOJibKy 
b MaKpocKonn^ecKHX MacuiTa6ax Bee H3MeHeHHH BejiHHHH TaKoro 
poaa npeHe6pe>KHM0 Ma;ibi, KJiaccnnecKaH Teopnn 6e3 o6cy>KfleHH« 
npHHHMaeT, no Bee AHHaMHiecKHe nepeMeHHbie (pH3HHecKoft CH ~ 

CTeMH MOryT 6bITb OAHOBpeMeHHO H3MepeHH C npOH3BOJIbHO M3JI0H 

oihh6koh, h onpcuejiaeT AHH3MHHecKoe cocTOHHHe cncTeMbi b jik>6oh 

MOMeHT TOHHbIM 33AaHHeM BCeX 3THX nepeMeHHHX B 3T0T MOMeHT 

BpeMeHH. Ha MHRpocKonnqecKOM ypoBHe stot nocTyjiaT He HMeeT 
6oJiee 9KcnepHMeHTajibHoro o6ochob3Hhh h A0Ji>KeH 6biTb OT6po- 
uieH. KeamoeaH reopun npunuMaer, hto HenpedcKa3yeMoe u «e- 
KOHTpoAupySMoe eosMt/meuue, ucnuTueaeMoe (pu3UHecKou cucre- 
mou e npot^ecce U3Mepenun, ecezda KonenHO u raKoeo, hto 
ebinoAHHtoTCH cooTHOtuenuH ueonpedeAeHHOCTU T eu3en6epza. Ha- 

npHMep, npH H3MepeHHH KO0pAHH3TbI JC, KaK Mbl BHAeJIH BblUJe, CH- 

CTeMa nepexoAHT H3 coctohhhh W b cocTOHHHe W. Yme SbiJio 
cKa3aHo, hto cocTOHHHe W a o6meM cjiyqae He cooTBeTCTByeT hh 

TOHHOMy 3HaHeHHK) X, HH TOHHOMy 3HaHeHHK> p, a AaeT JIHHJb 

pacnpeaeJieHHe BepoaTHOcTH P(x) Haft™ to hjih HHOe 3HaieHHe x, 
ecjiH mh ocymecTBHM ToiHoe H3MepeHHe 3Tofl BejiHHHHH, h pacnpe- 
AejieHHe BepoHTHOCTH II (p) HafiTH to hjih HHoe sHaqeHHe p, ecrcn 

Mbl OCymeCTBHM TOHHOe H3MepeHHe p. HoBOe COCTOHHHe W C00T- 

BeTCTByeT HOBbiM pacnpeAe/ieHHHM P'(x) h II' (p), npn stom otkjio- 
HenHH A'x, A'p b 3Thx pacnpeAcneHHHx o6H3aTejibHO yAOBJieTBO- 

PHJOT COOTHOUieHHK) b! X ■ b! p ECJIH, B H3CTH0CTH, H3MepeHHe 

X HAe3JIbH0 TOHHO (A'x = 0) , TO BeJIHHHHa A'p AOJIJKH3 6bITb 

6ecKOHe i iHo fiojibiuoft. 3tot pe3yjibTaT iacTo BbipajKaioT cjiobsmh, 
«ito He^b3H yMeHblHHTb HeonpeAejieHHOCTb b nepeMeHHofi noJio^eHHH 
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x, He yBejiH^HBan cooTBeTCTByiomHM o6pa30M HeonpeaeJieHHOCTb 
b nepeMeHHofi HMnyjibca p, h HaoSopoT. 

PaCCMOTpHM HeCKO/IbKO npHMepOB B03MO>KHHX H3MepeHHH II 

noKa>KeM, hto B03MymeHHe, HcnwTbiBaeMoe H3MepaeM0H chctcmoh. 
Bcer^a hmchho t3Kobo, hto BbinojiHHioTCH cooTHOiueHHH HeonpeAe- 
zieHHOCTH reft3eH6epra 7 ) . 

§ 13. H3MepeHHd nojioxeHHa b npocTpaHCTBe 

a) HcnoAb3oeaHue duacppazMu. PaccMOTpHM napajuiejibHHH 
nyqoK MOHoaHepreTHMecKHX ajieKTpoHOB. Ct3bhtch 3aAana onpeAe- 
jiHTb nojiojKeHHe a.aeKTpoHOB BAOjib och Ox, nepneHAHKyjiapHOH 
HanpaBJieHHio Oz nyHKa sjieKTpoHOB. C stoh ueJibio Ha nyTH nyHKa 

CT3BHTCH 9Kp3H C OTBepCTHeM (pHC. 18). EcJIH d eCTb IHHpHHa 

OTBepcTHH, to noJioweHHe ajieKTpoHa, npoxoAflmero AHaipparMy, 

onpeAejiHeTCfl c TOHHocTbio Ax= 

= d. OaH3KO 3T0T SJieKTpOH 

npeACTaBJiaeTCH bojihoh Ae 
Bpofijia c fljiHHoft % = h/p\ 
npoxomaeHHe AH3(pp3rMbi co- 
npoBOJKAaeTca HBJieHHeM ah- 
(ppaKHHH, TaK hto nynoK «pa- 
cKpbiB3eTCH» Ha yroji a nopHAKa 

sin a « Kid = hip • Ajc. 

OTcioAa cjieAyeT, hto B03HHK3eT 
cocTSB^HiomaH Ap* = p sin a 
BAOJIb OCH X h Bbino^HaeTca co- 
OTHouieHHe Ax-Ap x « h. 

Hivinyjibc SJieKTpoHa p x BAOJib 
och x, no npeAnojiox^HHio tohho 
H3BecTHbifi ao onepsiiHH H3MepeHHH (p x — 0), HeKOHTpOJIHpyeMO 
H3MeHHeTCH Ha BejiHHHHy nopHAKa h/Ax b npouecce H3MepeHHH 
(t. e. npn npoxojKAeHHH Anacppanvibi) . 

Ba>KHo ySeAHTbCH 3Aecb, hto HMnyjibc, nepeAaBaeMbift ajieKTpo- 
hom AnacpparMe b npouecce H3MepeHHH, He mojkct 6biTb onpeAcneH 

7 ) Hmchho sto HMeeT Mecro bo Bcex SKcnepHMeHTaJibHbix ycTpoftcTBax, no- 
3bojihk>ih.hx o6Hapy>KHTb «TpaeKTopHio» qacTHUbi, HanpHMep, B cpOTOrpacpHiecKHX 
naacTHHKax hjih Kaiuepax BnjibcoHa «jih Ha6jiio,a,eHHH 3apHxeHHwx Hacrau. TaK, 
b Kaiwepe BHJibcoHa lacraua HOHH3HpyeT na cbocm nyTH HeKOTopoe qncjio aro- 
mob, h B03HHKarom,He hohh cuywaT ueHTpaMH KOHAeHcauHH, Bonpyr KOTOpblX 
o6pa3yf0Tca BH^HMbie KanejibKH. noJio>KeHne nacTHiibi onpcueJiaeTca c Heonpefte- 
.neHHOCTbio Aq, no KpaftHefl Mepe paBHoft pajwycy HOHH30BaHHoro aTOMa (npaK- 
THMecKH OHa 3HaiHTe;ibH0 6oJibiue). Ho b npouecce B3aHMO£eiicTBHH c H3MepH- 
TeJibHHM ycTpoftcTBOM, t. e. b npouecce HOHH3auHH aTOMa, qacraua HcnbiTbmaeT 
HenpeACKa3yeMyro h HeKOHTpoJinpyeMyio nepe/(aiy HMnyjibca Ap nopn^Ka H/Aq. 

ri03T0My «TpaeKT0pHH» iaCTHU,bI MOJKeT HafijHOAaTbCH TOJIbKO C TOHHOCTbK) 

Aq-Ap « h. 



X 



0 




Phc. 18. H3MepeHHe nojioweiWH c no- 
Mombio flnacpparMbi. 



§ 13. H3MEPEHHH nOJIOKEHHSt B nPOCTPAHCTBE 
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c TOMHOCTbio, npeBHiiiaiomefi h/Ax, HHaqe HauiH paccy>KAeHHH He 
6yayT cnpaBea^HBH. HtoSh ocymecTBHTb onepaumo H3MepeHHH 
nojioiKeHHsi, AHacppanwa AOjraHa ocTaBaTbca HenoABH>KHOH, h ee 

nOJIOMeHHe (BAOJIb Ox) AOJI5KHO 6bITb H3BeCTHO C TO^HOCTblO AO 

8x, npnueM 8x aoji>kho 6biTb 3HanHTejibHo MeHbiue uiHpHHbi oTBep- 
cthh: 8x <C Ax. OAHaico AHacpparMa, noAoSHO sjieKTpOHy, TaioKe 
HBjiHeTCH KBaHTOBHM oS-beKTOM, ee HMnyjibc He Mo>KeT 6biTb onpe- 
aeJieH c ToiHOCTbio, npeBbiuiaromeft bp, TaK ito mh HMeeM 

6/7 » h/bx > hi Ax. 

flnatpparMa MO>KeT npaKTmecKH ocTaBaTbCH HenoABHjKHoft b 
npouecce H3MepeHHfl, ecjin oHa AocTaTOHHO TJUKejia; sto orpaHH^e- 
HHe He MeuiaeT caMoft onepauHH n3MepeHHH. OAHaKo HeB03Mo>KHO 
onpe/iejiHTb H3MeHeHHe HMnyjibca AHatpparMbi c tohhoctmo, npe- 
BocxoflameH 5p h, cJieflOBaTejibHo, S/Ax. 

3to paccy>KAeHHe nponcHHeT eme oaho Ba>KHoe oBcroHTeJib- 

CTBO. HeoSxOflHMO npHHHTb, 4T0 U3MepUTeAbHblH tipu6op CCIM HQ' 

AHercn KeamoebiM o6n>eKTOM u Tooxe ydoeneTeopneT cooiHotue- 
huhm HeonpedeAeuHocTU. 3to 
npe^nojiaraeT, hto cooiHomenun 
HeonpedeneHHOcru UMetor yuueep- 

CaAbHblU XapaKTep. B npOTHBHOM 

orcyiiae tpH3HHecKaa HHTepnpeTa- 

UHH KBHHTOBOH TeopHH AOJDKHa 

6biJia 6h 6biTb noABeprHyTa rjiy- 

60KOH peBH3HH. 

6) HcnoAb308CtHue MUKpocKona. 
OpnMeHeHHe AHatpparMbi hbjih- 
ctch, KOHeHHO, HanSojiee npoeraM 

Cn0C060M H3MepeHHH nOJIOJKeHHH PhC. 19 H3MepeHHe nOJIOHteHHH 

o6teKTa. JlpyroH, MeHee npa- c noMombio MHKpocKona. 

moS, ho CTOJib >Ke ycne.uiHbifi 

MeToa coctoht b ocBemeHHH oS-beicra h Ha6jiiofleHHH ero H3o6pa- 
>KeHHH b MHKpocKon. PaccMOTpHM noaTOMy onpeaejieHne ncuio>Ke- 
hhh x ajieKTpoHa npw HaSjiiofleHHH b MHKpocKon (pnc. 19). Ton- 

HOCTb H3MepeHHH OrpaHHHHBaeTCH TeM, ^TO H306pa>KeHHe Ka>KflOH 

to^ikh ecTb Ha caMOM aejie AncppaKHHOHHoe naTHo KOHeqHbix pa3- 
MepoB. Ecjih npn oueHKe tohhocth H3MepeHH5i Ax HcxoAHTb H3 pa3- 
MepoB 3Toro naTna, to Ax » X/sin 9, rAe X ecTb AJiHHa bojihh 
Hcno;ib3yeMoro cBeTa, a 8 — no/ioBHHa yrjia pacTBopa nyixa, 
pacceHHHoro ajieKTpoHOM h cfpoKycnpoBaHHoro b MHKpocKone. Oa- 
HaKo pacceaHHe CBeTa nponcxoAHT oTAejibHHMH KBaHTaMH h conpo- 
Bo>KAaeTCH qacTnqHo HeKOHTpojinpyeMofl nepeaaneH HMnyjibca 
(acpcpeKT KoMnTOHa). 3tot 9<ptpeKT MHHHMajieH, KorAa pacceHBae- 
Mbift cBeT coAep>KHT TojibKO oahh (poTOH; HMny^bc nocjieAHero 
HMeeT tohho onpeAeJieHHyro BejinqHHy p = h/X, ho HanpaBJieHne 




146 



171. IV. COOTHOIUEHH5I HEOnPEflEJIEHHOCTH 



pacnpocTpaHeHHH onpeAeJiaeTCH TOJibKO c To^HocTbio ao yrjia 9. 
HMnyjibc, nepeaaBaeMbifl ajieicrpoHy, xapaKTepH3yeTca noaTOMy 
HeonpeAeJieHHocTbio Ap » h sin 0/X. 4eM TOHHee H3MepeHHe no^o- 
jkchhh, TeM 6ojibiue stot 9(p<peKT, h mh no-npe>KHeMy HMeeM 
Ajc-Ap « h. 

MOJKHO B03pa3HTb, 1TO TO^HOCTb H3MepeHHH x onpeAejiaeTca H6 

pa3MepaMH AH<ppaKU.HOHHoro nnraa, a TO^HOCTbio H3MepeHHH ueH- 
Tpa 3Toro nHTHa. 3Ta TOHHOdb TeM 6ojiee BejiHKa, lew. 6ojibine 
ihcjio N (pOTOHOB, npHHHMaiomux yqacrae b o6pa30BaHHH naTHa. 

Flo 33KOH3M MaTeMaTHHeCKOH CT3THCTHKH OLUH6Ka npH BbllHCJieHHH 

X flCWDKHa 6bITb B -\[N pa3 MeHbUie, H&M npiiBeAeHHan BblHie 

. 1 X 

ISx ~ — =r 

V A' sin 6 

OjxHaKO ecJiH nepeaa^a HMnyjibca Ka>KAbiM (pOTOHOM xapaKTepH- 
syeTCH HeonpeaejieHHOCTbio (ft sin 0/^,), to HeonpenejieHHocTb b hm- 
nyjibce, nepejiaBaeMOM N (poTOHaMH, 6yaeT b i/N pa3 6ojibiue 
(cJiojKeHHe KBaapaTHHHbix oiiih6ok), t. e. 

Ap « x sin0. 

Cjie^oBaTejibHO, 

Ajc • Ap « h. 
§ 14. H3MepeHH« HMnyjibca 

AHaJiorHqHbiM o6pa30M HMnyjibc HacTHu,H mojkct a priori 6biTb 
H3MepeH c JiroSofl HanepeA 3aAaHHofi TOHHOCTbio, ho onepauHH 
H3MepeHHH BcerAa conpOBOJKAaeTCH B03MymeHHeM, KOTopoe yBejiH- 
HHBaeT HeonpeaeJieHHocTb b 3H3hhh KoopAHHa™, H3MepHroineft 
nojio>KeHne, TaK ito coothouichkh HeonpeAeJieHHOc™ BcerAa bh- 
nojiHeHbi. noKa>KeM sto Ha AByx npHMepax. 

a) OTKAoneuue e mcizhuthom none. HMnyjibc 3apn>KeHH0H qa- 

CTHUbl 06bmH0 H3MepHeTCH nO OTKJIOHeHHK) B nOCTOHHHOM MarHHT- 
HOM nOJie. KoJIHqeCTBO ABH>KeHHH p CBH3aHO C paAHyCOM KpHBH3HbI 
R TpaeKTOpHH qaCTHUbl XOpOUIO H3BCCTHHM COOTHOUieHHeM 

rae afS — BejiHHHHa MarHHTHoro nojin, a e — 3apHA qacrauH. 

HccJieayeM nponecc H3MepeHHa HMnyjibca ajieKTpoHa sthm Me- 
toaom. Ha pnc. 20 npeACTaBjieHa cxeMa aKcnepHMeHTa. SjieKTpoH 
nonaAaeT b noJie MarHHTa iepe3 AHa(pparMy A h noKHAaeT ero 
nepe3 AHa(pparMy B nocjie OTKJioHeHHH Ha 180° (stot yroji otkjio- 
HeHHH Bbi6paH ajih yAoficTBa paccy>KAeHHH) . B momcht, nenocped- 
creeHHO npedmecTeytomuu Haiajiy H3MepeHHH (t. e. HenocpeA- 
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CTBeHHo nepeA npoxowAeHHeM AHacpparMbi), HanpaBjieHHe abuxq- 
hh3 (ocb Oy) h KoopflimaTa a^eKTpoHa b stom HanpaBjieHHH 
(Ay = 0) no npeAnoAO>KeHHio tomho H3BecTHbi. 3th HauaAbHbie 
ycjioBHH p x = p z = 0, y = y\ b npHHunne Bceiyia MoryT 6biTb pea- 
jiH30BaHM c noMombio KOJiJiHMaTopa, CHa6«<eHHoro ofiTiopaTopoM 
e AocTaTOMHo KopoTKHM «BpeMeHeM nponycKaHHH». PaAHyc KpH- 

BH3HH paBeH nOAOBHHe paCCTOHHHH 

Me>KAy AByMH AHatppariviaMH: ecAH 
2d h 2d' — cooTBeTCTByiomHe 
HJHpHHbi 3thx AHa(pparM, TO R 

H3MepHeTCH C TO^HOCTblO flO d + 

+ d'. TaKHM o6pa30M, HMnyjibc 

SJieKTpOHa H3B6CTeH C TOIHO- 
CTbK) AO 

Ap = f 50 (d + <*') = -£ (<* + <*'). 
H3MepfleMofi b onbiTe Bejinqa- 

HOH HBJIHeTCH COCTaBJIflK)m,a5J HM- 

nyjibca b HanpaBJicmiH och Oy. Ho- Phc. 20. H3MepeHHe HMny^bca 
Ka^eM, HTO B peayAbTaTe H3Mepe- Me-roaoM otkjio HeHWH b MarnHTHOM 
hhh KoqpAHHaTa aAeKTpoHa y 6y- " "' 

AeT xapaKTepn30B3TbCH Heonpe- 

AejieHHOCTbio Ay, npnieM Ay-Ap^h. KBaHTOBbiM 3(p(peKTOM, cy- 
mecTBeHHbiM b stom onbiTe, HBAneTCH AHtppaKUHH ajieKTpoHHoft 
bojihh npn npoxo>KA6HHH AHacpparMbi A (HHTaTeAb 6e3 TpyAa y6e- 
Ahtch b tom, hto AHtppaKUHH Ha AHatppanne B poAH He HrpaeT). 
Ecih 6bi yKa3aHHoro acpcpeKTa He 6buio, to HMnyAbc aAeKTpoHa 
Ha BxoAe b o6jiacTb achctbhh noAH 6ha 6m crporo HanpaBAeH no 
Oy, AaJiee ajieicrpoH onncbiBaA 6u noAyKpyr, h BpeMH abh>kchhh 
ot A k B, paBHoe zimc/eM, He 3aBHceAO 6bi ot BeAH^HHu p. KsaH- 
TOBbifl atpcpeKT AHcppaKUHH npHBOAHT k TOMy, qra yroji Me>KA>' 
HanpaBAeHHeM HMnyjibca Ha BXOAe h ocbio Oy xapaKTepH3yeTCH 
HeonpeAeAeHHocTbK) a « X/d — h/pd; TpaeicropHH sAeKTpoHa 
(b npH6AH»eHHH reoMeTpHHecKofl ohthkh) ecTb Ayra OKpyxHocTH, 
onpeAeAHeMaH c TOMHocTbio ao 2a; momcht npnxoAa b B xapaKTe- 
pH3yeTCH HeonpeAeJieHHOCTbio At = 2atncje3f6, a HeonpeAeJieHHOCTb 
Ay b p/m pa3 SoAbuie, cAeAOBaTeAbHo 

Ay^2a^^2h 1 ^j. 

OTCioAa noAyiaeM 

Ay.Ap&2h(l +4-)- 

6) CTOAKHoeenue c (poronoM. CrceAyiom,HH MeTOA H3MepeHHH 
HMnyAbca ocHOBaH Ha H3yqeHHH npouecca ctoakhob6hhh paccMaT- 
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pHsaeMofi HacTHiibi c Apyr-OH qacTHU.eH, HanpHMep, c (pOTOHOM, 

HaMajIbHHH HMnyjIbC KOTOpOrO H3BeCTeH tomho; H3MepfleTCH HM- 

nyjibc, nepe^aBaeMbifl npn cTOJiKHOBeHHH BTopofi qacTHue. Pac- 
CMOTpnM ajieKTpoH H3 npeAuiecTByiomeH 3a^anH c HaiajibHbiMH 
AaHHbiMH p x = p z = 0, y = i)a- XUh onpe^ejieHHH HMnyjibca ajieK- 
Tpona p y 6yaeM ofijiyqaTb ero HAeajibHO MOHOxpoMaTH^ecKHM cBe- 

tom qacTOTH v, pacnpocTpaHHio- 
iuhmch napajuiejibHO och y. 

OflHH H3 CBeTOBblX CpOTOHOB HC- 



x/ 8 nblTHBaeT KOMnTOHOBCKOe CTOJIK 

HOBeHHe h H3MepaeTca ero ko- 

^ < ^ He^HbiH HMnyjibc. 4To6bi ynpo- 

p CTHTb paccyjKfleHHH, npeAnoJio- 

h , jkhm, qTo KOHequbifi HMnyjibc 
■*jr — *- (poTOHa TaK>Ke napajuiejieH och 
y, ho HanpaBJieH b nporaBono- 
Phc. 21. H3MepeHHe HMny^hca 9JieK- JlOJKHyiO CTOpOHy (pHC. 21). 

TpOHa npH KOMIITOHOBCKOM CTOJIKHOBe- FlyCTb v' HaCTOT3 (pOTOHa IIO C- 

HHH C (POTOHOM. CxeUS CTOJIKHOBGHHH ^ CTOJiKHOBeHHH; TeOpHH KOMH- 

TOHOBCKOTO paCCeHHH3 n03BO- 
JIHeT BbIpa3HTb HaHaJIbHblH p H KOHe^HblH p' HMnyjIbCbl SJieKTpOHa 

qepe3 qacTOTbi v h v'. IIpeAnojio>KHM, <ito peajiH3yiOTCH vcjiobhh 
Hepe,nHTHBHCTCKoro npH6jiH>KeHHH (p, p' <C mc n v, v' <C mc 2 /h) . 
B pe3yjibTaTe BbmHCJieHHH HaxoAHM 

v' — v , h , , . . / v' — v h , , . N 

P = mc^r TT + w (v +v), P=m C7 ^- ¥ (v+v), 

npHqeM TOIHOCTb OnpeAejieHHH 3THX BejIH^HH CBH33H3 C TOMHOCTbK) 

onpeflejieHHH v' cooTHomeHHeM 

* a / Av' 
Ap w Ap » mc — n — . 

rio^o>KeHHe y ajieKTpoHa nocjie H3MepeHHH MoxceT 6biTb bh- 
miCJieHO, hcxoah H3 Toro, ^to b HaqaJibHbifi momcht y — y A , cko- 
pocTb ajieKTpoHa jxo CTOJiKHOBeHHH paBHa p/m, a nocjie ctojikho- 
BeHHH p'/m. Ecjih no^o>KeHHe h HMnyjibc pacceHHHoro (pOTOHa 

MO>KHO 6bIJIO 6bl H3MepHTb OflHOBpeMeHHO c 6oJIbUIOH TOHHOCTbK), 

to 6biJi 6m cTporo onpeAejien h momcht CTOJiKHOBeHHH, a Torjia 
HeonpeAeJieHHOCTH b 3HaqeHHHx put/ moivih 6bi 6biTb cAeJiaHbi 
OAHOBpeMeiiiio cKOJib yroflHO MajibiMH. ^HTaTe^ib npoBepHT sto 
6e3 Tpy^a. Oah3ko H3MepeHHe v' ecTb H3MepeHHe qacroTbi; 
neM T04Hee sto H3MepeHHe, TeM Sojibiue HeonpeAejieHHOCTb b onpe- 

fleJieHHH MOMeHTa npOXOJKAeHHfl {pOTOHOM KaK0H-JIH60 TOHKH, B 

nacTHOCTH b onpeAeJieHHH MOMeHTa CTOJiKHOBeHHH: Av'-A/^l. 
B ro >Ke BpeMH HeonpeAejieHHocTb Ay b nojio>KeHHH aJieKTpoHa 
noc^e CTOJiKHOBeHHH paBHa no MeHbmefl Mepe npoH3BeAeHHio At 
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Ha H3MeHeHHe CKOpOCTH, t. e. 

A»> ]P~ P'\ = h v + v' 
y ^ m Av' mc Av' ' 

mo AaeT Ay-Ap h Ay-Ap' ^ h. 

B 9toh H3MepHTejibHofi onepauiiH, KaK h b npeauiecTByiomeH, 
H3MepjieMaH BejiH^HHa p y caMa MeHaeTCH b npouecce H3MepeHHH. 
9to u3MeneHue He cnedyer cueumeaTb c HenpedcKa3yeMbiM u ne- 
KOHTpoAupyeMMM eoaMymenueM, uctibiTbieaeMbiM cucreMou npu 
u3MepeHuu. JJeficTBHTejibHo, yKa3aHHoe HSMeHeHHe H3Bec™o tomho, 
bo bchkom cJiyqae 3naqeHHH pap' BejiHiHHbi p y ao h nocjie ctojik- 

K03eHHH H3BeCTHbI C OAHH3KOBOH TOIHOCTbK), KOTOpaH MO>KeT 6hlTb 

CAejiana CKOJib yroAHo 6ojibiuoH. HanpOTHB, BBH^y HeB03MomHocTH 
npe^cKasaTb h KOHTpcnupoBaTb B03MymeHHe, HcnbiTHBaeMoe qacTH- 
ueft npH ocymecTBJieHHH H3MepeHHa (neonpeAejieHHoerb b onpeAe- 
jieHHH MOMeHTa nepe^aw Hiwnyjibca h SHeprHH), BejinqHHa y nocjie 
ctojikhob6hhh H3BecTHa TOJibKo c HeonpeAe-neHHocTbio Ay, npn^eM 
3Ta HeonpeaejieHHocTb TeM 6ojibme, HeM TOiHee H3MepeHHe p. 

HoA^epKHeM eme pa3 yHHBepcajibHOCTb xapaKTepa cooTHome- 
hhh HeonpeaeJieHHocTH. ^eftcTBHTejibHO, qTo 6bi npoH30iujio, ecjiK 

BeJIHHHHa KB3HTa AeftCTBH3 AJIH (pOTOHOB 6bIJia 6bl paBHa HeKOTO- 

pofl BejiH^HHe fi', 3HaqHTe;ibHo MeHbineft h? Bee HauiH psccywAe- 

HHH OTHOCHTeJIbHO H3MepeHHH THna 6) MOJKHO 6bIJIO 6bl nOBTOpHTb,. 

3aMeHHH Bcroay h Ha fi'; sto npHBejio 6u Hac k coothohichhio 
Ay- Ap' » fi' <C h. CooTHOiueHHH HeonpeflejieHHOCTH 0K33a.riHCb 6u 
HapyuieHHbiMH h bch pa3BHBaeMan h3mh ct3thcthh6CK3h HHTepnpe- 
TauHH TeopHH npHUJjia 6h b npoTHBOpeqae c onbiTOM. 

06a MeTOAa H3MepeHHH HMnyjibca, oScyjKAaBuiHeca Bbiuie, Tpe- 
6yiOT HeKOToporo BpeMeHHoro HHTepBajia. 3tot HHTepBaji Mower 
6biTb Boo6me roBopH VMeHbiueH (npH yBejiHHeHHH nojifl 36 b nep- 
bom cjiynae, npH yBeJinqeHHH qacTOTH v bo btopom; cm. 33A3Hy 7) 
6e3 H3MeHeHHH tohhocth H3MepeHHfl py. Ho KaK 6bl to hh Shjio, 
BepoHTHoc™, onpeAeJieHHbie b §§ 2, 5, bhihcjihiotch c noMombio 

B0JIH0B0H (pyHKHHH, 33A3HH0H B M0M6HT BpeMeHH t. FIoCKOJIbKy 

caMO H3MepeHHe He MrHOBeHHo, cJieayeT tomho onpeAeJiHTb stot 
MOMeHT BpeMeHH: t ecrb MOJuenT HcmaAa u3MepenuH, TaK ^to pac- 
npeAe^eHHe BepoHTHocTefi, AaHHoe b § 2 (ypaBHeHHe (6)) otho- 
chtch k HMnyjibcy p y , t. e. k HMnyjibcy ao H3MepeHHH. 

Pasfleji IV. OnHCAHHE 5IBJIEHHH B KBAHTOBOH TEOPHH. 
flOnOJlHHTEJlbHOCTb H nPMMHHHOCTb 

§ 15. FlpoSjieMbi cTaTHCTHwecKoB HHTepnpeTauHH 

HecoMHeHHo, hto npeACTaBJieHne coctohhhh kb3htoboh CHdeMbi 
bojihoboh (pyHKHHefl HMeeT a6cTpaKTHbifi xapaKTep, a cTaTHCTHqe- 
XKaa HHiepnpeTauHa TeopHH c TpyAOM noAAaeTca HHTyHTHBHOMy 
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BOCnpHHTHK). OAH3KO nOnblTKH OnHCaHHH MHKpOCKOnHHeCKHX HBJie- 

hhh Ha ocHOBe 6ojiee KOHKperabix h hhtyhthbho hchhx Moaejieft 
HeH36e>KHO CT3JIKHB3IOTCH c pajxoM npoTHBopeHHfl. 

PaccMOTpHM, HanpHMep, aTOM reJiHH. Hto6h He yano>KHHTb 
KapTHHH, AonycTHM, ito HApo aTOMa HenoflBH^HO h Macca ero 
SecKOHeiHO bcjihks. 3to 3H3iht, mo mw TpaKTyeM aTOM KaK 
CHCieMy, cocTonmyio H3 AByx ajieKTpoHOB c bojihoboh (pyHKHHeft 
^(fufi'tt)- npome Bcero npeACTaBHTb ce6e ABe KopnycKyjiw (ABa 
SJieKTpoHa), ABHiKymaecH 6ojiee hjih MeHee cjio^chhm o6ps30M 
BOKpyr MaccHBHoro HApa. Oah3ko npn stom noApa3yMeBaeTCH, qTo 
Ka*Abi& aJieKTpoH oieAyeT BnojiHe onpeAeJieHHoft TpaeKTopHH, b to 

BpeMa KaK B0JIH0B3H (pyHKHHfl ^ n03BOJIHeT HaM H3HTH TOJIbKO 

CTaTHCTHHecKoe pacnpeAeJieHne KoopAHHaT npH H3MepeHHH no.no- 
>KeHHH h cTaTHCTHHecKoe pacnpeAe^eHHe coct3bjihioui,hx hm- 
nyjibca npn H3MepeHHH HMnyjibca. FIocKOJibKy mh AonycTHjiH, nro 
AHHaMHqecKoe cocTOHHHe aTOMa no;mocTbio onpeAejmeTCH bojiho- 
boh (pyHKUHeft 1 F, HeH36e*eH bhboa, hto KopnycKyjiHpHaa MOAeJib 
aTOMa nacTHUHo HeBepHa. Mojkho, HaoSopoT, MHCJiHTb ce6e ABa 
ajieKTpoHa KaK HenpepbiBHoe pacnpeAejieHHe sJieKTpHHecTBa b npo- 
CTpaHCTBe, oKpyacaromeM HApo, hjih, Jiy^uie, KaK HenpepbiBHyio 
BO.iHy, «3apa>KeHHyio» ajieKTpHMecTBOM. Ho 3T3 KapTHHa raniae He 
cBoSoAHa ot TpyAHOCTefl. Bo-nepBbix, BOjma W onpeAeJieHa b koh- 
(pHrypauHOHHOM, a He b o6bmHOM TpexMepHOM npocTpaHCTBe, no- 

STOMy OHa He MO>KeT 6bITb OTOiKAeCTBJieHa C TOH KOHKpeTHOH 

bojihoh, o KOTopofl mm roBopHM. Toraoe onpeAeJieHHe stoh nocJieA- 
Heii ecTb saAa^a, ao chx nop He nojiy^HBuian cBoero pemeHHH. 
Bo-BTopbix, o6pa3 HenpepbiBHoft bojihh He MomeT 6biTb corjiacoBaH 

C HeKOTOpblMH HBJieHHHMH, T3KHMH KaK H0HH33HHH 3T0M3, TAe 

npoHBJiaeTca cymecTBOBaHne oTAeJibHbix h b KaKofl-To Mepe jio- 
Ka/iH30B3HHbix KopnycKyji. 

Pa3yMeeTCH hhito He AOK33HBaeT, mo coivi3coB3HHoe h Bnojme 
npeAMBTHoe npeACTaBjieHHe MHKpocKonHHecKHx HBjieHHH He MOJKer 
6biTb ctpopwiyjiHpoBaHO. TeM He MeHee, ao chx nop HHKOMy He 
yAajiocb 3Toro CAeJiaTb. BnpoueM, cJieAyeT OTAaBaTb cede OTner 
b tom, mo c tohkh 3peHHH jiothkh 6oJiee hjih MeHee aScTpaKTHHe 

KOHHenUHH (J)H3HieCKOH TeopHH BOBCe He 06H33HH Bbip3>K3TbCH Ha 
KOHKpeTHOM H3HKC BcH H3Uia HHTyHUHH, BCe HaUie HyBCTBO KOH- 
KpeTHOrO OCHOBHBaiOTCH Ha Ka>KAOAHeBHOM OnUTe, H nOHHTHH H 

o6pa3H, Hcnojib3yeMbie ajih KOHKpeTHoro onncaHHH HBjieHHH, kskhm 

6bl OHO HH 6bIJIO, TaKJKe B3HTH H3 STOrO OnHTa. HeT HHK3KHX 
OCH0B3HHH AyMaTb, qTO H3HK T3KHX nOHHTHH MOJKeT 6bITb 6e3 npo- 
THBOpe^HH HCnOJIb30BaH RJIS1 OnHCSHHH HBJieHHfi MHKpOCKOnHHeCKOH 
<pH3HKH, CTOJIb yAaJieHHHX OT nOBCeAHeBHOTO OnblTa. 3th flBJieHHH 

AaroT To^bKo oahh npHMep noAo6Hbix TpyAHOCTefi. AHajiorHiHHM 

o6pa30M HeKOTOpMe pe3yJIbTaTbI TeopHH OTHOCHTejIbHOCTH T3KJK6 



§ 15. TIPOBJIEMbl CTATHCTHMECKOH HHTEPdPETAUHH 15f 

npoTHBopeiaT Hamefl hhtyhuhh 8 ), tskobh, HanpHMep, HBjieHHH 

COKpameHHH flJIHH H paCTHSteHHH BpeMeHH, KOrfla OTHOCHTeJIbHaa 
CKOpOCTb flByX CHCTeM OTCHeTa 6jIH3Ka K CKOpOCTH CBeTa c. He 
y^HBHTeJIbHO nOSTOMy, 1TO KOHKpeTHbie 06pa3U MHKpOCKOIIHieCKHX 
HBJieHHH npH HX IIOCJieAOBaTejIbHOM pa3BHTHH npHBOflHT K npOTHBO- 

pe^HHM h napaAOKcaM. 

rioJie3Ho b 3toh cbh3h oTMeTHTb aHSJionno Me>KAy pojibio no- 

CTOHHHOH n^aHKa h B KB3HTOBOH TeOpHH H pOJIbK) nOCTOHHHOH C 
B TeopHH OTHOCHTejIbHOCTH. ToT (paKT, qTO CKOpOCTb CBeTa C KO- 

He^Ha, npHBOAHT k nepecMOTpy iiohhthh OAHOBpeMeHHOCTH h orpa- 

HH^HBaeT nOSTOMy OfijiaCTb npHMeHHMOCTH MexaHHKH HbK)T0H3. 

AHajiorHMHO tot (paKT, hto nocTOHHHan h KOHe^Ha (a He paBHa 
Hyjiio), npHBomrr k nepecMOTpy iiohhthh oAHOBpeMeHHbix H3Mepe- 
hhh h orpaHH^HBaeT o6;iacTb npHMeHHMocra KjiaccHuecKofi TeopHH. 
KoHKpeTHbie o6pa3u H3 Hauiero noBceAHeBHoro onbiTa othochtch 
k MHpy, rae c ksjkctch SecKOHeiHofi, a h KajKeTCH paBHoft Hyjiro, 
noaTOMy ohh He MoryT 6biTb nepeHeceHH khk TaKOBbie b o6jiacTb, 
i\ae to hjih HHoe H3 9thx npHfijiH^eHHH TepneT cnjiy. 

TaKHM o6pa30M, oTcyTCTBHe b KBaHTOBofl TeopHH HarJIHAHOrO 
npeACTaBjieHHH HBjieHHH hh b Koefi Mepe He MOJKeT paccMaTpn- 

BaTbCH KaK HeAOCTaTOK TeopHH. 0AH3K0 KBSHTOBaH TeopHH MOJKeT 

6biTb noABeprHyT3 KpHTHKe c Apyrnx no3HHHH. 

Bonpoc b tom, oTBe^aeT jih onncaHHe hbjichhh b kb3htoboh 
TeopHH TeM Tpe6oBaHHHM, KOTopbie mh BnpaBe npeAbHBHTb KO 
BnojiHe yAOBjieTBopHTejibHofl TeopHH? FlepBoe Tpe6oB3HHe k Teo- 
pHH, KOHeiHO, COCTOHT B TOM, HT06bI ee npeACK333HHH corjiacoBH- 

BaJiHCb c SKcnepHMeHTajibHHMH Ha6jiioAeHHHMH; coBepmeHHO o^e- 

BHAHO, ^TO KBaHT0B3H TeopHH yAOBJieTBOpHeT STOMy Tpe60B3HHK>, 
BO BCHKOM CJiyH3e B o6jI3CTH aTOMHOH H MOJieKyjIHpHOH (pH3HKH. 

Ho <pH3HqecKafl TeopHH He MoraeT npeTeHAOBaTb H3 noAHory, ecjw 

OHa OrpaHHHHBaeTCH TOJIbKO npeACK333HHHMH pe3yJIbTaTOB Toro 

hjih HHoro sKcnepHMeHTa. B Haiajie bchkoh HayMHoft TeopHH jiescHT 
(pyHAaMeHTaJibHbift nocryjiaT, ^to npnpoA3 oSjiaAaeT oStjCkthb- 

HOH peSJIbHOCTbK), He 3aBHCHmeft OT HaiUHX lyBCTBeHHblX BOCnpHH- 
THH HJIH MeTOAOB HCCJieAOB3HHH; UejIbK) BCHKOH (pHSH^eCKOH TeO- 
PHH HBJIHeTCH 3AeKB3THOe OTp35KeHHe 3TOH oSteKTHBHOH pe3JIb- 
HOCTH. 

0AH3K0 BCe BblBOAbI KB3HT0B0H TeopHH BCerA3 BblpSJKaiOTCH B 

(popMe: «BbinojiHHH to hjih HHoe Ha6jiK)AeHHe, mm noJiyiHM tot 

HJIH HHOH pe3yJIbTaT». 3aKOHHO nOCTSBHTb BOnpOC, A3eT JIH KBSHTO- 
BaH TeopHH nojiHoe onncaHHe oStjCKThbhoh peajibHOCTH? 



8 ) npHMepu npoTHBOpGMHH Meatfly qeJioBeiecKoft HHTymxHeft h otkphthhmh 
(pH3HKH ropa3flo cTapme TeopHH OTHOCHTejIbHOCTH (BcnoMHHM raJiHJieeBCKoe 
«a Bce-TaKH OHa BepTHTCH» h t. a.). 



152 



171. IV. COOTHOIIIEHHH HEOnPEflEJIEHHOCTH 



Bonpoc 9tot TeM 6ojiee oSocHOBaH, no npe.a,cKa33HH5i TeopHH 
HMeiox cTaTHCTHqecKyio npHpoay. B KJiaccnqecKOH TeopHH k ct3th- 
CTH^ecKHM MeTo^aM npnSeraioT b Tex cjiynaHx, Kor#a HH(popM3UH5i, 
KOTopoft mm o6jia,naeM oraocHTejibHO H3yqaeMbix cncTeM, hbjihctch 
HenoJiHofl. KoHuenuHH KJiaccH^ecKOH cTaTHCTHqecKofi TeopHH He 
no3BO^HioT aaTb nojiHoe onncaHHe o6T>eKTHBHOH peajibHoc™, ohh 

H03BOJI5HOT TOJIbKO nOJiyHHTb HeKOTOpbie CpeflHHe BeJIHHHHbl H He- 

KOTopbie pe3yjibTaTM, KacaromnecH HcaieayeMbix cpH3HiecKHx ch- 

€TeM, HeCMOTpH Ha HeA0CT3T0K CBefleHHH OTHOCHTeJIbHO 3THX CH- 

ereM. 3th pe3yjibTaTbi, cTporo roBopn, HenpHMeHHMbi k oT^ejibHOH 
CHCTeMe, ohh othochtch k 3HC3m6jik> H3 oqeHb dojibiuoro maia Jf 

•OAHHSKOBblX H He33BHCHMbIX CHCTeM. AH3JI0rHHHbIM 06pa30M KB3H- 

TOBaH TeopHH b o6meM cjiyqse He jaeT c aocTOBepHOCTbio pe3yjib- 
TaT Toro hjih HHoro H3MepeHHH b OTflejibHofl CHCTeMe, OHa aaeT 
CTaTHCTH^ecKoe pacnpeaejieHHe pe3yjibTaTOB, no^yiaeMbix npn 
rtoBTopeHHH Toro ine caMoro H3MepeHHH Ha coBOKynHoc™ oieHb 
^Qjibuioro HHCJia Jf chctcm, npe/i,CTaBjiHeMbix o#hoh bojihoboh 
<pyHKH,HeH. 

HanpaujHBaeTca bhboa, 4to KBaHTOBaa Teopna aaeT KoppeKT- 
Hoe onHcaHHe cTaracTHqecKHx aHcaMfijieft cncTeM H3 MHKpocKonn- 
HecKHx o6"beKTOB, ho He MO>KeT npeTenflOBaTb Ha nojmoe onHcaHHe 

K3>K,H0H CHCTeMbI, B3HTOH B OT/iejIbHOCTH. C0IVI3CH0 3T0H TO^KM 
3peHHH, 3H3HHH BOJIHOBOH (pyHKUHH HeflOCTSTOHHO flJIfl nOJIHOTO 
OIIHCaHHH flHHaMHtieCKOrO COCTOHHHH OT^ejIbHOH (pHSH^eCKOH CH- 
CTeMbI. JXjih 9Toro noTpe6oBa^ocb 6h HeKOTopoe tocjio .nono^HH- 
TejibHbix jjaHHbix, KOTopbie mh He Mo>KeM nojiyiHTb BBHfly Heco- 

BepUieHCTB3 HaiHHX CpeflCTB Ha6jIIOA6HH5I. j],pyrHMH CJIOBaMH, flHHa- 
MHieCKOe COCTOHHHe 4>H3HHeCK0H CHCTeMbI AOJIHCHO Onpe,HeJIHTbC5l 
B K3>KAblft MOMeHT BpeMeHH HeKOTOpbIM HHCJIOM CKpblTblX tlClpaMeT- 

poe, 3BOjirou,HH KOTopbix bo BpeMeHH onpeAejiaeTca CTporHMH 33ko- 

H3MH. HeB03MO>KHOCTb npe#CKa3aTb C AOCTOBepHOCTbK) pe3yjibTaTbi 
A3HH0T0 H3MepeHHH 06yCJI0BJieHa HeB03MO>KHOCTbIO y3H3Tb TO^Hbie 
3H3ieHH5I 3THX CKpblTblX n3p3MeTpOB. B0JIH0B3H (pyHKUHH, CJieflO- 

B3TejibHo, He npeACT3BjiaeT oSteKTHBHoe cocTOfmne H3yiaeM0H 

•CHCTeMbI, 3T0 CKOpee MaTeMSTH^eCKHH 06-beKT, C0jep>K3mHH BCIO 

Ty Henojrayio HH(popM3u,HK>, KOTopyio mh HMeeM oraocHTejibHo 

CHCTeMbI. 

XOTH 3T0 MHeHHe BnOJIHe MO>KHO 33IUHmaTb, B H3CT0HIH,ee 

BpeMH H3H60JIbUiee p3CnpOCTp3HeHHe HMeeT T0HK3 3peHHH, CO- 

I7I3CHO KOTOpoft KBaHT0B3H TeopHH flaeT nOJIHOe 0nHC3HHe HBJieHHH 

npHpOAbi (cm. CHOCKy Ha CTp. 57). ripn stom ochobhbsiotch Ha 

aHaJIH36, KOTOpbIM Mbl 06H33HH Bopy (1927), 0C06bIX yCJIOBHH 

BbinojiHeHHH h36jik)A6hhh b MHKpoMHpe, a T3K>Ke H3 o6m,eM TIpHH- 
unne, BHTeKaiomeM H3 stoto 3HajiH33, — npHHunne AonojiHHTeJib- 

HOCTH. 



§ 17. flOnOJIHHTEJIbHblE nEPEMEHHblE 
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§ 16. OnHCaHHe MHKpOCKOrlimeCKHX HBJieHHH 
H flOnOJl HMTejl bHOCTb 

BcHKoe onncaHHe npnpoAHbix hbjichhh — npH nojiHOM npn3Ha- 

HHH HX o6'beKTHBHOH pe3JIbHOCTH — HeH36e>KHO Ha HeKOTOpOM 

STane BKJiioHaeT paccMOTpeHHe pe3yjibTaTOB HsSjuoAeHiiii sthx 
HBjieHHft. Me>KAy TeM, h b 3tom coctoht nepBoe 3aMeqaHHe Bopa, 
Kan 6h hh 6mjio iiajieKo ot KJiaccH^ecKoft MexaHHKH H3ynaeMoe 
HBjieHHe, zuifl ero onacaHHSi mh bhhyjkaghh Hcnojib30B3Tb KJiaccn- 

MeCKyiO TepMHHOJIOrHK). fleHCTBHTejIbHO, AaTb OTHeT O HeKOTOpOM 

onbiTe, 3HaraT onncaTb HeABycMbianeHHo ycjioBHH aKcnepHMeHTa h 
pe3yjibTaTbi Ha6jnoaeHHH, yKa3aB, HanpHMep, hto «A3HHan crrpejiKa 

B T3K0H-T0 MOMeHT BpeMeHH 0CT3H0BHJiaCb y TaKOrO-TO AeJieHHH 
UJKaJIbI». OcofieHHO B3>KH0 OTMeTHTb He06X0AHM0CTb HCnOJIb30Ba- 
HHH TO^HOrO H3bIKa 6e3 KaKHX-JIHSo SJieMeHTOB HeyBepeHHOCTH CO 

cropoHbi HafijiioflaTe^H. 3to coBepmeHHO Heo6xoAHMO, TaK KaK 
onbiT AOJi>KeH 6biTb Bocnpon3BOAHM, a ero Te^eHHe h pe3VJibTaTbi 

AOJDKHbl 0CT3B3TbCH He33BHCHMbIMH OT Ha6jHOAaTeJIH. 

Oah3ko Ha MUKpocKonmecKOM ypoene mm He Moomeu npoeecru 
CTpozozo pa3AmuH ueoady npupodmiM HBAeuueM u UHCTpyMenroM^ 
cAyxcamuM Oah eeo H.a6AiodeHUH, P33J1hhhh, KOTopoe noApa3yMe- 
Baet o6biiHoe npeACTaBjieHHe o H36jiiOAeHHH. OnncbiBaTb o6"beKT 
h npn6op K3K pa3JiHHHbie cym.HocTH mo>kho TOJibKO b tom npeAe.?ib- 

HOM CJiyi3e, KOrAS BejIH^HHy KB3HTS AeHCTBHH h MO)KHO CUHT3Tb 

SecKOHe^Ho Majiofi. 3to orpaHH^HBaeT bo3mo>khocth oiihcshhh h 
aHajiH3a H3yiaeMoro HBjieHHH H3 KJisccHiecKOM H3HKe. JlioSsa 
nonuTK3 pacnpocTpaHHTb aHaJiH3 3a sth rpaHHUbi Tpe6yeT moah- 

<pHK3H,HH H3MepHTejIbHOH TeXHHKH H C3MHX yCJIOBHH 9KCnepHMeHT3, 
a 3TO BBOAHT HOBbie B03MO>KHOCTH B33HM0AeHCTBHH MOKAy 06"beK- 
T3MH H npH6opOM. 

BcjieACTBHe SToro, pe3yAbraTbi ua6AiodeHUu, noAyneHmie s 
pa3AUHHbix ycAoeunx onura, He Moayr 6uTb coeMeu^enu e edunou 

KCtpTUHe HSAeHUH. OHH AOJUKHbl paCCM3TpHB3TbC3 K3K AOnOJIHHK)- 

mne Apyr Apyra b tom CMHCJie, hto TOJibKO bch coBOKynHocTb 
pa3JiHHHbix 9KcnepHMeHT0B HC^epnbiBaeT B03MOiKHocTb nojryqeHHH 

HHIpOpMaUHH OTHOCHTejIbHO CBOHCTB oSl^eKTOB MHKpOCKOnH^eCKOH 
(pH3HKH. 

§ 17. AonojiHHTejibHwe nepeMeHHwe. 
CoBMecTHbie nepeiweHHbie 

OnncaHHe HBJieHHfl MHKpocKonHnecKOH (pH3HKH ocymecTB^HeTca 
Ha ocHOBe AonojiHHTejibHbix sjieMeHTOB, t. e. ajieMeHTOB, AonojiHHio- 
ihhx Apyr Apyra npn cocTaBJieHHH KJiaccHMecKoii KapTHHH HBjie- 
hhh, ho onpeAejineMbix c noMombio BsaaMOHCKjiioqaiomHX sKcnepa- 

MeHT3JIbHbIX yCTpOHCTB. 
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KoopAHHaxa x a HMnyjibc p o6pa3yiOT napy AonoAHHTe;ibHbix 

SJieMeHTOB B yK33aHHOM BblUie CMblCJie. To^HUe H3MepeHHfl X H p 
Tpe6yjOT HCnOJIb30BaHHH HeCOBMeCTHMblX H3MepHTejIbHbIX 

ycTpoficTB, TaK no OAHOBpeMeHHoe H3MepeHne arax AByx BejiH^HH 
He MoaceT 6biTb ocymecTBjieHo c To<iHOCTbio npeBbiuiaiomeH 
Ax-Ap « fi. 3to cjieAyeT m H3./io>KeHHoro b §§ 13 h 14 MaTepnajia. 
BsaHMOHCKJiio'iaiomHH xapaKTep sKcnepnMeHTajibHbix ycTpoficTB, 
cjiy>Kam,Hx aah H3MepeHHH x h p, ocoSeHHO xopomo npo^BjineTca 
b cjiynae H3MepeHHH c Ana(pparMOH (§ 13, a). ^HacpparMa, npn- 

MeHHBUiaHCH AJIR H3MepeHHH nOJIOJKeHHH 3JieKTpOHa, MOJKeT 6bITb 

Hcnojib30BaHa h aah H3MepeHHH Hinnyjibca: a-ah stoto AOCTaTo^Ho 
onpeAe.iHTb HMny;ibc, nepeAaBaeMbifi SKpaHy npn ctojikhob6hhh 
c ajieKxpoHOM. Ho nocKOJibKy aHcaM6jib 3/ieKTpoH + 3KpaH o6pa- 
3yeT HeASAHMyio KBaHTOByio cHCTeMy h hct bo3mo>khocth npoBecTH 

CTpOrOe pa3JIKMHe MeJKAy COCTaBJIHIOmHMH HaCTHMH, HeJIb3H HC- 
nOJIb30BaTb KJiaCCHqeCKHH H3MK H rOBOpHTb 0 He33BHCHMOH 3BOAIO- 

uhh aAeKTpoHa (H3MepHeMaji cHdeMa) h aKpaHa (H3MepHTejibHbifi 
HHCTpyMeHT), He Aonycnaa, hto hx B3aHMOAeftcTBHe HMeeT He- 
KOHTpoJinpyeMUH xapaKTep. Ecjih mh xothm 3HaTb x c ToraocTbio 
Ax, to mh He b coctohhhh KOHTpojiHpoBaTb nepeAaiy HMny^bca 
3KpaHy c To^HOCTbio, npeBbiiuaiomeH hi Ax. Ecjih >Ke mm MejiaeM 

H3MepHTb p C TOTOOCTbK) bp H CHa6>KaeM 9Kp3H BCeMH Heo6xOAH- 

mhmh npHcnoco6jieHHHMH a^ih TOHHoro H3MepeHHH nepeAaBaeMoro 

HMnyjIbCa, TO 0Ka3HBaeTCH HeB03M0>KHHM K0HTp0JIHp0B3Tb nojio- 

xeHHe aKpaHa c TO«mocTbio, npeBbiuiaiomeH hjbp, hto orpaHH^HBaeT 
HauiH cBeAeHHH 06 x (cm. 3aAaiy 10). 

ToBopHT, hto x h p o6pa3yioT napy donoAHUTeAbHbix nepeMen- 
hux. CaM npHHUHn AonoAHHTcrcbHOCTH lacTO BbipamaioT b cjie- 
Ayjomefi, Sojiee cTporofi <popMe: 

onucanue tpU3unecKux ceoucre MUKpocKonunecKux o6i>eKToa 
na KAaccmecKOM H3biKe Tpe6yeT ucnoAb3oeanuH nap donoAnu- 
reAbHbix nepeMeHHbix, npmeM KaoKduu HAen napu onpedeAHercn 
TeM TOHH.ee, neu Menee tohho onpedeAneTCH dpyzou. 

3Ta (popMyjinpoBKa noA^epKHBaeT rjiaBHoe OTjinnne Me>KAy 

KB3HT0B0H H KJiaCCHHeCKOH MeXaHHKOH, a HMeHHO, TOT (paKT, 1TO 

Bee AHHaMHqecKne nepeMeHHbie kb3Htoboh CHCTeMbi He MoryT 6bm> 
OAHOBpeMeHHO onpeAejieHbi c HAeajibHofi TO^mocTbio. 

Mh CKa>KeM, ito ABe AHHaMHiecKHe nepeMeHHbie hbjihiotch 
co8M.ecTHbiM.ti, ecjin ohh MoryT 6uTb OAHOBpeMeHHO to^ho onpe- 
AejieHH. B rji. V mh yBHAHM, wto b caMOM o6meM CJiyiae ABe 
coBMecTHbie nepeMeHHbie npeACTa bjihiotch KOMMyTHpyiomHMH ^h- 
He&HbiMH onepaTopaMH. TaK, KoopAHHa™ qacTnubi x h y hbjihiotch 
coBMecTHMMH nepeMeHHHMH. Oco6eHHo BajKHyio poAb arpaioT 
noAHbie Ha6opu coeMecTnux nepeMeHHbix a, b, c . . . ; ohh cocraB- 
jieHH H3 nonapHO coBMecrabix nepeMeHHbix h o6jiaAaioT TeM cboh- 
ctbom, hto jiioSafl Apyraa nepeMeHHaa, coBMecTHan c KaxcAofi 



8 18. KOPnyCKyJWPHO-BOJIHOBOPI ZiyAJIH3M 
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nepeMeHHofl na6opa, aBJineTCH (pyHKnneH svhx nepeMeHHbix 
f(a, b, c,' ...)• PaccMOTpuM b KauecTBe npHMepa KBaHTOByio ch- 
deMy, cocToamyio H3 oahoh nacTHitbi. Tpn nepeMeHHbix nojiomeHHs 
x, y, z o6pa3yK»T nojiHbifl Hafiop coBMecrabix nepeMeHHbix. fleflcTBH- 
TeJibHo, Bee Tpn 3th nepeMeHHbie MoryT 6biTb OAHOBpeMeHHo n3Me- 
peHH. flajiee, BcsKaa AHHaMHuecKaa nepeMeHHan HBJiaeTCH hckoto- 
poft (pyHKnHefi x, y, z h p x , p y , p z , ho coBMecrabiMH c x, y, z 6yayT 
To^bKo Te nepeMeHHbie, KOTopbie He 33bhcht ot p x , p y , p z , rax. KaK 
Ka>Kflaa H3 3thx nocvieAHHX BeJiHMHH HecoBMecraa c x, y, Z COOT- 
BeTCTBeHHO. TaKHM o6pa30M, o6lhhh bha AHHaMnqecKOH nepeMeH- 
hoh, coBMecTHoft c x, y, z, ecTb F(x, y, z). nepeMeHHbie x, y, z 
o6pa3yioT nojiHbifi Ha6op, to xe caMoe mo>kho cKa3aTb othoch- 
Te^bHo nepeMeHHbix p x , y, p z (3aAaHHe sthx Tpes nepeMeHHbix 
nojiHOCTbio onpeAeJiH.no AHHaMnnecKoe coctohhhc CHCieMbi ao H3Me- 
peHHH b npHMepax § 14). ToiHoe H3MepeHHe nojmoro Ha6opa cob- 
MecTHbix nepeMeHHbix cncTeMbi aaeT tot MaKCUMyM UH<popMau,uu 
o CHCTeMe, KOTOpbifl Boo6me MOJKHO 

nOJiy^HTb. 9tO H3M©peHHe nOJIHOCTbK) 

onpeae^aeT AHHaMHHecKoe cocTOHHHe 
ciicTeMbi; eMy cooTBeTCTByeT onpe- 
aejieHHaH BOJiHOBan (pyHKHHH. Mm 
BepHeMCH k 9T0My Bonpocy b rji. V 
(§ 15 h 16). 



§ 18. KopnycKyjinpHO-BOJiHOBOH 

AyajIH3M H AOnOJIHHTejIbHOCTb 

ECJIH HCXOAHTb H3 npHHUHna AO- 
nOJIHHTejIbHOCTH, TO KopnycKyjinpHO- 
BOJIHOBaa ABOHCTBeHHOCTb KB3HTOBbIX 

o6"beKTOB nepecTaeT 6biTb napaAOK- 
cajibHoft: BOJiHOBofl h KOpnycKyjiap- 
Hbift acneKTH OKa3MBaioTC5i AonoJiHH- 

TeJIbHblMH H npOHBJIHIOTCfl BO B33HM0- 
HCKJIIO'iaiOIHHX SKCnepHMeHTaJIbHHX 
yCJIOBHHX. BcHKafl nonblTKa BHHBHTb 

oahh H3 acneKTOB noBeaeHHH Tpe6yeT 
cooTBeTCTByiomero SKcnepHMeHTajib- 
Horo ycTpOflcTBa, KOTopoe JinuiaeT Hac bo3mo>khocth HaSjiioflaTb 
Apyroft acneKT noBeAeHHH o6"beKTa. 

PaccMOTpnM, HanpHMep, AHcppaKUHOHHbifi onbiT K)Hra. Moho- 
xpoMaTH^ecKoe H3JiyieHHe ot HCTOMHHKa 5 npoxoAHT iepe3 SKpaH 

Y C flByMH OTBepCTHHMHj paCCTOHHHe Me^Ay KOTOpHMH ecTb d, a 

saTeM o6pa3yeT Ha SKpane E, oTCToameM ot Y Ha paccTOHHHH D, 
HHTepcpepeHUHOHHyio KapTHHy (pnc. 22) . PaccTOHHHe Me>KAy nojio- 
caMH paBHo KD/d, i\n,e K — AJiHHa bojihh H3AyieHHH, B, stom onuTe 



Y E 




Phc. 22. /I,ono^HHTejibHOCTfr 
KopnycKyjiapnoro h BOJiHOBoro 
acneKTOB sBJieHHH b onwTe 
K)Hra. S — hctoihhk, Y — 3KpaH 
K)Hra, E — axpaH aeTeKTopa. 
Ha pHcyHKe S, Y h E TBepao 
(pHKCHpoBaHH Ha oSiueH noA- 
CTaBKe. SKcnepHMeHTajisHoe 

yCTpoflCTBO n03BOJHeT BHHBHTb 

HHTepcpepeHUHOHHyio KapTHHy, 
ho He no3BO^aeT noJiyiHTb Ka- 

K0H-JIH60 HHCpOpMaUHH OTHOCH- 

TeJibHO TpaeKTopHH Kawfloro (po- 

TOHa. 
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hctomhhk S h sKpaHH Y h E >KecTKO yKpenjieHH Ha o6meM OCHO- 
BaHHH. CaMH nojiocbi mo>kho Ha6jiiOAaTb TOJibKO, ecJiH nojio^KeHHe 
(BACuib Ox) aKpaHa Y no oraouieHHio k 5 h E (pHKcnpoBaHO c Toq- 
KOCTbio 8x, npnieM 5a: <C kD/d (paAH npocTora npeAnojiaraeM, ito 
hctohhhk 5 HaxoAHTCH Ha SecKOHeHHOCTH) . KopnycKyjmpHbift 
acneKT H3JiyqeHHH mo>kho BbiHBHTb b tom cjiyqae, ecJiH H3BecTHo, 
qepe3 Kanoe OTBepcnie 3KpaHa Y npoimia nacTHua. jUjih 3Toro 
npoiue Bcero H3MepHTb HMnyjibc, nepeAaHHbifi aKpaHy Y npn npo- 
xo>KiieHHH qacTHUbi; oh 6yflex oTjiHiaTbca Ha mpd/D b 33bhch- 
mocth ot Toro, iepe3 KaKoe oTBepcTHe npoimia qacraua (p = h/k 
o6o3HaqaeT HMnyjibc qacTHuu). H3MepeHHe aoji>kho 6biTb BbinoJi- 
HeHO c TaKoft TOHHOCTbio, iTo6bi 8p <. hd/kD. Ho qraSbi npOHBH- 
JiHCb oAHOBpeMeHHo 06a acneKTa noBeAeHHH KBaHTOBoro ofrbeKTa 
Heo6xoflHMO, qToSbi 06a HepaBeHCTBa yAOBJieTBopHjracb OAHOBpe- 

MeHHO, T. e. 8X-8p<Zh, TTO HeB03M0>KH0, TaK K3K H3MepHTejIbHOe 
yCTpOHCTBO CaMO HBJIHeTCH KB3HTOBbIM oSTjCKTOM H yAOBJieTBOpHe t 

■cooTHOiueHHHM HeonpeAeJieHHOcra. JlioSan nonbiTKa BbiHBHTb Kop- 
nycKyjiHpHbift acneKT noBeaeHHS H3JiyqeHHH npHBe^eT k cMa3biBa- 
-Hhk) HHTep4>epeHn,HOHHOH KapTHHbi (cm. 3aAaiy 11). 

§ 19. AonOJIHHTeJIbHOCTb H IlpHHHHHOCTb 

OcoSbie ycJioBHH onncaHHH HBjieHHft b KBaHTOBoft TeopHH orpa- 

HHqHB3K)T O0JiaCTb CnpaBeAJIHBOCTH npHHUHna npHTOHHOCTH H 

oS^hchhiot, noieiwy npeACKa3aHHH Teopnn HMeioT cTaTHCTnqecKHfi 
xapaKTep 9 ) . 

FIpHHunn npH^KHHocTH b cTporoM cMbicne MOKCT npHMeHHTbCH 

TOJibKO no OTHOUieHHK) K H30JIHpOB3HHbIM CHCTeMaM. X^HHaMHieCKOe 

cocTOHHHe TaKofl cncTe.Mbi b AaHHHH MOMeHT npeACTaBjmeTCH ee 
bojihoboh (pyHKUHefi b 3TOT MOMeHT. CymecTByeT npH^KHHaH (hjih 

sKay3aJIbHaH) CBH3b MeWLfly BOJIHOBOH (pyHKUHefi 1p(/ 0 ) B AaHHblH 
MOMeHT to H BOJIHOBOH (pyHKUHefi ty(t) B JIK)6ofi nOCJieAyiOIUHft MO- 
MeHT, h CBH3b 3Ta BHpa>KaeTCH ypaBHeHHeM QIpeAHHrepa. OflHaKO 

•eCJIH MH CTpeMHMCH OCyiUeCTBHTb Ha6jIK)AeHHe HaA CHCTeMOfi, TO 

He MOJKeM npeHe6peqb AeficTBHeM Ha CHCTeMy HHCTpyMeHTa Ha6jiK> 
AeHHH. 3to AeficTBne, KaK mh 3HaeM, b onpeAeJieHHofi Mepe HenpeA- 
•CKa3yeM0 h HeKOHTpojinpyeMo, h6o mh He mojkcm CTporo pa3Ae- 

JIHTb CHCTeMy H HHCTpyMeHT. OhH 06pa3yK)T eAHHyiO KBaHTOByK) 

•CHCTeMy, npeACTaBjiaeMyio bojihoboh (pyHKunefi ^(t), 3aBHcaiueft 



9 ) FIpHHUHn npHMHHHOCTH 3AeCb, KOHeiHO, IIOHHMaeTCH He B (J)H^OCO(pCKO-Me- 
TOflOJlOrHieCKOM CMblOTCe KaK npHHUHn 06T>eKTHBHOft 3aKOHOMepHOft B3aHMOCBH3H 
H B3aHM006yWIOBJieHHOCTH HBJI6HHH MaTepHajibHoro MHpa. HMeeTCH B BHAy npHH- 
HHn KJlaCCHHeCKOfl OflH03HaiHOii fleTepMHHHpOBaHHOCTH HBJieHHft (TaK Ha3WBaeMHH 

jian^acoBCKHii ,«eTepMHHH3M). CneumpHiecKHH xapaKTep 33kohob abhwchkh mh- 
Kpoo6i>eKTOB BeaeT k pacuinpeHHio a yr;iy6jieHHfo nownnn npaiKHHocTH h npo- 

HBJieHHK) CTaTHCTOTeCKHX HflH BepOHTHOCTHblX 3aK0H0MepH0CTefl. Cm. nO 9T0M/ 

iioBOAy uHTHpoBaHHyio Ha crp. 57 KHHry B. A. <J>oKa. (IIpuM. nepee.) 



§ 19. HOnOJIHHTEJIbHOCTb H rTPHTOHHOCTb 
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or KOOpAHHaT KaK Ha6jijoAaeMoft chctcmh, TaK h HHCTpyMeHTa. 

BCHKOe OIIHCaHHe CHCTeMH KaK T3K0B0H C riOMOIUblO OAHOH TOJIbKO 

eojihoboh (J)yHKii,HH (t) 0K33HBaeTCH HeB03MO>KHbiM. TaKHM o6pa- 
30M, BMemaTejibcTBo H3MepHTejibHoro annapaTa pa3pymaeT Kay- 

33JIbHyK) CBH3b MeJKfly COCTOHHHeM CHCTeMH AO H3MepeHH5I H co- 

cTOHHHeM CHCTeMH nocjie H3MepeHHH. 3to o6T>HCHHeT, noneiyiy b 
oSmeM cjiyiae mh He mojkcm npeACKa3aTb AOCTOBepHO, b KaKOM 

COCTOHHHH OK3JKeTCH CHCTeM3 riOCJie H3MepBHHH 10 ) . 

JXjin Toro qTo6bi noKa3aTb, KaKHM o6pa30M iiohhthh, ncnojib- 
3yeMbie npn onncaHHH HBJieHHH, OKa3HBaioTca cBH3aHHHMH c MeTO- 
AOM HaQjiioAGHHH, h KaK 9to BJiHHeT Ha npHMeHeHHe npHHunna 

npH^KHHOCTH, paCCMOTpHM npHMep B036y>KAeHHOrO aTOMa, KOTOpblfl 

HcnycKaeT (pOTOH npn nepexoAe b ocHOBHoe cocTOHHHe. 3tot npn- 

Mep B TO JKe BpeMH HBHTCH HOBOH HJIJIK>CTpaiI,HeH AOnOJIHHTejIbHOCTH 

BOJiHOBoro h KopnycKyjiapHoro acneKTOB noBeAeHHH KBaHTOBoro 
o6-beKTa. 

ripeAnOJIOJKHM, ^TO a TOM HaXOAHTCH B B036y>KAeHHOM COCTOH- 

hhh b MOMeHT BpeMeHH t = 0; nycTb % — ero cpeAHee BpeMH >kh3hh, 
a fico — 3HeprH5i ncnycKaeMoro (poTOHa. IlonbiTaeMCH tohho onpe- 
AejiHTb MOMeHT HcnycKaHHH (poTOHa. fljia aToro nojmocTbio OKpy- 

>KHM aTOM COOTBeTCTByiOIll.HMH CHeTqHKaMH", OAHH H3 3THX 

CHeTHHKOB cpaSoTaeT npn npoxo>KAeHHH (poTOHa. 3h3H momcht 

npOXOJKAGHHH (pOTOHOM CieTHHKa, paCCTOHHHe, OTAejIHIomee aTOM 

ot cieT^HKa, h cKopocTb cBeTa c, moxho 6e3 TpyAa BbmncJiHTb 
MOMeHT HcnycKaHHH (poTOHa. Oah3ko KB3HT0B3H Teopna aejiaer no- 

STOMy nOBOAy BHBOAH TOJIbKO CT3THCTHHeCK0r0 X3p3KTep3. Co- 
CTOHHHe CHCTeMH aTOM -f- (pOTOH JierKO OnHCaTb, eCJIH HMeTb B BHAy 

CHTyauHK), B03HHKaiomyio no HCTeqeHHH BpeMeHH t » t: stom no^TH 

H3BepHHK3 HaXOAHTCH B OCHOBHOM COCTOHHHH, a (pOTOH (b XOpOIIieM 

npH6jiH«ceHHH) — npHMeM sto 6e3 A0K333TejibCTB3 — npeACTaB- 

JIHeTCH BOJIHOBHM naKeTOM tp (r, t), npHMeM 33BHCHMOCTb OT f H 
r — P3CCTOHHHH OT (pOTOHa AO 3T0M3 — C TOTOOCTblO AO IIOCTOHH- 
HOH Bbip3>K3eTCH B BHAG 

( 0, ecjiH r > ct, 

^') = ! |Iexp[-0» + i)(<-^)]. ec„„ ,<-. < 34 » 



i°) CTaracTHqecKHe npe,n,CKa3aHHH, KacaiomHecH pe3yjibTaTOB H3MepeHHH, ec- 
TecTBeHHO noJiyiaiOTCa npn hccjigjxob3hhh MexaHH3Ma caMofl MMepHTeJibHoft one- 

paUHH, HCCJieflOBaHHH, B KOTOpOM H3MepHTejIbHblft HHCTpyMCHT paccMaTpnBaeTCH 
K8K KBaHTOBblfi 06T>eKT, a COBOKynHOCTb CHCTGMa + H3MepHTejIbHblfl HHCTpyMeHT 

H3MeHaeTca, cjieayH npHHumiy npHqHHHOCTH corjiacHO ypaBHemno IUpeflimrepa. 
MeTKoe h npocToe H3JiOJKeHHe Bonpoca o MexaHH3Me h3mgpchhh .naHO b KHHre 
F. London et E. Bauer, La Theorie de l'observation en Mecanique Quantique, 
Ed. Hermann (Paris, 1939). BoJiee no«po6HMH pa36op 3TOft npo6jieMM mojkho 
Hafl™ b KHHrax: H. (f>OH HeumaH, MaTeMaraqecKHe ochobh kb3Htoboh MexaHHKH, 
«HayKa>, 1964 r.; M. Bom, KBaHTOBaa TeopHH, «HayKa>, 1965. 
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BepOHTHOCTb AereKTHpoBarb (poTOH Ha paccTOHHne R ot aTOMa paB- 
Ha hv,ik> noKa t<R/c h paBHa exp [ — (t — R/c) /%] c TOHHOCTbto 
AO nocTOHHHoft bo Bee nocjieayiomHe MOMeHTbi BpeMeHH, OTKyaa h 
CJieayeT xopouio H3Bec.THbifi 3KcnoHeHU,H3JibHbiH 33Koh pacnaaa. 

HMeHHO 3TOT 33K0H Mbl Ha6jIK)A2GM SKCnepHMeHTaJIbHO Ha 

o^eHb SojibuiOM qncJie pacna^oB. OflHaKo kbshtobsh Teopna He 
cnoco6Ha npeflCK333Tb BpeMH pacnaaa Ka^floro H3 aTOMOB ot- 
fle^bHO. Mojkho cfle^aTb bhboa, qTo KBaHTOBaa TeopHH xopouio 
onHCHBaex pacnaA CTaTHCTH^ecKHX aHcsMSjieft B036y>KaeHHbix sto- 
mob, ho He onncbiBaeT noimocTbio oTflejibHoe HBjieHHe pacna.ua. 

OrBeT Ha 3to saMe^aHHe CJieflyioiuHH. rioHHTHe BpeMeHH pao 
na.ia neoTAejiHMo ot 3KcnepHMeHTajibHoro ycTpoftcTBa, KOTopoe ero 
H3MepaeT, h He mojkct paccMaTpHBaTbca KaK cbohctbo, xapaKTepn- 
3y10u1.ee 3bojik>uhk> aTOMa BHe 33bhchmocth ot 3Toro ycTpoficTBa. 
Ae&CTBHTeJibHo, cymecTByiOT h apyrne sKcnepHMeHTajibHbie 

VCTpOHCTBa, «AOnOJIHHTeJIbHbie» K paCCMOTpeHHOMy, n03B0JlHK)IUHe 

BbiHBHTb HHbie acneKTH HBJieHH3 h HecoBMecTHMbie c caMHM noHH- 
THeM o MOMeHTe HcnycKaHHH (poTOHa. 3to Bee Te ycTpoftcTBa, B 
KOTopbix mh Ha6jiK)jiaeM HHTep(pepeHii,HOHHbie 3(p<peKTbi CBeTa. 3/iecb 
BOJiHa (34) 0Ka3biBaeTca pa3aejieHHoft Ha #Ba bojihobhx naneTa, 

KOTOpbie BHOBb HHTeptpepHpyiOT nOCJie np0XO>KfleHHn pa3JIHMHHX 

otiTH^ecKHX nyTefl. Ha6jnofleHHe HHTepcpepeHUHOHHofi KapTHHbi 
bo3mo>kho, ecJiH pa3H0CTb onTHHecKnx nyTeft MeHbiue npoTHxeH- 
hocth bojihh (34) b npocTpaHCTBe ") . CjieaoBaTejibHO, npocTpaH- 
CTBeHHaH npoTH>KeHHocTb bojihh cywecTBeHH3 flJiH caMOH nocTa- 
hobkh onbiTa, a noaTOMy noHHTue MOMeHTa ncnycKaHHH (poTOHa 
TepneT bchkhh chhcji. 

OpHHUHn npHHHHHOCTH B erO oSbl^HOM nOHHM3HHH npHMeHHM 

k cHCTeMe aTOM -4- 4)otoh ao Tex nop, nona OHa eme He npoB33HMo- 
fleftcTBOBajia c H3MepnTejibHHM npH6opoM. B Te^eHHe aToro ne- 
pH0.ua BpeMeHH b03mojkho onncaHHe AHHaMH^ecKoro coctohhhh 
cHCTeMH e noMombio bojihoboh (pyHKUHH, no/mHHHKJiiieHca ypaBHe- 
hhio IIIpeAHHfepa. ripn 3tom (poTOH npeflCTaBjiaeTca naxeTOM 

paCXOAHmHXCH B0JIH (34), (ppOHT KOTOpOTO, T = Ct yflaJIHeTCSI OT 

aTOMa co CKopocTbio c. OflHaKO 3to npHMHHHoe onncaHHe nepecTaeT 
6biTb cnpaBeAJiHBHM KaK TOJibKo CHCTeMa aTOM + 4>otoh BCTynaeT 
bo B3aHMoaeHCTBHe c HHCTpyMeHTOM Ha6^iofleHHH. 3flecb y>Ke 

HejIb3H TOBOpHTb 06 H30JIHpOB3HHOH CHCTeMe, TaK K3K 3HC3M6jIb 

CHCTeMa + HHCTpyMeHT Ha6jiK)AeHHH cocTaBJineT eflHHyio cymHOCTb; 
CBOHCTBa, npnnHCbiBaeMbie CHCTeMe, b aeficTBHTejibHOCTH hbjihiotch 



11 ) CpeflHee BpeMH jkhshh B036yjKfleHHoro coctohhhh aTOMa npn HcnycKa- 
hhh BH^HMOro CBeTa nopsiflKa 10^ 8 ceK. riosTOMy .zyiHHa ct HcnycKaeinoro uyra 
bojih nopHflKa 3 m. HHTep(pepeHiiHOHHyio KapraHy yAaBaJiocb Ha6jiK>flaTb npn 
pa3Hoc™ onTHqecrax nyTeft nopH^Ka MeTpa. 3to noflTsepjKflaeT HauiH BbmoaH 
OTHOCHTejibHO- jrpocTpaHCTBeHHoft npoTHjKeHHOCTH uyra bojih h HeonpeAeJieHHOCTH 
iioiiHTHH MOMeiiTa ncnycKaiiHH. 



3AflA4H H ynPA5KHEHHH 
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cBOHCTBa mh 3HcaM6ji3. FIo3TOMy He MOJKeT cymecTBOBaTb cTporoft 

npHHHHHOH CBH3H MOKAy COCTOHHHHMH CHCTeMbI HO H nOCJie H3Me- 
peHHH. 

3to noJioKeHHe nen pe3KO oiyiimaeTCH ot KjiaccH^ecKOH CHTya- 
u,hh, i\ne Bee AHHaMH^ecKHe nepeMeHHbie chctcmh erporo onpe/ie- 
jienu b jik)6oh MOMeHT, a hx sbojiiouhh bo BpenieHH CTporo 
aeTepMHHHpoBaHa. /I,HHaMHHecKHe nepeMeHHbie kb3Htoboh CHCTeMbi 
onpeAeJiaioTCH TOjibKo c yneTOM cooTHomeHHH HeonpeaejieHHocTii 
Mexny napaMH AonojiHHTejibHbix nepeMeHHbix, TaK mo hx BpeMeH- 

H3H 3BOJIIOUHH fleTepMHHHpOBaHa TOJIbKO laCTHTOO. CKOJIb 6bl UIO- 

KHpyiomHM He BbirjiHAejio sto orpaHH^ieHHe npHHunna npH^KHHoc™. 

OHO He BXOAHT B npOTHBOpeHHe HH C 0£HHM OnblTHbIM (paKTOM, h6o 

BpeMeHHaa sbojiiouhh coBOKynHOcra AHHaMHqecKHX nepeMeHHbix 
CHCTeMbi MomeT sKcnepnMeHTajibHO Ha6jiioflaTbCH TOJibKO b paMKax 
npH6jiH>KeHH5i, cooTBeTCTByiomero cooTHOiiieHHHM HeonpeflejieH- 

HOCTH. 



3AflAMH H ynPA^HEHHH 

1. TloKa3aTb, q-ro raMMbTOHHaH qacTHUH b svieKTpoMarHHTHOM nojie (ypaB- 
HeHHe (11.25)) HBJmeTCH apMHTOBUM onepaTopoM h mo BcraeflCTBHe SToro HopMa 
HeKOToporo pemeHHa V ypaBHeHHH IIIpeflHHrepa coxpaHaeTCH bo BpeMeHH. rioKa- 
3aTb, qTO b 3tom cnywae mojkho HarmcaTb ypaBHeHHe HenpepbiBHOcra rana (11), 
ecjiH npn onpeje^eHHH noTOKa Bw6paTb BbipameHHe, BMTeicaiomee H3 npHHimna 

COOTBeTCTBHH C KJiaCCHieCKOH MeXaHHKOH, a HMeHHO 

I \ im mc ) J 

rue A — BeKTopHbift noTeHiwaji sjieKTpoMarHHTHoro nojia. 

2. MacTHua c Maccofi m nepeiviemaeTCH b no^e AeficTBHH noTemiHajia V(x), 

KOTOpblH npH X->±00 aCHMIlTOTHqeCKH (6bICTpee 1/|*|) CTpeMHTCH k V+ h V~. 

BBe^eM BOJiHOBbie raaa k ± = -\J'2m (E — V ± )/ti h paccMOTpHM peuieHHa ue(x), 
acHMnTOTHiecKoe noBeAemie KOTopux BbipaxaeTca cpopMyjiaMH: 

ik_x , „ -ik_x 
u„ ~ e + Re npn x -*• — oo, 

h 

u B ~Se + npH x -> + oo. 

Cjioxhb peuieHHH SToro rana, o6pa3yeM bojihoboh naKd (HopMHpoBaHHbifl Ha 
eAHHHiiy), onHCbiBaiomHH laenmy, ABHJKymyiocH b HanpaBJieHHH B03pacTaHHs x. 
noKa3aTb, ito no npouiecTBHH AOCTaTCiHoro HHTepBajia BpeineHH stot naneT 
OKaxeTca pa3AeJieHHbiM Ha naxeT npoxoAamHX bojih h naKeT OTpajfceHHHX, npn- 
qein BepoHTHocTH HaflTH qacTHity b nepBOM h btopom naKdax paBHbi cooTBer- 

CTBeHHO (k+/k-) \S | 2 H \R I 2 . 
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3. BoJiHa, conocTaBJiaeMaa qacTHiie, ABHiKymeiica BAOJib och x, BbipaxcaeTca 

(pOpMyjIOH 

* (x) = (2n6*)-'^ exp Po* - -^f ) . 

BblHHCJIHTb BOJlHOByiO (pyHKUHK) <p(p) B HMIiyjIbCHOM npOCTpaHCTBe. HlpOBepHTb, 

hto Kax i|)(*)» TaK h (f (p) HopMHpoBaHbi Ha eAHHHHy. BbMHCJiHTb cpeAHHe 3Ha- 
4eHHH x h x 2 , Hcncwib3yH nocjie^oBaTejibHO BbipaxeHHa (13) h (21), h cpaBHHTb 
pe3y^bTaTbi. BbinncJiHTb cpeAHHe p, p 2 h txp(ipXfh) (X — 3a^aHHaa BemecTseH- 
Haa nocTOHHHaH), npHMeHaa nocneAOBaTeJibHO BbipaaceHHa (14) h (20) a cpaB- 
HHTb pesyjibTaTH. 

4. rioKa3aTb, qTO bojihoboh naneT, AJia KOTOporo Ax-Ap — h/2 (mhhhmh3H- 
pywiimft bojihoboh naneT) HMeeT bha 

(2n|»)-' / 'exp[^-p.x- {X ~^ r ], 

npnqeM (x) — x a , (p) — p 0 , Ax = g, Ap = /t/2£. 

5. FlycTb (x} h (p) cpeAHHe 3HaneHHa x h KaHOHH^ecKH conpameHHOro hm- 
nyjibca p AJia cHCTeMW b AHHaMHiecKOM coeroamiH if (*)• FIoKa3aTb, hto b AHHa- 

MHqecKOM cocxoaHHH exp ^ g- (p) i|) (x + <*» o6a cpeAHHe 3HaieHHH paB- 

HH HyjlK). 

6. rioKa3aTb, tro npn H3MepeHHH nojioxeHHa qacTHUju b § 13, 6 rjiaBHyro 
pojib HrpaeT KBaHTOBaa npnpoAa H3MepHTeJibHoro npaSopa (nyiOK CBeTa + mh- 
KpocKon) h mo cooTHOiueHHa HeonpeAeJieHHOCTH 0Ka3a.JMCb 6h HapyiueHHbiMH, 
ecjiH 6bi CBeT He 6wji KBaHTOBaH. rioKa3aTb Ha stom npHMepe, no nocToaHHaa h, 
BxoAamaa b cooTHomeHHa HeonpeAeJieHHOCTH AJia 3JieKTpoHa, He npeBbiuiaeT no- 
ctohhhoh, BxoAameft b onpeaejieHHe KBama CBeTa. 

7. ripH H3MepeHHH HMny^bca mctoaom OTKJioHeHHa b MarHHTHOM nojie 
(§ 14, a) noKa3aTb, hto moxho ao HeKOTopofl cTenenn yMeHbuiHTb npoAOJi>KH- 
Te^bHocTb H3MepeHHa T = nmc/e26, He MeHaa ero tohhocth, ho TOWHOCTb onpe- 
AeJieHHa caMoro BpeMeHH H3MepeHHa At ocTaeTca HeH3MeHH0H. 06cyAHTb na 
stom npHMepe cooTHomeHHe HeonpeA&neHHOCTH BpeMa-sHepraa. BbiacHHTb Te me 
Bonpocbi AJia AJiHTejibHOCTH 1/Av' H3MepeHHa Hiunyjibca b npouecce CTOJiKHOBe- 

HHa C (pOTOHOM (§ 14,6). 

8. H3MepeHHe HMnyjibca b § 14, 6 MoxeT 6biTb ocymecTBJieHo npn 3arneHe 
(poTOHa jiio6oh Apyrofl Hacraueft. 3to H3MepeHHe ocHOBaHO Ha onpeAeJieHHH hm- 
nyjibca, nepeAaBaeMoro STofi qacraite SJiem-poHOM npn ctojikhob6hhh. OScyAHTb 
cooTHOiueHHa HeonpeAeJieHHOCTH KOopAHHaTa-HMnyjibc b stom cnyqae b Hepejia- 
thbhctckom npnSjiHJKeHHH. IloKa3aTb, mo HeonpeAeJieHHocTb, B03HHKaK>maa npn 
H3MepeHHH KoopAHHaTM sjiexTpoHa, 33BHCHT ot nocToaHHOfl ft, (pHrypHpyromefi 
b cooTHOiueHHax HeonpeaejieHHOCTH AJia Hcno.m>3yeMOH nacTHUbi. 

9. KBaHTOBaa Hacraiia npoxoAHT qepe3 AHacppariny c OTBepcTHeni d, caa6- 
xeHHyio o6TropaTopoM c paSoMHM BpeMeHeM x. FIoKa3aTb, ito MexAy qacTHiieii 
h npn6opoM (AHacpparMa -+- o6TKipaTOp) npoHcxoAHT o6Men HMnyjibcoM nopaAKa 
H/d h SHeprHeii nopaAKa h/x. 



3ARAm\ H ynPA>KHEIIH3 



161 



10. flpH H3MepeHHH no^oaceHHA 3JieKTpoHa c noMouibio MHKpocKona (§ 13, 6) 
mh CTpeMHMCH onpe^ejiHTb h ero HMrryjibc nyieM Toraoro H3MepemiH HMnyjibca, 
nepe^aBaeMoro MHKpocKony b npouecce H3MepeHHa. rtoKa3aTb, no TCWHOCTb H3- 
MepeHHH HMnyjibca mo>kgt 6wTb noBHiueHa TcwibKo 3a CMeT cooTBeTCTByiomero 
yineHbiueHHa toihocth H3MepeHM nojioxeHHsi lacTHUbi, coniacHO cooTHOineHHHM 
Heonpe/iejieHHOCTH. 

11. B 3KcnGpHM6HT6 lOura Hcnojib3yeTCH nyqoK MOHOSHepreTimecKHX lacrau, 
HccjieAyeTCH HHTepipepemmoHnafl KapraHa Ha sicpaHe, a b Ka^ecTBe ^eieKTopa 
npHMeHaeTca KaMepa BHJibcoHa. 3to bo3mojkho miibKO, eciH Kaniepa BiuibcoHa 
HaxoflHTCH AOCTaraqHO flajieKO ot SKpaHa KDHra. noKa3aTb, no Hafijiw^eHHe 
«TpaeKTOpHH» KaacAofl lacTHUM b KaMepe BnjibcoHa He no3BOJiaeT onpeAeJiHTb ot- 
Bepc™e, nepe3 KOTopoe npouwa ^acrnua (cm. CHocKy 7 )). 



6 A, MeccHa 



r J] A B A V 

4>OPMAJ1H3M BOJIHOBOH MEXAHHKH 
H EfO HCTOJIKOBAHHE 



§ 1. BBe,neHne 

B npeAHAymeii rJiaBe mh h3jiojkhjih ochobh cTaTHCTHMecKoft 
HHTepnpeTauHH kb3htoboh TeopHH h c caMofl oSmeft towkh 3peHHH 
paccMOTpejiH BHyTpeHHKDK) JiornqecKyio HenpoTHBopenHBocTb Teo- 
pHH, ee corjiacne c pe3yjibTaxaMH onbua, a TaKwe hobhh cneun- 
(pHHecKHH cnocofi onncaHHH npupoAHbix HBjieHHH. Tenepb, orpaHH- 
MHBaacb 6oJiee y3KHMH paMKaMH bojihoboh MexaHHKH chctcm 

qaCTHU. (B HepeJIHTHBHCTCKOM IipH6jIH}KeHHH) , Mbl AOIIOJIHHM a 

yTOHHHM cTaTHCTHuecKyio HHTepnpeTau.HK) TeopHH B COTJiaCHH c 06- 
m,HMH npHHunnaMH. 

Mbi npHHHMaeM t3khm o6pa30M, ^To AHHaMH^ecKoe cocTOHHHe 

(pH3HHeCKOH CHCTeMbI nOJIHOCTbK) OnpefleJIHeTCH 3aflaHHeM BOJIHO- 
BOH (pyHKUHH. B OTJIHMHe OT KJiaCCHqeCKOH TeopHH ^HHaMHqeCKHe 

nepeMeHHbie CHdeMbi He MoryT 6biTb Bee tohho onpeAeJieHbi b Ka»c- 

AHH MOMeHT BpeMeHH. ripH H3MepeHHH OAHOH KaKOH-JIH6o AHH3MH- 

^ecKOH nepeMeHHofi pe3yjibTaTbi H3MepeHHH cjieAyioT HenoTopoMy 
BepoHTHOcraoMy 3aK0Hy, KOTopHH nojiHocTbio onpeAejiaeTCH BOJIHO- 
BOH (pyHKUHefi CHCTeMbI. 

B rji. IV (pa3AeJi I) 6hjih ccpopMyjinpoBaHbi BepoaraocTHbie 
3aKOHH, cBH3aHHbie c H3MepeHHeM KOopAHHara h HMnyjibca, a TaK- 
>Ke 6hjih npHBeAeHH o6mne (popMyjibi ajia cpeAHHx 3HaneHHH 

(pyHKUHH KOOpAHHaT B KOH(pHrypaU,HOHHOM npOCTpaHCTBe H (pyHK- 

uhh KoopAHHaT b npocTpaHCTBe HMnyjibcoB. Oah3ko noKa He 6biJia 
yKa3aHbi npaBHJia, no3BOJiHiomHe noJiy^HTb cTaTHCTHqecKoe pacnpe- 
AejieHHe H3MepeHHH b 6ojiee o6meM cjiyiae, a HMeHHo, KorAa AHHa- 
MHiecKan nepeMeHHan HBjiaeTCfl cpyHKUHeft Kan npocTpaHCTBeHHbix 
KoopAHHaT, TaK h KOMnoHeHT HMnyjibca. 3to 6yAeT cAeJiaHO b Tpex 
nepBbix pa3AeJiax AaHHofl rjiaBbi, a ocHOBHbie nocTyjiara H3Jio>KeHbi 
b pa3Aejie I. 

Ka>KAoft AHHaMHiecKoS nepeMeHHofi s& conocTaBjiaeTCH HeKO- 
Topbiii apMHTOB onepaTop A, AeficTByiomHH b npocTpaHCTBe bojiho- 
bhx (pyHKUHH; npH stom cpeAHee sHa^eHHe pe3yjibTaTOB H3MepeHHH 
$i> AaeTCH HeKOTopHM Bbipa5KeHHeM, nojiy^aeMbiM c noMombio one- 
paTopa A h o6o6maiomHM (popMyjiM rji. IV (§ 5). IlocTyjinpyH sth 
npaBHJia ajih Bcex AHHaMHMecKHx nepeMeHHbix h una Bcex <pyHKU,H& 

OT 3THX nepeMeHHblX, Mbl npHXOAHM K HCKOMOMy CTaTHCTHMeCKOMy 
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pacnpeAeJieHHio. Ero HBHoe BbipameHne recHO cbh33ho c pemeHneM 
3aAa™ Ha co6cTBeHHbie 3HaneHHH ajih onepaTopa A. B pa3Ae;ie II 
6yAyT HayqeHbi CBoftcTBa co6cTBeHHux 3HaqeHHH h co6cTBeHHux 
(J)yHKU.HH onepaTopa A b qacraoM CJiynae, Koraa cneKTp co6cT3en- 

HHX 3HaHeHHH HBJIHeTCH flHCKpeTHbIM, a COSCTBeHHbie (pyHKUHH 

KBaapaTHHHO HHTerpHpyeMbi. 3aTeM BepoHTHOCTHbin 33KOH 6yaej 

nOJiy^eH npH nOMOIlJH p33JI0JKeHHH BOJIHOBOH (pyHKUHH CpH3HHeCK0H 

cHCTeMbi no nojiHOH cncTeMe coScTBeHHbix (pyHKUHH onepaTopa A. 
B pa3flejie III Ta >i<e npo6jieMa paccMaTpHBaeTcn b 6oJiee oSmeM 
cjiynae, KorAa cneKTp codcTBeHHbix 3HaieHHH onepaTopa coAepxuiT 
ofiJiacTb, rae cneKTp HenpepbiBeH. 

B pa3£ejie IV c (popMaJibHoft tohkh 3peHHH paccMaTpnBaeTca 
npofijieMa HaxojKAeHHH bojihoboh (pyHKUHH kb3htoboh chctcmh, 
ecJin ocymecTBjieHo OAHOBpeMeHHoe TO^Hoe H3MepeHHe nojmoro 
na6opa coBMecTHbix nepeMeHHbix. Ecjih Tanoe «MaKCHMajibHoe 

Ha6jIK)fleHHe» He pe3JIH30BaHO, HH(pOpMaHH5f OTHOCHTeJIbHO flHHaMH- 
MeCKOrO COCTOHHHH (pH3HqeCKOH CHCTeMbi HBJIHeTCH HenojiHoft. 

B 3tom cjiy^ae HccneAOBaHne noBeaeHHfl CHCTeMbi MOweT 6biTb 
npoAOJiweHO Ha ocHOBe CTaTHCTH^ecKHx mctoaob, npnqeM cjiobo 
«cTaTHCTHqecKHX» cneAyeT noHHMaTb yjKe b oSbiraoM CMbiarce. 

OnepaTopbi, conocTaBJineMbie AByM coBMecTHbiM AHHaMnqecKHM 
nepeMeHHHM, KOMMyrapyioT Mea<Ay co6oh. Ecjih 6h Bee onepaTopbi 
nonapHo KOMMyTHpoBajiH, to Bee AHuaMHuecKne nepeMeHHbie moivih 
6h 6biTb OAHOBpeMeHHo to^ho onpeAeJieHbi. 3Ta CHTyauHH xapaK- 
TepHa juin KJiaccniecKofl TeopHH. B kb3htoboh MexaHHKe HeKOTo- 
pne napbi AHHaMH^ecKHx nepeMeHHbix HecoBMecTHbi h cootbct- 
cTByromne KOMMyTaTopbi otjih^hh ot HyjiH. FIoaTOMy KOMMyTaTOpu 
onepaiopoB nrpaiOT nepBocTeneHHyio pojib b kbshtoboh Teopnn. 

Pa3fleJI V nOCBHlUeH H3yieHHK> KOMMyTaTOpOB, HBHOMy BHHHCJieHHIO 
HeKOTOpblX H3 HHX, a T3K)Ke BblBOAy H HCCJieA0B3HHK> HeKOTOpblX 

ypaBHeHHH, b kotophx noHHTne KOMMyTaTopa oco6eHHO no;ie3Ho. 

Passes I. aPMHTOBbl OnEPATOPbl H 4>H3HHECKHE BEJIHHHHbl 

Bchkhh pa3, Koraa HaM noTpe6yeTCH npHMep ajih HJunocTpauHH 
H3JiaraeMbix nojio>KeHHH, mh 6yaeM ofipamaTbca k npHMepaM KBaH- 

TOBblX CHCTeM B OflHOM H3MepeHHH (CM. TJI. Ill) HJIH B TpeX H3Me- 

peHHHx (cHCTeMbi, coAepjKamHe OAHy qacTHuy). CjieayeT OAHaKO 
noMHHTb, mo Bee pe3yjibTaTH cnpaBe/uiHBbi h b o6meM anyqae 

KB3HT0BbIX CHCTeM C JIK>6bIM 1HCJI0M H3MepeHHH. 
§ 2. npOCTpaHCTBO BOJIHOBblX PyHKUHH 

BojiHOBbie (pyHKUHH, npeACTaBJiaromHe cocTOHHHe kb3Htoboh 
CHCTeMbi, npHHaAJie>KaT (pyHKUHOHajibHOMy npocTpaHCTBy, KOTopoe 
cjieAyeT tohho onpeAeJiHTb. JXjih Toro, hto6h BepoaTHOCTHbie 
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pacnpefle^eHHH P(r) a II (p), BBe,a,eHHbie b § IV. 2, hmcjih cmhcji, 
aeoSxoAHMo h AocTa-roqHO, q-ro6bi bojihob3H (pyHKUHH yAOBJieTBopHJia 
ycjiOBHio HopMHpoBKH (IV. 3). 3to npHBOAHT Hac k cjieAyiomeMy 
onpeaejieHHio npocTpaHCTBa bojihobhx (pyHKimfi: 

60AH08bie (pyHKt^uu, paccMa.TpU8aeMbie 8 eoAHoeoti. Mexanune, 

R8AHIOTCH KBOdpaTUHHO UHTezpupyeMblMU (pyHKl{UHMU 8 KOH(pU8y- 

panuoHHOM npocTpancTee, t. e. qbynKquHMU euda ^>(qi, <7«), 

tokumu, hto mreepaA ^ | op (q { qRjfdx CXOdUTCH 1 ) (3Aecb 

dx oSosHa^aeT sjieMeHT 06-beMa KOHcpHrypauHOHHoro npocTpaHCTBa: 
dx = dq 1 dq 2 . . . dq R ) . 

Mojkho 6biJio 6h eme 6oJiee orpaHHHHTb cpyHKU.HOHajibHoe npo- 

CTpaHCTBO, TpegyH BbiriOJIHeHHH yCJIOBHH HOpMHpOBKH Ha eAHHHU,y 

(IV. 3). OAHaKo yAo6Hee OTKa3aTbCH ot stoto orpaHHqeHHH. KaK 

MH yBHAHM HH>Ke, 3T0 MOJKHO Cfle^aTb, HeCKOJIbKO MOAHtpHUHpyH 

onpe/i,ejieHHfl CTaTHCTHqecKHX pacnpeaejieHHH h BepoaraocTefi. 

Ha H3biKe MaTCMaTHKH onpeaejieHHoe HaMH (pyHKUHOHajib- 
Hoe npocTpaHCTBo Ha3biBaeTCH npocTpancT80M FuAb6epTa. flefi- 
cTBHTejibHO, oho o6;iaAaeT BceMH CBoficTBaMH, xapaKTepH3yiomHMH 
npodpaHCTBo rHJib6epia. IlepeMHCJiHM sth cBoiicTBa. 

Bo-nepBbix, sto Aunetinoe npocrpancTeo. Ecjih op 1 h ip 2 KBaApa- 
thiho HHTerpapyeMbie (pyHKUHH, to hx cyMMa, npoH3BeaeHHe Ka>K- 
Aoft Ha KOMnjieKCHoe mhcjio h Boo6me Jiro6bie JiHHefiHbie kom6hh3- 

UHH BHfla Kity\ + X2l|32, W %\ H % 2 — IipOH3BOJIbHbie 3aflaHHbie 

KOMnjieKCHbie iHCJia, TaK>Ke hbjihiotch KBa^paTHqHO HHTerpnpye- 

MblMH (pyHKUHHMH. 

Bo-BTOpbIX, B 3T0M npOCTpaHCTBe M05KHO OIipeAeJIHTb CKClAHp- 

Hoe npou3eedeHue. Ylo onpe^ejieHHio cKa^apHoe npoH3BeAeHHe 
<pyHKu,HH i|> Ha ^yHKUHK) (p Bbipa>KaeTCH (popMyjiofi 

<q>. *> = J <p* toi $ (qu q R ) dx. (i) 

Ecjih CKaJiapHoe npoH3BeAeHHe paBHo Hyjiio, roBopHT, ito (pyHKUHH 
<p h ip opTozonaAbHbi. Hopiwa (pyHKUHH if) ecTb CKajiapHoe npo- 
H3BeAeHHe (pyHKUHH caMy Ha ce6a 

OcHOBHbie CBofldBa CKajiHpHoro npoH3BeAeHHH TaKOBbi: 
a) CKajiapHoe npoH3BeAeHHe 9 Ha if ecTb BejiHWHa, KOMn- 
jieKCHO conpn>KeHHaH cKajiapHOMy npoH3BeAeHHio ip Ha q>, hmchho 

<P> = (q>, *>'; (2) 

') Flpeo6pa30BaHHe Oypbe <p(pi, Pr) TaKOfl (pyHKmra Bcerfla cymecT- 
ByeT: sto TOxe KBaApaTHiHO HHTerpHpyeMaH (pyHKUHH, ofijiaAaromaa toh see 
Hopinoft, hto h 4>y HKI ma \J> (^i q R ). BooSuie cootbctctbhc inejKAy cp H l|) HB- 

JiaeTCSI B3aHMOOAH03HaHHWM, eCJIH yCJIOBHTfaCH CIHTaTb TOJKAeCTBeHHHMH (pyHK- 
UHH, OTflHHaiom.Hecfl 3Ha<ieHHHMH To^bKO Ha MHOJKecTBe Mepu Hyjib, mo MH h 
6yji£M aejiatb b flaJibHefliueM (cm. JlonojiHeHHe A). 
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6) CKajiHpHoe npoH3BeAeHHe tp Ha cp ahhchho no \p, hhhmh 

CJlOBaMH 

<q>, ktfi + ^2^2> = ^i (<p> *i> + K (<p, ^ (3) 

b) HopMa (pyHKUHH ip eerb HeoTpnuaTe^bHoe BemecTBeHHoe 

HYICJIQ 

<^,^>>0 (4) 

H eCJIH <lp, 1p> = 0, TO 2 ) l|3 = 0. 

Bee 3TH CBOHCTBa CTaHOBHTCH OieBHAHfalMH, eCJIH o6paTHTbCH 

k caMOMy onpeAeJieHHio CKaJiapHoro npoH3BeAeHHH. riojib3yHCb 

CB0HCTB3MH a) H 6) , JierKO BHAeTb, 1T0 33BHCHM0CTb CKaJIHpHOrO 

npoH3BeAeHHa (q>, tp) ot (pyHKUHH <p He jiHHeftHa, ho «3hthjih- 
HefiHa»: 

(A l(Pl + A 2 qp 2 , i|)> = XI (cp,, ip> + K' 2 (<p 2> ip). (3') 

H3 cbohctb a), 6) h b) cjieAyeT oieHb Ba>KHoe cbohctbo CKa- 
jiapHoro np.0H3BeAeHHH, a HMeHHO nepaeeucTeo IUeapqa (cm. 3a- 
&any 1) 

I <<P, *> I < V<«P. q>><*. (5) 

3HaK paBeHCTBa b cpopMyjie (5) HMeT Medo b tom h TOJibKo b tom 
cjiy^ae, Kor^a (pyHKUHH q> h ip nponopuHOHajibHbi apyr Apyry. He- 
paBeHCTBo LLlBapaa ohcbhaho, o6ecneqHBaeT cxoAHMOCTb HHTe- 
rpajia (1), ecJin (pyHKUHH qj h ip hbjihiotch KBaApaTH^HO HHTerpn- 
pyeMHMH. 

riOMHMO CB0HCTB3 JIHHGHHOCTH H BO3MO>KH0CTH OnpeflejieHHa CKaJlflpHOrO npO- 

H3Be,n,eHHH npocTpaHCTBO KBaApararao HHTerpnpyeMHx (jjyHKHHfi o6jiaaaeT eme 

CBOHCTBOM nOAHOTbl\ HMeHHO 9T0 o6cTOaTejIbCTB0 n03B0JiaeT OTOJKASCTBHTb erO 

c npocTpaHCTBOM THJibgepia. Cbohctbo noraoTbi osHa^aeT, qio BCHKaa nocneAO- 
BaTejibHOCTb KBaApararao HHTerpnpyeMbix <j)yHKii.HH, yflOBJieTBopaiomaa KpHTe- 

pHK) KOIUH, CXOAHTCH (b CMMCJie CpeAHerO KBaapB.THHHOro) K KBaflpaTHHHO HH- 

TerpHpyeMoft pyHKUHH. Ofiparao, BcaKaa KBaAparaqHO HHTerpnpyeMaa 4>yHKU.Ha 
MOsceT paccMaTpHBaTbca KaK npefleJi (b cMwcne cpeAHero KBaApararaoro) no- 

CJieAOBaTejIbHOCTH KBaApaTH^HO HHTerpHpyeMblX pyHKUHH, CXOASmeHCH B CMUCJie 

Koiuh (cenapa6eAbHOCTb) 3 ). 



2 ) CTpOTO rOBOpH, <j)yHKU.HH l|) M05KCT npHHHMaTb SHaieHHH, OTJIHIHUe OT 

Hyjia Ha MHoaiecTBe 3HaqeHHfi apryiueHTOB Mepu Hyjib. Flo corJiauieHHio, ynoMH- 

HyTOMV B CHOCKe TaKHe 4>yHKU.HH He OTJIH"JaiOTCH OT HyJIH. 

3 ) ~CTporoe h AeTajibHoe nccjieAOBaHHe npocTpaHCTBa THJibfiepTa moxho Hafi- 
th b KHHre: M. H. Stone, Linear transformations in Hilbert Space, Amer. Math. 
Soc. (New- York, 1932). OcHOBHbie CBOHCTBa npocTpaHCTBa rHJib6epTa paccMa- 

TpHBaioTca b KHHrax: A. Lichnerowicz, Algebre et Analyse Lineaire, Masson (Pa- 
ris, 1947); H. 4>oh He&MaH, MaTeMaraiecKHe ochobu KBaHTOBofl MexaHHKH, 
«HayKa», 1964. EIoHHTHe cxoahmocth b CMHCJie cpeAHero KBaApaTHiHoro onpeAe- 
JiaeTca b Aono^HeHHH A, CHOCKa 4 ). 
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§ 3. Onpe,a.eJieHHe cpeAHHx 3HaieHHH 

B § IV. 5 Ka>KAoft AHHaMH^ecKOH nepeMeHHofl BHfla F(r) hjih 
G(p) Mbi conocTaBHJiH HeKOTopbift JiHHeHHHH onepaTop A, COOT- 
BeTCTBeHHO paBHbifi F(r) hjih G( — ifiV); KpoMe Toro, 6hjio yKa- 
3ano — 3TO cjieAOBajio H3 onpeAejieHHH P(r) h II (p), — hto cpeAHee 
3HaqeHHe Ka>KAOH flHHaMHMecKOH nepeMeHHofi onpeAeJiaeTCH Bbipa- 
>KeHHeM (IV. 22), KOTopoe b hobmx o6o3HaqeHH3x motkct 6biTb 
3anHcano b BHAe <Y, AW}. Emu bojihob3h (pyHKUHH He HopMHpo- 
BaHa Ha eAHHHiiy, to Bbipa>KeHHH (IV. 2) h (IV. 6) rjir P{r) a 
II(p) aojiJKHbi 6biTb pa3AeJieHbi Ha HopMy {W, W) bojihoboh (pyHK- 
u,hh h Toraa Bbipa>KeHHe ajih cpeAHero sHa^eHHH npHHHMaeT bha 
<^F, Awy/w, W}. 

Bee 3TO mo>kho o6o6m,HTb Ha cJiynafi npOH3BojibHOH AHHaMH^e- 
ckoh nepeMeHHoft. FIocTyjiHpyeM, hto: 

a) JIk)6oh AHHaMHHecKOH nepeMeHHofi si- = A(q u q^; 
pi, Pr) conocTaBJineTCH jiHHeHHHH onepaTop 

a ( fi d h d ^ 

6) Ecjih cHdeMa H3xoahtch b AHHaMH^ecKOM coctohhhh, onpe- 
AejineMOM bojihoboh (pyHKHHeft Wiqu <7«)> to cpeAHee 3Haie« 
HHe AHHaMHqecKoii nepeMeHHofl ecTb 

CoOTBeTCTBHe Me>KAy KJiaCCHMeCKOH (pyHKUHefi TaMHJIbTOHa H 

raMH^bTOHHaHOM ypaBHeHHH IIIpeAHHrepa (§ II. 15) hbjihbtch qa- 
cthhm cjiy^aeM cootb6tctbhh a) Me>KAy AHHaMHqecKHMH nepeMeH- 
hhmh h jiHHeHHHMH onepaTopaMH. 33Me*iaHHH, cAejiaHHbie b 
§ II. 15 no noBOAy aToro cooTBeTCTBHH, HMeioT cnjiy h b oSmeM 
CJiynae. CjieAyeT HMeTb b BHAy, ito KoopAHHara q hbjihiotch Ae- 
KapTOBbiMH KOOpAHHaTaMH. XUjiee, b caMOM onpeaejieHHH onepa- 
Topa A HMeeTca HeKOTopaa HeonpeAeJieHHOCTb, cBH3aHHaH c TeM, 
qTO, HcnoJib3ya npuHUHn cootbctctbhh, mh 3aMeHHeM BejiHMHHbi, 
AJiH KOTopux cnpaBeA-JiHBbi 3aK0HH o^biqHofi ajirefipu, onepaTO- 
paMH, KOTopwe, Boo6me roBopn, MoryT He KOMMyrapoBaTb; Ha 
npaKTHKe 3Ta HeonpeAeJieHHOCTb chhmsctch b cootbctctbhh e 

SMIIHpHieCKHMH npaBHJI3MH, yKa33HHbIMH Ha CTp. 77. 

Ecjih AHHaMHMecKaa nepeMeHHan s& npeACTaBJineT (pH3HMecKyio 
BeJiH^HHy, to OHa HBjiaeTcn BemecTBeHHofi (pyHKUHefi q h p; Bee 
pe3yjibTaTbi H3MepeHHH si-, a aneAOBaTejibHo h cpeAHee 3HaqeHHe 
<y4> TaKJKe hbjihiotch BemecTBeHHbiMH. TaKHM o6pa30M, (W, AWy 
ecTb BemecTBeHHan Bejin^HHa 



(7) 
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K3KHM 6bl HH 6bIJI0 ilHHaMHHeCKOe GOCTOHHHe CHCTeMH, T. C K3K0H 

6bi hh 6biJia BOJiHOBaH (pyHKimn ^ HHaie roBopn (cp. crp. 123), 
onepaTop A RonyneH 6biTb apMHTOBbiM (hjih caMOConpa>KeHHbiM). 
HeTpyflHO BHfleTb, h mh sto KOHdaTHpyeM bo Bcex BCTpeqaioiiiHxcH 
npHiwepax, hto nocKcvibKy onepaTopbi qi h — ihd/dqi hbjihiotch sp- 
mhtobhmh, no npHHunny cooTBeTCTBHH (a) jiioSoh BeiUeCTBeHHOH 
^HHaMHHecKofl nepeMeHHOH Bcenja mojkho conocTaBHTb spMHTOB 
onepaTop; npaBHjio «CHMMeTpH3au,HH» Ha crp. 77 h 6mjio ctpop- 
My;iHpOBaHO ajih stoh uejiH. 

CBoficTBa 3pMHT0Bbix onepaTopos 6yayT CHcreMaTHHecKH H3y- 
MenH b § 5 h flajiee. YKa>KeM yme cefiqac oaho BaKHoe cbohctbo 
3thx onepaTopoB. Ecjih oneparap A spmhtob, -to cpe^Hee 3HaHeHHe 

nepeMeHHOH S4-, BblHHCJieHHOe C nOMOIUbK) JIHHeHHOH KOMSHHaUHH 

<D + XW AByx (pyHKUHH O h W m <pyHKUHOHa.JibHoro npocTpaHCTBa, 
b kotopom AeflcTByeT onepaTop A, ecTb BeJiHHHHa BemecTBeHHan. 
C^e^oBaTejibHo, Bbipa>KeHHe 

<(D + W, A(<b + IW)) = 

= <<D, AO)) + I <0>, AW) + k* (W, A®) + \X i 2 (W, AW) 

BemecTBeHHO. 3to aojijkho 6mb Tan ajih jiioSoro 3Ha*ieHHH KOMn- 
jieKCHoro HHCJia I. BBH^y Toro, ito ((p, A<t>) h (W, AW) hbjihiotch 
BemecTBeHHHMH BejiHiHHaMH, mh aejiaeM saKJuoqeHHe, ito 

e ia <(D, AW) + e~ ia {W, A®), 

i\a,e a — (pa3a KOMnjieKCHoro racrca %, ecTb BejiHHHHa BemecTBeH- 
Haa. Hhhmh cjiob3mh, 

e ia ((O, AW) -(A®, W)) = e- {a ((AW, <£>-<¥, ,40))) 

H, nOCKOJIbKy 3TO ypaBHeHHe flO/DKHO BbinOJIHHTbCH npH JIK)6bIX a, 

Haxo^HM, hto BejiHHHHbi b CKo6Kax b o6eHX qacTax paBeHCTBa 

paBHbl HyjIK). TaKHM 06pa30M, eCJIH <D H Y HBJIHIOTCH (pyHKUHHMH 

H3 cpyHKUHOHajibHoro npocTpaHCTBa, b kotopom onpe,nejieH one- 
paTop A, TO 

<0>, AW) = (A<D, W) (8) 

h/ih, mo to xe caiwoe, 

<0>, AW) = {W, A®)*. (8') 

PaBeHCTBO (8') ^acTO paccMaTpHBaeTCH Kan onpeAejieHHe spMHTO- 
bocth onepaTopa A. 

FIocTy/iaTH a) h 6) no3BOJiHT HaM onpeaeJiHTb cTaTHCTHHOCKoe 
pacnpeaeJieHHe 3HaneHHH cpH3HHecKOH BejiHi-HHH KoHeu. SToro 
pa3^e^a h flBa nocjie^yioiii,HX nocBameHU 3Toft 3aflaie. 
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§ 4. O Tcy tctb h e <J)JiyKTyauHH h npoSjieiwa 

C06CTBeHHblX 3HaqeHHH 

OjiyKTyauHH HCKOMoro CTaTHCTH^ecKoro pacnpeaeJieHHH onpeae- 

JIHIOTC5J BeJIH^HHOH CpCHHerO KBaapaTHMHOrO OTKJIOHeHHH AA 

(AA) 2 = {(A - (A)) 2 ) = {A 2 } — {A) 2 > 0 

(bcjihihhs A 2 HBJiaeTCH ahhsmkhcckoh nepeMeHHoft Toro >Ke poaa, 
hto h A, noaTOMy ee cpe/mee 3HaneHHe ^aeTCH nocryjiaTOM 6)). 
Kor^a OTKJioHeHHe AA paBHO Hyjiio, cp.flyKTyau.HH OTcyTCTByioT, » 
mojkho c onpeAe^ieHHOCTbio yTBepjKA3Tb, mto si- npHHHMaeT 3H3- 
^eHHe, paBHoe {A}. 

Bhhchhm, KaKHe TpeSoBaHHH Ha cpyHKUHio W HaKJiaflbiBaer 
ycJiOBHe AA = 0. OpHMeHHH onpefleJieHHe (6) k cpe^HHM 3Hane- 
hhhm onepaTopoB A h A 2 , mojkho npHBecra ycjioBHe k BH^y 

(W, A 2 W)(W, W) = (W, AW) 2 . 

Oah3ko BejiH^HHa (W, i4*F> e= <¥, A(AW)y paBHa <AW, AW}. 
JXnn AOKa3aTejibCTBa aocTaTorao npHMeHHTb cbohctbo (8) apMHTO- 
Boro onepaTopa A k cpyHKUHHM W h AW. TaKHM o6pa30M, HMees* 

(W, AW) 2 = (W, W){AW, AW). 

Cjie^oBaTejibHO, mh hsxoahmch b cHTyauHH, Kor^a HepaBeHCTBo 
IllBapua CBOflHTCH k paBeHCTBy, noaTOMy cpyHKUHH W h AW npo- 
nopu,HOHajibHbi Apyr Apyry. 4>JiyKTyau,HH craTHCTHqecKoro pacnpe- 
AejieHHH si o6pamaioTCH b Hyjib .hjih flHHaMHiecKHX coctohhhh W& 

T3KHX, 1TO 

AW a = aW a , (9> 

TAe a — HeK0T0p3H II0CT0HHH3H. 

ypaBHeHHe (9) ecTb ypaBHeHHe sa^a^n Ha coScTBeHHbie 3H3- 
neHHH juin onepaTopa A. IlpHMepoM Tanoro ypaBHeHHH HBjiHeTca 
yxe psccMOTpeHHoe h3mh ypaBHeHHe LLIpeflHHrepa, He 3aBHCHmee 

OT BpeMeHH. TaKHM 06pa30M, Mbl npHXOflHM K 33KJUOHeHHK): 

<i>U3UHecKaH eenuHuna si o6jiadaer c docroeepHocTbto (t. e.. 
c eepoHTHOcTbto, paenou 1) onpedejieHmiM 3HaneHueM e tom u 

TOAbKO 6 TOM CAyHae, KOzdd dUHCLMUHeCKOe COCTOHHUe (pU3UHeCKOit 

cucreMbi npedcrasAHeTCH (pyHKU/Ueu W a , t. e. codcTeenHoit (pyuKt^ueu, 
apMUToeoeo oneparopa, conocraeAneMoeo si, u sro 3HcmeHue ecrb- 
co6creeHHoe 3HcmeH.ue oneparopa, cooreercreytomee dannoti co6- 
creeHHOu (pyuKt^uu. 

Cica3aHHoe cnpaBeflJiHBO, b lacTHOcra, no OTHOiiieHHio k SHepraH H (qr, p/> 
CHCTeMH. CooTBeTCTByiomHH onepaTop — raMHJibTOHHaH LUpe^HHrepa — .neficTBH- 
reJibHO conocTaBJiH^CH SHeprHH CHCTeMH, Kor^a mu paccMaTpHBajiH ypaBHeHHe 
UJpcaHHrepa, He 3aBHCHiu.ee ot BpeMeHH (rJi. II, pa3jeji III). Toraa mu npHHHjiH > 
ito sHeprna CHCTeMH itpHHHMaeT BnoJiHe onpeAe^eHHoe SHa'jeHHe E, KorAa ch- 
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•CTeMa HaxoAHTca b cramiOHapHOM coctoshhh, a ee bojihobsh (pyHKiwa ecTb 
coficTBeHHaa (pyHKimn onepaTopa H, cooTBeTCTByjomaa coScTBeHHOMy 3HaieHHio 
E; Bee 9T0 ncwmocTbto corjiacycrcsi c o6ihhmh nocTyjiaTaMH, BBe,aeHHbiMH b 3tom 
naparpaipe. 

Bo Bcex paccy>KAeHHHx, npHBeaiUHX Hac k ypaBHeHHio (9), 
npejinojiarajiocb, qio (pyHKUHH W, AW, A 2 W, nxowmue b cKajinp- 
Hbie npoH3BeAeHHH, npHHafljie^aT npocTpaHCTBy THJibSepTa. CaMO 
ypaBHeHHe (9) npeanojiaraeT, hto HeH3BecTHaH (pyHKUHH aoJi>KHa 
6biTb KBaflparaqHo HHTerpapyeMOH. 

O^HaKo npn TaKoft nodaHOBKe 3afla<ia Ha co6cTBeHHbie 3Hane- 
hhh BnojiHe Mo>KeT h He HMeTb peioeHHH. Hmchho TaK o6ctoht 
jie.no B cjiyqae y>Ke paccMOTpeHHbix onepaTOpoB qt h — ihd/dqi. 
JteficTBHTejibHo, HccjieAyeM 3a^aqH Ha coficTBeHHbie 3H3MeHH3 jyin 
3thx ji,Byx onepaTopoB b cjiynae CHdeMH b oahom H3MepeHHH. J\nn 
onepaTopa q HMeeM 

(q-q')$(q) = 0, 

hto bo3mo>kho To^bKO ecjiH (q) paBHa Hyjiro Bcioay, KpoMe TOIKH 
q — q' . He cymecTByeT hh oAHoro KBaapaTHHHO HHTerpHpyeMoro 
peiueHHH, yAOBJieTBopHiomero TaKOMy yarcoBHio; HCKOMoe peuieHne 
aojijkho 6hjio 6h 6biTb oneHb cTpaHHoft cpyHKHHefi, paBHofi HyjIK) 
BCK>Ay, KpoMe oahoh tomkh. Mbi BepHeMCH k sTOMy Bonpocy B § 8. 
J\nn onepaTopa — ih d/dqi 3aaaqa Ha co6cTBeHHue SHa^eHHH HMeeT 

OHa HMeeT eflHHCTBeHHoe peuieHne, onpeaejieHHoe c ToiHocTbio jxo 

IIOCTOHHHOrO MHO>KHTeJIH, K3KHM 6bl HH 6bIJ10 3HaMeHHe p'\ HM HB- 

JIH6TCH (pyHKHHH e ip ' qlk . 3to peuieHne He HBjineTCH KBa^paTHqHO 
HHTerpnpyeMbiM. 

Mbi BHflHM, nro AJin AByx paccMOTpeHHHx onepaTopoB yKa3aH- 
naa Bbiuie nocTaHOBKa 3aRann Ha coScTBeHHbie 3HaHeHHH He HMeeT 
CMbicjia. ^toSh nojiyqHTb aocTaToqHO oSmne pe3yjibTaTbi, a/ie.n,yeT 
paccMaTpnBaTb peuieHHH 3a,o,aqH Ha coficTBeHHbie 3HaueHHH (9), 
He HBjiniomHecH KBaApaTHHHO HHTerpnpyeMbiMH. PaHee mh y>Ke 
HccJieaoBajiH oaho ypaBHeHHe Ha coficTBeHHbie 3Ha*ieHH5i qacraoro 
BHfla, a HMeHHo ypaBHeHHe LUpeaHHrepa ivin oAHOMepHbix cncTeM 
{cm. rn. Ill), h MO)KeM ocHOBHBaTbCH Ha pe3yjibTaTax 3Toro Hccjie- 
AOBaHHH. CneKTp co6cTBeHHbix 3HaieHHH raMHjibTOHHaHa LUpeAHH- 
repa b o6meM cjiyqae coctoht H3 flByx qacTefi: paaa .ziHCKpeTHbix 

COScTBeHHHX 3HaHeHHH, COScTBeHHbie (pyHKUHH KOTOpblX HMeiOT 

KOHeHHyio HopMy, h HenpepHBHoro cneKTpa coScTBeHHbix 3Ha<ieHHH, 
co6cTBeHHbie (pyHKUHH KOTOporo orpanH^eHbi bo BceM npocTpaH- 
CTBe, ho HMeiOT SecKOHerayio HopMy. TlyTeM cynepno3HUHH co6- 
CTBeHHbix cpyHKHHH HenpepuBHoro cneKTpa, npHHafl.nejKaiu.HX co- 
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Ce^HHM 3HaHeHHHM SHepTHH, MO>KHO nOCTpOHTb KBaapaTHHHO HHTe- 

rpHpyeMbie (pyHKUHH, cooTBeTCTByiomHe aHeprHH, KOTopan, KaK sto 
noACKa3biBaeT hhtyhuhh, ea/iH h He HMeeT Tovmoro 3HaieHHH, to 
bo bchkom cJiynae onpeaejiaeTCH co CKOJib yroAHO Majiofl KBaapa- 

THHHOH OUIhSkOH. 

yTo^HHM 3to yTBepmAeHHe, B03BpamaHCb K 0603HaHeHHHM 
§ III. 13. Hcxoah H3 co6cTBeHHoft (pyHKUHH y(x;e), npHHaAJie>Ka- 
mefl co6cTBeHHOMy 3HaneHHio e HenpepbiBHoro cneKTpa onepa- 
Topa H 

Hy{x; z) = ey(x; e), (10) 

Mbl CTpOHM «C06cTBeHHblft AH(p(pepeHU.HaJI» 4 ) 

e+fie 

Y s (x; 4e) = (6e)-' A J y (*; e') de'. (1 1) 

e 

3to — KBaapaTH^Ho HHTerpHpyeMaa (pyHKUHH, h BHMHcjieHHbie 
c ee noMouibK) BejiHHHHbi <//> h A// HMeiox BnojiHe onpeAeJieHHbiH 
CMbicJi. no^b3yncb ypaBHeHHHMH (10) h (11), JierKO BHAeTb, mo 

C^eaoBaTejibHO, KBaapaTHHHoe OTKJioHeHHe AH =3 V(^ 2 ) ~ {H) 2 
npn 5e— »-0 BeAeT ce6n KaK (e8e)' /2 . Oho mojkbt 6biTb cAejiaHo 
CKOJib yroAHO MaJibiM. 3tot pe3yjibTaT MOJKeT 6biTb BbipameH ane- 

AyK)lUHM 06pa30M. 

C noMombio cynepno3HUHH coScTBeHHbix cpyHKimfi (c 6ecKO- 

HeMHOH HOpMOft), npHHaAJie>KaiUHX C06cTBeHHbIM 3Ha^eHHHM, jie- 

>Kaiu,HM b orpaHH^eHHOH o6jiac™ (a, a + 8a) HenpepbiBHoro cneK- 
Tpa onepaTopa A (ecJiH oh cymecTByeT) , mojkho nocTpoHTb KBaA- 
paTHiHO HHTerpHpyeMbie (pyHKUHH, npn^eM KBaApaTHHHoe otkjio- 
HeHne pacnpeAeJieHHH 3HaqeHHH A ot cpeAHero 3HaqeHHH 
(«*a + 0(8a)) MO>KeT 6biTb CAeJiaHo CKOJib yroAHO MajibiM, earw 

BHOpaTb AOCTaTO"lHO M3JIHMH pa3MepH 8a 06jiaCTH. 

Hcho, mto 3aAa^a Ha coScTBeHHbie 3Ha^eHHH, BbipajKaeMaa 
ypaBHeHHeM (9), AOJi>KHa nrpaTb (pyHAaMeHTajibHyio pojib He 

TOJIbKO B 06jiaCTH AHCKpeTHOTO CneKTpa, HO T3K>Ke H B ofijiacTH 

HenpepbiBHoro cneKTpa, KorAa co6cTBeHHbie (pyHKUHH y^e He npn- 
HaAJienoT npocTpaHCTBy THJibSepTa. 3aftMeMCH noaTOMy CHCTeMa- 

TH^eCKHM HSy^eHHeM 9TOH 3aAaiH Ha COfiCTBeHHbie 3H3HeHHH. 



4 ) MHowHTeJib (6e) _, /2 bboahtch b onpeaejieHHe «co6cTBeHHoro .ampfpepeH- 
u,mna» ajih Toro, mto6u HopMa ocraBajiacb KOHeiHOfl npn 6e->0. 



§ 5. 3PMHTOB OnEPATOP 
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PaaaeJi II. HCCJ1EAOBAHHE flHCKPETHOrO CF1EKTPA 

§ 5. Co6cTBeHHbie 3HaweHHSi h co6cTBeHHbie (pyHKUHH 
apMHTOBoro onepaTOpa 

PaccMOTpHM ypaBHeHHe Ha coScTBeHHbie sHaqeHHH 

A$ a = a$ a . (9) 

B 3tom pa3fleJie mh 6yneM pacciwaTpHBaTb mnbKo coScTBeHHbie 
(pyHKUHH i|)a, npuHCtdAeoicamue npocrpancTey ruAb6epTCt. Cjicao- 
saTeJibHO, Bcroay noApa3yMeBaeTCH TojibKo AHCKpeTHbift cneio-p 
co6cTBeHHbix sHaneHHH. 06mee HccJieAOBaHHe, BKjiroHaioiii.ee n He- 
npepbiBHbifi cneKTp (ecjin oh cymecTByei), Sy^eT npOBeaeno b 
pa3AeJie III. 

riocKO^bKy A ecTb AHHeftHbiH onepaTop, to: 

1. Ecjih tya ecTb coScTBeHHaa (pyHKUHa, to ctya, rue c — npoH3- 

BOJIbHaH nOCTOHHHaH, T3K>Ke eCTb C06CTBeHH3H pyHKUHH, npHHaa- 

jiexamaH TOMy see coScTBeHHOMy 3HaneHHio. ^toSh (pHKcnpoBaTb 

3Ty nOCTOHHHyK), 06bIHH0 COfiCTBeHHbie (pyHKUHH HOpMUpytOT Ha 

eAHHHiiy: 

TlocJie aToro (pyHKUHH ty a onpeAejieHa c TOHHOCTbio ao npOH3BOJib- 

HOH nOCTOHHHOII <pa3bl. 

2. Ecjih ABe jiHHeHHO He3aBHCHMbie (pyHKUHH ^\ s ) npu- 
HaAJieKaT oAHOMy h TOMy >Ke co6cTBeHHOMy SHaneHHio, to to >Ke 

CaMOe HMeeT MeCTO AJIH AK)60H AHHeHHOH KOMdHHaUHH 3THX (pyHK- 
UHH. ToBopHT, hto b 3tom CAynae HMeeTca ebipoo/cdeuue. MaKCH- 
MaJibHoe hhcjio JiHHeftHO He3aBncHMbix co6cTBeHHbix (pyHKUHH, npu- 
HaAJieaomHx oAHOMy coScTBeHHOMy 3HaMeHHio, Ha3HBaeTCH nopnd- 
KOM (HJIH KpaTHOCTbK)) BbipOJKAeHHH AaHHoro co6cTBeHHoro 
3HaHeHHn (mh y>Ke BCTpenaAH npHMepbi Bbipo>KAeHHH BTOporo no- 
pnAKa b rji. Ill npn H3yHeHHH HenpepHBHoro cneKTpa). 

H3 onpeAeAeHHH spmhtobocth h cBoficTBa (8) nojiynaeM ABa 
(pyHAaMeHTajibHbix pe3yAbTaTa. 

1°. Bee co6creeHHbie 3HcmeHua. eemecTseuHbi. B caMOM AeJie, 
yMHOKan CKajinpHO o6e ctopohh ypaBHeHHH (9) CAeBa Ha (pyHK- 
UHio ty a , oSHapyjKHBaeM, hto a paBHO cpeAHeMy 3HaneHHio A b ah- 

HaMHHeCKOM COCTOHHHH l|) a 

a 3Ta BeAHHHHa, no onpeAeAeHHio spmhtobocth, BeiueerBeHHa. 



5 ) flBe 4>yHKUHH h i|> 2 JiHHeflHO He3aBHCHMM, ecjin He cymedByeT OTJim- 

HHX OT Hyjlfl nOCTOSHHMX X], X 2 TSKHX, 1T0 Xilfl + X 2 l|J2 = 0. 
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2°. JJee co6cTeeHHbie cpyHKquu, npunadAeoKau^ue pasAunnbiM 
co6cT8eHHbiM 3HcmeHUHM, opTOZOHdAbHbi dpye dpyey (cm. § III. 13). 

IJyCTb 

YMHOKaa nepBoe ypaBHeHHe cneB3 Ha i|j 2 , a BTopoe ypaBHe- 
HHe — cnpaBa Ha \pi h BbiiHTan, nojiy^aeM, y^HTbiBaa cbohctbo (8)„ 

0 = (ife, A^i) — <y4t|3 2 , = (a, — a 2 ) <\|> 2 , ^i). 

CjieflOBaTe^bHo, ecjia ai =^ a 2 , to 

<* 2 , *i> = 0. 

TaKHM o6pa30M, dee co6creeHHbie (pynKi{uu ty 2 , npunadAe- 

OKaiqUe pCt3AUHHblM C06CT8eHHblM 3HCmeHUHM, JIHHefiHO He33BH- 
CHMbl. XteftCTBHTeJIbHO, npe/inOJIOJKHM, qTO MOJKHO Haflra ABa qncjia 
^1 H k 2 T3KHX, MTO 

^1 + ^2 = 0. 

yMHOJKaa KajKflbifl njien JieBofi iacTH ypaBHeHHH cJieBa Ha tfi, no- 
jiynaeM, yiHTHBssi cbohctbo opToroHajibHOCTH, 

*i> = 0 

h c^eaoBaTeJibHO Xi paBHo Hyjiio. AHajiorHHHo noKa3HBaeM, tto* 
^2 = 0. 

Ecjih codcTBeHHoe sHa^eHHe a Bbipowae-HO h KparaocTb Bbipo>K- 
fleHHa paBHa n, to Ka>Kflan coScTBeHHaa (pyHKUHH, cooTBeTCTByio- 
man STOMy co6cTB6HHOMy 3HaqeHHio, mohcct 6biTb npe^cTaB^eHa 

B BHJXe JIHHeHHOft KOM6HHaUHH n JIHHefiHO He33BHCHMbIX COSCTBeH- 

Hbix (pyHKUHH ty( 2 \ tj) (n) KaKoro-JiH6o qscTHoro BbiSopa. 
CymecTByeT Sojimhoh npoH3BOJi b BuSope sthx 6a3HCHux co6- 

CTBeHHblX (pyHKUHH. 0aH3K0 BCerfla MO>KHO AOSHTbCH, TT06bI OHH 

6biJiH HopMHpoBaHbi Ha eAHHHuy h 6biJiH opToroHajibHbi Apyr apy- 
ry. JJjih aToro, hcxoah H3 npoH3BOJibHofi coBOKyn hocth jihhchho 

He33BHCHMbix (pyHKUHH if* 1 ', i|) (2) \p (n) , mojkho, HanpHMep, npo- 

Bee™ cJieayiomHe onepauHH (npoqecc 0pT0Z0HaAU3au,uu UlMudm) i 
onpeAeJiaeM qp (1) paBeHCTBOM 

Cl cpO) = 1 J 3 (D > 

HaXOflHM IIOCTOHHHyiO C\ H3 yCJIOBHH (cp {I> , <p fl) )=l, TaK UTO 

OnpeaejineM qp (2) paBeHCTBOM 

c 2( p(2) = ,j,(2) _ q)(» (ya) t ^(2)). 

JleBaa qacTb He paBHa Hyjiio, nocKOJibKy h \|j (2 > JIHHefiHO He- 

38BHCHMbI. flCHO, tJTO ((p <2) , q> (1) ) = 0. BblSHpaeM C2 H3 yCJIOBHJt 



§ 6. PA3JT05KEHHE BOJ1HOBOR *YHKUHH B Pflfl 
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'(<P (2) . <P (2) ) = 1- XUJiee, onpeAejiHeM q> (3) paBeHCTBOM 

C 3 (p(3) = ^,(3) _ <p(l> ( (p (l) > ^(3)) _ (p(2) ^ (p (2) ) ^(3)^ 

3ts ^yHKUHH, oqeBHAHO, He paBHa Hyjiio, opToroHajibHa k q> (1) h 

<J) (2) H MOHCeT 6bITb HOpMHpOB3Ha COOTBeTCTBy K)IUH M BblfiopOM C3. 

H TaK aajiee. riojiyieHHbie t3khm o6pa30M n (pyHKUHH cp* 1 * cp ( "> 

y^OBJieTBopHioT n(n+l)/2 cooTHomeHHHM 

<q><»>, <p<»>) = 6 /m (/, m=l, 2 ft), 

r^e o /m — chmboji KpoHeKepa: 

(I, ecjiH l = m, 

6,m ^ 1 0, ecjra / m. 

TOBOpHT, 1TO 9TH PyHKUHH 06pa3yK)T COBOKyiTHOCTb OpTOHOpMUpO- 

eaHHbix cpyHKUtUti,. 

H3yqeHHe BbipojKAeHHbix co6cTBeHHbix 3HaqeHHfl aoji>kho 6biTb 
AonojmeHO cjieAyiomHM yTBepmaeHHeM, KOTopoe mh npniweM 6e3 
AOKa3aTeJibCTBa 3 ). Ecjih KpaTHOCTb BbipoiKAeHHH o'ecKOHeraa, t. e. 

CCJIH MOJKHO HaHTH npOH3BOJIbHO 60JIbIHOe HHCJIO JIHHeHHO He33BH- 
CHMblX COfiCTBeHHblX (pyHKUHH, npHHaflJieJKaiUHX STOMy coScTBen- 

HOMy 3HaqeHHio, to Bcei\na mojkho nocTpoHTb nocJieAOBaTeJibHOCTb 
(6ecKOHeHHyio cqeTHyio) qp (I) , q> (2) , . . . , q> (r) , . . . opTOHopMHpoBaH- 

HblX C06cTB6HHbIX PyHKUHH, TaKyK), ' 1TO BCHK3H C06cTBeHH3H 

(pyHKUHH, npHHaAJiejKaiusji AaHHOMy coScTBeHHOMy 3H3ieHHK>, mo- 
TaeT 6biTb pa3Jio?KeHa b pHA no sthm (pyHKUHHM. 

Mojkho TaK>Ke noKa3aTb 3 ), hto co6cTBeHHbie 3HaneHHH o6pa- 
3yK)T ducttpemyfo nocJieAOBaTeJibHOCTb (KOHeqHyio hjih 6ecK0Heq- 
Hyio cueTHyio) a u a 2 , . . . , a p , ... 3to cbohctbo HBjiaeTCH xapaK- 

TepHblM AJ1H COSCTBeHHHX 3HaHeHHH, C06cTBeHHbie PyHKUHH KOTO- 

pbix npuHadAeowar npocrpaHcrey TuAb6epm. 

§ 6. Pa3JioweHHe BOJIHOBOH (pyHKUHH B pflA 

no OpTOHOpMMpOBaHHbIM COScTBCHHblM (pyHKUHHM 

KaK mm BHAeJia, Ka^AOMy co6cTBeHHOMy 3HaieHHio a p onepa- 
Topa A cooTBeTCTByeT nocJieAOBaTeJibHOCTb opTOHOpMupoeaHHbix 
co6creeHHbix tpyuKt^uu 

<P»\ <P< 2) 

coAep^amaa oahh 3JieMeHT, KOHenHoe hhcjio ajieMeHTOB hjih 6ec- 
KOHeHHoe hhcjio sjieMeHTOB, ecjiH co6cTBeHHoe 3naieHHe HBJineTCH 

COOTBeTCTBeHHO HeBbipOJKAeHHbIM, BbipO>KAeHHbIM C KOH6 l IHOH KpaT- 
HOCTb K) HJIH BbIpO>KAeHHbIM C 6eCKOHe i IHOH KpaTHOCTbK). 06o3Ha- 
1HM CHMBOJIOM {(p^} MHOJKeCTBO, 06pa30B3HH0e BCeMH 3THMH 
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(pyHKUHHMH. BcHKaH (pyHKUHH H3 3T0r0 MHOJKeCTBa yAOBAeTBOpHeT 
COOTHOUieHHHM: 

A^ = a^f, (12) 

= VW < 13 > 

Bo3HHKaeT Bonpoc o bo3mo>khocth npe/icTaBJieHHH npoH3BOJib- 

HOH BOAHOBOH (pyHKUHH tp H3 IlpOCTpaHCTBa FHJIb6epTa B BHfle 

(J)yHKUHOHajibHoro psifla no (pyHKUHHM cHCTeMbi {<pj, r) }. 3to, oie- 
bhaho, bo3mojkho, ecAH ip ecTb co6cTBeHH3H (pyHKUHH onepaTOpa 

A, H B 3TOM CJiy^ae eAHHCTBeHHO OTJIHHHblMH OT HyjIH HJieHaMH 

paAa 6yAyT HJieHbi, cooTBeTCTByiomHe (pyHKUHHM, npHHaAAemaiuHM 
TOMy >Ke coScTBeHHOMy 3HaneHHio. Ecah sto bo3mo>kho fljia npo- 

H3BOJIbHOH (pyHKUHH 1p, rOBOpHT, HTO {(p'p 1 } eCTb tlOAHCLX CUCTeMCt. 

yua^ceM 6e3 AOKa3aTe-AbCTBa 3 ) HeKOTopue cBoflcTBa pa3Jio>Ke- 

HHH B pHA no OpTOHOpMHpOBaHHHM CHCTCM3M (pyHKUHH. 

FlyCTb U\, H2, U n , ... nOCAeAOBaTeAbHOCTb opTOHopMHpo- 

BaHHblX (pyHKUHH. 

1) Ecah ip pa3JiaraeTCH b pHA no s-thm (pyHKUHHM 

n 

TO K03(p(pHimeHTbI pa3A0JKeHHH OnpeACTCHIOTCH (pOpMyAOH 

' C n = {u n , 1p) 

h yAOBJieTBopaiOT paeencTey TJapceeaAH 

n 

2) 06paTHO, eCAH HHCAOBOH p«A 2 I c n I 2 CXOAHTCH K <JHO/iy Af, 

to pa3^0KeHHe X c n «„ cxoahtch (b cmmcac cpeAHero KBaAparaq- 

n 

HOro) K (pyHKUHH 1p C HOpMOH iV. 

3) ECAH (pyHKUHOHa^bHbie pHAbl 2 c n u n h 2 c/„«„ CXOAHTCH C0- 

n n 

OTBeTCTBeHHO K l|) H (p, TO pHA 2 rfnC„ CXOAHTCH K CKaAHpHOMy 

n 

npOH3BeACHHK) (p Ha op 

<(p, 1p) = E d'nCn. 
n 

4) KaKoft 6bi hh 6biJia kb3aP3thhho HHTerpnpyeMaH (pyHKUHH 
lp, PHA 

•* = £"«("/>. ip) 



§ 6. PA3JIOJKEHHE BOJIHOBOH 4>yHKUHH B PHA 
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cxoflHTca Bcema; pa3H0CTb if — opToroHajibHa ko BceM (pynK- 
UHAM u n , a Hop Ma ee paBHa (\\>, \\>) — (ij>, ty). TaKHM o6pa30M, 
Bcer^a 

ecjiH peajiH3yeTCH paBeHCTBO, to = ty. 

Bee 3TH CBOHCTBa COXpaHHIOTCH npH HyMepaUHH (pyHKUHH u 
HeCKOJlbKHMH AHCKpeTHblMH HHAeKCaMH. CjieAOBaTejIbHO, OHH Bbl- 
nOJIHHIOTCH H RJlft CHCTCMbl {cp^ 1 }. B H3CTH0CTH, eCJIH CHCTeMa {cp<, r) } 

nojiHa, to JiioCaH bojihob35i (pynKmin W MOJKeT GbiTb npeACTaBJiena 
paaoM 

(14) 

Pi T 

KoacpcpHUHeiiTbi KOToporo paBHbl 

= (15) 
h yaoBJieTBopjiiOT paBencTBy riapceBajia 

Z| C W| 8 = CF, V). (16) 

P. r 

KpoMe Toro cKajifipnoe npoH3BeAeHHe AByx bojihobhx <J>yHKUHH 
Ti, ^2 Momer CbiTb npe^cTaBJieHo b BHAe 

<V P W 2 > = Z <*F„ <p<'>> (q><'\ *F 2 >. (17) 

Ecjih He npec^eAOBaTb nejiefl MaTeMaTii'iecKoft CTporocTii, to 
ypaBHeHHH (15) h (16) jiereo nojiyqaioTca, ecjiH noACTaBHTb (14) 
b npaBbie qacni sthx ypaBHeHHfi h BocnoJib30BaTbca cooTHome- 
hhhmh opTOHOpMHpoBaHHOcTH (13). PaBencTBO (17) nojiyHaeTca 
aHajiorHHKbiM o6pa30M. 

BpocaeTca b rjia3a aHaJiorHH c o6bnmbiM KOMnjieitcHbiM BeKTOp- 

HblM npOCTpaHCTBOM. FIoJIHaH 0pT0H0pMHp0B3HHa3 CHCTeMa (pyHK- 
UHH nrpaeT pojib 6a3HCHofl chctcmh opioronajibubix Apyr Apyry 

BeKTOpOB eAHHHHHOH AJIHHH. OyHKUHJl W eCTb BeKTOp B 9TOM npO- 
CTpaHCTBe (C 6eCKOHeMHHM TOCJIOM H3MCpeHHH), K03Cp<pHU,HeHTbI 

(c ( p, cyTb KOMnoneHTbi no HanpaBJiennHM 6a3KCHbix BeKTopoB 
(ypaBHeHHe (15)), a HopMa 3Toro BCKTopa pamia cyMMe KBaApaTOB 
MOAy^eft cocTaB^aiomHX (ypaBHeime (16)). CKajiapnoe npoH3Be- 
AeHHe ^2 na Wi paBiio cyMMe npoH3BeACHiiii Ka>KAoft KOMHOHeiiTbi 
^2 na BejiHHHHy, KOMnjieKCHO conpHJKeiiHyio cooTBeTCTByiomeft 
KOMnoHeHTe Wi. 
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§ 7. CTaTHCTHiecKoe pacnpeflejieHHe pe3yjibTaTOB H3MepeHHH 
BejiHMHHbi, onepaTop kotopoh oSjiaaaeT nojiHofi chctcmoh 

C05CTBeHHblX (pyHKUHH C KOHeiHOH HOpMOH 

B03M0>KH0CTb IipeACTaBHTb BCHKyiO BOAHOByK) (pyHKUHK) ^ 

pa3Jio»eHHeM rana (14) cymecTBeHHo o6jieniaeT H3yneHHe Bcex 
npo6jieM, KacaroiuHxca onepaTopa A. npeAnojio>KHM, ito onepa- 
Top A o6^aaaeT nojiHofi cHCTeMofl oproHopMHpoBaHHHx co6cTBeH- 
hhx tpyHKUHH (npHMepoM MO>KeT cjiy^HTb raMHJibTOHHaH rapMO- 
HH^ecKoro ocuHjiAHTopa, paccMOTpeHHHH najiee b m. XII). Bu6op 
TaKoft cucTeMbi HecoMHeHHo He HBJiHeTCH eAHHCTBeHHHM, BcerAa 

MOJKHO H3MeHHTb (J)33bl (pyHKUHH HJIH, HanpHMep, 33MeHHTb OpTO- 
HOpMHpOBaHHbie (pyHKUHH, npHHSAJieKaiUHe OAHOMy Co6CTBeHHOMy 
3H3HeHHIO, OpTOHOpMHpOBaHHblMH JIHHeHHblMH K0M6hH3UHHMH 3THX 

4>yHKu,HH. Oah3ko pe3yjibT3TM, KOTopue 6y^yT nojiyqeHbi hh>k6, 

He 33BHCHT OT KOHKpeTHOTO Bbl6opa CHCTeMbl. 

A priori (pyHKUHa AW m o6H33Ha 6biTb KBaApaTHMHo HHTer- 
pHpyeMoft. Oahsko, corjiacHo (14), 



3T0T pHA CXOAHTCH (§ 6, CBOHCTBa 1) H 2) ) B TOM H TOJIbKO B TOM 



hocth AW npocTpaHCTBy THJib6epTa. 

AHajiornqHbie bhboah mojkho c^eJiaTb OTHocHTejibHO (pyHKUHH 
A 2X V. B caMOM o6meM cjiyiae, hcxoah H3 (pyHKUHH F(x) h ocho- 
BbiBaHCb Ha pa3Jio>KeHHH (14) npn ycJiOBHH ero cxoahmocth, mo>k- 
ho onpe/ieJiHTb onepaTop F(A) KaK (pyHKUHio onepaTopa A. Ero 
AeflcTBHe Ha (pyHKUHio *F onpeAeJiaeTCH paBeHCTBOM 



OnepaTop Bnojme onpeAe;ieH, ec/iH AaHHbift (pyHKUHOHaAbHHH pa A 
cxoflHTca, t. e. onpe,n,ejieH ajih Bcex Tex (pyHKUHH W, aah KOTopwx 

CXOAHTCH 1HCJIOBOH pHA 



^HTaTeJib jierKO npoBepHT, no onpeAejieHH3H t3khm o6pa30M 
4>yHKUHH F(A)W He ssbhcht ot KOHKpeTHoro Bbi6opa cHCTeMH 



B qacTHocTH, onep3Top e% A , rae g HeKOTOpuft 33AaHHbifi napa- 
MeTp, onpefle^eH a^h Bcex (pyHKUHH, npHHaA^ie>K3mHx npocrpaHCTBy 



p, r p,r r 




F(A)W = j: r F(a p )c^\ 




{<>}• 
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THJIbfiepTa. AeftCTBHTejIbHO, 

P.r 

npimeM KpHTepnft cxoahmpcth (pyHKUHOHajibHoro pHAa cboahtch 
k cxoahmocth HHcjioBoro pHAa I c (r) I 2 , ito BcerAa HMeeT MeCTO, 

P, r 

ecjin W iipHHa/iJiejKHT npodpaHCTBy THjibSepTa. 

Tenepb mh y>Ke Mo>KeM onpeAejiHTb CTa-racTHHecKoe pacnpeAe- 
jieHHe BeJiHMHHbi s4- ajih Jiio6oro AHHaMnnecKoro coctosjhhh (f)H3H- 
qecKoft CHCTeMbi. /XeficTBHTeJibHO, xapaKTepHCTHMecKaa (pyHKuna 
/(g) 3Toro pacnpeAejieHHH 6 ), 3HaHHe KOTOpofl no3BOjiHeT noji- 
HocTbio onncaTb pacnpeAeJieHHe, eerb, no onpeAejieHHio, cpeAHee 
SHa^eHHe BejiHHHHbi e^ A b 3tom coctohhhh. BocnoJib30BaBiiiHCb no- 
dyjiaTOM 6) m § 3, mh onpeAeJiHM sto cpeAHee 3HaqeHne Bbipa- 
JKeHHeM 

f m_ <V.e^V) 

(KOTopoe BcerAa HMeeT cmhoji, Aa>Ke ecJiH cpeAHee 3HaqeHne A He 
onpeAejieHo) . 

FlycTb Tenepb W ecTb BOJiHOBan (pyHKunn, npeACTaBJiHiomaH 
paccMaTpHBaeMoe AHHaMHnecKoe cocTOHHHe. rioJib3yacb pa3Jio?Ke- 
hhhmh (14) h (18), a TaKJKe BbipasceHneM (17) ajih CKajiHpHoro 

IipOH3BeAeHHH, HaXOAHM 

p 



6 ) C ToraocTbio flo nocTOHHHoro MHoacHTeJisi /(I) HBjTHeTca o6pa30M Oypbe 
HCKOiaoro pacnpeAe^eHHH. FlycTb X — cjiyiaftHaa Be-raraHa, npHHHMawmaH Bee 
3HaqeHHfl b HHTepBajie ( — oo, +oo), a P(x) — BepoaTHOCTb ofiHapyxHTb X b hh- 
TepBaJie (x,x-\-dx). Toi\na xapaKTepncTHHecKaH cpyHKima {(%) CTaTHcraiecKoro 
pacnpeAejieHHH stoA c/iyiaftHoft BejramiHbi ecTb cpeAHee 3HaieHHe exp il,X; 

f(l)=\ e* x P(x)dx. 

— oo 

ECJIH Xe X MOJKeT npHHHMaTb TOJlbKO HeKOTop ble flHCKpeTHUe 3HaqeHHa 
X\, . . . , Xn, . . . C BepOHTHOCTHMH «>i, . . . , Wn, . . . , TO 

/(S) = 2>„ e ^». 

B 6ojiee o6mefl (popiue: ecra ecTb BepoaTHOCTb Toro, no X sg: x, to HMeeM 

+oo 
— oo 

r^e HHterpaji cjieAyet noHHMaTb b cMbicjie CTHJibTbeca. 
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r^e mh bbc/ih oSosHaneHHe 

r r 

FIojiyqeHHoe BbipaxeHHe wn xapaKTepncTHqecKoft (pyHKUHH pac- 
npeflejieHHH npHBOAHT Hac k 3aKJiioqeHHio, tto: 

1. BeJiHiHHa s& MOJKeT npHHHMaTb TOJibKo SHaqeHHH ai,a 2 , ... 
. . . , a p , . . . , t. e. co6cTBeHHbie 3HaqeHHH conocTaBJieHHoro efl one- 
paTopa. 

2. BepoHTHoerb Toro, mo s& npniweT 3HaneHHe a p , ecTb w p . 

HeTpy^HO ycTaHOBHTb, mto ^a> p =l (paBeHCTBO IlapceBajiH) 

p 

h tto cpejiHee SHaueHHe s& flaeTca BbipajKeHHeM 

npn ycJioBHH cxoahmocth SToro paaa h «ito b o6meM cjiy^ae cpefl- 
Hee 3H3M6HHe pyHKUHH f (A) , ecnn oho cymecTByeT, BbipajKaeTca 
(popMyjioft 

<f(A)) = Zw p f{a p ). (19) 
p 

B MaCTHOCTH, JlJlft TOrO HTO0bl J# C AOCTOBepHOCTbK) npHHHM3JlO 

KaKoe-jiH6o 3a,a,aHHoe 3HaHeHHe, Heo6xo/uiMO h AOcraTOTHO, mo6u 
X V HBJifljiacb co6cTBeHHofl (pyHKuneft, npHHaAJie»aineft STOMy co6- 

CTBeHHOMy 3Ha^eHHIO, B COrJiaCHH C BblBOAaMH § 4. 

FIojiy'ieHHbie pesyjibTara mojkho npe^CTaBHTb b (popiue, koto- 
paa ^ejiaeT eme 6ojiee HarjiHAHHM tot (paKT, mto ohh He 33bhcht 

OT BU6opa CHCTeMbI (pyHKUHH {(f>' p r) }. J3,eHCTBHTejIbHO, (pyHKUHH Wp, 

onpeAeJieHHaa paBeHCTBOM 

cieBHflHo He 33BHCHT ot aToro Bbi6opa (cm. 3a,aaMy 4). Tor^a pa3- 
jio)KeHHe (14) MO>KeT 6biTb npczurraBJieHo b (popMe 

^ = IfVp. (20) 
p 

MHaie roBOpa, mo>kho (h sto yxe eAHHCTBeHHUM o6pa30M) npe,n- 
cTaBHTb W b BH^e cynepnosiwiH coSctbchhux (pyHKHHH onepaTOpa 
A, npHHaflJie>KamHx pa3JiHqHbiM co6cTBeHHbiM 3HaieHHHM. Tor^a 

BepOHTHOCTb Wp H3HTH 3HaMeHHe dp paBHa OTHOIUeHHK) HOpM Wp H Wl 



§ 8. BBEflEHHE 6-OyHKHHH JIHPAKA 
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Pasaeji III. CTATHCTHKA H3MEPEHMH B OBLUEM CJ1YMAE 

§ S. TpyAHOcTH onncaHHSi HenpepuBHoro cneKTpa. 
BeeAeHHe 6-<pyHKUHH AHpaxa 

Bee nojiyieHHbie HaMH pe3yjibT3TH TepaiOT cbok) cHJiy, ecjm 

CHCTeMa (J)yHKU,HH {(p'p'} He HBJIHeTCH nOJIHOH. Mbl BHAeJIH, 1TO 3TO 

AajieKo He HCKJiKmHTejibHbifi cjiyqafi. OflHaKo o6cy>KAeHne b § 4 
yKa3biBaeT Ha bosmokhmh nyTb pacuiHpeHHH oSjiacra npHMenH- 
mocth pa3BHTOii TeopHH. Ha 3tom nyra mh no-npe>KHeMy 6yAeM 
Hcxo^HTb H3 ypaBHeHHH na coScTBeHHue 3HaqeHHH (9), He HaKJia- 
AHBaa o/iHaKo Ha peuieHHH cTpororo TpeSoBaHHH npHHazue>KHOCTH 
k npocTpaHCTBy rnjibfiepTa. Ho ajih aToro HaM noTpeSyeTCH pac- 
npocTpaHHTb Ha pemeHHH, ne HMeiomHe kohchhoh nopMbi, noHHTna 

OpTOrOHajIbHOCTH H HOpMHpOBKH. 

PaccMOTpHM ABa npHMepa, OTHocHmnecH k OAHOMepHbiM cHCTe- 
m3m: onpeAejieHHe cTaracTHqecKHx pacnpeAejieHHH no nojio^eHHio 
h no HMnyjibcy. B stom cjiynae cTaracTHHecKHe pacnpeAejieHHH 
n3BecTHH, hto noMOsceT npoBecTH (popMa^bHoe paciunpeHHe pe- 
3y^bTaT0B npeAMflymero naparpatpa. KoopAHHaTa q mojkct npHHH- 
MaTb Bee B03MoxcHue 3HaneHHH b HHTepBajie ( — oo, +oo), npa- 
n&u BepoHTHOCTb Haft™ q b HHTepBajie (q', q' + dq') paBHa 



r^e ty{q) ecTb BOJiHOBan (pyHKu.HH (no npeflnojioHceHHro HOpMHpo- 
BaHHaa Ha eAHHHuy), npeACTaBJiaromaa AHHaMHiecKoe cocTOHHHe 
<pH3HHecKofl cHCTeMbi. C apyrofl cxopoHH, HMnyjibc p, npeACTaB- 
jiHeMbifl oneparapOM — ifi d/dq, mokct npHHHMaTb Bee B03Mo>KHbie 

3HaieHHfl B HHTepBajie ( — OO, +°°). H BepOHTHOCTb HaflTH p B 

HHTepBajie (//, p' + dp') paBHa 



r^e cp(p) — noAxoAHUj,HM o6pa30M HopMHpoBaHHbift o6pa3 Oypbe 

BOJIHOBOH (pyHKUHH l|) (q) . 

B o6ohx cjiyqaax cneKTp B03MO»Hbix 3Ha^eHHH paccMaTpHBae- 

MblX BeJIHMHH HBJIHeTCH HenpepblBHHM. B 3T0M H COCTOHT OCHOBHOe 

OTJiHHHe ot cHTyauHH, H3yneHH0H Bbiuie, Kor^a uu hmcjih ah- 

CKpeTHblft CneKTp H B03M0>KH0CTb npeACT3BHTb BCHKyK) BOJlHOByK) 
<pyHKHHK) ^ B BHAe pHAa (cm. ypaBHeHHH (14) HJIH (20)), K3>K- 
Abifi qjieH KOToporo cooTBeTCTByeT OAHOMy H3 B03MO>KHbix 3Haqe- 
hhh H3 3Toro cneKTpa. EcTecTBeHHbiM o6o6meHHeM Ha cjiynafl He- 
npepbiBHoro cneKTpa HBJiaeTCH npeACTaBJieHne bojihoboh (pyHKHHH 
He b (popMe pHAa, a b (popMe HHTerpajia. 

C CpOpMaJIbHOH TO^KH 3peHHH B CJiyHae nOAHOCTbK) AHCKpeTHOrO 

cneKTpa xoa paccy>KAeHHH 6hji TaKOB. 



(22) 



U{p')dp f = \q>(p')\ 2 dp', 



(23) 
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SpMHTOB onepaTop A oSjia^aeT phaom AHCKperabix co6cTBeH* 

HHX 3HaieHHfi, KOTOpue MH paAH npOCTOTU 6yAeM CHHTaTb HeBbl- 

poH<AeHHHMH. KaKAOMy co6cTBeHHOMy 3HaqeHHio a„ cooTBeTCTByer 

COfiCTBeHHaH (pyHKU,HH <p n (onpeAeJIfleMaH C TO^HOCTblO AO (pa3bl) ( 

npnqeM 

A<fn = a«<P«. (24) 

(%> %) = Kn~ (25) 

IlocKOJibKy opTOHopMHpoBaHHafl cHCTeMa {q)„} nojiHa, BCHKan <pyHK- 
uhh (no npeAnojio>KeHHio HopMHpOBaHHan Ha eAHHHiry) mojkct 
6biTb npeACTaBJieHa phaom 

*= Z c„cp„, (26) 

n 

TAe, BCJieACTBHe yCJIOBHH OpTOHOpMHpOBaHHOCTH (25), 

<q>„, *> = Z c n , <<p n , <p„,) = c n . (27> 
HcnoJib3ya Te me cooTHomeHHH, jxjin xapaKTepHCTHMecKofi (pyHK* 

UHH HaXOAHM 

^ = £ c . *> n . ^ ^ = £| c p e*\ (28) 

n, ft' ' n ' 

OTKyAa AejiaercH bhboa, mo BepoHTHOCTb toto, hto /4 npHHHMaeT 
SHaqeHHe a n , paBHa KBaApaTy MOAyjia KoatpcpHUHeHTa npH q>„ b pa3* 
jiojkchhh (26), t. e. \c n \ 2 . 

fleftcTBya no aHaJiorHH, o6o3HaiHM c noMombio u(p';q) co6- 
CTBeHHyio (pyHKUHio onepaTopa p = — ihd/dq, npHHaAJieacamyio 
coScTBeHHOMy 3HaqeHHK> p'\ 

pu{p'\ q)=j-jjti(p'; q) = p'u{p'; q). (24') 

FIpoAOJixafl (popMaJibHyio aHajiornio, npeACTaBHM BOJiHOByio <pyHK- 
UHK) ty(q) b BHAe HHTerpa.ua no (popMyne 

+00 

o|>(?) = J c(p')u{p'\ q)dp'. 

— CO 

3AeCb J C (p') 1 2 dp' AOJIJKHO 6bITb BepOHTHOCTbK) TOTO, «ITO p Ha- 
XOAHTCH B HHTepBaJie (p' t p' + dp') . ri03T0My Heo6xOAHMO, 1T06bl 

\c(p')\ 2 — |<p(p')| 2 > T - e. hto6h c(p') 6bi.no paBHHM q>(p') c tom- 

HOCTbK) AO (pa30BOrO MHOJKHTeJIH. floCKOJIbKy coficTBeHHajj (pyHK- 

uhs caMa no ce6e onpeAejiaeTCH mnbKO c TOMHOcTbio ao npoH3- 
BOJibHoro nocTOHHHoro KOMnjieKCHoro mhoschtcjih, mojkho BcerAa 
Bu6paTb ero t&k, tto6h aHa^or ypaBHeHHa (26) npHHHJi 
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(popMy 

+ 00 

\ <p(/0 «(/>'; g)dp'. (26'> 
—00 

K.03(})(pHll.HeHT q)(p')> npHHaAJieJKaiUHH C06cTBeHH0My 3HaMeHHI0 p', 

no (popMyjie, o6o6maiomeH cooTHomeHHe (27), AOJiaceH 6bm> 
paBeH 

<p(pO = («(//; </), *(?)), 

hto npH noACTaHOBKe, bmccto $(<7), HHTerpajibHoro npeacTaBJieHHH 
(26') aaeT • 

+» 

<p(p')= J q>(p")(v v> d p"- < 29 > 

— 00 

3aecb Mbi HcnoJib3yeM coKpameHHoe o6o3HaneHHe u p , ajih cpyHK- 
uhh, aBJiaiomeHCH co6ctb6Hhoh (pyHKUHefi, npHHaAJiescameH co6- 

CTBeHHOMy 3H3H6HHK) p'. CoOTHOUieHHe (29) flOJIJKHO BblllOJIHHTbCH 
AJIH JIK)60H BOJIHOBOH (pyHKUHH (p(p') B IIpOCTpaHCTBe HMnyJIbCOB 

(eAHHCTBeHHoe orpaHH^eHHe Ha 3Ty (pyHKUHio coctoht b tom, hto 
OHa flo^jKHa 6biTb KBaApamqHO HHTerpHpyeMofi) ; sto cbohctbo 

(Up,,U p ,,) o6o6lU.aeT COOTHOHieHHe OpTOHOpMHpOBaHHOCTH (25). 

He cymecTByeT peryjiapHbix (pyHKUHft ot p' h p", KOTOpbie MorJiH 
6h ynoBJieTBopHTb cooTHomenHK) (29). Oah3ko, ecjiH He oneHb 
3a60THTbC3 O MaTeMaTHHeCKOfl CTporocTH 7 ), momho, CJie^yH fln- 
pany, BBec™ «cHHryjiHpHyio <pyHKUHio» 5(x), onpeaejiaeMyio cjie- 
ayiomHM cbohctbo m: 

b 

^ f (x) 6 (x — x 0 ) dx = 

a 

( f (x 0 ), ecjiH x Q JiejKHT BHyTpH HHTepBa^a (a, b), 
\ 0, ecJiH x Q JientHT BHe HHTepBajia (a, b) 

AJIJl BCHKOH (pyHKHHH / (x) , HenpepHBHOH B TOHKe X = Xo. 

YpaBHeHHe (29) yAOBJieTBopaeTCH, ecjin 

(u p „ V ) = 6(p'-p"), (25') 

7 ) Mh ywe HapyuiHjiH Tpe6oBaHHH MaTeMaraqecKOft CTporocra, KorAa Hann- 
caJin ypaBHeHHe (29). FlpaBHJibHaH (popMa ypaBHeHHH HMeer bha 

<p(p') = (v Jq>(p") v^")- 

4to6h no^y^HTb oi-cioAa ypaBHeHHe (29), cjieayeT noMeHHTb nopsAOK HHTerpnpo- 
BamiH BHyTpn CKajiapnoro npoH3BeAeHHH h HHTerpnpoBaHHa no p". 3ra onepa- 
u,hh, KOHeiHO, He aBjiaeTca MaTeMaTHqecKH CTporoft, TaK Kan CKajispHoe npora- 
BefleHHe (u p ,, u p „y pacxoAHTCH 
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(popMy 

+ 00 
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—00 
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no (popMyjie, o6o6maiomeH cooTHomeHHe (27), AOJiaceH 6bm> 
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+» 
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— 00 

3aecb Mbi HcnoJib3yeM coKpameHHoe o6o3HaneHHe u p , ajih cpyHK- 
uhh, aBJiaiomeHCH co6ctb6Hhoh (pyHKUHefi, npHHaAJiescameH co6- 

CTBeHHOMy 3H3H6HHK) p'. CoOTHOUieHHe (29) flOJIJKHO BblllOJIHHTbCH 
AJIH JIK)60H BOJIHOBOH (pyHKU,HH (p(p') B IIpOCTpaHCTBe HMnyJIbCOB 

(eAHHCTBeHHoe orpaHH^eHHe Ha 3Ty (pyHKUHio coctoht b tom, hto 
OHa flo^jKHa 6biTb KBaApamqHO HHTerpHpyeMofi) ; sto cbohctbo 

(U P ,,U P ,,) o6o6lU.aeT COOTHOIUeHHe OpTOHOpMHpOBaHHOCTH (25). 

He cymecTByeT peryjiapHbix (pyHKUHH ot p' h p", KOTOpbie MorJiH 
6h ynoBJieTBopHTb cooTHomenHK) (29). Oah3ko, ecjiH He oneHb 
3a60THTbC3 O MaTeMaTHHeCKOfl CTporocTH 7 ), momho, CJie^yH fln- 
pany, BBec™ «cHHryjiHpHyio <pyHKUHio» 5(x), onpeaejiaeMyio cjie- 
ayiomHM cbohctbo m: 

b 

^ f (x) 6 (x — x 0 ) dx = 

a 

( f (x 0 ), ecjiH x Q JiejKHT BHyTpH HHTepBajia (a, b), 
\ 0, ecJiH x Q JientHT BHe HHTepBajia (a, b) 

AJIJl BCHKOH (pyHKHHH / (x) , HenpepHBHOH B TOHKe X = Xo. 

YpaBHeHHe (29) yAOBJieTBopaeTCH, ecjin 

(u p „ V ) = 6(p'-p"), (25'> 

7 ) Mh ywe HapyuiHjiH Tpe6oBaHHH MaTeMaraqecKOft CTporocra, KorAa Hann- 
caJin ypaBHeHHe (29). FlpaBHJibHaH (popMa ypaBHeHHH HMeer bha 

<p(p') = (v Jq>(p") v^")- 

4to6h no^y^HTb OTcroaa ypaBHeHHe (29), cjieayeT noMeHHTb nopsAOK HHTerpnpo- 
BamiH BHyTpn CKajiapnoro npoH3BeAeHHH h HHTerpnpoBaHHa no p". 3ra onepa- 
u,hh, KOHeiHO, He aBjiaeTca MaTeMaTHqecKH CTporoft, TaK Kan CKajispHoe npora- 
BefleHHe (u p ,, u p „y pacxoAHTCH 
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Co6cTBeHHhie (pyHKu.Hn u p , o6pa3yiOT ncwmyio CHCTeMy, tsk KaK 
BCHKan KBa/ipaTHHHo HHTerpHpyeMan (pyHKUHH ty(q) mcokct 6uTb- 
npeACTaBJieHa b cpopMe 

+00 

f . e'P'v" 1 

—00 

t. e. b BH,zie HHTerpajia Oypbe. Koa(p<pHu,HeHT cp(p') arero «pa3- 

JJ0JKGHH3 no C06CTBeHHbIM (pyHKUHHM» paBeH CKaJIHpHOMy npoH3- 
BefleHHK) (ll p „ fleHCTBHTeJIfaHO, 

/ +00 \ +00 

(V *) = \V S <v{p")u p „dp»\= $ (p(p")(v V>^" = 

* — 00 ' — 00 

-fco 

= \ v(p")&(p'-p")dp" = <etf)~ 

— 00 

HTaK, HCn0^b3y3 0606meHHUe COOTHOIIieHHH OpTOHOpMHpOBaHHO- 

cth, mu nojiynnjivi H3BecTHoe cbohctbo b33hmhocth npeo6pa30Ba- 
hhh Oypbe. 

FIpoflojiJKaH aHajiormo co cnyqaeM AHCKpeTHoro cneKTpa, BBe- 
AeM onepaTop e'&. HMeeM 

e*>u{p'\ q) = e i lP'u(p'; q), 

CJieAOBaTWibHO, 

+00 

e i?P^( 9 )= J yip^eWuip'; q)dp', 

— 00 

OTKyAa nojiy^aeM xapaKTepHCTHqecKyio 4>yHKUHio 
+00 -f °° 

— 00 —00 
+ 00 +00 +00 

= J q>*(p")dp" \ e*r'y{p')dp'Hp' -p")= J |q>(p') | 2 e**"' d//- 

— 00 — 00 —00 

CooTBeTCTByromee cTaTHCTHnecKoe pacnpe^e^eHHe (cm. cHocKy 6 )) 
h ecTb HCKOiaoe pacnpeAeJienne (23). 

06cy5K,neHHe H3MepeHHH Koop^HHaTbi mojkct 6HTb npoBewHO no toh >Ke- 
cxeine. CoSctbghhoh epyHKuneft, npHHa/uiexameft co6ctbghhomy 3HaieHHio q 1 ypaB- 
HeHHs Ha co6cTBeHHue 3HaqeHHH onepaTopa q c npaBMbHoft HopiuHpOBKofi, hb-- 
JiaeTCH 8(q' — q), fleflCTBHTeJifaHO no ypaBHeHHio (A. 19) 

qb(q'-q)=q'b W - q). 
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CoBOKynHOCTb (pyHKUHfi 8(q' — q), rae q' MoweT npHniiMaib Bee B03M0?KHbie 
3HaMeHHa ot — oo £0 +00, o6pa3yeT OpTOHOpMHpOBaHHyK) CHCTeMy, Tai< KaK 
(cm. ypaBHeHiie (A. 21)) 
+00 

6 {q - q') 6 (q - q") dq = 6 (<?' - q"), 

— OO 

h 3Ta cncTeiwa HBJiHeTca nojiHOH, h6o BcsiKan BOJiHOBasi tyyuKixnn ty(q) mojkct 
6biTb npe/tcTaBJieHa b HHTerpajibHoft cf)opMe 

+00 

= J ^(q')b(q' -q)dq. (32) 
— 00 

JlerKO npOBepHTb, ito Koacpcpum-ieHT ty(q') paBen CKajmpHOMy npoH3BeAeHHK> 
(6(q r — q), ty(q)) . AHajioraiHO HaxoAHM, wo KBa^paT MOflyjia stoto KoacpcpH- 
ilHeHTa, t. e. J op ( Q''} ] 2 , .aeficTBHTejibHO paBen njiOTHoc™ BeponTHOCTH toro, HTO 
q = q' b corJiacHH c ypaBHeHHeM (22). 



§ 9. Pa3Jio*eHHe no coScTBeHHbiM ^yHKUHHM b o6meM cjiynae. 

yCJIOBHe 3flM KHyTOCTH 

BepHeMCH BHOBb k ypaBHeHHK) (9) Ha coficTBeHHbie 3HaqeHHH 

Aty = ai|). 

3Aecb mh y>Ke He 6y/ieM npeAncviaraTb, ito coScTBeHHbie peiueHHH 
ypaBHeHHH HMeioT orpaHnneHHyio HopMy. rioTpe6yeM TCUibKo, htoSm 
cKa^apHbie npoH3BeAeHHH sthx pemeHHfi Ha npoH3BOJibHyio bcvi- 
HOByio (pyHKUHio (t. e. Ha jiioSyio (pyHKUHio c orpaHH^eHHofl 
hopmoh) 6hjih orpaHHHeHbi. 

B caMOM o6meM cjiynae mhokcctbo coScTBeHHbix 3HaqeHHft 3a- 
Aami MoxeT coAep>KaTb: 

1°. Jl,HCKpeTHHH cneKTp SHa^eHHH a n , KOTOpbie o6pa3yiOT ah6o 
KOHenHoe MHosiecTBo, ah6o SecKOHenHoe, ho c^eTHoe mhokcctbo 
h MoryT 6biTb nepeHyMepoBaHbi AHCKperabiM uejibm hhaskcom n. 

2°. HenpepbiBHbifl cneKTp 3HaqeHHfi a(v), KOTopbie HyMepyiOTCH 

HenpepblBHbIM HHAeKCOM V, H3MeHHIOmHMCa b HeKOTopofi oSjiacTH. 

CoScTBeHHbie (pyHKUHH flHCKpeTHoro cneKTpa HMeiox KOHerayio 
HopMy. Bee CBoficTBa AHCKperaoro cneKTpa 6hjih H3yieHbi b § 5, 
11 mm He 6yaeM k 3TOMy B03BpaiuaTbcn. 

IlycTb ^(v;<7i, q R ) — co6cTBeHHaH (pyHKU,HH HenpepbiBHoro 
cneKTpa, npHHajyiexamaH co6cTBeHHOMy 3HaqeHHK> a(v). 3to He- 
npepbiBHaa cpyHKUHH napaMeTpa v, HopMa KOTOpofl, ohcbhaho, He- 
orpaHHieHa («BeKTop 6ecKOHeMHOH ajihhh» b (pyHKUHOHajibHOM 
npocTpaHCTBe) . Oah3ko 6yAeM npeAnojiaraTb, qxo co6cTBeHHHH 
AHtpcpepeHunaA 

-7= $ *(v'; <7i q R )dv' 
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51BJ1H6TCH (pyHKIIHeft C OrpaHHHeHHOH HOpMOH, KOTOpaH CTpeMHTCH 
K HeKOTOpOH nOCTOHHHOH, KOrfla Av CTpeMHTCH K HyjIK). Mbl 3HaeM, 

mo co6cTBeHHue (pyHKUHH HenpepbiBHoro cneKTpa raMHJibTOHHaHa 

(pH3H*ieCKOH CHCTeMbI B OflHOM H3Mep6HHH 06jiaAaK)T 3THM CBOH- 

ctbom (cp. rji. Ill); HeTpyflHo npoBepHTb, ^to coScTBeHHbie (pyHK- 
U.HH onepaTopoB q h — ifi d/dq npeAmecTByiomero naparpatpa raKjKe 

06^iaAaK)T 3THM CBOHCTBOM. 

MacTo roBopaT, hto (pyHKuaa nopMupyejua, ecjiH OHa oSjiaAaeT 
orpaHHieHHofl HopMOH. Mu 6yaeM npHMeHHTb stot TepMHH TaK^e 

H K (pyHKUHHM C 6eCKOHeHHOH HOpMOH, eCJIH Co6cTBeHHbIH AHtpCpe- 

peHUHaji, o6pa30BaHHbiii H3 sthx (pyHKimft, HMeeT KOHenHyio Hop- 
My. TaKHM o6pa30M, co6cTBeHHbie (pyHKiiHH HenpepbiBHoro cneKTpa 
nopMHpyeMbi (b yK33aHH0M cMbicJie), xoth ohh h He npHHaAJieiKaT 
npocTpaHCTBy THJibSepTa. 

rtojib3yacb cooTHomeHHeM (8) (KOTopoe HMeeT cmhcji TOJibKO 
fljia KBa^paTHHHo HHTerpHpyeMbix ij a ¥), ho npHMeHHH ero He k 

CoScTBeHHbIM (pyHKUHHM KaK TaKOBbIM, a K COScTBeHHbIM AH(p(pe- 

peHunajiaM, mo>kho nojiynHTb ocHOBHbie CBoflcTBa HenpepbiBHoro 
cneKTpa h conocTaBHTb hx TeM, KOTopae 6hjih no^yneHH b § 5 ajih 
AHCKpeTHoro cneKTpa: 

1°. BcaKoe coScTBeHHoe 3HaqeHHe a(v) BemecTBeHHO. 

2°. JXBe co6cTBeHHbie (pyHKiiHH, npHHaA-flOKamne pa3JiHqHbiM 
coScTBeHHbiM 3HaqeHHHM, opToroHa^bHbi flpyr Apyry. 3to cboh- 

CTBO opTOrOHa^bHOCTH AOJIJKHO 6bITb 06o6weHHeM COOTHOIIieHHa 

(III. 42'). HeBepHO 6buio 6bi nncaTb 



Tai< KaK cKa-aapHoe npoH3Be/ieHHe (i]> v , i|V)> BOo6me rOBopa, pac- 

XOAHTCH. OaH3KO HMeeM 



ea/iH v Haxo^HTCH BHe HHTepBajia (v', v' + c?v'). ZI,OKa3aTeJibCTBO 
He TpyAHO, h mh npeAocTaBJiaeM ero HHTaTejiio. 

Ecjih co6cTBeHHbie 3HaneHHa HenpepbiBHoro cneKTpa HeBbipojK- 

AeHH, BCer^a MOJKHO HOpMHpOBaTb (pyHKUHH TaK, 1T06bI 



CjiyMafl Bbipo^cAeHHbix co6cTBeHHhix 3HaHeHHH TaKHce He npeA- 
eraBJiaeT cymecTBeHHbix TpyAHOCTefi. OrpaHHqHMca (popMyjinpoB- 
koh pe3yjibTaTOB. KaxAOMy coScTBeHHOMy 3HaieHHio npHHaAJiejKHT 
b 33BHCHM0CTH ot xapaKTepa BbipojKAeHHH jih6o KOHeqHoe, jih6o 
6ecKOHeqHoe (cneTHoe hjih KOHTHHyajibHoe) MHo>KecTBo jihhchho 

He33BHCHMbIX CoGcTBeHHHX (pyHKUHH. 3tH (pyHKUHH MOJKHO CHa6- 




v'+Av' 



V' 
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AHTb AH60 HHAeKCOM, npHHHMaiOIUHM KOHeHHOe HHCAO 3H3HeHHH, 
JIh6o OAHHM HAH HeCKOJIbKHMH HHA6KC3MH, npHHHMaiOmHMH 6eC- 
KOHeHHOe HHCAO AHCKpeTHblX 3HaHeHHH, AHO"o OAHHM HAH HeCKOAb- 

khmh HHAeKcaMH, H3MeHHioiuHMHCH HenpepHBHo, ah6o Aame HeKO- 

TOpblM HHCAOM AHCKpeTHHX HHACKCOB H HeKOTOpbIM HHCAOM Henpe- 
pblBHHX. npeAnOAOHCHM fl,JlH OnpeAGAeHHOCTH, HTO Heo6xOAHMO 
HCnOAb30BaTb OAHH AHCKpeTHblft HHAeKC T H OAHH HHA6KC p, MeHHK)- 

iuhhch HenpepwBHO. 

BcerAa mo>kho CAeAaTb Tan, hto6m co6cTBeHHbie (pyHKUHH 

<P (r) (v, p) 6bIAH OpTOHOpMHpOBaHHblMH B OfioSlUeHHOM CMHCAe: 

<q>C-> (v, p), q)<''> (v' t p')> = M (p - p') 6 (v - v'). (33) 

ByAyiH npHCeeAHHeHbl K OpTOHOpMHpOBaHHbIM COScTBeHHbIM CpyHK- 

uhhm AHCKperaoro cneKTpa ohh BMecTe o6pa3yK>T opTOHop- 
MHpoBaHHyio CHCTeMy co6cTBeHHbix (pyHKUHH apMHTOBoro onepa- 
Topa A; BCHKaa coScTBeHHan (pyHKUHH onepaTopa A mojkct 6uTb 
jipeACTaBAeHa KaK AHHeHHaa kom6hh3hha (pyHKUHH stoh chctcmu. 
IlpeAnoAOJKHM, hto HeKOTopan boahob3h (pyHKUHH W npeACTa- 

BHMa B BHAe pHAa no 3THM (pyHKUHHM, t. e. 

^ = E c » r) < r> + E S v<r) (v ' p) ^ < v > p) dv < 34 > 

n, r r 

K03(p(pHUHeHTbI npH Ka*AOH (pyHKUHH B 3T0M pa3A0JKeHHH noAy- 

^aioTCH npn yMHo>KeHHH (cKaAHpHOM) oSenx HacTeft paBeHCTBa 
cAeBa Ha cootb eTCTBy romyio coficTBeHHyio (pyHKUHio; ynHTbiBan co- 
•OTHOuieHHH opTOHOpMHpoBaHHOCTH, noAynaeM 

C (r) = ^( [)) ^ ( (3 g a) 

Y (D(v, p ) = (q)(r)( V) p ) f Y). (356) 

C noMombio Tex me coothoiuchhh noAynaeM o6o6meHHoe paBeH- 
<;tbo FlapceBaAH 

of, ^ = E I c «T + E S 1 Y<r) (v - p) |2 dv rf p- < 36 > 

n, r r 

Ecah TaKoe npeACTaBAeHHe bo3mojkho ajih Bcex boahobmx (pyHK- 
UHH (t. e. rjih Bcex kb aAp 3thhho HHTerpupyeMbix (pyHKUHH), to ro- 

BOpHT, HTO CHCTeMa {($} HBAHeTCH tlOAHOU OpTOHOpMUpoedHHOti 

cucreMod (pyHKUHH. 

CymecTByeT npocTofi cnoco6 Bbipa3HTt> tot (paKT, hto opTOHop- 
MHpoBaHHan CHCTeMa HBAaeTCH noAHofi: CAeAyeT 3anncaTb pa3Ao* 
a<eHHe (34) ajih (pyHKUHH 
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Ko3(p(pHUHeHTbi TaKoro pa3Jio>K8Hiisi nojiynaTCH, ecjra b Bupa>Ke- 
hhhx (36) — (36) BMecro (J)yHKUHH (q) = W (q u q2, Vr) iioa- 
cTaBHTb 5(9 — q'). Tor^a nojiyqaeTCH TaK Ha3WBaeMoe cooTHoiue- 

HUe 3CtMKHyT0CTU 

= £ <p; (r) < r) (?) + Z J <p"" ( v > p; <?') <p (r) p; i) dv rfp- (37> 

/?, r r 
UpHCOeAHHHH ero K COOTHOIIieHHHM OpTOHOpMHpOBaHHOCTH: 

<„W, € ; ))==bnArij (38a> 

<q>£>, ^''(v, p)) = 0, (386). 
<<P (r) (v, p), <p"'> (v', p')) = 6„<S (p - p') 6 (v - v'), (38b> 

noJiyqaeM coBOKynHodb ycJioBHft, Heo6xoAHMbix h AOCTaTOHHUX 

AJ1H TOrO, TTOfibl CHCTeMa {q>} 6bIJia OpTOHC-pMHpOBaHHOH H nOJIHOH. 
Pa3JIO>KeHHe (34) C npaBHJIbHblMH 3HaqeHHHMH K03(p(pHU,HeHTOB 

(35) nojiynaeTca, ecjiH 3anncaTb 



V{q)=\b{q-q')y(q')dx, 



a 3aTeM BMecTO S-ipyHKUHH ncwrraBHTb pa3Jio>KeHHe (37). 

3aMeTHM, ito noJiHaa opTOHopMnpoBaHHaa CHCTeMa, ecJiH OHa 
cymecTByeT, He HBJineTCH eAHHCTBeHHofi. /^eficTBHTeJibHO, mcokho 
KaK h b ony'iae nojwocTbio AHCKpeTHoro cneKTpa: 

1°. npOH3BO^bHO H3MeHHTb Cpa3y KajKAOH H3 C06CTBeHHbIX. 
(pyHKUHH. 

2°. BbiSnpaTb SecKOHeHHbiM hhcjiom pa3JimiHbix cnocoSoB cobo- 

KynHOCTb OpTOHOpMHpOBaHHblX (pyHKUHH, npHHaAJietfOlUHX OAHOMy 
BbipOJKAeHHOMy C06cTBeHHOMy 3HaqeHHIO. 

3°. KpoMe Toro, cymecTByeT npoH3B(xa b HopMnpoBKe coScTBeH- 
Hbix (pyHKUHH HenpepbiBHoro cneKTpa. .UeficTBHTejibHo mokho 3a- 

MeHHTb KaJKAblft HenpepblBHblH HHAeKC V Ha HHAeKC p = n(v), rAe- 

p(v) ecTb npoH3BO^bHaa HenpepuBHaH AH(p(pepeHUHpyeMaH moho- 

TOHH3H (pyHKUHH V. YcJIOBHe HOpMHpOBKH (38b) npH 3T0M 3aMe- 

HHeTCH aHaJiorHHHbiM ycJioBHeM, b KOTopoe bxoaht HHAeKC p; oho 
6yAeT yAOBJieTBopeHO, ecjiH b KaiecTBe hoboh. coficTBeHHofl (pyHK- 
UHH B3HTb (pyHKUHIO 

<P (r > (P, PJ q) = | |~' /J ¥ r) (v, p; q). (39> 
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He Bee spMHTOBbi onepaTopbi o6.naAaioT noJiHofl opTOHopMnpo* 

B3HH0H CHCTeMOH CoSCTBeHHblX (pyHKU,HH 8 ) . OAHaKO spMHTOBW 

onepaTopbi, npeACT3BJiHK>m.He (pH3HqecKHe BeJiHiHHbi, TaKoft cn- 
creMoft o6^aAaioT: no stoh npHTOHe mu 6yp,em Ha3HBaTb TaKHe 
onepaTopbi Ha6AtodaeMUMU. ,H,oKa3aTe;ibCTBO Toro (paKTa, mo He- 
KOTopbifl apMHTOB onepaTOp ecTb Ha6jiioAaeM3H, HBJiaeTCH ofibiMHo 
cjiojkhoh MaTeMaTHiecKon 3aflaqeft. OHa dbijia penieHa b pHAe 
cjiyqaeB a-nh t3khx onepaTopOB k3k onepaTopbi noJio>KeHHH h hm- 
nyjibca, raMHJibTOHnaH cncTeMbi b oahom H3MepeHHH, onepaTop mo- 

MeHTa HMnyjlbCa H T. A- 3t0 CBOfiCTBO CTOJIb TeCHO CBH3aH0 c <pn- 

3HqecKofl HHTepnpeTannen yKa3aHHbix onepaTopOB, hto b cnynae 
ero HeBbinojiHeHHH noTpe6oBajiacb 6h peBH3HH ochob (popM3./iH3Ma 
TeopnH. Mu 6yneM npe^nojiaraTb, hto oho BcerAa BbinojiHHeTca. 

§ 10. CTaTHCTHnecKoe pacnpeAeJieHHe pe3yjibTaTOB 
H3MepeHHH b o6meM cjiynae 

npeAnoJioxHM, ito A — Ha6;iioA3eMaH. BBHAy Toro, hto pa3;io- 
«eHHe (34) cymecTByeT juin jiioSoh KBaapaTHMHo HHTerpnpyeMOH 
<pyHKUHH W, moxho (npH ycJiOBHH cxoahmocth) onpeAeJiHTb aefi' 
cTBHe Ha (pyHKUHio Y onepaTOpa BHAa F(A). 

JXjw coKpameHHH o6o3H3qeHHH Sy^eM npeAnoJi3r3Tb, hto 
cneKTp A He HMeeT BbipomAeHHH. TorA3 

^ = 5]c„q)„+ J y(v)<p(v)g?v. (40) 

n 

MOJKHO nOKa3aTb, HTO HeofiXOAHMbIM H AOCT3TOqHbIM yCJIOBHeM 
CXOAHMOCTH p33JI0>KeHHH B np3B0H 13CTH HBJIHeTCH CXOAHMOCTb 

PHA3 ^]|C„| 2 H HHTerp3JI3 (v)] 2 dv. 

n 

B o6m,eM cnyqae 

F{A)W = Y, C " F ( a «) <?» + S V (v) F (a v ) <p (v) dv; 

n 



8 ) PaccMOTpHM onepaTop id/dx, .neftcTByiomHH Ha KBaaparaqHo HHTerpHpye- 
Mbie 4>yHKu.HH ^{x), onpe^ejieHHue Ha noayocH (0, + <x>). 3tot onepaTop spmhtob, 
ecJiH ero npHMeHHTb k tpyHKUHHM, o6pam.aiom.HMCH b Hyjib npa x = 0. AeficTBH- 

TeJIbHO, npH 3T0M yCJIOBHH HMeeM 
0 0 

TeM He MeHee, onepaTop He HMeeT co6cTBeHHbix tpyHKUHfl. E^HHCTBeHHo bo3mojk- 

HblMH C06cTBeHHUMH (pyHKUHHMH HBJIH10TCH <pyHKU,HH BHfla e~ tkx (k — C06CTBeH- 

Hoe 3HaieiiHe), ho sth (pyHicmiH He o6pamaioTca b Hy;ib npirx = 0. 



§ 10. OEIUHH CJiyMAH; 
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3T0 onpcuejieHHe HMeeT cmhcji, ecjiH 

£k„| 2 |F(a„)| 2 h JlvMPlFtavJprfv 

n 

cxoahtch. B MacTHOCTH, aeftcTBHe onepaTopa e l ^ A BcerAa onpe- 
AeJieHO, T3K KaK Bbipa>KeHHe 

e iiAy = £ c n e ila n<f n + J Y (v) e' |a vq) (v) dv (41) 

n 

cxoahtch Bcer^a. 

Hto6h onpeAejiHTb xapaKTepHCTHqecKyio (pyHKUHio pacnpe,n,e- 

JieHHH A, npHMeHHM COOTHOUieHHe 

(W, e iU V) = £ | c„ | 2 e t|a " + J | Y (v) I 2 e ila v dv, 

n 

noJiyieHHoe npn ncno;ib30BaHHH pa3Ji0JKeHHH (40) h (41) h ycjio- 

BHH 0pT0H0pMHp0B3HH0CTH. XapaKTepHCTHHeCKaH (pyHKUHH f(£) 

npHHHMaeT (popMy 



TAe 



H3 BHAa xapaKTepncTHHecKofi (pyHKUHH (cHocKa 6 ) cjieztyeT, 
*ito: 

1°. eAHHCTBeHHblMH 3H3HeHHHMH, KOTOpbie MOJKeT npHHHMaTb 

BejiH^HHa s&, hbjihiotch coScTBeHHbie 3HaieHHH conoeraBJieHHOro 
3toh BeJiHHHHe onepaTopa A; 

2°. BepoHTHOCTb Toro, qTo' M- npHHHMaeT 3HaqeHHe a n , paB- 
Ha w n ; 

3°. BepoHTHOCTb Toro, ito s& npHHHMaeT 3HaneHHe H3 Henpe- 
pbiBHoro cneKTpa, saKJiro^eHHoe b HHTepBajie [a(v), a{v + dv)], 
paBHa (o(v) dv. 

CyMMa Bcex sthx BepoHTHOCTeft + ^ co(v)dv paBHa eAH- 

HHne (paBeHCTBO napceBajia). Haxo/iHM TaioKe, hto cpeAHee 3Ha- 
HeHHe A, ecJin oho cymecTByeT, BbipaacaeTCH cfopMY 1 '' 0 ** 
[ { y ¥,A y ¥)l{ y ¥, y V) b corjiacHH c ochobhhm nocTyjiaTOM. 

B cnyiae BbipojKAeHHoro cneKTpa noJiynaiOTCH Te ace pe3yjib- 
TaTbi, ho cjieAyeT HecKOJibKO H3MeHHTb onpeaejieHHe bcjihhhh w n 
h co(v). Tan, npn 3aMeHe pa3Ji0JKeHH3 (40) Ha pa3Jio>KeHHe (34), 
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Mbl AOJIJKHbl B3HTb 



r 



(43) 



£S*pl Y (r) (v, P) f 



(0 (v) 



r 



(44) 



B 3THX BbipajKGHHJJX B flBHOM BHAe npHcyTCTByeT HeKOTopas 
CHCTeMa coScTBeHHbix (pyHKUHH onepaTOpa A. CymecTByeT 6ojib- 

UIOH npOH3BOJl B BblGope T3K0H CHCTeMbI (pyHKUHH. OqeBHAHO, OA* 

HaKO, ito 33KOH pscnpeAejieHHH BepoflTHocTefi h ero xapaKTepH- 
CTHiecKan (pyHKUHH He 33BHCHT ot SToro Bbifiopa. 3to CBOHCTBO 
jierKO npoBepHTb HenocpeACTBeHHo Ha Bbipa>KeHHHx (43) h (44) 
(3aflaHa 5). 

§ 11. ,fl,pyrne iweTOflw HCuieAOBaHHn HenpepbiBHoro cneKTpa 

BojibuiHM npeHMymecTBOM pa3BHToro Bbiuie noAxoAa k npo- 
6jieMe HenpepbiBHoro cneKTpa ABJiaeTCH ero (popMajibHaa npocTOTa. 
3to npeHMymecTBO KOMneHCHpyeT HeAOCTaTOK MaTeMsraqecKOH 

CTpOrOCTH, B03HHK3KJUIHH npH •HCn0JIb30B3HHH 8-(pyHKUHH. BnpO- 

MeM, Bee onepauHH, npoH3BOA«Mbie c 8-(pynKUHeH, MoryT 6urb 
CTporo o6ochob3Hh Ha ocHOBe TeopHH o6o6meHHbix cpyHKUHfi (cm. 
ZloncwiHeHHe A). 

TeM He MeHee, c/ieAyeT HMeTb b BHAy, *ito TpyAHOCTH, B03HH- 
KaiomHe npH TpaKTOBKe HenpepbiBHoro cneKTpa coficTBeHHbix 3H3- 
MeHHH, MoryT 6biTb npeoAOJieHbi h Ha ocHOBe KJiaccHiecKHx MaTe- 
MaTHiecKHx npneMOB. BMecTO Toro, itoSh ocHOBMBaTbca Ha npo6- 
jieine co6cTBeHHbix auanemiPi h BBOAHTb TaM, rAe sto hco6xoahmo, 
codcTBeiiHbie (pyHKUHH, He npnHaAJie«:aiUHe npocTpaHCTBy THJib- 
6epTa, mojkho, cneAyfl HefiMaHy, paccMaTpHBaTb 3aAany CTporo, 
He BbixoAfl 3a npeAeJibi npocTpaHCTBa THJibSepTa. MeTOA coctoht 
b Hcnojib30BaHHH TaK Ha3biBaeMoro pa3JiojKeHHH eAHHHUbi b npo- 
CTpaiiCTBe THJibSepTa, npuqeM noKa3biBaeTCH, hto ks>kaoh H36aio- 

AaeMOfl B0J1H0B0H MeXSHHKH COOTBeTCTByeT CBOe p33J10JKeHHe eAH- 
HHUbi. 3to psccMOTpeHHe CTporo skbhbsachtho no cbohm pe3yjib- 

T3T3M npHBeACHHOMy BHUJ6. Mbl ynOMHHaeM 0 HeM TOJIbKO AJia 
nOJIHOTbl H3JIO*eHHH 9 ). 

JXpyron cnocoS paccMOTpeHHH npo6jieM, othochuihxcsj k Henpe- 
pbiBHOMy cneKTpy, coctoht b 3aMeHe 33Aa*iH Ha coficTBeHHue 3H3- 
MeHHH (9) Apyrofl saAa^eH, b KOTopoft nocneAOBaTeJibHOCTb cod* 



8 ) MHTaTe^b, HHTepecyiomnfica MaTCMaTHnecKHMH acneKTaMH kb3htoboh Teo- 
pHH, HaftAeT hx HCiepnuBaioin.ee H3JiojKeHHe b KHwe H. $oh HeftMaHa (cm. 

CHOCKy 3 )). 



§ 11. METOflbl HCCJIEflOBAHHH HEHPEPblBHOrO CflEKTPA 
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cTBeHHbix 3H34eHHH BcioAy AHCKpeTHa, npHqeM nepBOHaqa^bHan 
3aAaqa nojiyqaeTCH nan npeaeJibHUH cnyuaS npn cooTBeTCTByio- 
mefl MOAH(pHKauHH ycjioBHH. Xoth noAoSHan npoueaypa He Mo^eT 
npeTeHAOBaTb Ha cTporocTs, OHa HMeeT aoctohhctbo npoeroTbi h 

HHTyHTHBHOH HCHOCTH. PaCCMOTpHM Ha OCHOB3HHH STOrO MeTOfla 

onepaTopu q h — ih d/dq. ^HTaTejib MO»eT cpaBHHTb xoa paccy>K- 
AeHHfl h pe3yjibTa™ c coAepmaHHeM § 8. 

Mto6h nofloflra k npo6jieMe H3MepeHHH nojiomeHHa b npocTpaHCTBe, pa3fle- 
jihm HHTepBaji ( — oo, +°°) Ha paBHbie cerineHTbi a^hhw t) h 3aMeHHM BOJiHOBbie 

4>yHKUHH t|)(<7) npHSjIHateHHMMH BOJIHOBblMH (pyHKUHHMH tj5 X (?) , nOCTOHHHblMH 

Ha naJK,noM cerineHTe h onpeAejiaeMbiMH cooTnouieHHeM 

**(<7) = *K. ri), 

r^e n q o6o3HaqaeT Han6oJibinee uejioe qHwio, coAepmameecH b q[x\, HHaqe ro- 
Bopa: q — T) < n q t\ ^ q. AHaJiorHMHbiM o6pa30M 33mghhm oneparop q onepaTO- 
pOM q x yMHO»eHHe Ha n q r\. B npe^ejie, KOi\n.a T] — 0, HMeeM q x -*-q h ty x (q) 

* MHOKecTBO cpyHKUHfi t|) X o6pa3yeT npocTpaHCTBo rHJib6epTa, b kotopom 
onepaTop q x BnoJiHe onpeAeJieH h o6jia^aeT AHCKpeTHbiM cneKTpoin co6cTBeHHwx 
3HaqeHHH nr\ (n — 0, ±1, ±2, ±3, ±oo). Ka>KAOMy co6cTBeHHOMy 3Haqe- 
hhk) nr\ npHHaflJiexHT co6cTBeHHasi (pyHKUHH u„, HopMHpoBaHHan Ha eAHHHuy 

t)~' /j , eaiH nr\ < q < (n + I) x\, 

0 b npoTHBHOM aiiyqae. 

CoScTBeHHbie 4>yHKUHH opTOHopMHpoBaHbi: (u n , u n ,y = b nn ,. KpoMe Toro, OHH 

o6pa3yioT nojiHyio CHCTeMy, h6o BcaKan (pyHKUHH i|) x MoweT 6biTb npeACTaBJiena 
pa3Jio«eHHeM b psm no «„: 

+oo 

^ X = Z i\H («tj) u n . (45) 



rt=— oo 



CjieAOBaTeJibHO, mokho npHMeHHTb Teopnio §§ 5, 6 c TeM pe3yAbTaT0M, <ito Be- 
pOHTHoerb H3MepHTb 3HaqeHne q x = nr\ paBHa r\ \ty(nr\) | 2 . B npe#ejie t|->0 npo- 

MejKyTKH MOKfly COCeAHHMH COfiCTBeHHblMH 3HaMeHHHMH CTpeMHTCH K HyJIK), 

cneKTp CTaHOBHTca HenpepMBHHM. H3MepeHHe OTJinqHoft ot Hyjia KOopAHHa™ 
q' = m\ coOTBeTCTByeT 6ecKOHeqHO ScwibinoMy 3naqeHHK> n; oAHaKO BepoHTHOCTb 
o6Hapy>KHTh 9T0 ToqHoe 3HaqeHHe KoopAHHaTu nponopu.HOHa.ibHa r\ h cneAOBa- 

TeAbHO CTpeMHTCH K HyjlK). B A^HCTBHTeJIbHOCTH 9Ta BepoHTHOCTb He HHTepeCIia, 

nocKO^bKy cneKTp 3HaqeHHfl KoopAHHa™ HenpepbiBeH. HaM BajKHO 3HaTb BepoHT- 
HOCTb P(q')8q', uamu qacTHuy b HHTepBajie (q'.q' + 6q'), t. e. 

P (q') &q' = ^"'•"' +6 ^r ] \^(nr i )\\ 

tjx& cyMMHpoBaHHe pacnpocTpaHeHO Ha Bee Te n, npn KOTopux nr\ h3xoahtch b 
MHTepBajie (q', q' + bq') . IlocKOJibKy 6q' HBjisteTca Ma^oft iioctohhhoh, qAenw 

9TOH CyMMbl HHCJIOM 6<7'/T| BCe npHMepHO paBHH T)|l|)((/') | 2 . ClieAOBaTejIbHO, u 

npeAefle ti -*■ 0 HineeM 

P(q')bq'^\1?(q')\*bq'. 
3aMeTHM, hto pa3flOJKeHHe (45) mojkct 6biTb 3anHcaHo eme h b BHAe 

^,X = ^ *(«tl)-^.T 1 = J] 1 l J (< ? ')Or,('7')-tl. 
n—— oo q' 
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r^e cyMMa no q' o6o3HaiaeT cyMMupoBaHHe no AHCKpeTHofi nocrceAOBaTeJibHocTH 
SHaieHHH q' = nr\, a 

1 ecriH q — ti < q' ^ q, 
b npoTHBHOM cjiyiae. 



^(<?')=T)- ,/2 «„=| I l ' 



ripn tj-»-0 aaHHMH paa nepexoanT b HHTerpaji ot npoH3BeaeHHa ty(q') Ha npe- 
fle.i tpyiiKuHii v^q'), ho stot npe^eji KaK pa3 paBeH 8(q' — q). Mh npHxoaHM, 
cjieAOBaTe^bHo, k (popMyjie (32). 

AHajiornqHHH noAxoA b cjiynae H3MepeHHH HMnyjibca coctoht 

B TOM, HTO Mbl IiepBOHaHaJIbHO OrpaHHHHBaeM oSjiaCTb H3MeHeHHH 

KoopAHHaTbi q HHTepBajiOM ( — L/2, -\-L/2), rAe L Ha 3aBepmaio- 
meM 3Tane paccy>KAeHHH 6yAeM erpeMHTb k SecKOHe^HOCTH. JXna 
Toro hto6h onepaTop p = — ih d/dq 6uji spmhtobhm b stoh KOHe 1 !- 
hoh oSjiacra, cjie^yeT HajiojKHTb Ha (pyHKitHH ip (q) m (pyHKUHO- 
HajibHoro npocTpaHCTBa, rAe AeftcrByeT onepaTop, HeKOTOpbie rpa- 

HHHHbie yCJIOBHH. YcJIOBHe SpMHTOBOCTH 3anHCbIBaeTCH B BHAe 
+ L/2 +L/2 

-L/2 -L/2 

AJiH JiH)6biX (pyHKUHH q>(<7) H ip(?), T. e. ^i L //2) = ^i~{Lm 
paBHo nocTOHHHoft, He 3aBHcameii ot \p h cp. 

ilpyrHMH cjioBaMH, Tpe6yeTCH, hto6h ajia bchkoh (JiyHKUHH 

ip(L/2) = ^(-L/2) > 

rae e i0[ — HeKOTopbifl (pHKCHpoBaHHbifi {pa30Bbiii MHOJKHTe^b. ycjio- 
bhmch npHHHMaTb ero paBHHM eAHHHue, tto AaeT ycAoeue nepuo- 

dUHHOCTU 

*(L/2) = *(-L/2). 

B 9thx ycjiOBHHx 3aAaHa o coScTBeHHux 3HaneHHax onepaTopa 
— ihd\dq peiuaeTCH 6e3 Tpy^a. CneKTp co6cTBeHHbix 3HaneHHH OKa- 

3bIBaeTCH AHCKpeTHHM: 

Pn = -2jTC/i-rt (rt = 0, ± 1, ±2, . .., ± Oo). 

CoSCTBeHHOMy 3HaqeHHK) p n COOTBeTCTByeT HOpMHpOBaHHafl Ha 
eAHHHUy C06CTBeHH3H (pyHKUHH 

u n v _ e . 

OyHKIlHH U n B33HMH0 OpTOrOHajIbHbl, KpOMe TOTO, OHH 06pa3yK»T 

nojiHyio cHCTeMy, TaK Kan coiviacHo TeopHH phaob Oypbe bchk3h 



§ 12. KOMMEHTAPHH H flPHMEPbl 



193 



KBa^paTHHHo HHTerpHpyeMaa (pyHKima ty(q) b HHTepBaJie ( — L/2, 
-j-Z,/2) MOJKeT 6uTb npeACTaB^eHa b BHAe paAa 

+00 

= 2 c n u n \ (46) 

npH 3T0M 

c n = (u„, ^(q)) = -J=r' \ e~~ HPn<l ^{q)dq. 

"* -£/2 

Mh MOJKeM, c^eAOBaTe^bHo, npHMeHHTb TeopHio §§ 5, 6 h Haxo- 

AHM, 1TO BepOHTHOCTb HaHTH p — p n paBHa |c n | 2 . 

B npeAeJie L -> 00 npoMe>KyTOK e = 2nb/L, pa3AeJiHioui.HH co- 
ceAHHe co6cTBeHHbie 3HaneHHH, cTpeMHTca k nyjno, h cneKTp co6- 

CTBeHHblX 3HaHeHHH HMnyjIbCa p n = ne CT3H0BHTCH HenpepbiBHHM. 

HccJieAOBaHHe nepexoAa k npeAejiy npoBOAHTCH coBepiueHHO aHa- 
jiornqHO TOMy, KaK 3to 6hjio CAeJiaHO a.ih -q. ripa e->0, npH yc- 

JIOBHH, HTO p' = HE OCTaeTCH nOCTOHHHbIM, E~' /3 C n CTpeMHTCH K 06- 

pa3y Oypbe 

,,(,,') = -JL, \ e-*"\(q)dq. 
—00 

Mh 0CTaBJi5ieM iHTaTejiio B03MO*Hocxb caMOMy HaHTH nocjie npe- 
AejibHoro nepexoAa CTaTHCTHiecKoe pacnpeAejieHHe pe3yjibTaTOB 
H3MepeHHH HMnyjibca h noKa3aTb, <ito npeACTaBJieHHe ip(q) b BHAe 
pHAa Oypbe (46) nepexoAHT b HHTerpajibHoe npeACTaB^eHHe <J>ypbe 

+00 

\ <p(/0«(p'; q)dp', 

— 00 

rAe u(p';q) edb npeAejibHaa (popMa e~ l/3 u n , t. e. 
§ 12. KoMiweHTapHH h npwviepbi 

Mh noKa3ajiH, ito cTaracTHHecKoe pacnpeAe-raeHHe pe3yjibTa- 
tob H3MepeHHH AHHaMHiecKoft nepeMeHHofl nojiHOCTbio onpeAe^ 

JIHeTCH 33A3HHeM BOJIHOBOH (pyHKUHH (pH3HqeCKOH CHCTeMH. 3tot 

pe3yjibTaT 6hji nojiyneH b caMOM o6meM BHAe. KaJKAofl AHHaMnne- 
ckoh nepeMeHHofl conocTaBJiaeTCH Ha6.nioAaeMaH A, t. e. apMHT03 
(caMoconpHJKeHHbifi) onepaTop, o6jiaAaK>mHft noJiHofl opTOHOpMH~ 

pOBaHHOH CHCTeMOH C06cTBeHHbIX CpyHKUHH. OmpaBJIflHCb ot ecTe- 

CTBeHHoro h (popMa^bHo o^eHb npocToro nociy^aia, KacawiuerocH 



7 A, MeccHa 
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CpeaHHX 3HaieHHH, Mbl nOKa3aJIH, HTO eAHHCTBeHHO B03M0>KHfaIMH 

pe3yjifaTaTaMH H3MepeHHH hbjihiotch coScTBeHHbie 3HaqeHHH Ha- 
6.uoaaeMofl A, a hckomhh 33koh pacnpeAejieHHH BepoHTHocTeft He- 
nocpeacTBeHHo BupajKaeTcn nepe3 KBaapara MOAyJieft KoatpcpH- 

HHeHTOB pa3JIOJKeHHfl BO^HOBOH (pyHKUHH no Co6cTBeHHHM (pyHK- 
UHHM. 

CpeflH HanSojiee HacTO BCTpeiaiomnxcH AHHaMi-mecKHx nepe- 
MeHHbix, noMHMO npocTpaHCTBeHHHx KoopAHHaT h HMnyjibca, cne- 
AyeT ynoMHHyTb sHeprHio, npeACTaBJineMyio raMHjibTOHHaHOM fflpe- 
AHHrepa, h MOMeHT HMnyjibca. 

CneKTp anepauu mo>k6t 6biTb b 33bhchmocth ot (pH3HHecKofl 
CHTyauHH AHCKpeTHbiM (cm. § III. 5), HenpepbiBHbiM (cm. § III. 3) 

HJ1H CMeiliaHHbIM (CM. § III. 6). np06^eMa COSCTBeHHHX 3H3HeHHH 

raMHjibTOHHaHa H HMeeT Ba>KHoe 3HaqeHHe b kb3Htoboh TeopHH 
He TOJibKO b cbh3h c onpeAe;ieHHeM SHeprHH, ho h noTOMy, hto 
oHa nrpaeT onpeAeJinromyio pojib npn pemeHHH ypaBneHHH LUpe- 
AHHrepa. Eo/ih H He 3aBHCHT ot BpeMeHH, a sto eAHHCTBeHHbifi 
cjiyiaft, Kor^a nonarae sHeprnH HMeeT AeftcTBHTejibHHH cmhcji, 
BOjiHOBaa (pyHKUHH ^F(0 b MOMeHT BpeMeHH t nojiyqaeTca H3 boji- 
hoboh 4>yHKu.HH W {t 0 ) b HaqajibHbiii MOMeHT t 0 c noMombio npeo6- 

pa30B3HHH 

Mbi MomeM BbiHHCJiHTb Bbipa>KeHHe b npaBoft HaCTH paBeHCTBa, HC- 
noJib3ya pa3^0JKeHHe W(to) b pflAe no coficTBeHHbiM (pyHKHHHM H 
{qacTHbift cjiyiafi ypaBHeHHH (41)); HeTpyAHO ycTaHOBHTb, ^to 

±yS(f) = -^He~^ " (< "'°V (/„) = - | HV (0, 

t. e. hto *P(0 yAOBjieTBopneT ypaBHeHHio LIIpeAHHrepa, a TaKJKe 
Ha^aJibHOMy ycJiOBHio npH t = t 0 - 

FIpeAnojioJKHM, b ueJTHx ynpomeHH3 3anHCH, hto cneKTp H hb- 

JIHeTCH nOJIHOCTbK) AHCKpeTHbIM H HeBblpOJKAeHHbIM; nycTb E„(n — 

— 1, 2, . . .) coScTBeHHbie 3HaieHHH onepaTopa H, a ty„ — coScTBen- 
Hbie 4>yHKUHH, npHHaAJie^Kamne E n . Pa3Jio>KeHHe ^(/o) sannmeTCH 

8 BHAe 

x V(to)=Zc n y n , c„ = <+«, V(/o)>- 

n 

TorAa (pyHKHHH W(t) npeACTaBJiaeTCH phaom 

¥(o=Ec„r^ (< ~V (47) 

3aMeTHM, HTO MOAy^Ib K03(p(pHHHeHTa npH \j)„ B 3T0M pa3JIO>KeHHH 

He 33BHCHT ot t. OTciOAa nojiyiaeTca Ba>KHoe cbohctbo: ctcituctu- 
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tiecKoe pacnpedeAenue anepzuu <pu,3imecKoG, cucreMbi (raMHJibTO- 

HH3H KOTOpOH He 33BHCHT OT BpeMeHH) tlOCTOHHHO 60 BpeMeHU. 

MoMeHT UMnyAbca qacraubi b KJiaccnnecKOH MexaHHKe Bbipa- 
>KaeTCfl BeKTOpoM [rp\. B kb3Htoboh TeopHH eMy conocTaBJifleTCH 
BeKTopHbifi onepaTop 

l = — ih[rV]. (48) 
BbinnuieM hbho OAHy H3 ero KOMnoHeHT 



Bbi6epeM Oz b Ka^ecTBe nojiHpHOH och h o6o3HatiHM iepe3 (r, 0, q>) 
ccpepH«iecKne KoopAHHa™ HacTHUbi; HeTpyAHo npOBepHTb, hto 
cJ/dcp = xdjdy — yd/dx. CjieAOBaTe/ibHO, 

(49) 

3aAaHa HaxojKAeHHH co6cTBeHHbix 3HaieHHH ynpomaeTCH, ecjui 
HCKaTb v BoJiHOByiO(pyHKii.HK) b ccpepH^ecKHx KoopAHHaTax: 

l z ty(r, 9, q>) = — ih-^${r, 9, q>) = /*ii>(r, 9, q>). 



TorAa HaxoAHM 



+ (r, 9, <p)==F(r, 8)e* 



rAe /""(/•, 8) — HeKOTopan cpyHKUHH r h 6. MtoSh co6cTBeHHaa <pyHK- 

UH3 SblJia OAH03H3HHOH, HeofixoAHMO, hto6u OHa 6bl^a nepHOAHH- 

hoh no (p c nepnoAOM 2n, t. e. 

l' z = mfi (m — ueJioe). (50) 

CjieAOBaTe^bHo, cneKTp coSctbchhhx 3HaneHHH KOMnoHeHTbi mo- 
MeHTa HMnyjibca Hacraubi hbjihctch noJiHOCTbio AHCKpeTHbiM. 3tot 
pe3y^bTaT 6e3 TpyAa pacnpocTpaHHeTca Ha KOMnoHeHTy nojmoro 
MOMeHTa HMny^bca cHCTeMbi MacTHu, b corviacHH c aKcnepHMeHTaJib- 

HblMH A3HHHMH no npOCTpaHCTBeHHOMy KBaHTOBaHHK). 

Pa3«e;iIV. OnPEflEJIEHHE BOJ1HOBOH <J>yHKUMH 

§ 13. OnepauHfl H3MepeHHa h peAyKunn bojihoboi-o naneTa. 
HaeajibHwe H3MepeHna 

CraTHCTHqecKHe pacnpeAejieHHH, nojiyieHHbie b npeAmecTByio- 
miix pa3AeJiax, MoryT 6biTb noABeprHyTbi HenocpeACTBeHHoft skc- 
nepHMeHTajibHOH npoBepne. TaK, pacnpeAe^eHHe, conocTaBJineMoe 
HeKOTopofi AHHaMHqecKofl nepeMeHHoft M, edb pacnpeAeJieHHe pe- 
3yjibTaTOB, nojiyqeHHbix npn H3MepeHHH s£ Ha oqeHb 6o;ibUiOM 
■jHcne Jf To>KAecTBeHHbix cHCTeM, He33BHCHMbix Apyr ot Apyra H 
iiaxoAniUHxca b momcht H3MepeHHH b" oahom h tom me ahh3mh- 



7* 



196 



rjl. V. <DOPMA^H3M BOJIHOBOPI MEXAHHKH 



MecKOM coctohhhh. K.a>KAaa cHCTewta b stot momcht BpeMeHH 10 ) 
npeAeraBjiHeTCH oahoh h toh xe (pyHKUHefl Y (onpeAejiaeMofi c 

TOHHOCTbK) AO nOCTOSHHOrO MHOJKHTeJIH) , KOTOpOH COOTBeTCTByeT 

BnojiHe onpeAeJieHHoe TeoperaqecKoe pacnpeAe-neHHe. 3to pacnpe* 
AeJieHHe mojkho cpaBHHTb c 3KcnepHMeHTajibHbiM. 

JXJIR nOJIHOTbl (pH3HHeCKOrO HCTOJ1KOB3HH5I TeopHH OCTaeTCH 

yTOiHHTb: 

1) KaKHM o6pa30M npeAmecTByiomHe H3MepeHHa chctcmh no3-> 
bojihiot ycTaHOBHTb ee AHHaMHqecKoe cocToaHHe h, b h3cthocth, 
k3k ySeAHTbCH b tom, ^to Bee Jf chctcm, ynoMHHyTbie Bbime, Aeft' 

CTBHT&flbHO HaXOAHTCH B AHHaMHHGCKOM COCTOHHHH, npeACTaBJIHe- 

MOM \F; 

2) hto npoHcxoAHT c Ka>KAofl H3 chctcm aHcaM(5.na nocjie 
ocymecTBJieHHH H3MepeHiia. 

3th ABa Bonpoca tccho cBH3aHbi Me>KAy co6oS. PaCCMOTpHM 
cHaqajia BTopofl H3 hhx. 

Flocjie OKOHqaHHH H3MepeHHH n ) cHCTCMa MoxeT BHOBb pac* 

CM3TpHBaTbCH KaK He3aBHCHMblfi 06T>eKT, nOJIHOCTbK) OTAeJieHHHH 
OT H3MepHTejIbHOrO npHSopa, BHOBb CT3HOBHTCH B03MO>KHHM OTIH- 
CaHHe (pH3HHeCKOH CHCTCMH C nOMOIHblO ee BOJIHOBOH (pyHKUHH. 
BojIHOBaH (pyHKUHH CHCTeMbI nOCJie H3MepeHHH HeCOMHeHHO OTJIH-i 
MaeTCJl OT TOH BOJIHOBOH (pyHKUHH, KOTOpaH OnHCblBaJia CHCTeMy 

b MOMeHT BpeMeHH HenocpeACTBeHHO nepeA H3MepeHHeM, KpOMe, 
MO>KeT 6biTb, Toro cjryqaa, KorAa BOJiHOBaa (pyHKUHH nepeA H3Me- 
peHHeM SbiJia co6ctbchhoh cpyHKHHefi Ha6jnoAaeMOH A, conocTaB* 

JieHHOH H3MepHeMOH CpH3HHeCKOH BeJIHMHHe. 3to (He Kay3ajibHoe) 

H3MeHeHHe bojihoboh (pyHKUHH npn ocymecTBJieHHH H3MepeHHH na^ 
cto na3biBaioT pedyKU,ueu eoAHoeoao nanera. 

Mh 3HaeM, hto HeKay3ajibHoe H3MeHeHne bojihoboh cpyHKHHH 

B03HHK3eT BCJieACTBHe HeKOHTpOJIHpyeMOrO B03MVHl.eHHH 3B0JH0HHH 

cucTeMbi npn B3aHM0AeficTBHH c H3MepHTejibHHM npnoopoM, npn- 
i ieM ochobhoh 3(pcpeKT B03MymeHHa coctoht b tom, *no 3HaneHne 
nepeMeHHoft, AonojiHHTejibHofl k H3MepaeMOH nepeMeHHofl, CTaHO^ 
bhtch TeM MeHee onpeAeJieHHHM, qeM Towee Shjio npOBeAeHo H3- 
Mepenne. 

Ba>KHo OTJiHiaTb 3to HeKOHTpojinpyeMoe B03MymenHe ot Bcex 
Apyrnx MOAHCpHKannH (pH3HHecKOH cHCTeMH b npouecce H3MepeHHH, 
KOTOpue b npHHHHne MoryT 6biTb tohho BbinncJieHbi. 4acT0 SbiBaeT, 
nanpHMep, ^to caMa H3MepaeMaa BeJinqHHa H3MeHaeTca b npo- 



I0 ) MOMeHT BpSMGHH, 0 KOTOpOM HAeTb peqb, 3TO MOMeHT HaHOAO U3M£pBHUH m 

KaK TOJibKO H3MepeHHe Haia^ocb, CHereMa HaxoAHTca bo B3aHMOfleftcTBHH c H3- 

MepHTejIbHblM npH6opOM H OnHCaHHe ee SBOJIIOUHH C nOMOIUblO TOJibKO BOJIHOBOH 
(pyHKUHH CHCTeMbI CT3H0BHTCSI HeB03MO>KHblM. 

u ) JJeTajibHoe HccjieAOBaHHe caMOro MexamwMa n3MepenHn Haxo^HTca BHe 
paMOK aaHHofl KimrH. Cm. b stoi! cbh3h jiHTepaiypy, mirapyeMyio b i-ji. IV, 

CHOCKa 10 . 
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necce H3MepeHHH. npHMepoM TaKofi cHTyanHH MoryT cnyjKHTb ABa 
cnoco6a H3MepeHHH HMnyjibca, KOTopbie Gmjih pa3o6paHbi b tji. IV. 

MoAH(j)HK3UHH H3MepHeM0H BejIHqHHbl 33BHCHT, KOHeMHO, OT yCT- 

poficTBa Hcnojib3yeMoro H3MepHTejibHoro npH6opa. TaK, npn H3Me- 
peHHH HMnyjibca npn komiitohobckom paccenHHH, paccMOTpeHHOM 
na dp. 148, pa3HOCTb p' — p rem MeHbine, neiJi MeHbiue uacTOTa v 

(pOTOHa, H CTpeMHTCH K HyjIK) IipH V -> 0. HeJIb3H I103TOMy flaTb 

oSmero peuenTa, Kacaiomerocn MOAHfpHKauHH AHHaMHuecKoro co- 

CTOHHHH CHCTeMbI B npOUeCCe H3MepeHHH, H60 9Ta MOAHIpHKaUHH 
SaBHCHT KaiKAHH pa3 OT KOHKpeTHblX yCJIOBHH OnblTa. OAH3KO 

mo>kho npeACTaBHTb ce6e HAe3JibHbie ycjioBHH onHTa, npH KOTOpux 
ace ynoMHHyTbie Bbiuie KOHTpoJinpyeMbie moah(J)hk3uhh dporo 

•KOMneHCHpOBaHbl H npOHBJIHIOTCH TOJIbKO HeKOHTpOJIHpyeMbie MO- 

jimpHKauHH, xapaKTepHbie KBamoBbix HBJieHHfl. Mm npHMeM, 

HTO T3KHe UdeClAbHbie U3MepeHUH AeHCTBHTCJIbHO B03M0>KHbI HJIH 

nro hx mojkho paccMaTpHBaTb Kan HAeajibHbie npeaejibHbie cjiynaH 
peajibHbix H3MepeHHH (HanpHMep, H3MepeHHH nojiojKeHHH qacraubi 
b npe^ejie GecKOHenHo iwajiofl A^HTeJibHocTH H3MepeHHH, o6cy>K- 
AaBUiHecH b rvi. IV, hjih H3MepeHHH HMnyjibca npn pacceHHHH 
KoMnTOHa, Kor^a v-»-0). 

PaccMOTpHM Tenepb HAeajibHoe H3MepeHHe bcjihtohh s& h 
npeAno^o>KHM cHaqa.ua, hto HafiAeHHoe b pe3yjibTaTe H3MepeHHH 
3HaneHHe a,- edb HeBbipojKAeHHoe coScTBeHHoe 3HaneHHe. CorjiacHO 
npeAnoJiomeHHio mh AOCTOBepHo 3HaeM, hto no OKOHiaHHH H3Me- 
pemifl s4- = a it t. e. ^to bojihob3h (pyHKUHH chctcmh (c toh- 

HOCTbK) AO npOH3BOJIbHOH nOCTOHHHOfi) — C06CTBeHH3H (pyHK- 
UHH, npHHaAJie^amaH coScTBeHHOMy 3HaneHHK) a,-. npoH3BOJibHan 
nocTOHHHaH He HMeeT HHKaKoro cpusnqecKoro cMbicjia, h6o KaKHMH 
6bi hh 6hjih npeAiuecTByiouj,He naSjiioAeHHH CHCTeMbI, ct3thcth- 
MecKoe pacnpeAeJieHHe pe3yjibTaT0B sthx HaSjiioAeHHH He 33bhcht 

OT Bbl60p3 nOCTOHHHOH. TsKHM o6pa30M, B0JIH0B3H (pyHKUHH CH- 
CTeMbI nocjie H3MepeHHH totoo H3BecTHa. H3MepHTe,/ibHbiH annapaT 
AeficTByeT b HeKOTopOM CMbicne KaK «HAeajibHbifi (pnjibTpx Bojiho- 

BaH (pyHKUHH AO H3MepeHHH eCTb (pyHKUHH W= X C„l])„. HMeeTCH 

n 

BepoHTHocTb \d\ 2 HaflTH b pe3yjibT3Te H3MepeHHH BejinqHHy ar, 
AencTBHe onepauHH H3MepeHHH cboahtch k «nponycKaHHio» 6e3 
H3MeHeHHH eAHHCTBeHnoro qjieHa c-ip; b pa3^omeHHH ^¥ no co6- 
•cTBeHHbiM (pyHKUHHM onepaTopa A. 

B 6o.nee o6iueM cjiyqae, KorA3 co6cTBeHHbie 3H3neHHH HaSjiio- 

A3CM0H A H, B ^3CTH0CTH, 3HaqeHHe a, BbipO>KAeHbI, B0JIH0B3H 

PyHKUHH ao H3MepeHHH (no npeAnoJiojKeHHio HopMHpoBaHHaa Ha 
«AHHHuy) MOJKeT 6biTb npeACT3B^eH3 b (popMe (cp. ypaBHeHHe 
<20)): " 

¥=2> p , ^=1^). (51) 
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BepoHTiiocTb noJiy^HTb npn H3MepeHHH Be^in i iHHy a-, paBHa 
\P t ) = Yj I c p ' | 2 - B cjiyuae HAeaJibHoro H3MepeHHa bojihob3h 

(pyHKUHH nocjie H3MepeHHH ecTb co6cTBeHHaa (pyHKUHH onepaiopa 
A, npHHaAJie^amaa co6cTBeHHOMy 3HaqeHHio ar. sto AHueftHaa 
kom6hh3Uhh (pyHKUHH typ (r — nepeMeHHbifl hhackc). HHcpopMa- 
uhh, coAepjKaiuaHCH b (paicre o6HapyjKeHHH 3HaqeHHa a,-, hcao- 
CTaTOiHa jiJiH onpeAejieHHa yKa3aHHoft ahhchhoh kom6hh3uhh, npH- 
ieM HeonpeAeJieHHOdb TeM fioAbine, neu SoAbuie KpaTHocTb bm- 
po)KAeHHH coficTBeHHoro 3HaneHHH. Ilpn HAeajibHOM H3MepeiiHH H3- 
MepHTejibHbifi npH6op AeflcTByeT Kan «HAeajibHbift <pHAbTp», «npo- 
nycKarom.HH» 6e3 HCKaiKeHHH TOJibKO naerb pa3Ao>KeHHa (51) (pyHK- 
UHH W, OTHOCHmyiOCH K COScTBeHHOMy 3HaHeHHK) a,-, T. e. CpyHKUHK) 

= Z c< r H|>M 

r 

Eojih H3MepeHHe nenAeajibHo, to «npoxojKAeHHe» sthx hachob co- 
npoBOJKAaeTCH HeKOTopwM HCKameHneM; sto HCKa*eHHe b npHH- 

UHne MO>KeT 6bITb BblHHCAeHO H 33BHCHT OT KOHKpeTHOrO yCTpOH- 
CTB3 H3MepHT6AbHOrO npH6op3. 

flajiee b stoh r^aBe mm CyAeiw npeAnoAaraTb, mto Bee H3Mepe- 

HHH, O KOTOpblX HA6T peHb, HBAHIOTCH HAeajIbHblMH. 3t0 CHJIbHO 

ynpomaeT paccy>KA6HHa. Tanoe npeAnoAOJKeHHe He orpaHHMHBaer 

oSlUHOCTH H He npHBOAHT K (pyHA3MeHTaAbHHM H3MeHeHHHM (pH3H- 
MeCKOrO HCTOAKOB3HH51 TeOpHH. 

§ 14. KoMMyTHpyiomHe HaQjuoAaeiwwe 
h coBMecTHwe nepeMeHHbie 

PaccMOTpHM ABe Ha6AK)AaeMbie A h B. IlpeAnoAOJKHM, mo 

CneKTp HX C06cTBeHHbIX 3HaqeHHH nOAHOCTbK) AHCKpeTHblft, XOTH 

Te CBoftcTBa, KOTopue mh H3yuHM, cnpaBeAJiHBbi h b o6meM CAy- 
nae. IlycTb sth Ha6AK)AaeMbie HMeioT OAHy o6myio co6cTBeHHyK> 
(pyHKUHH) \fo: 

AV 0 = aV 0 , 

<E>H3HHeCKHH CMblCJI 3THX AByX ypaBHCHHH CAeAyiOIUHH. ECAH (pH- 

3HHecKaa cncTeMa b ashhhh MOMeHT BpeMeHH HaxoAHTca b coctoh- 

HHH Vo. TO TOHHOe H3MepeHHe BeAHMHH H $ C AOCTOBepHOCTbK> 

npHBeAeT k 3Ha4eHHHM a h b, cooTBeTCTBeHHO. Heo6xoAHMHM yc.no-> 

BHeM TOrO, 1T0 3TH VpaBHeHHH yAOBAeTBOpaiOTCH OAHOBpeMeHHO, 
HBAaeTCH paBeHCTBO 

(AB — BA)V 0 ss[A, B]W 0 = 0, (52) 

t. e. KOMMyTa-rop A h B HMeeT co6ctbchhoh tpyHKUHefi ^o, npn- 
naAJie>Kamyio coGcTBeHHOMy 3HaqeHHio 0. 
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B Ka^ecTBe npHMepa bcjih^hh, ajih KOTOpux sto ycJioBHe He 
BbiriojiHaeTCH, MoryT cJiy>KHTb Ha6jiK)A3CMbie x h p x , tsk Kan hx 

KOMMyTaTOp HBJIHeTCH OT-flHHHOH OT HyjIH nOCTOMHHOH. HMeHHO 

(cm. ypaBHeHHe (II. 10)): 

[x, p x ] = — ih[x, -^j = j/j ^ 0; (53) 

AeHCTBHTejIbHO, MM XOpOUlO 3HaeM, HTO 3TH ABe BejIHHHHbl HHKOrAa 

He MoryT 6biTb OAHOBpeMeHHo tohho H3MepeHH. 

C flpyrofi cTOpoHbi, ypaBHeHHe (52) aBTOMaTHnecKH BunoJiHHeT- 
CH, KorAa Ha6jiK)flaeMbie A w B KOMMympyioT. B stom cjiyqae mm 
HMeeM Ba>KHyio TeopeMy: 

Ecau dee nadAtodaeMue KOMMyrupyioT, to ohu o6Aadator odiqeu 
noAHou oproHopMupoeaHHod cucreMou codcTeennbix tpyHKquu, u 
Hao6opor. 

®H3HqecKH 3to 03HaqaeT, hto AHHaMH^ecKHe nepeMeHHbie, npeA- 
CTaB.aaeMbie sthmh AByMH HaSjuoAaeMWMH, MoryT 6biTb oAHOBpe- 

M6HHO TOHHO H3MepeHbi: 3TO COBMSCTHblS nepeMeHHbie. B HaCTHOCTH, 

mojkho oAHOBpeMeHHo npoH3B6CTH HAeajibHoe H3MepeHHe nepeMeH- 
hhx 64- h <% h b 9tom cnyqae BOJiHOBaa cpyHKUHH nocjie H3MepeHHH 
6yAeT o6meft cogcxBeHHoft (pyHKUHefl A h B. 

X[oKa3aTejibCTBO npHMofi TeopeMbi TaKOBO. ripeAnojiaraeM, hto 
naSjiioAaeMbie A h B KOMMyrapyioT 

[A, B] = 0. 

FlycTb ty a ecTb co6cTBeHHan cpyHKmia ^> npHHaAJiexamaa co6- 
CTBeiiHOMy 3H3HeHHK) a. OyHKUHH ty a MOHC6T 6uTb pa3JK»KeHa no 

CHCTCMe OpTOHOpMHpOBaHHUX Co6cTBeHHbIX (pyHKUHH HafijiioAaeMOH 

B, t. e. MoweT 6biTb npeACTaB^eHa b (popMe 

X <p(a; b m ), 

m 

rAe <p(a; b m ) — co6cTBeHHaa (pyHKUHH B, npHHaA^OKamaa co6- 
CTBeHHOMy 3HaqeHHio b m . Mo>kho BcerAa cAcnaTb TaK, iTo6bi Bee 
<pyHKU,HH, BxoAJimHe b 3Ty cyMMy, npHHaA-ne^ajiH pa3JiH4HbiM co6- 
CTBeHHbiM 3HaHeHHHM (cm. ypaBHeHHe (20)). FIoKa>KeM, q-ro 

§m = {A — a)q>(a; b m ) = 0. 

FIOCKOJIbKy A H B KOM MyTHpyKDT 

B$ m = {A — a) Bq> {a; b m ) = (A — a)b m q>(a; b m ) = b m y m . 

HHblMH CJIOBaMH, (pyHKUHH <J) m HBJIHIOTCH COSCTBeHHHMH (pyHKUHHMH 
B, H BBHAy TOrO HTO COSCTBeHHUe 3HaHeHHH pa3JIHHHbI, 3TH (pyHK- 
UHH .TIHHeHHO He3aBHCHMbI. OAH3KO HMeeM 

Ii = M-«) 4>« = o. 

m 
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3to bo3mo>kho TOJibKo b tom anywae, ec/w ksjkash H3 (pyHKUHH (p m . 
paBHa Hyjiio. CjieAOBaTeJibHO, (pyHKUHH qp(a;6 m ) oAHOBpeMeHHo 

HBJIHIOTCH C06CTBeHHbIMH (pyHKUHHMH A YL B. 

PaccMOTpHM Tenepb nojiHyro opTOHopMHpoBaHHyio cHdeMy 

{ty^} COScTBeHHblX (pyHKUHH A 

Flo AOKa33HHOMy 9TH (pyHKUHH MOJKHO npeACTaBHTb B (pOpMe 

e'^Scp^K, b m ) ; (54) 

m 

TAe (p (r) (am; b m ) HBJ1HIOTCH 06lUHMH C06CTBeHHbIMH (pyHKUHHMH A 
H B. CoBOKyilHOCTb (pyHKUHH ^(dn; b m ) , COOTBeTCTByiOmHX OAHOH 

rape coScTBeHHbix 3HaqeHHH a n , b m , mojkct He 6biTb JiHHeflHo ne- 

33BHCHM0H, OAH3KO BCerAa MO>KHO TeM HJIH HHbIM CnOCOfiOM (na- 

npHMep, c noMombio npouecca opToroHajiH3auHH IllMHATa) bh- 
6paTb noMeAOBaTejibHocTb opTOHopMHpoBaHHbix (pyHKUHH x (s) ( a «* 
b m ), cooTBeTCTByiomHX toh me nape coScTBeHHbix 3HaqeHHH, npn- 
neu (pyHKUHH <p (r) (a n ; b m ) 6yAyT jiHHeflHbiMH komGhhsuhsimh sthx 

HOBblX (pyHKUHH: 

<p<" (a„; b m ) = Z c rs% M(a n ; b m ). (55> 

MHo>KecTBO (x) Bcex PyHKUHH x o6pa3yeT opTOHopMHpoBaHHyio 
cHCTeMy co6cTBeHHbix (pyHKUHH, o6iuhx ajih A h B. IlpH 3TOM no- 
jiyieHHaH cHCTeiwa nojiHaa, TaK KaK BCHKaH bojihob3H (pyHKUHH V 

MO>KeT 6bITb pa3JIO>KeH3 B pHA no (pyHKUHHM X- l iT06u nOCTpOHTb- 

TaKoe pa3Jio>KeHHe cjieAyeT pa3Jio>KHTb W b pHA no (pyHKUHHM noji- 

HOH CHCTeMbI {^j^}, 3aTeM BMeCTO (pyHKUHH n0ACT3BHTb HX Bbl- 

pamenma iepe3 % (s) (a n ; b m ), nojiyqeHHbie c noMombio ypaBHeHHif 

(54) H (55), HTO H Tpe60B3^0Cb AOK333Tb. 

06p3THO, eCJIH A H B 06JI3A3IOT 06mefl nOJIHOH OpTOHOpMHpO- 
BaHHOH CHCTeMOH C06CTBeHHbIX (pyHKUHH X (S) ( a n, b m ) , TO 

ABx^(a n ; b m ) = a n b m % (s) (««, b m ) = BAtf* (a n ; b m ), 
cJieAOBaTejibHO, 

[A, Blx w (fl«5 b m ) = 0. 

J^eiicTBHe KOMMyTaTopa [A, B] Ha jiioSbie (pyHKUHH H3 CHereMbi (xf 
AaeT Hyjib. Ho nocKOJibKy, no npeAnojioxeHHio, bchksh bojihob35i 
(pyHKUHH W pa3Jiar3eTCH b pHA no (pyHKUHHM x» HMeeM npH jikh 
6ofl ^F: [A, B] *P = 0. CjieA0B3TejibH0, 

[A, fl] = 0. 

C noMombio KOMMyTHpyiomnx Ha6^K>AaeMbix A, B mo>kho 06- 
pa30BaTb HOBbie Ha6^K)AaeMbie bhah f(A,B), rAe f{x,y) — npoH3- 
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BOJibHO Bbi6paHH3H (pyHKUHa. Flo onpeAejieHHio AeftcTBHe HaQjiio- 
jiaeMoft f(A,B) Ha co6cTBeHHyio (pyHKUHio %(a;fr), o6myjo ajih 
onepaTopOB A h B, AaeT 

f(A, B)%(a; b) = f(a, b)%(a; b). 

JJeflcTBHe hoboh Ha6jiK)AaeMOH Ha npoH3BOJibHyio (pyHKUHio W no- 
.jiyqaeTCH nyieM pa3Ao>KeHHH W b pha no % h npHMeHeHHH onepa- 
Topa f(A,B)K Ka>KAOMy njieHy pa3JiojKeHHH, ecjin, KOHeqHO, nojiy- 
^aiomHHCH paA cxoahtch; b npoTHBHOM cjiyqae (pyHKUHH f(A,B) W 
He cymecTByeT. H3 caMoro onpeAeJieHHH f(A,B) o^eBHAHO, hto 
3ta HaSjiioAaeMaH oSAaAaeT o6meH c A h B noAHofl opTOHopMnpo- 
BaHHofl cHCTeMofl co6cTBeHHbix (pyHKUHH, a HMeHHo cHCTeMofi (x). 
OTCioAa cjieAyeT, ^to f(A,B) KOMMyrapyeT c A u B. 

Bee 3th pe3yAbTaTU ohcbhaho o6o6maiOTCH Ha cjiyqaft npoH3- 
BOAbHoro HHCAa R nonapHO KOMMyrapyromnx Ha6jiK>AaeMbix. Ecah 
R Ha6AK»AaeMbix Bee nonapHO KOMMyrapyioT, to ohh ofiAaAaioT (no 
KpaflHeft Mepe) oahoh o6m,en nojiHofi opTOHopMHpoBaHHoft cncTe- 
moh co6cTBeHHux (pyHKUHH, h Hao6opoT. KpoMe Toro, jnoSaa (Be- 
mecTBeHHaa) (pyHKUHH sthx Ha6\nioAaeMbix ecTb Ha6jiK>AaeMa5i, ko- 
Topan KOMMyrapyeT c k3>kaoh H3 hhx h o6AaAaeT o6meft c hhmh 

CHCTeMOH C06cTBeHHbIX (pyHKUHH. 

§ 15. riojiHbie Ha6opw KOMMyTHpyiomHX HaGjiiOAaeMbix 

PaccMOTpHM HafijiioAaeMyio A. H3 ee coScTBeHHbix (pyHKunft 

MO>KHO 06pa30BaTb nOAHyiO OpTOHOpMHpOBaHHyK) CHCTeMy co6- 

CTBeHHbix (pyHKUHH; 6yAeM Ha3biBaTb 3Ty CHCTeMy (pyHKunft 6aauc- 
ho& cucTeMOil HaSAioAaeMoft A. Ba3HCHan cncTeMa, BOo6iue roBOpH, 
He eAHHCTBeHHa. CTeneHb npoH3BOJia npH ee BbiSope o6cy>KAa.nacb 

B § 9. yCJIOBHMCH CHHTaTb TO>KAeCTBeHHHMH ABe CHCTeMH, COCTaB- 

jisnoiUHe (pyHKUHH KOTopux oTJiHHaiOTCH TOAbKO (pa30H h (b onyiae 
HenpepuBHoro cneKTpa) HopMHpoBKofi. FIpH stom ycAOBHH 6a3Hc- 
Haa cncTeMa HaSjuoAaeMoft A eAHHCTBeHHa, ecjin Bee co6cTBeHHbie 
SHaueHHH HeBHpoxAeHbi. ^ToSbi HCCJieAQBaTb Apyroft cAynafl, npu- 
MeM CHanajia, mo coScTBeHHoe 3Ha*ieHHe a ABajKAW Bbipo>KAeHO, 

H nyCTb tfi, l|32 CyTb ABe COSCTBeHHbie OpTOHOpMHpOBaHHbie (pyHK- 

u,hh, npHHaA^ejKamne 3T0My co6cTBeHHOMy 3HaqeHHK>. HeTpyAHO 

IipOBepHTb, MTO pyHKUHH 

<Pi == cos a + \Jj 2 sin a, 
q> 2 == — ty\ sin a + ip 2 cos a 

T3K>Ke 6yAyT 0pT0H0pMHp0B3HHblMH, npHHaAJIG^KaiUHMH TOMy >Ke 

coScTBeHHOMy 3HaHeHHio. Ba3HCHaa cncTeMa Ha6juoAaeMOH A mo- 

JKeT 6bITb 06pa30BaHa KaK H3 (pyHKUHH tjj 2 ) » TaK H H3 (pyHKUHfi 

(q>i,q>2)- OieAOBaTeAbHO, 6a3HCHafl cncTeMa A He hbahbtch cahh- 

CTBeHHOH. 
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IlycTb Tenepb HMeeTCH eme OAHa Ha6jiio,aaeMaa B, KOMMyra- 
pyiomaH c A. Mo>KeT cJiy^HTbca, mo o6maa 6a3HCHan cHCTeiwa A 
h B, cymecTBOBaHHe KOTOpofi mu AOKa3ajiH b § 14, 6y^eT cuhh- 
CTBeHHOH. TorAa roBopHT, ito Ha6jiK)flaeMue A h B o6pa3yroT noji- 
Hbifi Ha6op KOMMyTHpyiomHx Ha6jiK)AaeMbix. 

Ecjih A h B He o6jia4aioT eAHHCTBeHHofi o6mefi 6a3HCHoft ch- 
CTeMoft, mh BWHy>KAeHbi Ao6aBHTb k hhm TpeTbio Ha6jiio.a.aeMyio 
C, KOMMyTHpyiomyio c nepBHMH AByMa h t. a. 

B ofimeM cJiy^ae roBopHT, hto Ha6AiodaeMbie A, B, L 06- 
pa.3ytoT noAHbiu na6op KOMMyrupyiou^ux Ha6AtodaeMbix, ecAU ohu 
o6Aadator o6ti{eu 6cl3UChou cucreMOu u 9tcl cucjeua eduHCTeenna. 
B 3tom cjiynae juoSaa Ha6;iio,naeMaH, KOMMyTHpyiomaa c k3>kaoh 
Ha6jiK)AaeMOH noJiHoro Ha6opa, no Heo6xoAHMOCTH o6./ia,n.aeT toh 
we 6a3HCHofi chctcmoh, nosTOMy ee co6cTBeHHbie 3HaqeHHH hb- 
jihiotch Bnojme onpeAe^eHHHMH (pyHKUHHMH coScTBeHHbix 3Haqe- 
hhh a, b, I HafijiKwaeMbix A, B, L; hhhmh c/ioBaMH, 3Ta 
HaSjiioaaeMaH MOweT paccMaTpHBaTbCH KaK (pyHKuna Ha6jiio,naeMbix 
Ha6opa. 

flHHaMHqecKHe nepeMeHHbie, npeacTaBJiaeMbie noJiHMM na6o- 
pOM KOMMyTHpyiomHx Ha6jiio,n,aeMbix, MoryT 6biTb oflHOBpeMeHHO 
totoo H3MepeHbi h o6pa3yK»T noAHbiu nadop coeMecTHbix nepeuen- 

HblX (§ IV. 17). ECJIH OCyiUeCTBHTb OflHOBpeMeHHOe TOMHOe H3Me- 

peHne 3HaneHHH sthx nepeMeHHux, to bojihob3h (pyHKUiia cHcreMbi 
6y^eT coQcTBeHHofi (pyHKUHefi Ha6jiK)AaeMHX A, B, L, npn- 
Ha/yioKameii coScTBeHHbiM 3HaneHHHM a, b, I, ofiHapywenHbiM 
b pe3yjibTaTe H3MepeHHH. IlocKOAbKy cymecTeyer TOAbKO odna co6- 
creeHHan <pyHKU,uH, o6Aadatow,aH stum cbouctbom, to ebinoAHenue 
9tux u3MepeHUu noAHocTbio onpedeAHeT eoAHoeyto (pywmuro (pu- 
3uiecKoti cucreMU. Tobopht, hto dunaMunecKoe cocrosmue dpu,3u- 
necKou cucrejubi noAHOCTbto onpedeAnercH 3adanueM Keanroebix 
HuceA a, b, B AeficTBHTejibHOCTH, 3Ta (pyHKUHa onpeae^fieT- 

CH TOJIbKO C TOHHOCTbK) AO nOCTOHHHOrO MHOJKHTejIH, HO nOCKOJIbKy 

4)H3HHecKH H3MepneMbie BejiHHHHbi, a hmchho cTaTHCTH^ecKHe pac- 
npeaejieHHH pe3y^bTaTOB pa3JiHHHbix bosmojkhhx H3MepeHHfi He 
3aBHCHT ot Bbi6opa 3toh nocTOHHHOH, mojkho npH/iaTb eft Jiro6oe 

3Ha i ieHHe, He MeHHH ^^H^eCKOH SHa^HMOCTH BOJIHOBOH (pyHKUHH. 
Odbl^HO BOJIHOByiO (pyHKUHK) HOpMHpyiOT Ha eAHHHUy, mo OCTaB- 

jiaeT npoH3BO^bHOH nocTOHHHyio (pa3y, He HMeiomyio 4^H3HHecKoro 

CMHCJia. 

OcymecTBJieuHe (pH3HqecKoro aKcnepHMeHTa mo>kho onncaTb 
cjieayioiu.HM o6pa30M. B HaiajibHbiH MOMeHT BpeMeHH / 0 mh «npueo- 
T08AneM» cHCTeMy, Bbino^HHa o.HHOBpeMeHHoe H3MepeHHe nojinoro 
Ha6opa coBMecTHux nepeMeHHbix. TaKiiM o6pa30M, ^HHaMH^ecKoe 
cocTOHHHe (pHsnqecKOH cHCTeMu b Hana^bHHH MOMeHT BpeMemi 
OKa3biBaeTCH noJiHOCTbio onpe/iejieHHbiM. 



§ 16. MHCTME H CMEIUAHHHE COCTO3HH3 
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B fla^bHeHLUeM B0JIH0B3H CpyHKUHH <p H3HHecK °H CHCTeMH 3BO- 

jriouHOHHpyeT bo BpeMeHH, noa^HHHHCb ypaBHeHHK) LLIpeAHHrepa. 
B Ka^flbiH nocjieAyromnfl MOMeHT BpeMeHH AHHaMHqecicoe coctoh- 
HHe cHCTeMbi TaKHM o6pa30M tomho H3BecTHo, no KpaftHeH Mepe 
AO Toro MOMeHTa, KOi\n,a oho 6yp,ej B03Mym,eHo BMeuiaTejibCTBOM 
H3MepHTeJibHoro npn6opa. HaKOHeu, b HeKOTOpbifi momcht Bpe- 
MeHH t mh ocymecTBJiHeM AaHHoe H3MepeHHe. FIocKOJibKy BOJiHOBaa 

(pyHKUHH ^(t) B MOMeHT H3MepeHHH H3BeCTH3, MO>KHO TOMHO yKa- 

3aTb cTaTHCTHHecKoe pacnpeAejieHHe pe3yjibTaT0B H3MepeHHH. flOB- 
Topna onwT Ha oieHb SojibiuoM qncjie Jf TO>KAecTBeHHbix CHCTeM, 
mh nojiynaeM 3KcnepHMeHTa^bHoe pacnpeAejieHHe, KOTOpoe mojkho 
cpaBHHTb c TeopeTH^ecKHM. 

§16. HncTbie h CMeuiaHHbie coctohhhh 

Ha npaKTHKe nojiHoe «npnroTOB,JieHHe» chctcmh, ynoMHHyToe 
Bbitue, ocymecTBJineTCH peAKO. Hame Bcero H3MepeHHbie AHHaMHqe- 
cKHe nepeMenHbie He cocTaBJiniOT nojmoro HaSopa, h AHHaMH^ecKoe 
cocTonHHe CHdeMbi H3BecTHo He tohho. B 3THX cJiy^aHx npn6eraioT 
k CTaTHcraqecKHM MeTOAaM. BMecTo CTporo 3aAaHHoro AHHaMHne- 

CKOrO COCTOHHHH CHCTeMbi Mbl HMeeM CTaTHCTHHeCKyiO CMeCb CO- 
CTOHHHH. He HMeH B03MO>KHOCTH OnHCaTb COCTOHHHe CHCTeMbi OA" 

hoh onpeAejieHHofl bojihoboh (pyHKuneH, mh paccMaTpHBaeM CTa- 
THCTHqecKyio CMecb bojihobhx (pyHKUHH, npHMeM Ka>KAaH BOJiHOBaa 
^yHKHHH bxoaht co cbohm CTaTHCTHqecKHM BecoM. Hoao6ho KJiac- 
cHMecKOH CTaTHCTHqecKofi MexaHHKe, cymecTByeT Keanroeaa. craru- 
CTimecKan MexanuKa. 

KorAa «npHroTOBJieHHe» nojiHoe h, cjieAOBaTejibHo, AHuaMHie- 

CKOe COCTOHHHe CHCTeMbi H3BeCTHO TOHHO, TOBOpHT, HTO Mbl HMeeM 

Aejio c huctum cocroHHueM, b npoTHBHOM cjiyqae roBopHT, o cme- 

UlCLHHOM COCTOHHUU. 

B npeACK33aHHH pe3yjibTaT0B H3MepeHHfl npn cMemaHHOM CO- 
CTOHHHH CTaTHCTHKa HrpaeT ABOHHyK) pojib: C OAHOH CTOpOHbl OHa 

OTpasoeT HajiH^He hhcto KBaHTOBbix HeonpeAejieHHOCTeft, cbh33h- 
hhx c HeKOHTpoJinpyeMbiM B03MymeHHeM CHCTeMbi b onepauHH H3- 
MepeHHH, c Apyrofl ctopohh — y^HTHBaeT HenojiHOTy HHtpopMauHH 

O AHHaMHHeCKOM COCTOHHHH (pH3HqeCK0H CHCTeMH. 

npeAnOJIO>KHM, HTO B MOMeHT «npHr0T0BJieHH5t» CHCTeMH t 0 OHa 

MO*eT 6biTb onncaHa coBOKynHOCTbio bojihobhx cpyHKUHft 

W W (t 0 ) W^Hto), ... CO CTaTHCTHHeCKHMH BeC3MH pi, ... 

...,p k , ... fZp*=lV nycTb .. .,¥<*>(/), ... peme- 



hhh ypaBHeHHji llIpeAHHrepa, cooTBeTCTByiomHe HanajibHHM 3Ha- 

HeHHflM V (1) (/o). ^ k) ((o)> ••• B MOMeHT BpeMeHH t CHCTeMa 

npeACTaBJineTCH aHcaM6^eM sthx (pyHKUHft ... 
. .., W w (t), ... c TeMH me cththcthhcckhmh eecaMH pi, ... 
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pk, ... riycTb (A)k ecTb cpeAHee 3HaneHHe pe3yjibT3TOB H3- 
MepeHHH HeKOTOpofl BeJiHqHHbi M- b tom cjiynae, Kor^a chct6M3. 

HaXOAHTCH b AHHaMH^eCKOM COCTOHHHH (t) : 

( A \ __ < y(ft> (0. ^ W (')) 

TorAa cpeAHee 3HaneHHe pe3yjibT3TOB H3MepeHHH s4- npn ctsth* 
CTHqecKoft CMecH coctohhhh b MOMeHT BpeMeHH t AaeTCH (popMyjiofr 

k 

AHa^orHHHo, ecjin Wi w ecTb BepoHTHocTb nojiyiHTb pe3yjibT3T a/,. 
KOi\n,a AHHaMHiecKoe cocTOHHHe CHCTeMbi npeACTaBjineTCH t|)yHK- 
UHeft W (k) (i), to BepoHTHocTb HaHTH 3T0T pe3yjibT3T npH H3Mepe~ 
hhh Ha CMecH paBHa 

«» < = EPrf. (56> 
ft 

BajKHefluiHH npHMep KBaHTOBOCTaTHCTHqecKoro cMeuiaHHoro co- 
ctohhhh AaeT cHCTeMa, HaxoAnmaHCH b TepMOAHHaMHHecKOM paB- 
HOBecHH c TepMOCTaTOM npH TeMnepaType T. 3Aecb B03MO>KHbiMH 

AHHaMHieCKHMH COCTOHHHHMH HBJIHIOTCH C06cTBeHHbie COCTOHHHH 

raMHJibTOHHaHa H chctcmh, cTaTHCTHqecKHft Bee AaHHoro co6ctbch- 
HOrO COCTOHHHH 33BHCHT HCKJIIOHHTeJIbHO ot cooTBeTCTByiomero eMy 
COfiCTBeHHOrO SHa^eHHH H H paBeH C TO^HOCTblO AO HOpMHpOBOI- 

hoh nocTOHHHofl cpaKTopy BojibUMaHa e~ E/kT , rue E — co6ctbchho& 
3HaqeHHe H, a k — nocTOHHHaa Bo^buiwaHa. 

PaaaeJi V. AJ1TEBPA KOMMyTATOPOB H EE nPHJIOJKEHHH 
§ 17. Ajire6pa KOMMyTaTopoB 

H OCHOBHbie CBOHCTBa KOMMyTaTOpOB 

lloKa mm onepnpyeM c KOMMyTHpyiomHMH Ha6jiK>AaeMbiMH, 
mojkho 6e3 orpaHHMeHHH noJib30BaTbCH npaBHJiaMH o6biiHOH aji- 
re6pbi. Oah3ko He Bee HaSjiioAaeMHe 3aAaHHoft kbshtoboh ch- 
CTeMbi o6jiaAaK)T cbohctbom K0MMyTHp0B3Tb Apyr c ApyroM. Ha- 

npHMep, H36^K)A3eMbie KB3HT0B0H CHCTeMbi p33MepH0CTH R 
HBJIHIOTCH HeKOTOpHMH (pyHKUHHMH H36jIK)AaeMbIX nOJIO>KeHHH q- t 

(i = 1, 2, . . . , R) h HaSjiioAaeMbix HMnyjibca p; (t = 1, 2, . . . , R) 12 ), 
t. e. Ha6jiK)AaeMbix, He KOMMyrapyroiHHX mokav co6oft. KoMMyTa- 
Topu q h p nrpaiOT cpynAaMeHTajibHyio pojib b TeopHH. Ohh HMeior 



12 ) 3to Bepno nocTOJibKy, nocKcwibKy KBaHTOBaa chctcms HMeeT Kjiacciwe- 
ckhh aHaJior. B AajibHeftmeM mh BeeaeM ,nonoJiHHTejibHbie nepeMeHHbie rana ciih- 
Ha, KOTOpue He HMeioT KJiaccHHecKoro aHajiora. 



§ 17. OCHOBHblE CBORCTBA KOMMyTATOPOB 
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bha 

fo, <7/] = 0, [p„P/] = 0, (57) 
[<7/» Pi] = iMi,. (58) 

CooTHOiueHHa (57) oqeBH^Hbi, npH 3tom BTopoe c/ieayeT H3 Toro 
(paKTa, to onepauHH AHCpcpepeHHHpOBSHHa nepecxaBHMH. Cootho- 
iueHHe (58) edb o6o6m,eHHe (53), npuneM noApa3yMeBaeTCH 

■u d 
p, — — in -r — . 

BbhaY Toro, ito q h p He KOMMyrapyiOT, onpeAejieHHe AHHaMH- 
qecKofi nepeMeHHOft $t- = A(q u q R ;p], p R ) Tpe6yeT yi<a- 
33HHH nopHflKa pacnojio>KeHHH q h p npn hbhom BbipameHHH (pyHK- 
uhh ^4 .... Qr; Pi, p«). Ha npaKTHKe A o6hhho Bbipa- 
jKaeTCH b BHae noJiHHOMa ot p hjih 6ecKOHe t iHoro pHAa no cTene- 

HHM p, K03(p(pHU,HeHTbI KOTOporO CyTb (pyHKHHH q. Ka>KAHH HJieH 

HMeeT bha npoH3BeAeHHa KOMnoHeHT p,- h (pyHKHHH ot q, pacnojio- 
xeHHbix b onpeAejieHHOM nopHAKe. OyHKUHJt A, paccMaTpHBaeMaa 
KaK onepaTop, BnojiHe onpeAeJieHa TOJibKO TorAa, KorAa toiho yKa- 
3aH nopHAOK onepaTopoB b ksjkaom qjieHe pa3Jio>KeHHH. BajKHO 

yCT3H0BHTb, K3K0H BHA HMdOT K0MMyT3T0pbI q H p C 33A3HHOH One- 
paTOpHOH CpyHKUHefi A. EcjIH MM HMeeM AeJIO C (pyHKUHHMH TOJibKO 
OT q HJIH TOJibKO OT p, TO HeTpyAHO nOJiy^HTb COOTHOIIieHHH: 

[q u F{q u <?*)] = 0; (59) 
[p h G(p u p s )] = 0; (60) 

[pi,F{q\ = — /ft -|^- ; (61) 

[fc,G(Pi p s )] = + /A-|£-. (62) 

CooTHomeHHH (59) h (60) hbjihiotch lacTHHMH cjiyissiMH oduiero 
npaBHJia, ycT3HOBJieHHoro b KOHHe § 14. HtoCh AOK33aTb paBeH- 
ctbo (61), neo6xoAHMo BbinncaTb onepaTop pi b hbhom BHAe h npo- 
BepHTb AeficTBHe jieBofi h npaBoft qacTeft paBeHCTBa Ha HeKOTopyio 
BO/iHOByro (pyHKHHio (cm. ypaBHeHHe (II. 9)). ypaBHeHHe (62) ao- 
nycKseT Ty me npoBepKy, ho b npocrp3HCTBe HMnyjibcoB; hsiiom- 

HHM, 1T0 eCJIH 0(Pi, Pr) eCTb BOJIHOB3H (pyHKHHH B npOCTpaH- 

CTBe HMnyjibcoB, cooTBeTCTByrouiaa ~*¥(qi, . . . , q R ), to (pyHKHHH 
b npocTpaHCTBe HMnyjibcoB, cooTBeTCTByroman qN?{q\, . . . , q R ), 
HMeeT bha 

ih-^-Oipi, .... pjj). 

Tot >Ke pe3yjibTaT moxho nojiy^HTb, BOcnojib30BaBuiHCb npaBH- 
jiaMH ajire6pbi KOMMyT3TopoB. npHBeAeM 3Aecb qeTbipe ochobhux 
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npaBHJia. Ohh cjieAyiOT H3 onpeAejieHHH KOMMyTa-ropoB, h to- 
Taxejib 6e3 Tpyaa mo>kct npoBepHTb hx HenocpeACTBeHHbiM 
BbmHCJieHHeM. flycTb A, B, C — HeKOTopue jiHHefiHbie onepaTopu. 
Torfla HMeeM: 

[A, B] = -[B, A]; (63) 
[A, B + C] = [A, B] + [A, C]; (64) 
[A, BC] = [A, B]C + B[A, C]; (65) 
[A, [B, C)] + [B, [C, A]] + [C, [A, B]] = 0. (66) 

noBTopHHM npHMGHeHHeM npaBHjia (65) nojiy^HM Taicsce 
[A, B rt ] = "ZB'IA, B] B n ~ s ~ l . 

B MaCTHOCTH, JXJIR CHCTeMbI B OflHOM H3MepeHHH HMeeM 

[<7> P n \ = nihp n ~\ 

CooTHOiueHHe (62) ,a,OKa3aHO, TaKHM o6pa30M, ecjiH G npeflCTaB- 
jiaeT co6oft OAHOHJieH ot p, ho corjiacHo cpopMyjie (64) oho flOKa- 
3aH0 h fljiH cjiyuaa, Koi\aa G BbipajKaeTca ikvihhomom hjih, b 06- 
meM cjiynae, cxoahiuhmch paAOM no creneHflM p. 

J\jLH npOH3BOJIbHblX (pyHKIi,HH OT q H p MOJKHO HanHCaTb 

[p h A] = -ih-^-, (67) 

[q h A] = ih-^-, (68) 

r;ie npaBbie nacTH nojiynaioTCH (popMajibHbiM £H<p<pepeHu,HpOBa- 
HHeM (pyHKUHH A, npHneM noflpa3yMeBaeTCH, mto nopaAOK onepa- 

TOpOB p h q npH HBHOM Bbipa>KeHHH CpyHKUHH A BblSpaH npaBHJIbHO. 

ripoHJUiracTpHpyeM 9to Ha npmnepe kbshtoboh CHCTeMM b oahom H3MepeHHH. 
IlycTb j(q) ecTb HeKOTopaa cpyHKU.ua q. KoMMyTaTopw q h Kaayioii H3 CpyHKUHH 
p 2 f(q), pf(q)P, f(q)p 2 MoryT 6biTb nanyneHbi ,HHcpcpepeHH,HpoBaHHeM no p sthx 

(pyHKUHH, OAHaKO 9TO 6yAyT pa3JIHMHbie OnepaTOpbl. jjeftCTBHTeJIbHO, nOBTOpHbIM 

npHMeHeHHeM npaBHJia (62) Haxo,HHM: 

[<?. P 2 ! (?)]- ^inpf(q); 

lq, P tp]=ih(fp + piy, 

[q,lp*]=2itifp. 

AHajIOrHHHblM o6pa30M 

lp. P 2 f] = - iZp 2 f'; 
[p, pfp] — — ifipf'p; 
Ip. !p 2 ] = - ffl/'p 2 . 



5 18. COOTHOIHEHH5I KOMMyTAUHH flJIfl MOMEHTA HMnyjIbCA 
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§ 18. CooTHOiueHHH KOMMyTauHH flJiH MOMeHTa HMnyjibca 

B Ka^ecTBe npHJio>KeHHH npaBHJi (63) — (65) ajire6pbi KOMMy- 

TaTOpOB BbmHCJIHM KOMMyT3TOpbI COCTaBJIHK>mHX MOMeHTa HM- 

nyjibca nacTHiibi: 

l^[rp]. 

HMeeM: 

Vx, ty] = bPz — z Py, *Px — *Pz\ 

= [yPz, zp x ]+[zp y , xp z ] npaBHJio (64) 

= y \Pz, z\ Px + Py [z, p z \ x npasHJio (65) 

= M (xPy — yPx) 

= ihl z . 

JXna apyrnx KOMMyTaTopa MoryT 6biTb nojiytieHbi UHKJiHHecKoft ne- 
pecTaHOBKOH. FIojiyiaeM 

[l x ,ly\ = ihl z , [ly,Q = iM x , Vz, lx] = iMy (69) 

TpH- KOMnoHeHTbi MOMeHTa HMny^bca lacraubi He KOMMyrapyroT 
apyr c apyroM. He cymecTByeT nojiHoft opTOHopMHpoBaHHoft ch- 
CTeMbi co6cTBeHHbix (pyHiomft, oSmeft juin KaKoft-HH6yAb napu 

KOMnOHeHT. flpyrHMH CJIOBaMH, ABe KOMnOHeHTH MOMeHTa HM- 

nyjibca b o6meM cjiyqae 13 ) He MoryT 6biTb oAHOBpeMeHHO to^iho 
onpeaejieHbi. 

3&M6THM, C ApyrOH CTOpOHH, ^ITO (npaBHJio (65)) 
Uz, ll] = ih {lylx + Ixly); 

Uz, ty\ = -ih{lyl x + lxl y ); 

Viz, lz] = 0. 

CKJiaflHBaH 3th paBeHCTBa, HMeeM (npaBH.no (64)) 

Uz, I 2 ] = 0, (70) 

Tjxe onepaTOp 

/ 2 = fx + ll + ll (71) 

ecTb KBaApaT ajihhm BeKTopa /. 

OnepaTopbi I 2 h l z KOMMyrapyioT; aneAOBaTejibHo, ohh MoryT 
6biTb oAHOBpeMeHHo to^ho onpeae^eHbi. .Iiapbi (I 2 , l x ) h (I 2 , l y ) 
o6jiaAaioT TeM Me cbohctbom. 



13 ) CjioBa «b o6meM cnyiae» HMeioT BaxHoe 3Ha<ieHne. TpH KOMnoneHTbi He 
HMeiOT o6iu.eft 6a3HCHOH CHCTeMU, ho o6jia^aioT o6ihhmh coficTBeHHbiMH (pyHK- 

UHHMH, TeMH AM KOTOpHX lx = If = h = Oj 9TH (pyH KUHH 3aBHC5tT TOJlbKO 

ot MOjxyjisi paAHyca-BeKTopa toikh r = -y* 2 -\- y 2 + z 2 , ho He ot ero Ha- 
npaBJieHHfl. 
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§ 19. H3iweHeHHe eraTHCTHMecKoro pacnpeflejieHHH 
bo BpeiweHH. HHTerpaJiM flBHmeHHfl 

3anHiueM ypaBHeHHe WpeAHHrepa BMecTe c KOMnjieKCHO conpa- 
jKeHHMM ypaBHeHHeM: 

ih^ = HW, m^ = -(Hwy. 

Ecjih W HOpr.iHpoBaHa Ha e^HHHixy b HaqajibHbift MOMeHT BpeiweHH, 
oHa ocTaeTca HopMHpoBaHHofl h b noc/ieayiomHe momchth Bpe- 
MenH. CpeflHee SHa^eHHe Ha6jno,naeMOH A b KaJKAHH momcht Bpe- 
iweHH BbipajKaeTCH cKajiapHbiM npoH3BeaeHHeM 

(A) = (W, AW) = J Y* AW dr. 

IlpH 3TOM 

nocjieflHHH HJien b npaBofl qacra (dA/dt) paBeH Hyjiio, ecjiH A He 

33BHCHT HBHO OT BpeMeHH. 

HcnoJib3yH ypaBHeHHe LUpeAHHrepa, a TaK>Ke cbohctbo spmhto- 
bocth raMHJibTOHHaHa, noJiynaeM 

4r< A >=—ar ^ Aw > + w AH ^ + (if) = 

=J f{ w,[a,h)w) + {<£). 

Oiciofla oneayeT o6m.ee ypaBHeHHe, onpeflejiniomee H3MeHeHHe bo 
BpeMeHH cpeflHero 3HaMeHHH A: 

ihA-(A) = ([A,H)) + ih(^-). (72) 

3aMeHHH A onepaTopoM e'% A , nojiy^aeM aHaJionraHoe ypaBHe- 
HHe flJIH H3MeHeHHH BO Bp.eMeHH XapaKTepHCTHqeCKOH (pyHKHHH 

CTaTHCTH^ecKoro pacnpeAeJieHHH ajih A. 

B qacTHOCTH, 6ax bcrkou Ha6AtodaeMou C, KOMMyrupyiou^eu 

C eaMUAbTOH.UO.HOM, 

[C, H] = 0, 

h ot epeMenu hbho He 3aeucnu{eu, nojiy^aeiw pe3yjibTaT 

t. e. cpeflHee 3HaMeHne Ha6;no,n.aeMOH C ocTaeTca hoctohhhhm bo 
BpeMeHH. Ho ecjiH HaSjHOAaeMan C KOMMyTHpyeT c raMHJibTO- 

HH3HOM H, TO (pyHKHHH e* c TaKJKe KOMMyTHpyeT C H H nOSTOMy 

d , „„, 



§ 20. 3HEPTH3. HETHOCTb 
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t. e. xapaKTepHCTHHecKaa tpyHKUHH, a, cjieAOBaTejibHo, h ct3thcth- 
qecKoe pacnpeAeJieHHe Ha6jiK>AaeMOH C ocTaioTCH hoctohhhhmh 
bo npeineHH. 

Flo aHajiorHH c miaccHqecKoft aHSJiHTHnecKofi MexaHHKofi Ha- 
fijnoaaeMan C Ha3biBaeTCH iioctohhhoh abhjkchhh (hjih HHTerpajioM 

ABHJKeHHH) . B MaCTHOCTH, eCJIH B HaiajIbHblH MOMeHT BpeMeHH BOJI- 

HOBaa (pyHKUHH 6biJia co6cTBeHHoft (pyHKUHeft C, npHHaflJioKameft 

AaHHOMy COScTBeHHOMy SHa^eHHK) C, TO 9TO CBOHCTBO COXpaHHeTCH 
BO BpeMeHH. Tor.Ha rOBOpHT, HTO C HBJIHeTCH «XOpOIHHM KBaHTOBbIM 
MHCJIOM». ECJIH, B qaCTHOCTH, H OT BpeMeHH HBHO He 33BHCHT 
H eCJIH AHHaMHMeCKOe COCTOHHHe CHCTeMbI B MOMeHT BpeMeHH to 

npeacTaBJiHeTCH coScTBeHHoft tpyHKHHeft, o6me& RJin onepaTopoB H 

H C, TO BOJIHOB3H (pyHKHHfl OCTaeTCH nOCTOHHHOH BO BpeMeHH C TOH- 

HOCTbio no (pa30Boro MHOJKHTejin; sHeprna h AHHaMHMecKaa nepe- 
jvieiiHaa C ocTaiOTca BnojiHe onpeAeJieHHbiMH h hoctohhhhmh bo 
BpeMeHH. 

§ 20. npHMepw HHTerpaJiOB abhjkchhh. 3HeprH$i. MeTHOCTb 

CymecTByeT Ha6\rnoAaeMaH, BcerAa KOMMyTHpyioman c raMHJib- 

TOHH3HOM — 3T0 CaM TaMHJIbTOHHaH. nOSTOMV SHeprHH HBJIHeTCfl 
nOCTOHHHOH ABH>KeHHH flJIH BCeX (pHSHHeCKHX CHCTeM, TaMHJIbTO- 

HH3H KOTopbix ot BpeMeHH hbho He 33BHCHT. 3tot pe3yjibTaT yxe 

6bIJI A0K333H B § 12. 

B K3necTBe flpyrofl bo3mojkhoh iioctohhhoh ABH>KeHHH yK3meM 
neTHocTb (cp. c § III. 14). ^leTHOCTbio H33HBaeTCH HaSjuoaaeMaa P, 
onpeAejiaeMaa p3BeHCTB0M 

(?) = ■*(-</)• 

HeTpyAHO npoBepHTb, hto P — spmhtob onep3Top. KpoMe Toro, 

P 2 = 1 H, CJieAOBSTeJIbHO, eAHHCTBeHHO B03M0JKHHMH C06"CTBeH- 
HblMH 3HaqeHHHMH P HBJIHIOTCH +1 H — 1; 3HaMeHHK> +1 COOTBeT- 

CTByioT qerabie (pyHKiiHH, a 3HaqeHHio — 1 — (pyHKHHH He^eTHbie. 

ECJIH raMHJIbT0HH3H HHBapHaHTeH OTHOCHTCTCbHO 3aMeHbI +<7 Ha 

—q, to 

[p,m=o. 

JQ,eHCTBHTeJIbHO, eCJIH 

to rjih jiioSoh pyHKUHH ^(q): 

PH^^H^h-jj, -q)^(-q) = H {-ih-jj. q) *{-q) = HP*. 

IlpH 3THX yCJIOBHHX, eCJIH B0JIH0B3H (pyHKUHH HMeJia HeKOTOpyiO 
MeTHOCTb B 3aAaHHHH H3HajIbHbIH MOMeHT BpeMeHH, TO OHa 6yAeT 

coxpaHHTb 9Ty neTHOCTb h b AajibHeftmeM. 
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3to cbohctbo 6e3 Tpyaa Mo^eT 6uTb pacnpocTpaHeHO Ha ch- 
CTeMH MHornx nacTHu, Koraa onepauna icthocth cooTBeTCTByeT 
HHBepcHH npocTpaHCTBa (fi-* — *"/), a Ha6jiK)flaeMafl qeTHOCTH 
onpeaejiKeTca paBeHCTBOM 

PW(r u r 2 , ...) = ¥(-/•,, -r 2 , ...). 

H ynPAJKHEHHH 

1. AoKa3aTh HcpaBeHCTBO IUsapua |((p, ^) | ^ V(<P> *!>)> ocHOBHBaacb 
TCwibKo na CBoflcTBax a), 6), b) CKaJispHoro npoH3BeAeHHa (§ 2). (flocTaTOTHo 
yqecTb tot (paKT, ito HOpMa HeKOTopofi jihhchhoh kom6hh3Uhh q> h if> no onpeae- 
jichhio nojioxHTeJibHa hjih paBHa Hyjno.) FIoKa3aTb, ito paBeHCTBO BbinoJiHseTca 
Toi\na h TOJibKo TorAa, KorAa (pyHKUHH cp h nponopunoHajibHbi Apyr Apyry. 

2. PaccMaTpHBaeTcn 3aAaia Ha coScTBeHHbie 3HaieHHsi oneparopa p = 
— — ih d/dq, .aeftcTByiomero Ha (pyHKUHH i\>(q), onpeaeJieHHbie Ha HHTepBaJie 
( — oo, +oo). IlpoBepHTb, qTO cneKTp 0Ka3MBaeTca HenpepuBHbiM h co6cTBeHHue 
(pyHKUHH HMGK3T SecKOHCiHyio HopMy. FIoKa3aTb, hto c noMombio cynepno3HUHH 
co6cTBeHHbix (pyHKUHH, npHHaa.nesiaui.HX 6ah3khm coficTBeHHbJM 3HaqeHH3M, mosc- 
ho nocTpOHTb (pyHKUHH c KOHeHHofl nopMofl (coCcTBeHHbie AH(p(pepeHUHajibi) , AJia 

KOTOpblX KBa«paTH1HOe OTKJIOHCHHe Ap MOJKeT 6bITb CAejiaHO CKOJIb yroAHO ina- 

jimm. HccJieAOBaTb tot ace Bonpoc a-m oneparopa 




S 2 d 2 



2m 2m dq 2 ' 

3. PaccMaTpHBaeTca onepaTOp q, AeftcTByioiUHH Ha (pyHKUHH ty(q) c KOHei- 
hoh nopMofl Ha HHTepBajie ( — oo, -foo). a) 06pa30BaTb nocjie^OBaTejibHocTb He- 
npepuBHbix 4>yHKUHH, 3aBHCHiuHX ot napaMeTpa tj, TaKHX, no hx HopMa h cpeA- 
Hee sHa^eHHe (q) ocTaioTca He 3aBHcaiUHMH ot r\, a KBaApaTHinoe OTKJioHeHHe 
Aq cTpeMHTCH k Hyjiio npH T) -> 0 (cymecTByeT MHoro nocJieAOBaTeJibHOCTeft stoto 
THna). y6eAHTbca, hto 9Ta nocjieAOBaTeJibHOCTb He cxoAHTca k (pyHKUHH, npH- 
HaAAexamefi npocTpaHCTBy THJib6epTa. 6) 06pa30BaTb aiiajiora^HbiM o6pa30M 

nOCJieAOBaTejIbHOCTb Co6cTBeHHbIX AH(p<pepeHUHaJ10B (9T0 (pyHKUHH C KOHeMHOH 

hopmoh, ho ohh He hbabiotch HenpepbiBHUMH) , 3aBHcamyio ot napaineTpa 8q, 
nyTeM cynepno3HUHH coficTBeHHbix «ipyHKUHH» b~(q-~q<>), cooTBeTCTByioiUHx co6- 

CTBeHHWM 3HaieHHHM, paCnOJlOJKeHHUM B HHTepBaJie 8l?, H npOBepHTb, 4TO 

KBaAparaiHoe OTKJioHeHHe Aq no oraouieHHio k sthm co6cTBeHHbiM AH<p<pepeHUHa- 
jiaM ofijiaAaeT TeM me cbohctbom. 

4. IlpoBepHTb, ito CTaTHCTHqecKoe pacnpeaeJieHHe H3MepeHHft HeKOTopoft 
AaHHOii BejiHTOHbi onpeAeJiaeTca eAHHCTBeHHbiM o6pa30M, HecMOTpa Ha fiojibuioii 

npOH3B0JI B Bblfiope nOJIHOH OpTOHOpMHpOBaHHOfl CHCTeMbI C06cTBeHHbJX (pyHKUHH 

onepaTopa, npeACTaBJiaraiuero 3ry (pH3HqecKyio BejiHiHHy (npoH3BOJi b BbiSope 

4>a3 C06CTBeHHbIX (pyHKUHH, npOH3BOJI B Bbl6ope C06CTBeHHbIX (pyHKUHH BbipO- 

XAeHHoro coCcTBeHHoro sHa^enHa, npoH3BOJi b HopinnpoBKe (pyiiKUHfl HenpepuB- 
Horo cneKTpa). 

5. KaKHM o6pa30M pacnpocTpaHHTb ypaBHeHHa (20) h (21) stoh rjiaBbi ua 
cjiyqafl HenpepuBHoro cneKTpa? 



3ARAm\ H ynPAXCHEIIHH 
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6. B nojiapnux KOopAHHaTax (r, 9, <p) KOMnoHenTa U momght3 HMnyjibca na- 
CTHUbi HMeeT bha — ih d/dq>. 3to h3boaht Ha Mbio/ib, mo h » (f o6pa3yioT napy 
flonoJiHHTeflbHbix nepeineHHbix. OflHaKO, cooTHOiueHHe HeonpeaejieHHOCTH A/ Z -Aq>j3 
Be HMeeT CMbicJia. 06-bHCHHTb noieMy. noKa3aTb, >jto KorAa Ms = 0, yrcwi 
q) nojuiocTbio HeonpeAe^ieH. Pa3AO>KHTb b pha no co6cTBenHHM (pyHKUHSM U boa- 
hoboh naneT 



CpaBHHTb HeonpeaeJieHHocTb no if b HeonpeAeJieHHOcTb no h Ha stom npaMepe 
h o6cyAHTb xapaKTep Aono.iiHHTeAbHOCTH yKa3anHbix AByx nepeMeHHbix. 




r JI A B A VI 

KJ1ACCHHECKOE F1PHBJ1H)KEHHE 
H METOfl BKB 



Paaaej I. KJ1ACCHHECKMB nPEflEJI BOJ1HOBOJ1 MEXAHHKH 
§ 1. OSmne cooSpaxeHHfl 

ripn nepexoAe k npe^e^y fi—»0 3aKOHbi kbshtoboh m6X3hhkh 

AOA>KHbI nepeXO^HTb B 3aKOHbI MeXaHHKH KA3CCHHeCK0ft. FIpHHUHn 

cooTBeTCTBHH, HrpaBixiHH CTOJib 3H3HHTejibHyK) pojib npH nocTpoe- 

HUH HOBOH TeOpHH, H 6bIA npH3B3H oSecneWTb BbinOJIHeHHe STOrO 
OCHOBHOTO yCJIOBHH. 

KJiaccHHecKan MexanHKa, CAeAOBaTeAbHO, A0A>t<Ha xopoiuo orra- 
CHBaTb (pHSH^ecKHe HBJieHHH bo Bcex cnynaflx, Kor^a BeJiHMHHoft 
KBaHTa AeflcTBHa mo>kho npeHeSpeib. FIpeAMeTOM AaHHofi rjiaBbi 

HBJIHeTCH BblHCHeHHe BOnpOCa O TOM, npH K3KHX yCAOBHHX H B Ka- 

Kofi Mepe 9to' KJiaccHHecKoe npH6jiii>KeHHe 0K33biBaeTCH cnpa- 

BeAJIHBHM. 

OAHHM H3 npOHBJieHHH KOHe^HOH BeJIHWHHH KBaHTa AeftCTBH/I 

yjBJiHeTCH cymecTBOBaHHe AHCKpeTHoro cneKTpa co6cTBeHHbix 311a- 
'leHHH ajw HeKOTOpbix Ha6AK>AaeMbix; HHTepBajibi Me>KAy coceA- 

HHMH C06cTBeHHbIMH 3HaMeHH5IMH 0K33bIBaK>TCH nopHAKa fi 1 ). 

KJiaccmecKoe npn6AH>KeHHe 6yAeT cnpaBeAAHBbiM, ecjin mojkho 
npeHe6pe^b BeAH^HHoft sthx HHTepBaAOB, mo HMeeT MecTo b cav- 

lae AOCT3TOHHO (DOAbLUHX KB3HT0BHX IHCeA. 3tO yCAOBHe, OCHO- 

BaHHoe Ha npHHunne cooTBeTCTBHH, 6hao HcnoAb30BaHO yxe 
b erapoft KBaHTOBOH TeopHH npn BbmncAeHHH nocTOHHHoft PHAGep- 
ra h BHBOAe npaBHA kbshtobshhh Bopa — 3oMMepcpeAbAa (cm. 
§ 1. 13 h § 1.15). Oah3ko yKa3aHHoe ycAOBHe HecoMHeHHo He hb- 
AHeTCH AOCTaToqHbiM: HeKOTopbie micro KBaHTOBbie atpcpeKTbi, Ta* 
Kne, nanpHMep, KaK cooTHomeHHH HeonpeAeAeHHOc™, hhk3k He 
cBH3aHH c AHCKpeTHoft npnpoAQH cneKTpoB. C 6oAee oSmeft tomkh 



nepexofle « 2 fi 2 = const h, «ieAOBaTe./ihHO, n -> oo KaK h~', noatOMy AZ: >■*■ 




~o(i) + 0(B). 



§ 1. OBIUHE COOEPA>KEHHH 
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3pGHHH yCJIOBHH npHMeHHMOCTH KJiaCCHieCKOrO npH6jIH»eHHH co- 

BnaAaiOT c ycjioBHHMH npHMeHHMOCTH eeoMerpuHectcoti outuku. 

KJiaccHMecKoe npHSjiHJKeHHe Mo>KeT 6biTb ccpopMynnpoBaHa 
AByMH pa3JiHHHHMH cnoco63MH. 

riepBHH cnocod, HHTyHTHBHo HanSojiee acHbifi, ocHOBaH he 
npH6jiH»eHHOM oimcaHHH AHHaMH^ecKoro coctohhhh ks>kaoh nac- 

THUbl B JIK>6oft MOMeHT BpeMeHH 3aAaHHeM ee nOJIOJKeHHH H cko- 

pocTH. Ecjih 6u nocToaHHaa h 6biJia paBHa Hyjiio, to sto onncaHHe 
6hjio 6h BnojiHe CTporHM, TaK KaK KOMnoHeHTH BeKTopoB nojio>Ke- 
hhh h HMnyjibca qacTHUbi npeACTaBJiajmcb 6m nonapHo KOMMyTH- 

pyiOlUHMH Ha6jIK>AaeMbIMH. B AeHCTBHTeJIbHOCTH KOMMyTaTOpH OT- 
JIHHHbl OT HyJIH 

[<li, Pt] = iM th (1) 

hto orpaHHHHBaex xoiHOCTb TaKoro onncaHHH, h6o cooTHomeHHH 
HeonpeAe^eHHOdH AeJiaioT HeB03Mo>KHbiM oflHOBpeMeHHoe onpeAe- 
jieHHe KoopflHHaTbi h HMny^bca hscthuh. FIocKOJibKy AHHSMHqe- 
cKoe cocToaHHe cHcieMbi npeACTaBJiaeTCH bojihoboh (pyHKimen, ca- 
Moe Jiymuee, mo mo>kho CAeJisTb Ha stom nym — sto nocTpoHTb 
MHHHMH3HpyK)iu,HH bcwihoboh naKeT, flJiH KOToporo Aqi • Apt = fi/2. 
B KJiaccHHecKOM npH6jiH>KeHHH mh npHnncbiBaeM ksjkaoh qscTHue 

KOOpAHHaTy H HMnyjIbC, paBHbie CpeAHHM 3HaqeHHHM 3THX BejIHHHH 

b cooTBeTCTByiomeM KBaHTOBOM cocto3hhh, nojiHOdbio npeHe6pe- 
raa BceMH {pjiyKTyannaMH okojio cpeAHHX 3HaqeHHH. fl'JiH nojiyqe- 
hhh y^OBJieTBopHTeJibHbix pe3yjibTaT0B Heo6xoAHMo: 

a) qTodbi yKa3aHHbie cpe/urne 3H3*ieHHH b xopomeM npn6jiH3«e- 

HHH CJie^OBaJIH KJiaCCH^eCKHM 3aK0H3M flBHH<eHHa; 

6) qTo6bi npocTpaHCTBeHHaa npoTaweHHOCTb bojihoboi-o naKeia 
6bwa Majia no cpaBHeHHio c xapaKTepHoft ajihhoh paccMaipHBae- 
moh 3aAaHH h ocTaBaJiacb tskoboh c TeieHHeM BpeMeHH. 

3tot no/ixoA CTaHeT npe^MeTOM o6cy>KAeHHH AByx nocyieAyio- 
ihhx naparpacpoB. Mh yBHAHM, mto, HCKjnoqaa HeKOTopHe oco6bie 
cjiynan, conocTaBjiaeMbifi qacTHHe bojihoboh naKeT c TeweHHeM Bpe- 
MeHH «pacnjibiBaeTca» h qepe3 AoeraTOMHO fiojibiuofi npoMewyTOK 

BpeMeHH MO>KeT 33HHMaTb CKOJIb yrOAHO 3Ha'IHTeJIbHyiO OfijiaCTb 

npocTpaHCTBa. IloaTOMy noJiyHeHHHH KJiaccnqecKHH o6pa3 hscthhm 
npneMjieM TOJibKo Ha KOHeraux HHTepBajiax BpeMeHH. 

JJpyrOH nOflXOA OCHOBaH Ha OTO>KAeCTB,JieHHH KB3HTOBOH ch- 
CTeMbl CO CTaTHCTHMeCKHM aHC3M6jieM KJiaCCH^eCKHX CHCTeM. Toi- 

Hee, c noMombio bojihoboh (pyHKHHH onpeaeJiaeTca KAaccHHecKHH 

CTaTHCTH^eCKHH aHCaMClJIb, njIOTHOCTb KOTOpOrO B Ka>KAOH TOTKe 

npocTpaHCTBa KOHCpHrypaHHH paBHa hjiothocth BepoaTHOCTH npn- 

CyTCTBHH B A3HH0H TOMKe KB3HT0B0H CHCTeMbI, a 3aTeM A0Ka3bI- 

BaeTca, mto b npe^eJie ft — * 0 sbojiiohhh stoto 3HC3m6jih noA^H- 
HaeTca 33KOHaM KJiaccuqecKOH MexaHHKH. 3tot noAXOA mh 

p3CCMOTpHMB§ 4. C M3TeM3THqeCK0H TOMKH 3peHH3 3Ta (pOpMyjIH- 
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pOBKa KJiaccHMecKoro npH6jiH>KeHHH 2 ) HMeeT pHA npeHMymecTB, 
TaK KaK ypaBHeHHH KJiaccHqecKoft MexaHHKH npH stom noAXOAe no- 
jiynaiOTCH KaK npcueJibHbiH cnynaH ypaBHeHHH LLIpeAHHrepa; ycjio- 

BHH IipHM6HHM0CTH 3T0r0 npH6jIH>KeHHH COBnaAafOT C yCJIOBHHMH 

cnpaBeA^HBOCTH npH6jiHH<eHHH reoMeTpuHecKoft onTHKH. 

K^iaccHHecKoe npH6^H>KeHHe TecHo cbh33ho c oahhm MeTOAOM 
npH6^H>KeHHoro pemeHHH ypaBHeHHH LLIpeAHHrepa, H3BecTHoro KaK 
MeroA BKB 3 ) h npHMeHHMoro, Kor^a ypaBHeHHe LLIpeAHHrepa mo- 
JKeT 6wTb 3aMeHeHo cbohm KJiaccnqecKHM npefle^iOiM Bcro/iy, Kpoiwe 
HeKOTopHX o6jiacTeH npocTpaHCTBa okojio CHHryjinpHbix tomck. 
MeTOfl BKB H3JiaraeTCH bo btopom pa3Ae;ie stoh rjiaBbi. 

§ 2. Teopeiwa 3peH({)ecTa 

TeopeMa SpeHtpecTa BbipawaeT 33koh H3MeHeHHH bo BpeMeHH 
cpeAHHX 3HaqeHHfi KoopAHHaT q h conpH>KeHHbix HMnyjibcoB p 
KBaHTOBofl CHCTeMbi. TeopeMa yTBep>KAaeT, qra ypaBHeHHH ABHwe- 

HHH 3THX CpeAHHX BeJIHMHH (pOpMajIbHO TOKAeCTBeHHbl ypaBHeHHHM 

TaMHJibTOHa KJiaccH^ecKofi MexaHHKH, ecjin TOJibKO Bee bcjihikhh, 
(pHrypnpyiomHe b o6enx nacTHX KJiaccH^ecKHx ypaBHeHHH, 3aiwe- 
HHTb Ha cooTBeTCTByiom,He cpeAHHe 3HaweHHH. 

TeopeMa 3peH(pecTa HenocpeACTBeHHO cjieAyeT H3 oSmero ypaB- 
:«eHHH (V. 72), ecjiH npuMeHHTb ero k nepeMeHHMM nojio>KeHHM 
h HMny^bca. 

FlycTb q\, ... , q R — KoopAHHaTbi (AeKapTOBbi) , p\, . . . , p R — 
conpajKeHHbie hm HMnyjibcu h H(q u . . . , q R \ p\, ... , p R ) — rawnjib- 
T0HH3H CHCTeMbi. CorJiacHO ypaBHeHHK) (V. 72), 



BbmHCJieHHe KOMMyTaTopOB b npaBbix qaerax ypaBHeHHH 6buio 
npOBeAeHo b rvi. V (ypaBHeHHH (V. 67), (V. 68)). O-rciOAa cAeAyeT . 
pe3yjibTaT 4 ) : 



2 ) CymecTByeT HecKOJibKo BapaaHTOB yKa3aHHoft (popMy.iHpoBiai, h6o onpeae- 
jieHHe KflaccmecKoro CTaTHCTHqecKoro aitcaM6./iH no 3a,a.aHHon bojihobom (pyni<mm 
HeoflH03HaHHO (cm. 3aAaiy 4). B § 4 npHBOAHTcs npocTeftuiHii H3 sthx BapaaHTOB. 

3 ) MaTeMaTH'iecKHe npiieMbi MexoAa BKB 6mjih BBeAenu jiopaom PsjieeM 
(1912 r.) npH pemeHHH HeKOTOpbix npo6jieM pacnpocTpaHeHHH bojih. riepBbie npH- 
4I6H6HHH k 3aAaqaM KBaHTOBofi MexaHHKH npHHaAJieacaT T. .HweipcppHcy (1923 r.); 
b AaJibHefluieM MeTOfl 6biji OAHOBpeMeHHo pa3BHT T. BeHTuejieM, V. A. KpaMep- 

■COM II Jl. BpHJIJHOSHOM (1926 T.) . 

4 ) C yietoM npaBHJibHoro onpeaejieHHH onepaTopoB — r — , — — , cm. CTp. 206. 



iH It = H1 b> ih 4t </>/> = <b/> 




(I) 



§ 2. TEOPEMA 3PEHDECTA 
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CjieayeT xopomo noHHMaTb CBH3b mokay chctcmoh ypaBHe- 

HHH (1) H KaHOHHHeCKOH CHCTeMOH TaMMJIbTOHa. Boo6me TOBOpH^ 

HeJib3H yTBep>KAaTb, mo cpeAHHe 3Ha^eHHH (qi} H <p y > cjieAyK>T 

33K0H0M KJiaCCHqeCKOH MeXaHHKH. npOH3BOAHbie no BpeMeHH KJICIC- 

cmecKux bcjihuhh <?,- h p/ hbjihiotch Bnojme onpeAeJieHHbiMH cpyHK- 
uhhmh dfi/dpi, — dfi/dq,- sthx BeJiH^HH; sbojuouhh nocjieAHHX c Te- 
veHHeM BpeMeHH nojiHocTbio onpeAeJiaeTca 3aAaHHeM hx aHaneHHii 
b HaqaJibHbift MOMeHT. CorjiacHO >Ke ypaBHeHHHM (1) npOH3BOAHue- 
diqdldt, d(pj)/dt paBHH hckotophm cpeAHHM 3HaHeHHHM, bh^hc- 
jieHHe KOTopux b o6m,eM cjiy^ae Tpe6yeT 3H3hhh bojihoboh <pyHK- 

UHH Wit). CpeAHHe 3H3HeHHiI <<?;>, </?/> CJieAyiOT 33K0H3M KJiaCCH- 
HeCKOH MeXaHHKH TOJIbKO B TOH Mepe, B KaKOH M05KH0 33MeHHTb 

b npaBbix uacTax (1) cpeAHHe 3HaieHHH (pyHKimfi Ha (pymcnHii: 

CpeAHHX SHatJeHHH, HMeHHO 



H{q u 


•, Qr\ Pi. 


. Pr)) 








d 

Ha — 


■Ufa) . 


• • (qr); (pi) ■ 


• • W). 


■H(q u .. 


., Qr, Pi, • • 


•> Pr)) 








a 

Ha -x — 
dq, 




• <?*>; <pi) • • 





(2a) 



(26> 



3Ta noAdaHOBKa cnpaBeA^HBa TOJibKo b tom c/iynae, ecjin ra- 
MHJibTOHHaH ecTb noJiHHOM BToporo nopHAKa no q h p (cBo6oAHa» 
MacTHua, rapMOHHiecKHH ocuhji^htop, 3apHJKeHHaa qacTHua b no- 
ctohhhhx sjieKxpHiecKOM h MarHHTHOM no-rcax, cm. 3aAa»iH 1 H 2). 
Bo Bcex ocTaJibHbix cjiynaax, Ac/iaa noAdaHOBKy, mh npeHe6pe- 
raeM cpjiyKTyauHHMH q n p okojio hx cpeAHHX SHaneHHH. 

PaccMOTpHM b KaqecTBe npiiMepa Miy l iafi qacrauu b noTenimajibHOM none 
BBefleM CHJiy 

F = — grad V (r). 
ypaBHeHHH 3peH(pecTa b stom cnyqae TaKOBbi: 

HJIH 

<*> = «-^-<r>. (3> 

•jto HBJiaeTCH KBaHTOBbiM aHajioroM ypaBHemis HwoTOHa. 
Mto6u cpe^Hee nojiojKeHHe 



(r) = ^ V* (r, t) (r, /) dr 
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aeiiCTBHTejibHo yaoBJieTBOpaflo KjiaccimecKOMy ypaBHeMio HbioTOHa, Heo6xoa.HMO 
b ypaBHemiH (3) 33MGHHTb cpeaHee 3HaTCHHe CHJIbI 

(F)=^ W* (r, t) F (r) V (r, t) dr 

Ha 3HaieHHe F( (r) ) chjjh b Towe (r) . Ecjih cmia Boo6me paBHa Hyjiro (cbo6o«- 
Haa qacTHua) hjih jiHHeflHO 33bhcht ot paanyca-BeKTopa r (rapMOHHqecKHii oc- 
UHjuiHTOp), to cnpaBea^HBo TOiHoe paBCHCTBO (F) = F((r)). Bo Bcex ociajib- 
hhx cjiyqaax yKa3aHHas 3aMeHa onpaB^aHa TOjibKO, ecjin bojihob3h tj>yHKUHH 

OCTaeTCH JIOKajIH30BaHHOH B AOCTaTOTHO MaJlOH o6jiacTH npocTpaHCTBa,. TJK BGJIH- 
HHHy CHJIbI MO>KHO CHHTaTb npaKTHTCCKH nOCTOHHHOH. 

§ 3. ABHxeHHe h pacnjibiBaHHe bojihobwx naneTOB 

,Hjih Toro UToSbi ABH>KeHHe bojihoboto naKeTa mo>kho 6hjio co- 

nOCTaBJIHTb ABH>KeHHK) KJiaCCHieCKOH HaCTHUH HeoSxoflHMo, BO- 

TiepBHx, HTo6bi H3MeHeHHH bo BpeMeHH nojio>KeHHH naKeTa b npo- 
CTpaHCTBe h ero HMnyjibca cjie/iOBajiH 3aKOHaM KJiaccHHecKofi Me- 
xaHHKH, a BO-BTopbix, qTo6bi pa3Mepbi naKeTa b npocTpaHCTBe 

SblJIH AOCTaTOHHO MSJIblMH B JIK)60H MOMeHT BpeMeHH. B AeHCTBH- 

TejibHOCTH, KaK 3to npe,n,cKa3biBaeT TeopeMa SpeHcpeera, nepBoe 
ycnoBHe peflKO BbinojiHHeTCH 6e3 BToporo; paccMOTpnM nosTOMy 
BTopoe ycJiOBHe. 

OcHOBHbie pe3yjibTaTbi mokho no/iyraTb, HccJie^yH flBHJKeHHe 
so^HOBoro naKeTa b oahom H3MepeHHH ty(q, t). FlycTb raMHJibTO 

HH3H HMeeT BHA 

BblHCHHM, KaK H3MeHHK)TCH BO BpeMeHH CpeAHHe SHa^eHHH <^> 

h </?>, a TaKKe cooTBeTCTByioiUHe AHcnepcHH 

% (A?) 2 = (<7 2 ) - {qf, 0 = (Ap 2 ) = <p 2 > - <p> 2 . 

B KJiaccH^ecKOM npn6jiH>KeHHH naneT npeACTaBJiaeT lacrany, 
HMeiomyio Koop/umaTy h HMnyjibc 

<7>ui = (<7>> P kji = (p) 
cooTBeTCTBeHHO 5 ) . OTMeTHM, ito sHeprHH 3toh KJiaccuHecKOH iac- 

THUbl 

He paBHa cpeflHeMy 3HaMeHHio <//>. Ecjih KJiaccnqecKoe npH6jin- 
>KeHHe cnpaBeAJiHBO, E KJl nocTOHHHa bo BpeMeHH BMecre c pa3- 

«OCTbK) 

s = (H)-E Kn . (4) 

5 ) ripn paccMOTpeHHH BOJiHOBoro naKeTa b oahom raMepeHHH b tji. II iiojio- 
s<eHHe aeHTpa naKeTa onpeflejiajiocb H3 ycnoBHH CTauHOHapHOCTH cpa3bi; 3«ecb 
xe npnM6HHeTCJi cpe^Hee 3HaqeHHe (q) . B KJiaccHiecKOM npH6jiHHieHHH pa3JiHiHe 
jviewAy sthmh onpefle^eHHHMH npeHe6pe«<HMO uano. 



§ 3. ABHJKEHHE H PACFIJlblBAHHE BOJIHOBblX nAKETOB 



Ecjih npoTHxesiHocTb naneTa Vx~ ocTaeTCH MaJioii, ecTecTBeHHO 3aMeHHTb. 
c|)yHKUHH V{q), V'(q) hx pa3JiojKeHHHMH Tefljiopa okojio toikh (q) , hmchho 

V (<?) = V M +(q~ <<?» V KJ1 + y (q - {q)Y V KX +..., (5> 

V (?) = K, + <<? ~ <<?» C + J ~ <<7» 2 C + • • • • ( 6 ) 

3Aecb K KJI , F^j,, . . . paBHbi 3HaqeHHHM cpyHKUHft V, V, ... b Toqxe q — 
= (q) . Ecjih ycpeAHHTb o6e qacra paBGHCTB (5) h (6), to noJiyqHTca CBoero 
poAa pa3Jio»eHHe cpeAHHX Bemmn b psiA no creneHHM BeJinqHHbi 

<n=c,+±xC+ ... <s> 

HcnoAb3ya sth pa3AOHceHHH, moxho noJiyqHTb ofiuwe pe3yjibTa™, He 3aBHC5iiii.ne- 
ot KOHKpeTHofi $opMM noTeHiwaAa V(q). 

BejiHqHHbi {q) h (p) iioaihhsiotch ypaBHeHHHM SpeHcpeera: 

±(f). (V). <*» 

3th ypaBHeHHa 6yAyT ToatAecTBeHHbi MaccnqecKHM, ecra npaBaa qacTb ypaBHe- 
hhh (96) MoweT 6biTb 3aMeHeHa nepBUM qjieHOM CBoero pa3AO»;eHiiH (8), t. e. 
KorAa moscho npeHe6peib qjieHOM %V KJ ,/2 h qjieHaMH 6ojiee BbicoKoro nopHAKa Ma- 
jiocth. CooTBeTCTByiomHe qjieiiu Hcqe3aioT, ecJin V"'(q) BCiOAy paBHO Hyjiro, t. e. 
ecjiH V(q) HB^aeTca iiojihhomom cainoe Sojibiiiee BToporo nopHAKa no q u, b 
qacTHOCTH, npn V(q) — cq 2 (rapMOHnqecKHft ocuHJiJisTop) hah V(q) = 0 (cbo- 
6oAnaH qacTHita). B o6meM CAyqae hcooxoahmo, qTo6w jrioTeHUHaA V(q) AocTa- 
ToqHO MeAAeHHO H3MeHHAca Ha paccTOHHHsx nopHAKa Vx> T - e - Ha paCCTOHHHHX: 
nopHAKa np0TH>K6HH0CTH BOJiHOBOro naKeTa, Tax qTo6u BAHHHHe V" h npoH3- 
boahux 6oAee BbicoKoro nopHAKa b pa3Jio>KeHHH (8) 6mao AOCTaToqHO MaAO. 
Ecjih npeAno^OJKHTb BbinojmeHHe sthx ycjioBHft (qro SKBHBajieHTHO npeano- 

AOJKeHHK) 0 6bICTpofl CXOAHMOCTH pa3A0>KeHHH (7) H (8)), TO AJIH nOCTOHHHOH £ 

(cm. ypaBHeHHe (4)) noJiyqaeM BbipajKeHHe 

e s ik + {v) ~ v « - i ( u + mV '^ = const> (10) 

CBH3biBaiouj,ee KBaApaTU cpjiyKTyaunft to h /. 

OrpaHHqHMca HccJieAOBaHHeM sbojhouhh % c TeqeHHeM BpeMeHH. BejmqHHa %. 
ecTb cpeAHee 3HaqeHHe oneparapa q 2 — (<?) 2 , hbho 3aBHcamero ot BpeMeHH, Tan 
KaK {q) ecTb opyHKuna BpeMeHH. EtpHMeHHa cooTHomeuHe (V. 72) k 3T0My one- 
paropy, noJiyqaeM nocAe BbiqHCJieHHft 

-jt%=^«pq + qp)-2(p) <<?))• 

Il0BT0pH» TaKHe }Ke BbiqHCAeHHH aah dfjdt, HaXOAHM 

& - - i « V '0 + - 2 <<?> <V'». 
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.3aMeHaH b ckoSiox b npaBoft qac™ ypaBHeHHa onepaTop V Ha aBa nepBbix 
•uieHa ero pa3Ji0JKeHHH (6), noJiyiaeM npH6jiHJKeHHoe ypaBHeHHe 

iKOTOpoe Mb) M02K6M 3anHCaTb, ylHTWBaH (10), B BHae 

3Haa flHcnepcHH Xo h (Bo, a TaioKe npoH3BOAHyio Xo = dxa/dt b HaiajibHbifl 
r MOMeHT / 0 , mojkho ncwiyiHTb AHcnepcHio x b jik)6oh nocjieAyromHft mombht Bpe- 
MeHH, pemaa ypaBHeHHe (12) (ynHTWBaa, KOHeiHO, ito Be^HMHHa V"^ mojkct 
3aBHceTb ot BpeMeHH); nouie sroro AHcnepcwa co HaxoAHTca H3 ypaBHeHHa (10). 
Mokho oueHHTb h ouiHSKy, B03HHKaiomyio npH 3aMeHe (V) iia V Kn b ypaBHe- 
«hh (96). TaKHM o6pa30M, npncy-rcTByiOT Bee HeoCxoAHMbie 9JieMeHTbi jxm pe- 
tneHHH Bonpoca o bo3mo>khocth conocTaBJieHHa BOJiHOBoro naKeTa h KJiaccnie- 
CKoii nacTHUu. 

Han6oJiee HHTepecHbiMH npHMepaMH hbjihiotch rapMOHHqecKHH 

OCUHJIJIHTOp H CB060AHaH MaCTHUa, TaK KaK B 3THX CJIVHaHX ABH- 

xeHHe ueHTpa naKeTa coBnaAaeT c ABHJKeHHeM KJiaccHnecKofi qac- 
THUbi. Jinn rapMOHHHecKoro ocuHJUiHTopa (V = mo> 2 q 2 /2) cpe^Hee 
3HaieHHe <<7> KOJieSjieica okojio Hyjia c qacTOTofi co/2jt, a AHcnep- 
-chh x KcyieSjieTCH okojio 3HaMeHHH e/mo 2 c yABoeHHofi qacTOToii 
(cm. 3aAa l iy 1). 

B cnyqae cboSoahoh qacTHHbi (V = 0) cpeAHee 3HaqeHHe <#> 
•cjieayeT 3aKOHy paBHOMepHoro npHMOJiHHeflHoro ABH>KeHHH co cko- 
pocTbio <p>/m, AHcnepcHfl w ocTaeica iioctohhhoh (co = w 0 = 
= 2me), a Jinn AHcnepcHH % HMeeM ypaBHeHHe d 2 %/dt 2 — 2o) 0 /m 2 
(ypaBHeHHH (11) h (12) b stom arcyqae hbjihiotch tomhhmh). Pe- 
uian 3to ypaBHeHHe, HaxoAHM 

X = X> + y + %rt 2 . (13) 

Mbi bhahm, hto no HCTeqeHHH AOCTaTO^HO 6ojibiuoro npoMe>KyTKa 
BpeMeHH AHcnepCHH naKeTa % CTaHOBHTca CKOJib yroAHO dojibinofi: 
bojjhoboh naKeT HJin cbo6oahoh qacTHHbi «pacnjibiBaeTCH». 

HBjieHHe 6ecKOHeHHoro pacn^biBaHHH naKeTa HMeeT Ba>KHoe 
3HaqeHHe, h6o orpaHHHHBaeT tot npoMe^yTOK BpeMeHH, b TeqeHHe 
KOToporo bojihoboh naKeT Mo>KeT 6biTb conocTaBJieH KJiaccHqecKoii 
qacTHue. KpoMe HeKOTopux cneuHajibHbix aiyqaeB (rapMOHHqe- 
•ckhh ocuHJiJiHTop) pacnjiHBaHne naneTa nponcxoAHT Bceryta, Ha- 
npHMep, b 3aAanax o pacceaHHH, KorAa BAajm ot paccenBaiomero 
neHTpa bojihoboh naKeT abhjkbtch KaK bojihoboh naKeT ajih cbo- 
<5oahoh qacTHUbi. 

3aKOH pacnjiHBaHHH BOJiHOBoro naKeTa ajih cbo6oahoh qac- 
-THHbi ynpomaeTCH, ec^H npeAnoJio>KHTb, qTO b HaqajibHbift momcht 
BpeMeHH mh HMeeM TaK Ha3HBaeMbiH «MHHHMH3HpyiomHH» naKer, 



§ 4. KJIACCHMECKHR flPEflEJI YPABHEHHSI IUPEUHHTEPA 219' 



t. e. naneT, juin KOToporo jieBaa ^aerb cooTHomeHHa HeonpeAe.rceH- 
hocth HMeex MHHHMajibHO B03MO>KHoe 3HaieHHe; b 3TOM anyiae 
m % 0 = S 2 /4 h xo = 0 (cm. 3ajxany IV. 4). TorAa 



HJIH 

A^ = [(A^+(^/) 2 f . (14) 



C>opMa qjieHa, BH3biBaiomero pacnjibmaHHe, (Ap 0 -t/m), noACKa- 
3biBaeT npocToft KJiaccHHecKuft o6pa3, no3BOJiaiomHH onncaTb npo- 
uecc paciuibiBaHHH naKeia. Mo>kho npeACTaBHTb ce6e rpynny i iac- 

THIl,, CKOHIl,eHTpHpOBaHHbIX B HaHaJIbHblH MOMeHT BpeMeHH OKOJltt 

cpeAHero 3HaHeHHH (q 0 ) b oSjiacTH c pa3MepaMH Aq 0 , npmew. cko- 
pocra qacTHU. TaKJKe pacnpe/iejieHH b HmepBajie Ay = Ap 0 /nt 
okojio rpynnoBOH CKopocTH naKeia v — <.po>/m. flncnepCHa no cko- 

pOCTH npHBOflHT K TOMy, MTO qaCTHUbl, nepBOHaiaJIbHO Haxo^HB- 

inneca b oahoh tohk6, k MOMeHTy BpeMeHH t paBHOMepHo pacnpe- 
Aejiai-ca no oSjiacTH Av-t; cjieAOBaTejibHO, nepBOHaiaJibHaa koh- 
ueHTpauHH He coxpaHHeTCH, h pa3Mepbi «crycTKa» nacTHix Aq 
yBejin^iHBaiOTCH, dieAya 3aK0Hy (14). 

3tot 33koh, BnpoqeM, MoweT 6biTb 3anncaH h b Apyrofi (popMe:. 



r^e D = vt ecTb paccroaHHe, npoxoAHMoe bojihobhm naKeTOM 3a 
BpeMa t, a %=ti/mv — cpeAHaa AJiHHa bojihu. PacnjibiBaHne boji- 
HOBoro naneTa cbo6oahoh iacTHU,bi npeHe6pe>KHMo Majio, ecjiH 

VoX<A<7o- (15) 

HeTpyAHO noKa3aTb, mto npoTa>KeHHOCTb naKeia Aq BcerAa npe- 
bocxoaht A^iHHy -\/Z)X (33MeTHM, mo D\ — lit/m). 



§ 4. KJiaccHnecKHH npe^eji ypaBHeHHH UJpeAHHrepa 

Pa36epeM Tenepb BTopyio cpopMyjinpoBKy KJiaccnMecKoro npn- 
6jin>KeHHa, ynoMaHyTyio bo BBeAeHHH k stoh rjiaBe. 

Rjin onpeAejieHHoc™ paccMOTpnM c^yMafi qacraubi, ABnwy- 
meiicH b nojie noTeHunajia V{r). BbiAejiHM MOAyjib h (pa3y bo/iho- 

BOH (pyHKUHH: 
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EIoACTaBJiHH 9to BupaJKeHHe b ypaBHeHHe LUpeAHHrepa h npnpaB- 
HHBaa fleHCTBHTejibHbie h MHHMbie nacTH, noJiyuaeM ABa ypaBHeHHH: 

OS . (VS) 2 . .,_ ft 2 HA .. . 

dt 2m "f" y ~~ 2m A ' KU} 

m-ff + VA • V5 + 4aS = 0. (18) 



3ra CHCTeMa BewecTBeHHbix ypaBHeHHH nojiHOCTbio 3kbhb3- 
jieHraa ypaBHeHHio UJpeAHHrepa. OTMeraM, vto ypaBHeHHe (18) 
ecTb hh ito HHoe, Kan ypaBHeHHe HenpepuBHocTH (IV. 11). flen- 

CTBHTeJIbHO, nJIOTHOCTb BepOHTHOCTH P (r) H HJIOTHOCTb nOTOKa 

/(r) (cm. § IV. 2 h § IV. 4) Bbipa^caioTCH (popMyjiaMH 

P = A\ J = A 2 — , 
' m 

a ypaBHeHHe (18) yMHomeHHeM oSenx qacTeft Ha 2A npHBOAHTCH 

K BHAy 

m-Hr A 2 +div (A 2 VS) = 0. (19) 



B KJiaccnqecKOM npHSAHjKeHHH mh onycKaeM qjieH, nponopuHo 
HaAbHbifl h 2 b npaBofl qacra ypaBHeHHH (17), hto AaeT 

|f+<vai + , = „. m 

TaKHM o6pa30M, ncwiynaeM cjieAyroiHHH pe3yjibTaT: 
B KAaccunecKOM npu6numeHUu cpyHKi^un W onucbieaer «mu6- 
KOCTb» U3 KAaccmecKux Hee3auModeucTeytoiu,ux nacruii Maccu m 
(cTdTUCTmecKtiu ctHcaM6Ab) , nodeepoxenHbix deucreuto noTeni^uaAa 

V(r)\ tlAOTHOCTb U tlAOTHOCTb tlOTOKQ, 9T0U OKUdKOCTU 6 KaOKdoil 

TOHKe npocTpaHcrea e naoKduu MOMenr epemenu cooTeercTeeHHO 

pdBHbl tlAOTHOCTU 6SpOH THOCTU P U tlAOTHOCTU tlOTOKO, 6Sp0HTH0CTU 

J KeaHToeoti, nacmi^bi e dTOu mine 6 ). 

XleflcTBHTeJibHo, nocKOJibKy Bepno ypaBHeHHe HenpepbiBHocTH 
SToft >khakocth (ypaBHeHHe (19)), AOCTaTOHHo noKa3aTb, hto nojie 

CKOpOCTefi 

v=l = l± (21) 
P m v ' 



6 ) njioraocTb SToro KJiaccHqecKoro cTaTHcnwecKoro aHcaM6jiH b cpa30BOM 

IipOCTpaHCTBG flOBCMbHO CneU,H<pH<ma, TaK K3K JIK)6oH TOIKe KOHtpHrypaUHOHHOrO 

npocTpaHCTBa cooTBeTCTByeT onpeAejieHHufl Hinnyjibc VS. PemeHHe S groro ypa- 
BHeHHH (20) ecTb (pyHKuns fleftcTBHH TaMH^bTOHa, Hcnoab3yeMaa b (popMyjm- 
poBKe KJiaccHqecKoft m6X3hhkh TaMHJibTOHa — Hko6h. 



§ 4. KJlACCHtJECKHH nPEAEA yPABHEHHJI UIPEAHHTEPA 221 



^KHAKOCTH yAOBJieTBOpneT KJiaCCHHeCKHM 33K0HaM flBHJKeHHH JKHA" 

kocth. Ho, yMHTbiBan onpeAejieHHe (21), mo>kho nepenncaTb ypaB- 
neHHe (20) b BH^e 

dt ~ 2 ~ v 

JXanee, 3anHCHBaH ycjiOBHe paBeHCTBa Hyjiro rpaAHeirra JieBoft Ma- 
cm, nojiy^HM 

{~W + v grad ) mv + grad V = 0; 
OTCiOAa cJie^yeT, ito qacTHuu >khakocth iioahhhhiotch ypaBHeHHio 

JIBHJKeHHH 

ro-^-grad V, 

1TO H TpefiOBajlOCb AOKa3aTb. 

Ba>KHO noA^epKHyTb 6oAbiuyio o6mHocTb aioro pe3yjibTaTa, TaK 

KaK OH OCTaeTCH CnpaBeAJIHBbIM AJIH CHCTeM C AK)6bIM MHCJIOM H3- 

wepeHHH. FIjiOTHOCTb P — I W 1 2 edb BnoJiHe onpeAejieHHan (pyHK- 
Uhh b KOHcpHrypauHOHHOM npocTpaHCTBe; anajiorHHHO, / ecTb biioa- 
He onpeAeJieHHoe BeKTopHoe nojie b stom npocTpaHCTBe. Mi-iTaTeAb 
6e3 TpyAa noBTopHT AOK33aTejibCTBO ajih o6m,ero CAyqan. 

KorAa \F npeACTaBAHeT cTauHOHapHoe cocTOHHHe c SHepriieft E, 

dt ~ u ' dt — c ' 
ypaBHeHHH (17) h (18) cboahtch k 

(V5) 2 - 2m (E - V) = h 2 3*. , (22) 

div {A 2 VS) = 0. (23) 

B KJiaccH^ecKOM npHSAHsceHim mm onycnaeM npaByio uacTb ypaB- 

HeHHH (22) H BHOBb npHXOAHM K AOK33aHHOMy Bbiiue pe3yAbTaTy. 

B 3tom cAynae W onncbiBaeT CTau,noHapHoe Te^eHHe >khakocth 

KAaCCH^eCKHX HaCTHU. 

OfiTimecKciH cmaAoaua. 6ojiee HarAHAHa, neu anaAorHH ruApoAH- 
HaMHqecKaa, b oco6eHHOCTH ajih CTaunoHapHbix pemeHHH. FIo- 
CKOAbKy CKOpoc™ qacTnu, nponopuHOHajibHbi rpaAHeHTy 5, TpaeK- 
TopHH nacTHU opToroHaAbHH noBepxHOCTHM paBHbix (pa3 5 = const. 
B onTHKe noaneAHHe hbahk>tc5i boahobhmh noBepxnocTHMH, a Tpa- 
eKTOpHH MacTHu coBnaAaioT c onraHecKHMH AyiaMH 7 ). KJiaccime- 

7 ) B npHcyTCTBHH BeKTopHoro noTeHunaJia ajieKTpoinarHHTHoro nana A onpe- 
j;eJieHHe (21) KaaccHqecKoft ckopocth aojijkho 6biTb H3MeHeHO cJieAyioiii.HM 06- 

pa30M: v — ~ (VS — ~ ■ Ilpn stom AOKa3aHHaH Bbiiue TeopeMa OCTaeTCH 

BepHOH. FIOHHTHfl BOJIHOBOH nOBepXHOCTH H Jiyyefi OCTaiOTCfl b ciwie, ho nyiH 

Cojiee He opToroHajiwibi bojihobhiu noBepxHocTJiM; 9Ta CHTyainm aHajioraraa reo- 
MeTpH^ecKOft onTHKe b aHH30TponHHx cpe^ax. 
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CKoe npHCjiHJKeHHe t3khm o6pa30M coBnaAaeT c npH6./iH}KeHHeM 
reoMeTpHqecKofl oiithkh: 3flecb b KaMecTBe cneACTBHH ypaBHeHHH 
LUpeAHHrepa mm BHOBb nojiyqaeM tot nocTyjiaT, Ha kotopom 6buia 
ocuoBaHa TeopHH bojih BemecTBa. 

OnTHMecKaa anajiorHH 0Ka3HBaeTCH Mpe3BbmaHHO nojie3Hoft npH 
npoBepKe ycjiOBHH cnpaBeflJiHBoc™ KjiaccHMecKoro npH6jiH)KeHHH. 
FlycTb npuBeAenHajj AJinna bojihh X HBJiseTCH 33/iaHHOH (pyHKUnefi 
tomkh r 



X = 



V2m (£ • 



V(r)) 

Torvaa ypaBHeHHe (22) mo>kho 3anncaTb b (popMe 

X 2 



(VS) 2 



■('+ 



(22') 



KjiaccHiecKoe npH6jiHjneHHe Tpe6yer, ito6h ycjioBiie 



Jl 2 -J«l 



(24) 



Bbino^HH.iocb bo BceM npocTpaHCTBe; Toraee roBopn, o6jiac™, b ko- 
Topux flanHoe yanoBHe He BbinojiHaeTCH, aojdkhh 6biTb HacTOJibKO 

Ma^bi, 4to6h ypaBHeHHe (22) mo>kho 

6bIJ10 33MeHHTb IipH6jIH>KeHHbIM ypaB- 
HeHHCM 

X 2 




(s s ) 



(T) 



(VS) 2 



(25) 



hohth BcioAy. riocjieAHee ypaBHeHHe 
ecTb ypaBHeHHe bojihobmx noBepxHO- 
CTefi reoMeTpHiecKofl oiithkh. 

Ecjih V = 0 bo Bceiw npocTpaHCTBe, to X 
HBJiHeTca iioctohhhoh, h qacTHoe peuieHHe 
ypaBHeHHH (25) MOJKeT 6biTb aanwcaHO b bh- 
S = pr + const, rae p — 3a,aaHHufi bck-* 
Top amuu ft/% (ceMeflcitiO (pyHKUnii sioro th- 
na o6pa3yeT noJiHbifi HHTerpaji ypaBHeHHa a 
qacTHbix npoH3BoaHbix nepBoro nopa^Ka (25)). 
B 9T0M cjiyiae Bcnuopbie noBepxHOc™ cyTb 
n^ocKOCTH, nepneHflHKynapHbie p, a jiyiH — 
npaMbie, napaJuiejibHbie p. B o6meM CJiyiae, kohchho, BOJiHOBbie noBepxHOCTH h 

JiyMH KpHBOJIHHeHHbl. 

ripn 3aAaHHOfi 3HeprHH E ypaBHeHHe bojihoboh noBepxHOCTH S(x, y,z) = S a 
onpeAeJiaeT oaho h TOJibKO oaho peuieHHe ypaBHeHHH (25). Ero mojkho nocTpoHTb 
cJieayiomHM o6pa30M. FIoBepxHOCTH (S 0 ) conocTaBJiaeTCH AByxnapaMeTpHHecKoe- 
ceMeiicTBO TpaeKTopHfl KjiacaiHecKoii yacraubi, cooTBeTCTByromnx sHeprHH E, ko- 
Topue opToronaJibHbi (S 0 ) h BceM apyrHM bojihobhm nOBepxHOCTHM (pnc. 23). 
MTo6bi Hai'iTH 3naMeHiie S Ha KajKAoii H3 sthx noBepxHocTeii, paccMOTpHM oflHy 
H3 TpaeKTopHfl (7"). Ka>KAa» TO'wa na (7") onpeaeJiHeTCH KpHBOJiHHeftHOH Koop- 
AHHaTofl s; na^a-no OTCseTa s = 0 coBna^aeT c totkoh nepeceieHHH (7") h (S 0 ). 



Phc. 23. CeMeflcrBO TpaeKTopnii 
(c 3aAaHHofl sHeprneii E), cbh- 

3aHHbIX c BOJIHOBOH noBepxHo- 

cTbio (S 0 ) b npH6jiHxeHHH reo- 
MeTpHqecKofi onTHKH: (VS) 2 = 
= £ 2 A 2 . 
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CorJiacHO ypaBHGHHio (25) 

s 

S(s)=S 0 + \ 4- ds - 



TaKHM o6pa30M, S OKa3biBaeTca onpeAe-neHHofi bo BceM npodpaHCTBe, ho TorAa 
h 3aAaHne A Ha noBepxnoc™ (S 0 ) onpe^ejineT (pyHKiyno A bo bcgm npoCTpaH- 

CTBe eAHHCTBeHHNM 06pa30M. YpaBHeHHe (23) CBH3HBaeT TOJIbKO 3HaH6HHfl A(s), 

B3HTMe BAO^h oahoh TpaeKTOpHH, oho MoaceT 6biTb 3anncano B BHAe: 

4- 4- (A 2 ) + A 2 ■ AS = 0. 
X ds 

<t>yHKUHH X h AS BnoAne onpeAeJieHH BAOJib paccMaTpHBaeMoft TpaeKTopHH, no- 
STOMy 9T0 ypaBHeHHe oAH03Harao onpeAcnaeT (pyHKUHio A(s) npH jiioowx s, ea/iH 
3aAano 3HaqeHHe <4(0) Ha nepeceieHHH TpaeKTopHH (7") h noBepxHOcra (S 0 ). 

3Han peiueHHa A h 5 b KJiaccHHecKOM npn6jiH}KeHHH, mo>kho 
oueHHTb B03MymeHHe, BHocHMoe npHcyTCTBHeM q;ieHa k 2 &A/A b 

TOHHOM ypaBHeHHH (22). 3tO B03MymeHHe 33BHCHT He TOJIbKO OT 
«OnTHMeCKHX» CBOHCTB CpeAH, B KOTOpOH paCnpOCTpaHHeTCH BOJIHa, 

ho TaioKe h ot (popiwbi paccMaipHBaeMoro pemeHHH bojihoboi-o 
ypaBHeHHH. 

KaaccHqecKoe npHSAHjKeHHe npHMeHHMO, BooSme roBopa, ecjw «nonepeinbie» 

pa3MepbI BOJIHH BCIOAy BGJIHKH no CpaBHeHHK) C X H eCJM 

I grad X I < 1 (26) 
bo bchkom cayqae b Tex o6.nacTax npocTpaHCTBa, rAe njiOTHOCTb A 2 cymecTBeHHO 

OTJ3HMH3 OT HyjIH. 

3th ycJiOBHa no^yiaiOTCH nyTeM cjieAyioutHX nojiyKOJiHHecTBCHHbix paccy- 
jKAenHii. KaK yKa3UBaeT onrHiecKaa aHaJiorna, KpHBH3Ha cbctobnx Jiyqeft, t. e. 
TpaeKTopnii qacTHu, AOjiKHa 6biTb inajia b inacuiTaSax ajihhh booth. Ho pa- 
AHyc KpHBH3Hbi R CBH33H co CKopocTbio qacTHU v h nonepeqHoft cocTaBJiaiomeft 
chjih — (grad V) j_ cooTHOuieHHeM 

^ = |(gradK) x |. 

HeoOxoAHMO nosTOMy, itoSu 

X X 1 (grad V) . I mX 2 

yHHTHBaa BbipaxeHHe AAa X KaK (pynKUHH noTeHUjiajia V, sto ycjiOBiie mohcho 
sanncaTb Tan: 

I (grad X) x I < 1 

TaKHM o6pa30M, KpnBH3na BOJiHOBbix noBepxHOCTefl AOJiKHa 6biTb Majia no cpaB- 
HeHHK) c 1/X (Kpoine, MOHceT OMTb, HeKOTopwx orpaHnqeHHbix o6jiacTefl npo- 
CTpaHCTBa b6jih3h (pOKaJibHux noBepxHOCTefl). 3to b o6meM cjiyiae AocraraeTca 
earn h TpaeKTopHH o6jiaAaK)T TeM ace cbohctbom npn HaAJiejiomeM Bbi6ope no- 
BepxHoc™ (So). AHaJiorHHHHM o6pa30M OTHOCHTe^ibHoe H3MeneHHe A Ha KaacAOii 
bojihoboh noBepxHOCTH aojixho 6biTb npeHe6pe>KHMO Ma^HM Ha paccToaHHax no- 
paAKa X; Huaie roBopa, «nonepeiHbie pa3iuepbi» bojihu aojijkhw 6uTb GojibuiHMH 
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no CpaBHeHHK) C X. ECJIH 3TH yCJIOBHH BbinOJIHeHH, TO (pyHKUHH A (s) BAOJIb 

TpaeKTopHH (T) iipnGjinxeHHO AaeTCH cooTHomeHHeM 



. I Ms) 



no nocjie HeCojibmoro BbmHCJieHHH aaeT 

A ~ A ds* ~ 4 L ds 2 Us,/ J* 

Mto6m 9to BbipaJKeHHe 6hjio MaJi6, HyxHO, iTofibi dX/ds nXd 2 X/ds 2 Shjih 3Ha- 
iHTejibno Menbine 1; npaKTHnecKH BTopoe ycjioBHe BbinojiHeHO Bcei\n,a, Korfla bu- 
noJiHeHO nepBoe, t. e. Koi\na cocTaBJiaiomaH grad X baoju> TpaeKTopHH 

| (grad X)„ | ««: 1 . 

§ 5. KyjiOHOBCKoe pacceaHHe. <I>opMyjia Pe3ep<pop,na 

B Ka^ecTBe npnjic»KeHHH paccMOTpHM KpaTKO KJiaccnqecKyio 

TeopHK) KVJIOHOBCKOrO paCCeHHHH H yCJIOBHH ee npHMeHHMOCTH. 

3to 3aflana o pacceaHHH qacrau c Maccoft m KyjioHOBCKH m 
Ze 2 

noTeHunajiOM V = —p~, rae r — paccTOHHHe qacTHUbi ot chjio- 

Boro ueHTpa C; stoS nacTunen mojkct 6h\ih, HanpHMep, npoTOH c 
3apH,n,0M e, KOTopHH ABHJKeTca b KyjioHOBCKOM nojie HApa c 3apn- 
flOM Ze (oTTajiKHBaromHH noTemmaji). Teopnn npHMenHMa TaK>Ke 
ii b tom cjiyqae, Kor/ia 3apazibi HMeioT npoTHBonojiojKHbie 3H3kh 
(npHTHrHBaioiiiHH noTeHunaji). IloaTOMy mm 6ya,eM paccMaTpHBaTb. 
nocTOHHHyio Ze 2 KaK ajirefipaHqecKyio BejiHiHHy, o6jiaAaiomyio He- 

KOTOpblM 3H3K0M. 

EfycTb E — sHeprHH HacTHuu: 

pl _ meg ^ 
C ~~ 2m — 2 ' 

3aAaeTCH TaKJKe HanpaBJiemie ABH>KeHHH naAaiomefi iacTHii,bi h 
npHueJibHbiH napaMeTp (npHueJibHoe paccTOHHHe) b, hto (pHKCH- 
pyeT HaqajibHbie yaioBHH abhjk6hhh. FIojiokhm 

a = (27) 

H3BecTH0, hto TpaeKTopHH HBJiHeTCH BeTBbio rHnep6ojibi (pHC. 24) 
c (pOKyc oM C, nojiyocbio OA — \a\ a (pOKajibHbiM paccTOHHHeM 
OC = V 'a 2 + b 2 . Yroji oTKJiOHeHHH AaeTca cooTHomeHHeM 

6 = |a|ctg| (28) 

(3H3K OTKJiOHeHHH 33BHCHT ot 3HaKa noTemi.Ha.na, ho a6cojiiOTHoe 
3HaneHHe yivia 33bhcht TOAbKo ot a6coJiK>THoro 3HaieHHa noTeH- 
UHajia), 



§ 5. KYJIOHOBCKOE -PACCEflHHE. <J>OPMyjIA PE3EP*OPflA 



225 



Ha npaKTHKe Ba>KHoe 3HaieHHe HMeeT BeJinqHHa da/dQ, Ha3bi- 
BaeMan AH(pcpepeHu.HaJibHbiM 9<p<P eKTHBHI>1M ceneHHeM. ripeAnoJio- 
>khm, no chjioboh ueffrp 6oM6apAHpyeTca nyqKOM lacTHu. oahoh 
aHeprHH E h OAHoro HanpaBJieHHH abhjkchhh; mh JK&naeM 3HaTb 
mhcho nacTHu, pacceHBaeMbix b HeKOTopoM TejiecHOM yrjie {Q, 
Q-\-dQ). TorAa da/dQ, no onpeAejieHHio, ecTb hhcjio qacTHu,, pac- 
ceHBaeMbix b stom HanpaBJieHHH Ha 
eaHHHuy TejiecHoro yivia b eAHHHuy 
BpeMeHH, Kor^a pacnpeAejieHHe na- 
cthu b nepBOHaqajibHOM ny^Ke paBHO- 
MejpHo, a noTOK noeroHHeH bo Bpe- 
MeHH h paBeH eAHHHite, t. e. earn ne- 
pe3 BCHKyro noBepxHOCTb, najienyio 
ot C h nepneHAHKy^apHyio HanpaBJie- 

HHK) ABHyKeHHH, npOXOAHT OAHa qaCTH- 

ua b eAHHHuy BpeMeHH h Ha eAHHHuy 

nOBepXHOCTH. 

Bu6epeM nepBOHa^ajibHoe Ha- 
npaBJieHHe ny^Ka b KanecTBe nojiap- 
hoh och h o6o3Ha t iHM nepe3 0 h cp 
ccpepnqecKHe yrjibi HanpaBJieHHH abh- 
weHH3 pacceHHHoft iacTHii,bi; npH stom 
6 ecTb BBeAeHHHfi Bbime yroji otkjio- 
HeHHH, cBH3aHHbifi c npHuejibHHM na- 

paMeTpoM cooTHOiueHHeM (28). 3/ieMeHT TejiecHoro yrjia b Ha- 
npaBJieHHH (0, <p) paBeH dQ = sin 0 d% dep. ^HCJiodanacTHU,, pacceH- 
BaeMbix b eAHHHuy BpeMeHH b stom TcnecHOM yivie, paBHO nnc/iy 
naAaiomnx nacTHu., nepeceKaiomnx b eAHHHuy BpeMeHH noBepxHOCTb 
b db d(p, t. e. nocKOJibKy nepBOHauajibHbift naAaiomnft noTOK paBeH 1 



7\ » 




'c 




a) 















4) 

Phc. 24. TpaeKTopna (xcnpHaa 
jihhhh) qacTHuw b kyjiohobckom 
nojie: a) orra^KHBaiomHH no- 
TeHUHa.i; 6) npHTHrHBaioiiuiH 
noTeHuwaji. 



db 



da = b dbdcp = b -^g- dQ d<p 



db 



dQ. 



sine cfe 

3aMeHHH B 9TOM ypaBHCHHH BeJIHUHHbl b H db/dQ HX BbipaJKeHHHMH, 

BbiHHCJieHHbiMH c noMombio cooTHouieHHH (28), nojiynaeM tpopMyay 
Pe3epd)opda 8 ) 

da __ a 2 _ (Ze 2 ) 2 

4 sin 4 -g- 16£ 2 sin 4 — 

HaM ocTaeTCH oSocHOBaTb npHMeHeHHe KjiaccnqecKoro npn6jiH- 
jKeHHH. 3aMeTHM, hto xapaKTepHofl ajihhoh 3aAaHH 3Aecb HBJineTca 
\a\. KpoMe Toro, AJiHHa bojihh Hacraubi 



(29) 



. h h ( . 2a \-V. 
% =-p"{ 1 -—) 



•) 3Ta (popiny^a, KOTopofl mh o6fl3aHu Pe3ep<popAy, HMejia 6<wibiiioe hcto- 
pimeCKoe 3HaieHHe, tsk KaK Ha Heft Cwjia ocHOBaHa HHTepnpeTauHfl ero 3HaMe- 
HHTbix onuTOB no pacceflHHio a-nacrau. 



8 A, MeccHa 
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no nopHflKy bcih i ihhh paBHa cBoeMy nepBOHanajibHOMy 3HaqeHHK> 
% 0 — h/mvo. OTHomeHHe AByx BejiHqHH HMeeT nopHAOK 

\a \ _ \Ze 2 \ 



X 0 bv 0 



(30) 



Mo>kho ojKHAaTb, hto KJiaccnqecKoe npnoViHweHHe cnpaBeAAHBO, 
Kor^a 

Y»l- (3D 
BblHCHHM, B K3KOH Mepe BbinOAHHeTCH ycnoBiie (26). HMeeM 



|gradX| = 



rfX 



dr 



1 * « 1; 



Y -y/r (r — 2a) 3 

|gradX| TeM 6ojibine, neu MeHbiue r. riocKOAbKy KJiaccHnecKaa 
TpaeKTopHH TeM 6jiH>Ke iioaxoaht k pacceHBaiomeMy ueHTpy, qeM 
6ojibiiie yroji OTKAOHeHHH, mh aejiaeM bhboa, hto KJiaccnqecKoe 
npH6jiH>KeHHe onpaBAaHo /yia MaJiwx yrjioB otkjiohchhh (t. e. aah 
6ojibiuHx npHuejibHbix napaMeTpoB), ho 0TKa3biBaeTca c/iy>KHTb npH 
6ojibuiHx yrjiax otkaoh6hhh. Hto6h nojiyiHTb KOJinqecTBeHHyio 
oueHKy, paccMOTpHM Bbipa>KeHHe aah MaKCHMyMa | grad X | (t. e. 
ero 3HaieHHH Ha BepuiHHe rHnepSojimecKOH TpaeKTopHH) kbk 
(pyHKUHH 0; BbiqncJieHHe AaeT 

. e_ 

|gradX| max = ^-, F(9) = tg|- 



2 9 
1 — (sign a) sin — 



(3,a,ecb sign a = |a|/<3). KorAa 6 yBeAHHHBaeTca ot 0 ao n, <pyHK- 
ii.hh F(Q) yBeJiHHHBaeTCH ot 0 ao + 00 ■ nycTb yroji Q c onpeAeJiaeT^ 

CH paBeHCTBOM 

F(Q c ) = y. 

KjiaccHHecKoe npH6jiH>KeHHe cnpaBe/yiHBo npH 8 < 0 C h HenpHMe- 
hhmo npH 9 > Q c - 3ai«eTHM, hto Q c TeM fijinJKe k it, neM SoJibuie y, 
b corjiacHH c rpy6oft oueHKofl, cAeJiaHHoft Bbiiue. 



P a 3 a e ji II. METOfl BKB 3 . 9 ) 
§ 6. OcHOBHan HAea MeToaa 

KaK H BCHKHH KBa3HKJiaCCHHeCKHH MeTOA, MeTOA BKB OCHOBaH 

Ha pa3Jio>KeHHH Bcex BC/iHqHH no CTeneHHM iioctohhhoh h npe- 
ne6pe>KeHHH qjieHaMH 6ojiee BbicoKoro nopaAKa. TaKHM o6pa30M, 



9 ) Bojiee no^poOHoe H3Jio)KeHHe MeTOAa cm. b pa6oTax R. E. Lunger, Phys. 
Rev. 51, 669 (1937); W. H. Furry, Phys. Rev. 71, 360 (1947). Cm. TaioKe 
<t>. M. Mope h r. <f>etu6ax, MeTO/ibi TeoperaiecKoft (pH3HKH, HJI, 1960, t. II, 
erp. 90 h AaJiee. 



§ 7. PE1HEHH3 BKB B OAHOM H3MEPEHHH 
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ypaBneHHe LUpeAHHrepa 3aMeHHeTCH (no KpafiHefi Mepe, b HeKOTo- 
pux o6jiacTHX npocTpaHCTBa) cbohm KJiaccniecKHM npeAe;ioM. Oa- 
HaKO ofi^acTb npHMeHHMOc™ MeTOja BKB uiHpe, h&m o6jiacrb npH- 
MeHHMOCTH KJiaccnqecKoro npn6^HKeHHH KaK TaKOBoro, h6o 
yKa3aHHoe pa3^o>KeHHe MO>KeT npoBOAHTbcn h b Tex o6jiaerHX npo- 
CTpaHCTBa, rjie KJiaccnqecKoe npn6jiH)KeHHe He HMeeT cMbiaria (06- 
jiacTH E < V, KyAa AOCTyn KJiaccnqecKHM uacTHuaM sanpemeH). 
J\j\h Toro mto6h BKJiiowrb b paccMOTpeHHe h 3th o6jiacTH, aneAyeT 
HecKOJibKO H3MeHHTb onpeAejieHHH 4>yHKUHH A h S H3 § 4, ncaaran 

W(r) = exp(-j- W(rj), (32) 

W(r) = S(r) + ±T{r), (33) 

A{r) = expT(r). (34) 

noTpeSyeM, hto6w S h T 6hjih hcthumh (pyHKHHHMH h, mo oa- 
H03HaqHO onpeAeJiaeT A h S. ypaBHeHHH (17) — (18) h (22) — (23) 
ocTaioTCH b cHJie, ho BeJiHMHHbi A h S 6ojiee He hbjihiotch 0633a- 
TejibHO BemecTBeHHHMH. npH6jiH)KeHHe BKB coctoht b pasjioJKe- 
hhh W(r) no cTeneHHM fi h npeHe6pe>KeHHH b ypaBHeHHH LUpeAHH- 
repa qjieHaMH nop»AKa h 2 h Bbiine. 

§ 7. PemeHHH BKB b oahom H3McpeHHH 

HaHoanee HHTepecHbie npHMeHeHHH MeTOAa BKB AaioT odno- 
Mepttbie 3adanu. IloaTOMy mm orpaHH^HMcn paccMOTpeHHeM oaho- 
MepHbix 3aAaq h 6yAeM HCKaTb cTauHOHapHbie pemeHHH ypaBHeHHH 
lLIpeAHHrepa, He 3aBHcnmero ot BpeMeHH (ypaBHeHHH (22) — (23)). 

MeTOA, pa3BHTHH 3AeCb, MOJKeT, B006lH.e TOBOpH, CJiy>KHTb H ajih 

pemeHHH ypaBHeHHH LUpeAHHrepa b Tpex H3MepeHHHx, h6o b 6ojib- 
uiHHCTBe cJiynaeB oho cboahtch k peuieHHio bojihobhx ypaBHeHHH 
b oahom H3MepeHHH nyieM pa3AeJieHHH yrjioBbix h paAHajibHbix ne- 
peMeHHbix (cm. i\n. IX). 

llycTb y(x) ecTb bojihob3h (pyHKUHH, yAOBJieTBopniomaH ypas- 
HeHHio LUpeAHHrepa, 

y" + ^-(E-V(x))y = 0. 

riojiaran 

y = e' h , w-=S + ~\nA 

(S h In v4 — neTHbie (pyHKHHH S), nojiyqaeM 3KBHBajieHTHyio ch- 
CTeMy ypaBHeHHH 

S' 2 -2m(E- V) = h 2 ^-, (35) 
2A'S' + AS" = 0. (36) 

r 

8* 



228 TJ1. VI. KJIACCHMECKOE nPHBJIH>KEHHE H METOfl BKB 

ypaBHeHHe HenpepHBHOCTH (36) HHTerpHpyeTca h AaeT 

A-2jf. (37, 

IloACTaB^HH 3to Bbipa>KeHHe AJiJJ A b ypaBHeHHe (35), nojiynaeM 
ypaBHeHHe 

S' J = 2m (E - V) + A 2 [A - 1 ^1] . (38) 

3to AH(p4)epeHUHaJibHoe ypaBHeHHe TpeTbero nopHAKa crpozo sk- 
BHBajieHTHo ypaBHeHHio IJJpeAHHrepa, H3 KOToporo mh hcxoahjih. 
npHfijiHJKeHHe BKB coctoht b pa3Jio>KeHHH S b pHA no crene- 

S = 5 0 + ^ 2 5i+ .... (39) 

noAcraHOBKH stoto pa3Jio>KeHHH b ypaBHeHHe (38) h coxpaHeHHH 
TOJibKO iJieHOB HyjieBoro nopHAKa 

S' 8 ~ S'* = 2m(E-V (*)). (40) 

3to npn6jiH>KeHHoe ypaBHeHHe HHTerpnpyeTCH 6e3 3aTpyAHeHnfl. 
CneAyeT pa3JiHqaTb ABa cJiyiaa: 
1. CAyuau E > V(x). 
OnpeAe^HM AJiHHy bojihh 

*(*) = h fjfi = = • (41) 
■\/2m (E — V (*)) 

ypaBHeHHe (40) yAOBJieTBopaeTca, ecJiH S' =~ ±fi/X. PemeHHe BKB 

npeACT3BJIHeT CO60H JIHHeHHyK) KOMSHHaUHIO OCH,HJI.flHpyK)IHHX 
(pyHKUHH 



y(x) = a VK cos ($ £j- + <p) (42) 

(a h q) — npoH3BOJibHbie nocTOHHHbie) . 

2. CAynail E <. V(x) (o6Aacrb, 3anpeu\eHHan Bah KAaccme- 
ckux nacTUti). 

riycTb 

= (43) 
V2m (K (a;) — E) 

ypaBHeHHe (40) yAOB-aeTBopaeTCH, ecJiH S' ca ±tfi//. PemeHHe BKB 
npeACTaBJiHeT co6oft jiHHefiHyio KOM6HHauHio AeficTBHTejibHbix skc* 
noHeHT 



y (x) = V [y* + S + fie"S ' ] (44) 



§ 8. yCJIOBHH nPHMEHHMOCTH rtPHBJIHJKEHHJt BKB 
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§ 8. YCJIOBHSI IIpHMCHHMOCTH npHSjIHXCeHHH BKB 

TeOpHH npHSjIHKeHHH BKB AOBOAbHO CAOJKHa. OrpaHH^HMCH 

^6e3 AOKa3aiejibCTBa) yKa3aHHeM Toro, mto pa3A0JKeHHe (39) no 
■creneHHM b 2 b o6meM cJiyiae He cxoahtch, a npeACTaBAHeT co6ofi 

T3K Ha3HBaeMUH aCHMIITOTHqeCKHH pHA, KOHe^HOe HHCAO HJieHOB 

KOToporo AaeT xopomee npnSAHJKeHHe aah 5, ecjm b AOCTaTOMHO 
wajio. 

HtoSh h3hth KpHTepHfl cnpaBeAAHBOCTH npa6jiH»:eHHH BKB, 
mojkho BH^HCJiHTb BTOpoft qjieH b 2 S\ pa3Jio>KeHHH (39). IlonpaBKa 
nopHAKa b 2 BbipajKaercH b yMHOsceHHH pemeHHH BKB Ha mhojkh- 
TeJib e lhs >. FIonpaBKa npeHeSpescHMO Majia, ecjin bSi < 1. 

Ecjih noACTaBHTb pa3Ji0JKeHHe (39) b ypaBHeHHe (38) h npn- 
paBHHTb Apyr apyry UAeHbi nopaAKa b 2 , to rjih Si noAyqHM AH(p' 
4>epeHu.HaAbHoe ypaBHeHHe 



0 1 (<f 1/2 ' 4\SU 2 Si 



rrr 



-"0 



KorAa E > V, S' 0 = ± h/X. 3to nocAe cooTBeTCTByiom.HX BbRHCAe- 

MHH npHBOAHT K 

^= ± ivx(vxr= ± ({v-i^), 



OTKyAa noAynaeM 



(45) 



KorAa xe E < V, noAynaeM to >Ke BMpasceHHe c 3aMeHoS %{x) 

Ha l(x). yCAOBHe bSi <C 1 BbinOAHHeTCH, ecAH 



X'(jc)<1 npn E>V(x), 
/'(*)<! npn E<V(x). 



(46) 



MOJKHO CBH3aTb KpHTepHH (46) H yCAOBHe (26) CnpaBeAAHBOCTH 

KAaccHHecKoro npH6AHHceHHH b o6meM cAynae. 

3tot KpHTepHH BbipaxaeTCH Tansce c noMombio HepaBeHCTBa, 
BKAioqaiomero noTeHunaA V(x) h ero nepByio npoH3BOAHyio 



\mbV'\ 
1 2m (E - V) \' lt 



(47) 
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§ 9. rpaHMMHbie T04KH H (JjOpMVJIbl COTJiaCOBaHMH 

06bmHo npH Hcnojib30BaHHH npn6jiH>KeHHH BKB ycJioBHe (47) 
BbinojiHneTCH noBdOAy KpoMe Majihix OKpecraocTeH tomck E — 
= V(x). 3to TaK Ha3biBaeMbie zpanmnbie tohku KJiaccHqecKoro 

ABH>KeHHH, TAe CKOpOCTb ABHJKeHHH qaCTHUH 06pamaeTCH B HVJIb 

h MeHHeT 3HaK (tohkh noBopoTa). 

C M3T6MaTHMeCKOH TOIKH 3pGHHH npH6jIHH<eHHe BKB CBOAHTCH 

k 3aMeHe ypaBHeHHH IlIpeAHHrepa 
ypaBHGHHeM 




(KaK b o6a3cth E > V, tsk h b o6jiacTH £<V, rAe \— it). J\eu- 

CTBHTGJIbHO, HCTpyAHO npOBepHTb, HTO Bbipa>KeHHH (42) H (44) 

npeACTaBAHioT co6oh odmne peuieHHH HMeHHo ypaBHeHHH (48). 
Oho HMeeT oco6eHHocTb rana (x — a)~ 2 b Tex TO^Kax, rAe a^hhs 

BOJIHbl CT3HOBHTCH SeCKOHeHHO 6oJIbUIOH, T. e. B K3>KAOH H3 rpa- 
KHHHblX TO^eK. B OKpeCTHOCTHX T3KHX TO^eK 3aMeHa ypaBHeHHH 

llJpeAHHrepa Ha ypaBHeHHe (48) oqeBHAHo HeonpaBAaHa. HtoSm 
nojiyHHTb nojmoe peuieHHe, Boo6me roBopn, cjieAyeT peuiHTb ypaB- 
neHHe IlIpeAHHrepa b msjihx oSjiacTHx b6jih3h rpaHH^Hbix toick h 
cmHTb 3th pemeHHH c peuieHHHMH (42) h (44), KOTopbie npeACTaB- 
jihiot BOJiHOByio cpyHKunio B oS^acTHx, rAe cnpaBeAJiHBO npn6jiH- 
jKenne BKB. 

Ha npaKTHKe, OAHaKX), HeT 60JIbUI0H HeofixOAHMOCTH 3HaTb HC- 
THHHVK) 4>OpMy petUeHHH B OKpeCTHOCTH rpSHHHHOH TOHKH, eCJIH Mb! 

yMeeM cuiHBSTb peuieHHH BKB no o6e eropoHbi OKpecraocTH. ITpo- 

6jieM3 CIHHB3HHH peuieHHH MaTeM3THHeCKH AOBOJIbHO TpyAH3, nOA" 

po6H3 0Ha paccMaTpHBaeTCH b }'K333Hhoh CT3Tbe JIsHrepa 9 ); Me- 
toa, npeAJio>KeHHbiH JlaHrepoM, ocHOBaH Ha 3aMeHe ypaBHeHHH 
LUpeAHnrepa He ypaBHeHHeM (48), a ApyrHM ypaBHeHHeM (He 

HMeiOUiHM OCOSeHHOCTefi B rp3HH4HMX TOHK3X), KOTOpOe aCHMnTO- 

TH^ecKH nepexoAHT b ypaBHeHHe (48) no o6e cTopOHbi tohkh noBO- 

pOT3. OrpSHHHHMCH TeM, HTO yK3>KeM (pOpMtJAbl COZAdCOeaHUX 

Me>KAy peuieHHHMH BKB aKcnoHeHuna^bHoro h ocuHJiJiHTopHoro 

THnOB. 

ripeAnojioiKHM p3AH onpeAejieHHocTH, hto E > V npn x > a h 
E < V npn x < a (63pbep cjieB3). 06mee peuieHHe HBJineTca ah- 
HeflHofl KOMSHHanneH AByx pemenHH y\ h yi, acHMnTOTHMecKHe 



§ 9. rPAHHMHME TOMKH H OOPMYJIbl COrjIACOBAHHS 
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<p0pMM KOTOpblX flaiOTCH BbipajKeHHHMH: 



y x ~ VTexpf + 




^ X 



npH x <C a, 



(49) 




(50) 




npH x ^> a. 



a 



yCJIOBHMCH OnpeflejIHTb «HHO/IO AJIHH BOJIH», COAep>KaiU,HXC5I B 



3aaaHH0M HHTepBajie (xi,x 2 ), HHterpajioM (l/2n) \ dx/K hjw 



{l/2;i) \ dx/l cooTBeTCTBeHHo cnpaBa h cjieBa ot rpaHHHHoft to^kh. 



ycjiOBHH cnpaBeflJiHBOCTH (popMyji corjiacoBaHHH TaKOBbi: 

1) B rpaHH^Hofl TOHKe KHHeTHqecKaa sHepraa E — V CTpeMHT- 
ch k Hyjiio K3K x — o, h ocTaeTCH b xopomeM npH6jiH>KeHHH npo- 
nopuHOHajibHofl x — a b o6jiacTH, npocTHparomeflcH Ha oAHy, a 
eme Jiynuie — Ha HecKOJibKo «aahh bojih» no o6e eropoHbi tohkh 
noBopoTa. 

2) KajKAaa H3 «rpaHHHHbix o6jiacTeft» ciuHB.aeTCH c «acHMnTO 
THHecKHMH o6jiacTHMH», npocTtipaiomHMHCH Ha MHoro «aahh 
bojih», b KOTopbix BbinojiHHeTca npH6^H^tHHe BKB. 

npH HcnoJib30BaHHH (popMyji (49) h (50) Tpe6yeTCH H3BecTHafl 

OCTOpO>KHOCTb. J\eJlO B TOM, HTO peiUeHHe A\j\ + Bij2 K3K TaKOBOe 

b ofijiacTH x<a HMeeT acHMnTOTHiecKyio <popMy Ay\, TaK KaK 
<OKcnoHeHii,HajibHo pacTymHfl» HJieH BcerAa npeBocxoAHT <oKcno- 
HeHUHajibHo y6biBaiomHH», KaKHM 6h MajibiM no cpaBHeHHio c B 

HH 6bIJI K03<p(pHnHeHT A, eCJIH TOJIbKO OH He paBeH TOJKfleCTBeHHO 

Hyjiio. riosTOMy 3aAaHHe acHMnTOTHnecKoft (popMbi 6yAeT HMeTb 

CMHCJI, TOJIbKO eCAH OHa AeHCTBHTCTIbHO «3KCn0HeHUHajIbHO y6bi- 

BaiomaH» (ran y 2 ) ; ecjin KostpcpHUHeHTH A h B H3BecTHbi TOJibKO 
npH6AH>KeHH0 h | A I «C I B I , to HHKaKoe Aasce npn6;iH}KeHHoe 
onpeAejieHHe acHMnTOTHiecKofl (popMH peineHHH ct3hobhtch HeB03- 

MOJKHblM. 

llpeAnojio^HM, ito mh 3HaeM pemeHHe BKB b acHMnTOTHue- 
cKoft o6jiac™ (x <C a) h JKcaaeM Haft™ to ocuHJiAHTopHoe peine- 
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HHe, C KOTOpbIM OHO CIIIHBaeTCH. 3t0 MOJKHO CfteJiaTb TOJIbKO ecjiw 

yKa3aHHoe acHMnTOTHiecKoe pemeHHe 3KcnoHeHHHajibHo 3aTyxaeT 
npn t. e. HMeet (popiay 



\ Bt>* exp 



(-!*)•• 



Tor^a b OKpecTHOCTH rpaHHHHoft tohkh pemeHHe, o^eBHAHO, 6yAer 
KMeTb bha B1/2, a ero noBeAeHHe b oSjiacTH x ^> a 6yn,eT Bbipa- 
JKaTbCH (popMyjiofi (50). Pe3yjibTaT mojkho 3anHcaTb b (popMe 

ivr« P (-j^vs-««(j^-i). (5.) 

ifpHqe'M CTpeJiKa yKa3HBaeT HanpaBJieHHe corjiacoBaHHH. 

ripeAnojio>KHM, HanpoTHB, mo mm 3aaaeMCH peineHHeM BKB 
b «ocuhjijihtophoh o6jiac™» (x ;> a) . Oho aojijkho HMeTb tpopiuy 
(42), hto mojkho 3anHcaTb b bhac 



C -\J\ cos 



(if -7+0 



(C h q> — KOMnjieKCHbie nocTOHHHbie) . CorjiacHo (popMyjiai* 
(49) — (50) 3to ecTb acHMn-roTHqecKaa (popMa pemeHHH c KoalptpH- 

UHeHTaMH 

.<4~Csin(p, B~Ccoscp. 
Cjie^yeT ywruBaTb, hto nocroaHHbie A h B yita3aHH0H acHMnra- 

THieCKOfi (pOpMOft OnpeAeJIJJIOTCH TOJIbKO npH6^H»eHHO. Flo STOft 

npHiHHe, ecJiH |tgcp| -C 1, jiio6oe onpeAe-neHHe acHMnTOTHMecKoft 

(pOpMH AaHHOrO peHieHHfl B oSjiaCTH J<d CTaHOBHTCH HeB03M0>K- 

hum; b npoTHBHOM cjiyiae OHa AaeTCH (popMyjiofi (49). Pe3yjibTaT 
3anHiueM b bhas 

VX cos (|f-f + cp)-sincpVr exp (J ^fj ; (52> 

CTpejiKa 3Aecb Taicxe yKa3breaeT HanpaBJieHHe corjiacoBaHHa. 

B anyqae Sapbepa cnpaBa, t. e. ecjm E > V npH a > x ve 
E<.V npH a < x, (popMyjiu corjiacoBaHHa (51) h (52) oeraiOTca 
B CHJie, earn b HHTerpa^ax h HepaBeHCTBax nepecTaBHTb x a a~ t 
HanpaB/ieHHe crpeJiOK coxpaHaeTca. 



§ 10. nPOXO)KAEHHE nOTEHUHAJIbHOrO BAPbEPA 
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§ 10. npoxoJKfleHHe noTeHunaJibHoro Sapbepa 

B KanecTBe HjuiiocTpaHHH npHMeHHM MeTOA BKB k BMiHCJie- 
hhk) KoacJxpHUHeHTa npoxojKAeHHH nacTHuefl noTeHUHajibHoro 
6apbepa, H3o6pajKeHHoro Ha pnc. 25. B oSjiacTH x < a (o6;iacTb I) 
V(x) = V 0 = const, npn x> a noTeHunaji V(x) npeACTaBJineT co- 
Soft nO^OmHTeJIbHyK) (pyHKUHFO, 

yfibiBaioiiiyio mohotohho ot 3Hane- 
hhh V a = V(a) ao V(oo) = 0. 

riycTb E — 3HeprHH nacTHUH, 
b (>a) — TOHKa Ha och x, rAe 
E=V{b). ToqKa pa3pbiBa a h 

rpaHHMH3H T0HK3 b AejIHT OCb x 

«a TpH o6JiacTH /, // h ///. npeA- 
nojiaraeM, hto mctoa BKB npHMe- 
HHM B OfijiaCTHX // h ///. 

HT06bI HaHTH K09(p(pHUHeHT 

npoxo>KAeHHH, cjieAyeT nocTpoHTb 
peiueHHe ypaBHeHHH IUpeAHHrepa, 
acHMnTOTHuecKaH (popMa koto- 

poro b oSjiacTH /// Bbipa>KaeTCH TOJibKO npomeAiueft bojihoh (pac- 
npocTpaHHiomeftcH b HanpaBjieHHH B03pacTaiomHx x). B stoh 06- 
jiacTH peiueHHe BKB HMeeT (popMy (42). YcjioBHe, HajiaraeMoe Ha 
<popMy acHMnTOTHnecKoro pemeHHH, (pHKCHpyeT ero (c TOMHOCTbio 

AO nOCTOHHHOrO MHOJKHTeJIH) B BHAe 



VI 






Vd 




<2> ® 

>v 1 
\ 1 
\ 1 




WE 


>^ 1 

7^~>- 






a b x 


Va 






Phc 


. 25. 


iToTeHUHajibHHH Sapbep 
V (*). 



yiu 



= ex P 



(x> b) 



'((pasa n/4 AoSaBJieHa RJin yAo6cTBa nocJieAyiomHx buihcjichkh) 

HJIH 

„„.Vv[c03(jf-^) +iSl „(S>- f )]. 

CorjiacHo (popMyjiaM connacoBaHHfl (49) — (50) sto peiueHHe npo- 
jtoJiJKaeTCH b o6jiacTb // peuieHHeM 



B 9T0M BbipaJKeHHH 



V2m [F (*) - E] 
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IIOJIOKHM 



/ a = /(a)=-_L=, k= ^(E-v o) 



■yj2m(V a -E) ' h 

B o6jiacTH / ToiHoe peiueHHe ypaBHeHHH LUpeAHHrepa HMeeT bha 
t/x — A sin [k (x — a) + 6]. 

noCTOHHHbie y4 H 8 OnpefleJIHIOTCH yCJIOBHHMH HenpepblBHOCTH BOJI- 
HOBOH (pVHKUHH H ee JIOrapH^MHieCKOH npOH3BOAHOH B TO^Ke a, t. e. 

kctg 6 = — -/-, .4 sin 6= — i V^V, (53) 

npn 3tom tj\ ecTb cyMMa naAaiomefi h OTpajKeHHoft bojih. riocKOJib- 
Ky 8 BemecTBeHHa, nafl.aioiii.aH BOJiHa — Aexp {i[k(x — a) -\- 6]} 
AaeT noTOK ■jl^P^T' CorjiacHo ypaBHeHHHM (53), 

k\A\ 2 kl. e 2T kl. „ 1 + £ 2 / 2 

— ^-e 2T (l + ctg 2 S) = e 2 *- 



4 4 sin 2 6 4 & vl 1 ^ s — & 4«„ ' 

TaK Kan noTOK b npouie/iuieH BOJiHe y ni paBeH hjm, KoatptpHUHeHT 
npoxojKAeHHH ecTb 

T ^ *kl a c _, x = V(K a -E)(E- V 0 ) n 

\ + k% x v a -v 0 

^ToSbi yKa3aHHHH MeTOA BbiqHoneHHH 6m.ii AonycraM, Tpe6yeT- 
ch, qTo6bi noTeHunaJi V(x) AocTaTorao MeA^eHHo H3MeHHjicsi b 06- 
jiacTflx // h ///, rjxe Hcnojib30Bajiocb npn6flH}KeHHe BKB (ycjio- 
BHe (47)), h uto6h b OKpecTHoc™ rpaHHHHOH to^kh c pa3MepaMH 
b HecKOJibKo «ajihh bojih» noTeHnnaji V(x) Mor 6biTb npeACTaB- 
jieH jiHHeHHofl (pyHKUHefl x. TeM caMbiM TpeSyercH, htoSh 6apbep 
HMen «uiHpHHy» no MeHbixiefi Mepe b HecKOJibKo «ajihh bojih», t. e. 
iiTC>6bi t ^>2it, a cjieAOBaTe.ibHo, HTodu K03(p(pHUHeHT T 6hji o^enb 
MajibiM ( c< 10 -5 ) . 



§ 11. YpOBHH SHeprHH B nOT£HU.H<lJIbHOH HM6 

B KanecTBe BToporo npnMepa paccMOTpHM noTeHUHajibHyjo HMy, 
npeACTaBJieHHyio Ha pnc. 26, h nocTaBHM 3aAany h3xo>ka6hhh ypoB- 
Hefl sHeprnn AHCKpeTHoro cneKTpa. 

KascAoft SHeprHH E cooTBeTCTByiOT ABe rpaHHHHbie tcrkh a h b 
KJiaccHnecKoro ABHJKeHHH. Ohh AejiHT ocb x Ha TpH o6jiacTH: /, // h 
///. ByAeM HCKaTb pemeHHe BKB, 3KcnoHeHHHa^bno satyxaiomee 



§. II. yPOBHH 3HEPTHH B flOTEHUHAJIbHOPl HME 



235 



B 06jiaCTHX / H ///, t. e. 

^ x ' 

V\\\ = x V^" ex P I "T") 



(x < a), 



(x > 6) 



(c h c' — nocTOHHHbie) . CorjiacHo cpopMyjie corviacoBaHHH (50) h 
aHajiorn^HOH cpopMyjie, cooTBeTCTByiomefi 6apbepy cnpaBa, sth 
4>yHKUHH HMeiOT c/ieAyiomne npoAOJiJKeHHH b o6jiaerb //: 



tj a (X) = C V* COS ^ — ~j - 

y„ (x) = c' Vx cos (J X - 7) 



(a < jc < b). 



3th (pyHKUHH paBHbi y a (x) = y^ (x) = j/u, ecjra 



/ 



0 v 

-St-J 



V2m[E.-y(*)] 



(54) 



i\ne AT — uejioe hhcjio (^0). Tpe6oBaHHe (54) cpHKCHpyeT ahc- 
KpeTHbie ypoBHH aHeprHH cneKTpa. B stom cjiyqae HMeeM c' = 
— (—l) N c. TaKHM o6pa30M, no- 
jiyqaeM (c TOHHOCTbro flo npoH3- 
BOJibHoro nocToaHHoro mho>kh- 
Tejia) Bbipa>KeHHH y\, yu h ym 
juin cooTBeTCTByiomeH co6- 

CTBeHHOH (pyHKUHH B Ka>KflOH 

H3 Tpex odjiacTefl 3a hckjhomc- 

HHeM AByX OKpeCTHOCTefl TOieK 

a h b. 

YCJIOBHH npHMeHHMOCTH Me- 

TOAa TpeSyioT, HTo6bi rpaHHi- 

Hbie oSjiaCTH OKOJ10 TOHeK a H 

b, rjxe noTeHunaJi V(x) aojraeH 
npeACTaBJiHTbca b xopomeM npn- 

6jiH>KeHHH jiHHeftHOH cpyHKHHefi x, HMejiH pa3Mepbi nopsiAKa He- 

CKOJIbKHX AJIHH BOJIH; n03TOMy MeTOA npHMeHHM TOJIbKO JJIH o^eHb 
60JIbUIHX KBHHTOBblX TOCeJI N 1 . 

B HeKOTopbix ocoSbix cjiynaax, HanpHMep, b cjiynae rapMOHH- 
«iecKoro ocuH^jiHTOpa, ueroji AaeT TOHHbie 3HaqeHHH Bcex ypoBHefi 




a b x 

Phc. 26. noTeHuHajibHaa HMa V (x). 
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171, VI, KJIACCHWECKOE nPHEJlHXEHHE H METOA BKB 



SHeprHH, BKJiioiaH h ocHOBHoe cocTOHHHe (cm. 3aAaqy 6). 3to cne- 

flyeT CHHTaTb CJiyiafiHHM 06CT0HTejIbCTB0M. 

EtpaBH^O KBaHTOBaHHH (54) MO>KHO paCCM3TpHBaTb K3K yCJIO- 

BHe CTauHOHapHOCTH bojihh: HHTepBaji (a, b) aojijkch coAep>KaTb. 
«noJiyuejioe» (t. e. uejioe +1/2) tocjio «nojiyAJiHH» bojih. Oho ot- 
jiHHaeTCH ot npaBHjia KBaHTOBaHHH Bopa — 3oMMep<pejibAa mflb- 

KO npHCyTCTBHeM «nOJiyue/lbIX» KBaHTOBHX HHCeJi: C TOIHOCTbK) ao- 

MHOXHTeJiH 2h HHTerpaJi / eerb HHTerpaji AeficTBHH § pdq b coot- 

BeTCTByiomeM KJiaccH^ecKOM <pa30B0M npocTpaHCTBe. MexAy npo- 
qHM 3tot HHTerpaji paBeH nviomaAH toh nacTH (pa30Boro npocTpaH- 
CTBa, rae SHepma MeHbme E 

(o(£)= \ \ dpdq. 



Ilo3TOMy npaBHjia (54) mojkho 3anncaTb b (popMe 

<o(£)^ § pd<?=(iV + y)/t. (55> 

H-E 

CorjiacHO (popMyjie (55), o6jiacTb (pa30Boro npocTpaHCTBa 
g>(E) npH nepexoAe c OAHoro ypoBHH sHeprnH Ha cjieAyiomHH yBe- 
jiH«iHBaeTCH Ha h. OTCiOAa mh nojiynaeM cneAyiomHH BaJKHbifi pe- 
3yjibTaT, KacaiomHHCH pacnpeaejieHHH ypoBHefl SHeprHH: 

06?>eM o6acictu cpaaoeoao npocrpaHcrea, cooT8eTCT8ytotu,eu. uh~ 
TepectAg (E, E + 8E) e edunuqax h poena nucny cemanHbix co- 
ctohhuu KeaHToeou cucreMbi, anepzun Koropbix AeoKUT e ytca3aHHOM 
unrepeaAe. 

yCJIOBHH CnpaBe/WIHBOCTH 3T0r0 pe3yjIbTaTa B AeHCTBHTeJIbHOCTK 

MeHee orpaHHiHTeJibHU, qeM ycjioBHH npHMeHHMOCTH MeTOAa BKB; 
npaKTH^ecKH oh BcerAa HMeeT MecTO «b npeAevie Sojimuhx kb3h- 
tobhx UHcevi*. 06uqHO npHHHMaiOT (h AOKa3HBaK)T b npocTefluiHx 
CJiynaflx), ito stot pe3yjibTaT npHMeHHM h ajih chctcm, ihcjio cTe- 
neHefi cboSoah kotophx R npeBHiuaeT eAHHHuy, ecjiH TOJibKO » 
Ka^ecTBe eAHHHiru H3MepeHHH o6"beMa <pa30Boro npocTpaHCTBa 

B3HTb h R . 

3AflAMH H ynPAJKHEHHJI 

1. raMiMbTOHHaH rapMOHHqecKoro ociyuiJiHTopa BupaxcaeTCfl (popMyjioii 
H = (p s + m 2 <o s <7 2 ) ft m - noKa3aTb, ito cpeAHHe 3HaieHHH {q) h (p) Kom6- 
jikdtch no CHHycoHflajiMOMy 3aKOHy c "jacTOTofl <o/2n okojio HawaJia KoopAHHaT,. 
a AHcnepcHH w, % (o6o3HaieHHa § 3) KOJie6jiK)Tca c noJioBHHHbiM nepHOAOM oko- 
jio HeKOToporo cpeflHero 3HaqeHH« (nojiowHTcnhHoro), Koropoe cnepyer onpeAe- 

flHTb. IlpH KaKHX yC^OBHHX (D H % OCTaiOTCH IlOCTOHHHblMH? 



3AflAMH H ynPAXHEHHH 
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2. noKa3aTb, hto ABHmeHHe ueHTpa BOJiHOBoro naiceTa, npeACTaBJiaiomero 
3apajKeHHyio qacrauy b 9JieKTpoMarHHTHOM nojie, cTporo coBna^aeT c ABHxe- 
hh6m KJiaccHM6CK0H qacraubi b AByx cjieAyK>m.HX cnyqaax: a) iioctohhhog sjieK- 
TpHqecKOe nojie h 6) nocToaHHoe MarHHTHoe nojie. 

3. rioKa3aTb, ito «pacnjibiBaHHe» BOJiHOBoro naxeia, npeACTaBJiaiomero 3a- 
pjijKGHHyio iacTHU.y b nocTOHHHOM 3;ieKTpH<iecK0M nojie, npoHcxoAHT no TOMy we 
3aKOHy, hto h naKeTa cbo6oahoh qacTHUbi (w = const, % — raaApaTHMHaa (pyHK- 
UHH BpeMeHH t). 

4. C noMombro bojihoboh (pyHKUHH qacTHUH tp (r) o6pa3yein (pyHKimio 

KOTopyio (corjiacHO Bm-Hepy) mojkho HHTepnperapoBaTb KaK njiOTHOCTb b (pa30- 
bom npocTpaHCTBe KJiaccHqecKoro CTaTHCTHiecKoro aHcaM6jm, conoeraBJiaeMoro 

3T0H BOJIHOBOH (pyHKUHH 10 ) . riOKa3aTb, tTO: 

1) pacnpeaejieHHH no nojiosceHHio h no HMnyjibcy coBnaaaiOT c cooTBeTCT- 
ByiomHMH pacnpeAejieHHHMH kb3htoboh qacTHUM b cocToaHHH if> (r): 

D (R, P)dP = \$ (*) |», J D (R, P) dR = | q> (P) |», 

r^e (f(P) — BOJiHOBaa (pyHKUHH b npocTpaHCTBe HMnyjibcoB; 

2) ecJiH qacTHua CBo6oflHa, to sbojhouhh aHcaM6jia bo BpeMeHH dporo cob- 
naflaeT c SBOJnouHeft CTaTHcraqecKoro aHcaM6jia KJiaccniecKHx qacrau Toft xe 
Maccu; 

3) Haft™ 33KOH «pacnjibiBaHHH» BOJiHOBoro naneTa cbo6oahoh qacTHUu. 

5. C noMombio MeTOfla BKB BbiqHCJiaeTca K09(p<pHU,HeHT npoxoxAeHHa T qa- 
cthuw Macchi m h 9HeprHH E qepe3 fiapbep noTemwajia V(x), Koropbift MeAJieHHO 
MeHaeTca b npocTpaHCTBe h na A»yx KOHuax HHTepBajia ( — oo, +oo) cTpeMHTca 
k 3Ha«ieHHHM, MeHbinHM E. ripeAnojiaraeTca, wo hmciotch To^bKO ABe rpaHHiHbie 

TOMKH ClHb. nOKa3aTb, MTO 

r = ex P (- 2 ( ^EpZK dx 

^ a 

6. BbWHCJiHTb c noMombio MeTOAa BKB ypoBHH SHeprnH rapMOHHiecKoro oc- 
UHJiJiaTopa (raMHJibTOHHaH 3aAami 1). 06cyAHTb ycJioBHa npHMeHHMOcra MeTOAa. 

10 ) Oah3ko b OTJiHMHe ot n^OTHOCTH b (pa30B0M npocTpaHCTBe KJiaccHiecKoro 
CTaracTHiecKoro aHcaM6jiH BejinqHHa D(R,P) ttoxer npaHHMaTb h OTpnuaTejib- 
Hbie 3HaueHHH. 



r JI A B A VII 

OBUJ,HH <D0PMAJ1H3M KBAHTOBOH TEOPHH 
A. MATEMATHHECKHK AnnAPAT 



§ 1. ripHHunn cynepno3HUHH h npeACTaBjiemie 

AHHaMHMeCKHX COCTOHHHH BeKTOpaMH 

H3JIO>KeHHe OCHOB BOJIHOBOH MexaHHKH B HI. IV H V HaHHHa- 

.nocb c onpeAeJieHHH njioTHOcxefi BepoHTHOcra nojiomeHHH h hm- 
ny;ibca c noMombio bojihobmx (pyHKUHH ThU), othochiuhxch, co- 
OTBeTCTBeHHo, k npocrpaHCTBy KompHrypaimft h npocTpaHCTBy HM- 
nyjibcoB. Mh y>Ke yKa3biBajin, qTO sth (pyHKUHH cooTBeTCTByiOT 
sKBHBajieHTHHM npeACTaBJieHHHM. napajuiejiH3M 3Aecb mo>kct 
6wTb flOBeaeH ao KOHu,a. fleftcTBHTejibHO, ocHOBHbie nocTyjia™, 
KacaromHecH cpeAHHx 3HaqeHHH (§ V. 3), MoryT 6biTb c Tein me 
ycnexoM Bbipa>KeHbi c noMombio onepauHft, npoH3BOAHMbix b hm- 
nyjibCHOM npocTpaHCTBe. 06o6meHHe (IV. 13) h (IV. 20) cpeflHHX 
3HaqeHHfl cpyHKUHH BH # a F(r) n G(p) MO>KeT 6biTb npoBeAeHO, 
hcxoah H3 cooTBeTCTByromnx BbipameHHH (IV. 21) h (IV. 14), no- 
CTpoeHHbix c noMombio pyHKUHH O. BiwecTO nocTyjiaTOB a), 6) H3 
§ V. 3 mojkho npHHHTb sKBHBajieHTHbie nocrryjiaTbi: 

a') Bchkoh AHHaMHqecKofi nepeMeHHoft s£ — A(qu q R ; 
Pi, . . . , Pr) conocTaBJineTCH jiKHeftHbifi onepaTop 



6') CpeAHee 3HaqeHHe, npHHHMaeMoe stoh AHHainnqecKOH ne- 
peMeHHoft, KorAa cHereMa h3xoahtch b AHHaMHqecKOM coctohhhh, 
npeACTaBJiHeMOM cpyHKHHeft ®(pi, .... Pr), AaeTca BbipajKeHHeM 



rAe cko6kh b npaBoft nacTH o6o3HaqajOT cKajinpHbie npoH3BeAeHHa 
b npocTpaHCTBe HMnyjibcoB: 



3KBHBajieHTHOCTb noeryjiaTOB a) h 6) h nocTyjiaTOB a') h 6') 
ocHOBaHa Ha cbohctb3x npeo6pa30BaHHH Oypbe (cm. /JonojiHe- 





R< 



§ i. nPHHUHn cynEPno3HUHH 
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HHe A). /I,0Ka3aTejibCTB0 He coctsbjihct TpyAa h mh He 6yaeM npo- 
BOAHTb ero 3AeCb. 

Ecjih (pyHKUHH ©hY AaiOT 9K8ueaAeHTHbie npedcTaeAenuR oa- 
noro h Toro >Ke dunaMunecKoeo coctohhuh, to Ha6jiK>AaeMbie 



AaioT 3KeueaneHTHbie npedcraeAeHun oahoh h toh x.e dunaMme- 
ckou nepe.ueHHOu (cm. tji. IV h 3aMeHaHHe b KOHue § 5). Bch Teo- 
pufl Ha6jiK)AaeMbix mokct 6biTb c paBHbiM ycnexoM pa3BHTa KaK 

B OAHOM, TaK H B APyrOM H3 3THX npeACTaBJieHHH. TaKHM o6pa30M, 

mm nojiy^aeM ABe BnojiHe SKBHBajieHTHue (popMyjinpoBKH kb3hto- 
boh TeopuH. 

Bee 3TO CT3H0BHTCH OHeBHAHbIM, eCJIH IIpHHHTb, HTO BOJIHOBbie 

(pyHKUHH (D h W npeACTaBJiHiOT oahh h tot me BeKTop b npoerpaH- 
CTBe c 6ecKOHeqHbiM hhcjiom H3MepeHHH. Tor^a Bee noHHTHH, BBe- 
AeHHbie b tji. V: (pyHKiiHOHajibHoe npocTpaHCTBo, cKajiapHoe npo- 
H3Be^eHHe, HopMa, opToroHajibHocTb h t. nojiyqaiOT npocToe reo- 
MeTpHqecKoe HCTOJiKOBaHHe. CorviacHO stoh KapraHe 3HaqeHHa, 
npHHHMaeMue (pyHKUHeft ^(qi, qa) b KaJKflofi TOiKe kohcJ)h- 
rypauHOHHoro npocTpaHCTBa, abjihiotch coctsbjihkhuhmh AaHHoro 
BeKTOpa no HeKOTOpofl cHCTeMe opToroHajibHbix oceft KoopAHHaT. 
AHaJiorHMHo 3Ha i ieHHH, npHHHMaeMbie (pyHKuneH p R ) 
b KajKAofl TOHKe HMnyjibCHoro npocTpaHCTBa, hbjihiotch cocTaBJiaio- 
iuhmh yKa3aHHoro BeKTOpa no Apyrofl cncTeMe opToroHajibHbix oceft 
KoopAHHaT. Mto >Ke KacaeTca K03(p(pHu,HeHT0B c ( p pa3J10>KeHHH 

(V. 14) (pyHKUHH W B pHA no COScTBeHHbIM (pyHKHHHM HeKOTOpOH 
33AaHHOH nOJIHOH 0pT0H0pMHp0B3HH0H CHCTeMbI, TO OHH HBJIHIOTC3 

cocTaBJiaiomHMH yK333HHoro BeKT0p3 no HeKOTOpofl TpeTbeft CH- 
CTeMe KOOpAHHST H T. A- 

TaKHM o6pa30M, moxho nocTpoHTb bck) KBamroByio Teopnio, 
hcxoah HenocpeACTBeHHo H3 hohhthh BeKTOpa 6e3 cchjiok Ha kohk- 
peTHoe npeACTaBJieHHe. B KaiecTBe ocHOBHoro npHHunna TeopHH 
npHHHMaeTCH npUHi{un cynepno3uquu dunaMmecKUx coctohhuu, 

COrjiaCHO KOTOpOMy B03MO}KHbie AHH3MHieCKHe COCTOHHHH KB3HTO- 

boh CHCTeMbI AOJiJKHbi o6\/iaAaTb cbohctbom, xspaKTepHbiM b o6meM 
cjiyqae jxnn bchkhx bojih, a hmchho, AonycKaTb JiHHeflHoe cnojKe- 
HHe, h noaTOMy MoryT 6biTb npeACTaBjieHH KaK BeKTopu b hcko- 

TOpOM JIHHeflHOM npOCTpaHCTBC CjieAOBaTC/IbHO, KaJKAOMy AHH3- 
MHieCKOMy COCTOHHHK) COnOCT3BJIHeTCH HeKOTOpblfl BeKTOp B 36- 

CTpaKTHOM npocTpaHCTBe, a ksjkaoh AHHaMHHecKoft nepeMeHHofi 
conocTaBJiaeTca jiHHeHHMH onepaTOp, AeficTByiomHH b stom npo- 

CTpSHCTBC ripH T3K0M nOAXOAe TeopHH OK33bIBaeTCH <})OpMaJIBHO 




H 




240 



171. VII. MATEMATHHECKHH AnnAPAT 



npome h sviersHTHee boahoboh MexaHHKH; oHa k TOMy see HMeeT 
h 6ojiee uinpoKyio o6jiacTb npHMeHeHHH, t3k KaK mojkct 6biTb hc- 

II0Ab30B3Ha A-TCH H3yHeHHH KB3HT0BHX CHCTeM, He HMeiOIUHX KA3CCH- 

lecKHx aHajioroB. 

B H3A0>KeHHH 3TOH o6m,eft (pOpMyAHpOBKH KB3HT0B0H TeopHH 

mh 6yaeM cjieaoBaTb ^Hpany, HcnoAb3yn BBeAeHHHe hm Hpe3BH- 
MaHHo yAoSHbie o6o3HaieHHa CoAep>K3HHe ashhoh rAaBH no- 

CBHUteHO nOHHTHHM AHHeHHOH ajire6pbl 2 ), KOTOpbie coctsbahiot M3- 

T6M aTH^ecKHH annapaT Teopnu. OnncaHHe (pH3HnecKHX hbjichhh c 
noMombK) 3Toro cpopM3AH3M3 h 6yAeT npeAMeTOM rvi. VIII. 

Pasaeal. BEKTOPM H OnEPATOPW 

§ 2. BeKTopHoe npocTpaHCTBo. KeT-BeKTOpu 

CorAacHo HAeHM npeAineciByiomero naparpatpa, Ka>KAOMy ah- 
HaMHqecKOMy coctohhhio mm conocTaBJiHeM BeKTop, kotophh, co- 
raacHO ^npany, SyAeM Ha3biBaTb Ker-eeKTOpOM hah npocTO icer h 
o6o3HaqaTb chmboaom |). Mto6h OTAHqaTb KeT-BeKTopbi oahh ot 
Apyroro, mh cHaSAHM ksjkahh chmboa ah6o HeKOTOpofl 6yKBOH, 

AH6o OAHHM HAH HeCKOAbKHMH HHAeKCaMH, MOrymHMH npHHHMaTb 
KaK AHCKpeTHbie, TaK H HenpepblBHO H3MeHHK>mHeCH 3H3MeHHH B 
33BHCHM0CTH OT KOHKpCTHOH CHTySUHH. TaK, KeT U IipeACT3BAHeT- 
CH CHMBOAOM |«). 

KeT-BeKTopbi o6pa3yioT AHHefiHoe BeKTopHoe npocTpaHCTBo: bch- 

Kaa AHHeHH3H KOM6hH3U,HH HeCKOAbKHX KeT-BeKTOpOB TaKJKe HB- 

AHeTCH KeT-BeKTopoM. IlycTb, HanpHMep, 33A3HH ABa KeT-BeKTopa 

jl) H 1 2) H ABa npOH3BOAbHblX KOMnAeKCHHX HHCAa k\, k 2 , TorAa 
AHHeHHaSI KOm6hH3U,HS 

\v) = l l \\) + X 2 \2) ' (1) 

eCTb BeKTOp B npOCTp3HCTBe KeT-BeKTOpOB. 

AHSAornqHO, ecAH \%) 33bhcht ot HenpepblBHO H3MeHHK>meroc3 

HHACKC3 I, 3 — HeKOTOp3H KOMIIAeKCH03H3HHa5I (pyHKUHH 

I, TO HHTerp3A 

s. 

\w)=\k®\®(% (2) 
5. 

ecTb BeKTop b npocTp3HCTBe KeT-BeKTOpOB. Mh TaKJKe 6yAeM ro- 
BOpHTb, mo \w) ecTb AHHeHH3H kom6hh3uhh (hah AHHefiHaH cy- 
nepno3Hii,H5i) KeT-BeKTopoB 1 g). 



') P. A. M. Dirac, toe. cit., CHOCKa II 8 . 

s ) CTporoe h nojmoe h3jio>kghh6 Bcex sthx BonpocoB mojkho hshth b KHHrax 
A. Lichnerowicz h M. H. Stone, loc. cit., CHOCKa V 3 . 



§ 3. AyAJIbHOE nPOCTPAHCTBO. BPA BEKTOPbl 
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Flo onpeAe/ieHHio KeT-BeKTopu H3 HeKOTOpofl coBOKyrmocTH hb- 

JIHKDTCH AUH6UHO He3d6UCUMblMU, eCJIH HH OflHH H3 HHX He MOJKeT 
6bITb npeACTaBJieH B BHAe JIHHeHHOH KOM6HH3nHH 0CT3JIbHbIX (3Ta 
JIHHeHHaH KOm6hH3UHH MO^eT 6bITb BHA3 (1) HJIH (2) HJIH CMe- 

maHHoro BHAa). 

EcAH BeKTOpHOe npOCTpaHCTBO COAep*HT MaKCHMyM n JIHHeHHO 
He33BHCHMbIX BeKTOpOB, TO 9T0 KOHeHHOMepHOe npOCTpaHCTBO H 

hhcjio ero H3MepeHHH no onpeAeJieHHio paBHO n. Ecjih b TaKOM 

BeKTOpHOM npOCTpaHCTBe KaK-TO BblSpaTb n JIHHeHHO He33BHCHMbIX 
BeKTOpOB, TO BCe OCTaJIbHbie BeKTOpbl IjpOCTpaHCTBa MOryT 6bITb 

npeACTaBJieHbi KaK jiHHeftHbie komShhsuhh a^hhux n BeKToppB. 

EcJIH 1HCJIO JIHHeHHO He33BHCHMHX BeKTOpOB p3CCMaTpHB3eMOrO 

jiHHeflHoro BeKTOpHoro npocTp3HCTB3 HeorpaHHqeHO, to npocTpaH- 

CTBO HBJIHeTCH SeCKOHe^HOMepHblM. TaKOBO npOCTpaHCTBO THAb- 

6epT3, 3 T3K>Ke, KaK mu BHAeJin paHee, npOCTpaHCTBO bojihobhx 
<pyHKnHH bojihoboh MexsHHKH. Oahsko BcerAa MOJKHO Bbl6p3Tb Ta- 
Kyio nocJieAOBaTeJibHocTb (6ecKOHeqHyio cqerayio hjih K0HTHHy3Jib- 

HyK)) AHHefiHO He33BHCHMbIX BeKTOpOB, HTO K3>KAbIH BeKTOp npO- 

cTpaHCTBa MomeT 6biTb npeACTaBJieH KaK jihhchhsh kom6hh3uhh 

( 6eCK0He i IHbIH p«A HJIH HHTerpajl) 3THX «6a3HCHbIX BeKTOpOB». 

IlycTb 3aAaHo npOCTpaHCTBO KeT-BeKTOpoB & ; paccMOTpHM no- 

CJieA0B3TeJIbH0CTb KeT-BeKTOpOB H3 STOTO npOCTpaHCTBa. MHOJKe- 
CTBO KeT-BeKTOpOB nOCJieAOB3TeJIbHOCTH H BCeX HX JIHHeHHblX KOM- 

6hh3Uhh o6pa3yioT JiHHeflHoe BeKTopHoe npocTpsHCTBO Ylo on- 
peAejieHHio <B' ecTb npocrpsHCTBO, HaTHHyroe H3 KeT-BeKTOpu 

nOCJieAOB3TejIbHOCTH. Bchkhh KeT-BeKTOp npOCTpaHCTBa <8' npHH3A" 

jiokht h npocTpsHCTBy <8 : roBOpHT, ^to <£' hbjihctch nodnpocrpaH- 

CT60M <g. ECJIH npOCTpaHCTBO <g HMeeT KOHCIHOe HHCAO H3MepeHHH 

n, to tocjio H3MepeHHH npOCTpaHCTBa oneBHAHO, kohchho h He 

npeBocxoAHT n. Ecjih ate npOCTpaHCTBO 8 6ecKOHeiHOMepHo, to 

HHK3KHX OrpaHHHeHHH Ha HHCJIO H3MepeHHH npocTpaHCTBa &' He 
■cymecTByeT. 

§ 3. AyaJibHoe npOCTpaHCTBO. Bpa-BeKTOpw 

B JiHHeHHofl ajire6pe xopouio H3BecTH0, qTO Ka»AOMy BeKTop- 
HOMy npocTpaHCTBy moxho conocTaBHTb AyaAbHoe BeKTopHoe npo- 

<;Tp3HCTBO. XleftCTBHTeJIbHO, BCHK3H JIHHeHHaH (pyHKUHH %(\ u )) 

KeT-BeKTopoB I u) yAOBJieTBopaeT npHHunny cynepno3HUHH, xspaK- 
TepHOMy a.uh BeKTopoB jiHHefiHoro npocTp3HCTB3 3 ) , h onpeAejiaeT, 

3 ) CBOflCTBO JIHHeHHOCTH % BfcipajKaeTCH COOTHOUieHHeM 

X(*i|l>+kl?»-*i3C(|l» + XiX(|2». 

OqeBHflHO, hto ecJiH flBe (pyHKiura %i> X2 o6jia,na!OT sthm cbo6ctbom, to bcsiksh 
jiHHeMHaa KOM6HHau.ua rana H1X1 + 1*2X2 TaKxe hm o6JiaAaeT. 
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cJieaoBaTeJibHO, BeKTop hoboto ™na, KoropbiH mh, corjiacHo J\h- 
paKy, 6yAeM Ha3HBaTb 6pa-eeKTopoM hah npocTO 6pa, a npeACTaB- 
jiaTb ero 6yAeM chmboaom ( |. TaK, cpyHKixHH %(\u)) onpeaejiaeT 
6pa-BeKTOp (%\; 3HaneHHe, npHHHMaeMoe stoh (pyHKUHeft npn He- 
KOTOpOM flaHHOM KeT-BeKTope \u), edb HeKOTopoe mhcjio (b 06- 
meM cjiynae KOMnjieKCHoe), KOTOpoe mh 6yAeM o6o3HaqaTb chmbo- 
aom (%\u). 

Ylo onpeflejieHHio 6pa-BeKTop (d)| paBeH Hyjiio, ecjin (pyHKuna 
paBHa Hyjiio npn ak>6om \u): 



AnajiorHHHo ABa 6pa-BeKTopa paBHbi 

(cp, | = (<D 2 1, ecjiH (<Di | u) = (0 2 ! u) npn ak>6om | u). 

ECAH npOCTpaHCTBO KCT-BeKTOpOB HMeeT KOHe^HOe TOCAO H3Me- 

peHHfi, to AyaJibHoe npocTpaHCTBo HMeeT to me hhcao H3MepeHHft. 

ECAH HHCAO H3MepeHHH IipOCTpaHCTBa KeT-BeKTOpOB 6eCKOHeHHO, TO 

npocTpaHCTBo, AyajibHoe eMy, o6jia,a,aeT TeM >Ke cbohctbom. 

Mto6m BBecTH MeTpHKy b onpeAeJieHHoe Bbime BeKTopHoe npo- 
CTpaHCTBO, npeA,nojio>KHM, hto cyluecTByeT BsaHMooAHOSHaraoe 
cooTBeTCTBHe Me>KAy BeKTopaMH npocTpaHCTBa h BeKTopaMH Ay- 
aAbHoro npocTpaHCTBa. Bpa- h KeT-BeKTopa, conocTaBAneMbie Apyr 
Apyry b stom B3aHMOOAH03HaiHOM cootbctctbhh, Ha3HBaiOTca 
conpajKeHHbiMH Apyr Apyry h OTMeiaiOTca oahoh 6yKB0ft (hah oah- 
HaKOBbiMH HHAeKcaMH) : TaK, 6pa-BeKTOp, conpHJKeHHbiH KeT-BeK- 
Topy \u), o6o3HaiaeTca chmboaom (u\. 

FIpeAnOAOJKHM KpOMe TOrO, MTO 3TO COOTBeTCTBHe ClHTUAUHe&HO. 

HHa^e roBopa, 6pa-BeKTOp, conpHmeHHbifl KeT-BeKTOpy 



(CD 1 = 0, ecAH <(t»|u) = 0 npn ak>6om \u). 



(3) 



\v) = X l \l) + **\2), 



(4) 



eCTb 



(y| = A;(l| + ^(2|. 



(5) 



AHaAorHMHO 6pa-BeKTOp, conpn>KeHHbiH KeT-BeKTopy 



\w)=\h(l)\t)dt, 



(6) 



eCTb 



(w\=\V(l)(l\dl. 



(7) 



TaKHM o6pa30M, cooTBeTCTBHe MejKAy KeT- h 6pa -BeKTopaMH aHa- 

AOrHHHO COOTBeTCTBHK) MejKAy BOAHOBblMH (pyHKIIHHMH BOAHOBOH 
MexaHHKH H KOMIlAeKCHO COnpHXeHHblMH (pyHKIIHHMH. 3aMeTHM, 



§ 4. CKAJIBPHOE nPOH3BEAEHHE 
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KCT3TH, hto ec/iH KGT-BeKTOp paBeH Hyjiio, to conpHHceHHWH eMy 
6pa-BeKTOp TaK>Ke paBeH Hyjiio h HaodopoT. 

COBOKynHOCTb 6pa-BeKTOpOB, COnpHJKeHHNX KeT-BeKTOpaM H3 

no^npocTpaHCTBa <§' npocTpaHCTBa <S, o6pa3yeT noanpocTpaHCTBO, 
^yaJibHoe &' . 

§ 4. CKaJinpHoe npoH3BefleHne 

rio onpeAeJieHHio cnaAnpHoe npou3eedeHue KeT-BeKTopa \u) Ha 
KeT-BeKTOp \v) ecTb qncjio (b o6meM cjiyqae KOMnjieKCHoe) 
(v\u), t. e. 3HaneHHe v(\u)), npHHHMaeMoe jihhchhoh (pyHKimeft, 
aCCOIJHHpOBaHHOH c 6pa-BeKTopoM, COnpfl>KeHHUM \v). 

KaK cJieACTBHe caMoro onpeAejieHHH cKajinpHoe npoH3BeAeHHe 

HBJTJieTCa JIHHeHHbIM no OTHOUieHHK) K \u) H aHTHJIHHeHHbIM no OT- 

HOiueHHK) k \v). Mh npe^nojiaraeM, tto CKajmpHoe npoH3BeAeHHe 

oSjia^aeT BCeMH OCTajIbHblMH CBOHCTB3MH, XapaKTepHblMH RJlti. CKa- 
JlHpHOrO npOH3BefleHHH BOJIHOBblX CpyHKUHH B BOJIHOBOH MGXaHHKe 

(§ V. 2), a HMeHHo: 

1°. CnajiKpHoe npoH3BeAeHne \v) Ha |«) ecTb BejiHHHHa, KOMn- 
jieKCHo conpa>KeHHaH CKajiHpHOMy npoH3BeAeHHK> |«) Ha \v): 

(u\v) = (v\uy. (8) 

2°. Bchkhh BeKTop u HMeeT BemecTBeHHyio HeoTpHuaTejibHyio 
HopMy N u = i.u\tiy*) 

(u\u)>0. (9) 

OHa paBHa nyjiio b tom h TOJibKO b tom cjiyiae, KorAa BeKTop | u) 
paBeH Hyjiio. H3 sthx cbohctb BbiTeKaeT HepaeencTso Uleap^a: Ka- 
khmh 6bi hh 6h;ih | u) h \ v), BcerAa 

\(u\v)\ 2 < : (u\u)(v\v). (10) 

PaBeHCTBo HMeeT MecTo b tom h TOJibKO b tom a/iy^ae, Kor^a Ben- 
Topu |u> h |o> KOJiJiHHeapHM (t. e. nponopu,HOHa^bHbi). 

3th aKCHOMbi aojdkhh 6biTb AonoJiHeHH npeAnojio>KeHHeM, hto 
npocTpaHCTBo KeT-BeKTOpOB <S (a Taione AyajibHoe eMy npocTpaH- 
ctbo 6pa-BeKTopoB) HB/iaeTca noJiHbiM h cenapaSejibHHM 
(cm. § V. 2) : 3to npocrpaHCTBO ruAbdepra. 

Ylo onpeAejieHHio ABa BeKTopa oproeoHaAbHbi, ecjiH hx CKajiap- 
Hoe npoH3BeAeHHe paBHo Hyjiio. ,H,Ba noAnpocTpaHCTBa S\ u S2 
opToroHaJibHbi, ec^H KajKAbift H3 BeKTopoB oflHoro noanpocTpaH- 
ctb3 opToroHa jieH Ka>KAOMy BeKTOpy Apyroro noAnpocTpaHCTBa. 
OqeBHAHO, ito b 9tom ony^ae noAnpocTpaHCTBa <§\ h &i He HMeiOT 
hh OAHoro o6m,ero BeKTopa; AeftcTBHTeJibHO, jik)6oh BeKTop, npH- 
HaAJiejKamHH o6ohm noAnpocTpaHCTBaM, MoweT 6biTb TOJibKO paB- 

*) B MaTeMaTfmecKofi jiHTepaType HopMa BeKTopa onpeAeJiaeTCH KaK 
V(« I (TlpuM. nepee.) 
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hum Hyjiio, h6o oh ROJixeH 6biTb opToroHajieH caM ce6e, a crceAO- 
BaTeJibHo, HMeTb HyjieByio Hopiny. 

MHOiKecTBo BeicropoB, opToroHajibHbix k &>\, o6pa3yeT noAnpo- 
CTpaHCTBO opToroHajlbHoe &\, — 3TO nodnpocrpaHCTeo, donoA- 

HureAbHoe k S\. FIoAnpocTpaHCTBO cboahtch k Hyjiio, ecjiH 
no/inpocTpaHCTBO <§\ coBna^aeT c caMHM npoerpaHCTBOM S. 
Mojkho noKa3aTb 2 ), *ito bchkuu eenrop npocTpancrea <§ MOOKer 

6blTb edllHCTBBHHblM o6pa30M tlpedCTClBAeH KMC CyMMCt BeKTOpa 

U3 <g\ h BeKTopa H3 AonojiHHTejibHoro noAnpocTpaHCTBa: 

i«>=h>+K>- 

BeKTop |«i>, no onpeAejieHHio, ecTb npoeKt^un |«> Ha noAnpo- 
cTpaHCTBO &\. Mbi eme BepHeMCH noApo6Ho k iiohhthio npoeKUHB 
b pa3AeJie II. 

Bo Bcex paccy*AeHHHx, KacatoumxcH CKajiapHoro npon3BeAe- 
hhh, MOjmajiHBo npeAno^arajiocb, rto BeKTopbi (h KeT, h 6pa) 06- 
jiaAaioT KOHeiHoft HopMofi, b npoTHBHOM cjiyqae aKCHOMa 0 Hopine 
TepneT bchkhh cmhcji. Ecjih sto AeficTBHTejibHo Tan, to paccMaT- 
pHBaeMoe npocTpaHCTBo KeT-BeKTopoB edb npocTpaHCTBo rnjib- 
6epTa. B rji. V hu bhacjih, ito BeKTopbi, cnoco6Hbie npeACTaBJiHTb- 

AHIiaMHUeCKHe COCTOHHHH, AeHCTBHTeJIbHO AOJIJKHH HMeTb KOHei- 

Hyio HopMy, ho hto paccMOTpeHHe npo6jieMbi nenpepbiBHoro 
cneKTpa b 3aAaMax Ha coScTBeHHbie 3HaieHHH Tpe6yeT BBeAeHHa 

C06cTBeHHbIX BeKTOpOB C SeCKOHeMHOft HOpMOH. ri03T0My Mbl 

AOJi>KHbi BBec™ b Hauie npocTpaHCTBo <S TaKJKe H BeKTopbi ||> 
c 6ecK0HeHH0H HopMofl, 3aBHCHin,He ot OAHoro (no KpafiHefl Mepe) 
HenpepbiBHoro HHAeKca, h pacnpocTpaHHTb Ha 9Ty KaTeropnio BeK- 
TopoB noHHTHe CKajiapHoro npoH3BeAeHHH. 

Mw npHHHMaeM, ito |i> HMeeT KOHeiHoe cKajiapHoe npoH3Be- 

AeHHe <«||> CO BCHKHM BeKTOpOM | «> C KOHe^HOH HOpMOH H WO* 

3T0 CKajiapHoe npoH3BeAeHHe jihhchho no OTHOiueHHio k |£> h aH- 
THJiHHeflHO no OTHOiueHHio k | u>. AHajiorHiHO onpeAejiaeTCH CKa- 
■napHoe npoH3BeAeHHe <||«>, npnneM npnHHMaeTca, mto 

<|| U ) = (H|i>*. 

B npoTHBonoJio>KHOCTb sTOMy CKajiHpHoe npoH3BeAeHHe AByx BeK- 
TOpOB Tuna \%} MOJKeT h He cxoAHTbca. B m3cthocth, HopMa |£> 
pacxoAHTCH. Ho mh npeAnojio^HM, no co6cTBeHHbw AHiJxpe- 
peHnnaA 

16, 60^^=- \ IIVI' (11> 

oS^aAaeT no.no>KHTeJibHo onpeAeJieHHofl HopMofi, KOTopaa crpe- 
MHTca k KOHeHHOMy npeAe^y, KorAa 8|— *0. CTporo roBopa, BeKTop* 



§ 5. JIHHEHHblE OnEPATOPbl 
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|£> He bxo^ht b npocTpaHCTBO S, ho ero co6cTBeHHbie ,HH(p<pepeH- 
uHa;ibi hjih, b 6ojiee o6meM cjiynae, JiHHe&Hbie kom6hh3U.hh rana 
(2) npHHa^JiexaT aTOMy npocipaHCTBy h yaoBjieTBopaiOT BceM Tpe- 
6ob3Hhhm, xapaKTepH3yiomHM BeKTopH npocTpaHCTBa THJifaSepTa. 

§ 5. JlHHeHHbie onepaTopu 

OnpeAeJiHB npocTpaHCTBO KeT-BeKTopoB, mojkho nepefl™ k onpe- 
aeJieHHio JiHHeHHbix onepaTopOB, fleflcTByiomHx b stom npoerpaH- 
CTBe (cm. § II. 11). 

npeAnojiojKHM, mto KaiKAOMy KeT-BeKTopy |«> BeKTOpHoro npo- 
cTpaHCTBa cooTBeTCTByeT HeKOTopbifi KeT-BeKTop \v}: rOBOpflT, HTO 
|y> noJiyMaeTCH b pe3yjibTaTe achctbhh Ha |u> HeKOToporo one- 

paTOpa. ECJIH, KpOMe TOrO, 3T0 COOTBeTCTBHe JIHHeHHO, TO OHO 

onpeflejiaeT HeKOTopuA AuneuHbiti, oneparop A. IlHiuyT 

\v) = A\u). 

TaKOH onepaTop paBeH Hyjiio, ecjiH BeKTop |y> paBeH Hyjiio npH 
jik)6om BeKTope |u>. 

x iTo6u oneparop A 6ua paeen Hynto, Heo6xoduMO u docra- 

TOHHO, HT06bl KCLKUM 6bl HU 6blA 8eKT0p | U>, 

(u\A\u) = 0. 

floKasaTejibCTBO aToro CBoficTBa He npeACTaBJiaeT cepbe3Hbix TpyA- 
HOCTeH, Mbi He 6yaeM Ha HeM oeraHaBjiKBaTbCH. OTCioAa HeMefl- 
jieHHO CJieAyeT: 

HTo6bi Sea oneparopa A u B 6uau paemi, neo6xoduMO u do- 
CTaTOHHO, HT06bl, KaKUM 6bl HU 6ua eeKTop |u>, 

{u\A\u) = {u\B\u). (12> 

OcHOBHue onepauHH aJire6pbi onepaiopoB 6ujim y?Ke yKa3aHU 
(§ 11.11): yMHO>KeHHe Ha nocroaHHyio, cyMMa h npoH3BefleHHe. 
CAOOKenue jiHHefiHbix oneparopoB hbjihctch onepaimefi accoima- 

THBHOH H K0MMyT3THBH0H. V MHOdKeHUe aCC0UH3THBH0, AHCTpH6y- 
THBHO no OTHOUieHHK) K CyMMe, HO — H B 3T0M OCHOBHOe pa3JIH1He 

Me>Kfly o6bmHofl aJire6pofi h ajire6poft JiHHeHHbix onepaTopOB — 
yMHOMenue ne KOMMyrarueHo. HanoMHHM, mto KOMMyTaTop flByx 
rfiHueHHHX onepaTopOB A h B o6o3HaqaeTCH chmbojiom 

[A, B] = AB-BA. 

OcHOBHbie cBoficTBa a^reSpu KOMMyTaTopoB H3yMajincb b § V. 17 
(ypaBHeHHH (V. 63 — 66)); ohh Bee ocTaroTCH b CHJie h He 6yayT 

BHOBb H3JiaraTbCH 3fleCb. 

3aMeTHM, «rro onepauHH yMHomeHHa KeT-BeKTopa Ha 3aAaHHyK> 
nocTOflHHHyio c TaK>Ke Bbipa>KaeT aeficTBHe JiHHefiHoro onepaTopa. 
3tot onepaTop c KOMMyTHpyeT co bccmh jiHHeHHHMH onepaTopaMH, 



•246 



TJl. VII. MATEMATHHECKHFI AfHIAPAT 



K3KHMH 6bl OHH HH 6bIJIH: [A, c] = 0. B qaCTHOCTH, yMHO>KeHHe 

Ha 1 ecTb eAHHHHHbift onepaTop. 

Ecjih cooTBeTCTBHe uexny |m> h |y>, onpeAejieHHoe same, 
flBJineTCH BaaHMOoaHoaHaHHbiM, to oho onpeAeJineT ABa jiHHeft- 
hhx onepaTopa A h B: 

\v) = A\u), \u) = B\v). (13) 

3th onepaTopbi, no onpeaejieHHio, o6pamu apyr Apyry. roBopnr 
eiue, hto onepaTopu A h B o6paTHbi Apyr Apyry, ecjiH ohh oaho- 

BpeMeHHO y^OBJieTBOpHIOT ypaBHeHHHM 

AB=l, BA = l. (14) 

3th ABa onpeAe^eHHH aKBHBajieHTHbi. 

OnepaTop, oSparabifl AaHHOMy, cymecTByeT He BcerAa. K.oi\na 
oh cymecTByeT, ero o6hhho BbipawaioT chmbojiom A~ l . I~Iojib3yHCb 
cooTHomeHHHMH (14), jierKO nojiyiHTb cjie-Ayiomee cbohctbo. Ecjih 
onepaTopbi P, Q hmciot o6paTHbie onepaTopu, to npoH3BeaeHHe 
PQ TaK>Ke HMeeT o6paTHbifi onepaTop, npHHeM 

(PQ)~ l =Q- l P~ l (15) 

(oTMeTHM nepecTaHOBKy nopnAKa coMHOKHTejiefi b npaBoii 
qacTH (15)). 

Ecjih AeftcTBHe JiHHeftHoro onepaTopa A b npocTpaHCTBe KeT- 
BeKTOpOB H3BecTHO, to ero aeflcTBHe b ayajibHOM BeKTopHOM npo- 
•cTpaHCTBe oAHoaHa^Ho onpeaejiHeTCH cjieayiom.HM o6pa30M. npn 
33A3HHH 6pa-BeKTopa <x| CKa^npHoe npoH3BefleHHe <xl(^|">) 
ecTb HecoMHeHHO JiHHeHHaa cpyHKUHH I m>, TaK KaK onepaTop A 
JiHHeeH. FlycTb <ii| ecTb 6pa-BeKT0p, onpeaeJiaeMbiH stoh <pyHK- 
UHefl; TorAa Ka>KAOMy 6pa-BeKTopy <x| cooTBeTCTByeT 6pa-BeKTop 

<T||. HCHO, HTO 3T0 COOTBeTCTBHe JIHHeHHO (CBOHCTBa CKaJIJipHOrO 

TipoH3BeAeHHH). ToBopflT, HTO <t) | nojiyqaeTCH b pe3yjibTaTe Aeft- 
-ctbhh A Ha <x| h nnuiyT 

(i\\ = <X\A. (16) 
CjieAya 3T0My onpeAejieHHio, noJiy^aeM to>kagctbo 

((%\A)\u)^{%\(A\u)). (17) 

CK06KH B 3THX AByX Bbipa>KeHHHX OKa3bIBaK)TCH, T3KHM o6pa30M, 

jihuihhmh h mh 6yAeM nncaTb npocTo <x|^4|«> ajih o6ohx paBHbix 
CKajIHpHblX npoH3BeAeHHfi. 

C noMombio TOKAecTBa (17) mo>kho onpeAejiHTb pa3jiH<iHbie 
onepauHH ajireSpbi jiHHeftHbix onepaTopoB, AeficTByiomHx Ha 6pa- 
jseKTopbi. B nacTHOcTH, ajih Tpex ochobhhx onepauHfi HMeeM: 

(a) yMHOHceHHe A Ha KOMnjieKCHyio nocTOHHHyro c: 



(cA)\u) = c(A\u)), oTKyAa <x I (cA) = c ({% \ A); 



§ 6. TEH30PH0E nPOH3BEAEHHE BEKTOPHWX nPOCTPAHCTB 24T 



(6) cyMMa onepaTopoB S = A-\-D: 

S\u) = A\u) + B\u), otkyah (x\S = (%\A + (%\B; 

(b) npoH3BeAeHHe onepaTopoB P = AB: 

P\u) = A(B\u), OTKy,na (x\P = ((%\A) B. 

IlpH 9tom fleficTByeT ycjiOBHe, hto 6pa-BeKTopu nHiuyTca cjieBa, 
a KeT-BeKTopu — cnpaBa ot cHMBOJia onepaiopa, TorAa ajire6paH- 
viecKHe MaHnnyjiHUHH c jiHHefiHHMH onepaTopaMH b o6ohx cjiy- 
yaax npoH3BOAHTCSi oahh3kobo. 

HeKOTopue onepaTopbi npn Hcnojib30B3HHH yKa3aHHbix Bbiuie 
o6o3HaqeHHH 0Ka3biBaK)TCH ocoSeHHO npocTHMH b o6pameHHH: sto 
onepaTopbi THna |u><t>|, AeficTBHe KOTopbix Ha KeT |tiy> naer ner, 
nponopuHOHa^bHbiH |m>, a HMeHHO KeT |u><y|ay> (MHOJKHTejib- 
nponopuHOHajibHOCTH <u|ay>), a AeficTBHe Ha jiio6oh 6pa (w\ 
AaeT 6pa, nponopuHOHajibHbifi <u|, a hmchho 6pa (w\u)(v\. One- 
parap |«><y| He HMeeT o6paTHoro. 

§ 6. TeH3opHoe npoH3Befl,eHMe 4 ) flByx BeKTOpHbix npocTpaHCTB 

4T06H 3aBepuiHTb 9T0 BBeAeHHe b BeKTopHyio aJire6py, ocTaeTca 
onpeAeJiHTb qacTO Hcno^ib3yeMyK) onepauHK) o6pa30BaHHH TeH3op- 
hoio npoH3Bej,eHHH AByx BeKTOpHbix npocTpaHCTB. 

Cmmcji h HHTepec stoh onepauHH mo>kho HJiJiiocTpHpOBaTb cjie- 

AyiOIUHM npHMepOM. PaCCMOTpHM KBaHTOByK) CHCTeMy, cocToamyio 

H3 AByx nacTHU. IlpoH3BeAeHHe W\ (r\) x ¥ 2 (r 2 ) bojihoboh (pyHKUHH 
^Mn), OTHOcameHCH k nepBoS qacTHue, Ha BOjmoByio (pyHKUHio 
^2^2), OTHOcamyiocfl ko BTopoii ^acTHue, npeACTaBJiaeT hckoto- 
poe qacTHoe cocTOHHHe stoh chctcmh (§ IV. 6). CaMaa o6uiaH 
BOJiHOBaa (pyHKUHH x F(ri,r 2 ) He ecTb yKa3aHHoe npoH3BeAeHHe 
(pyHKUHH, ho MO>KeT 6biTb BcerAa npeacTaBJieHa KaK JiHHeflHaH kom- 

6HH3UHH BOJIHOBblX (pyHKUHH TaKOrO BHAa. OAHHM H3 MHOrOMHC- 

jieHHbix cnoco6oB Ao6HTbCH stoto sbjihctch pa3Jio>KeHHe W b pHA 
no nojiHoft CHCTeMe opTOHopMHpOBaHHbix (pyHKUHfl rr, nocKOJibKy 

K03(p(pHUHeHTbI TaKOrO pHAa HBJIHIOTCH $yHKU,HHMH T% Ka>KAWH 

i ijieH pHAa HMeeT (popiwy yKa3aHHoro Bbime npoH3BeAeHHH. TaKHM 
o6pa30M, noJiHoe npocTpaHCTBO bojihobhx (pyHKUHH chctcmh 06- 

pa30BaH0 JIHHeHHblMH K0M6HHaUHHMH npOH3BeAeHHH BOJIHOBHX 
(pyHKUHH, OTHOCHIUHXCH K KaiKAOH H3 OTAejIbHHX CHCTeM Wi(ri) 
H 2^2) . ToBOpHT, HTO npOCTpaHCTBO (pyHKUHH W (n, r 2 ) HBJiaeTCH 

TeH3opHHM npoH3BeAeHHeM npocTpaHCTBa (pyHKUHH ^i(ri) h npo- 

CTpaHCTBa (pyHKUHH ^2^2)- 

llpoH3BeAeHHfl x ¥i(r\) x l r 2(r2) nrpaiOT oco6yio pojib npn H3yne- 
hhh nojmoft CHCTeM bi. XteflcTBHTejibHO, AHHaMH^ecKHe nepeMeHHbie 



*) ripoH3BeAeHHe SToro rana qacTO Ha3biBaeTCH KpoHeKepoBUM npoH3Be- 
fleHHeM. 
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vacTHUH 1 npeACTaBJiHiOTCH HeKOTopbiMH Ha6jiK>AaeMHMH Au Aefl- 
•cTByiomHMH Ha <j)yHKii.Hio W(ri,r 2 ), paccMaTpHBaeMyio Kan cpyHK- 
uhh r\\ ^HHaMH^ecKHe nepeMeHHbie qacTHUbi 2 npeACTaBJiaiOTCH Ha- 
6^K)flaeMbiMH A 2 , AeficTByiomHMH Ha Ty xe (pyHKUHio, ho paccMaT- 
pHBaeMyio KaK (pyHKHHH r 2 . Acho, mo KajKAan Ha6juo,n,aeMaH A\ 
KOMMyTHpyeT c Ka>KAofi Ha6jno,naeMOH A 2 . Kor^a *P HMeeT bha 
% i T i(ri) y ¥ 2 {r 2 ), AeflcTBHe Ha6jnoAaeMbix aToro rana oco6eHHo npo- 
cto; t3k, HanpHMep, AiiWiW^ paBHo npoH3BeAeHHio A^i aa W 2 . 

ripeAiuecTByiomHe 3aMeqaHHH othochtch k jik>6hm KeaHTOBHM 
CHCTeMaM, flonycKaioiHHM pa3Ae;ieHHe Ha ABe fiojiee npocTbie ch- 

CT6MH. 

Ha a6cTpaKTH0M MaTeMaTnqecKOM H3biKe, KOTopbiM mh no^b- 
3yeMCH b sTofl iviaBe, TeH3opHoe npoH3BeAeHHe mojkct 6biTb onpe- 
AejieHO CJieAyioiHHM o6pa30M. FlycTb mh HMeeM ABa BeKTOpHbix 
npocTpaHCTBa S\ h <g 2 . B3hb oahh KeT-Beicrop |«> (1) H3 nepBoro 
11 oahh KeT-BeKTop | «> (2> H3 BTOporo npocTpaHCTBa, mojkho o6pa- 
30BaTb npoH3BeAeHHe KeT-BeKTOpOB |«> (1) |u> (2) . Onepauna o6pa30- 
B3HHH TaKoro npoH3BeA.eHHH KOMMyTaTHBHa h mh Hcnojib3yeM 060- 
.3HatieHHe 

| M (')„(2))^| U y')| K y2)_ ( i 8) 

KpoMe Toro, npeAncnojKHM, hto 3Ta onepauHH AHCTpnSyTHBHa no 

OTHOUieHHK) K CyMMC ECJIH 

\uf ) =X\vf ) + 11 \wf\ 

TO 

I «(') M (2)) = X I t/(') M (2)) 4. n I ay(') M (2)). 

AHaJiorHMHO, eann 

TO 

I M (') M (2)) x I m(')»i 2 )) + n I u^wM). 
Ha KeT-BeKTopbi |«('>«< 2) > HaTjmyTo HOBoe BeKTopHoe npocTpaH- 

CTBO, npOCTpaHCTBO S\ (g> S 2 , KOTOpoe Ha3bIBaeTCH T6H30ptiblM fipO- 

U36edenueM eeKropmix npocrpaHcre ff w u S^. Ecjih pa3MepH0- 

-CTH 3THX npOCTpaHCTB paBHH COOTBeTCTBeHHO N\ H N 2 , TO HHO/IO 

H3MepeHHH npocTpaHCTBa -npoH3BeAGHHH paBHo N\N 2 . Oah3ko one- 
pauHH o6pa30BaHHfl TeH3opHoro npoH3BeAeHHH B03Mo>KHa h Kor^a 
npocTpaHCTBa o6jiaAaK)T SecKOHeiHbiM hhcjiom H3MepeHHfi, KaK sto 
noKa3UBaeT pa3o6paHHbift Bume npHMep. 

Ka>KAOMy jiHHefiHOMy onepaTopy A w npocrpaHCTBa <§T (1 > coot- 
BeTCTByeT JiHHeHHHH onepaTop npocTpaHCTBa-npoH3BeAeHHH, koto- 
pbifi mu o6o3HawHM TeM >Ke chmbojiom. Ecjih AeficTBHe onepaTopa 

A W Ha JIK)6oft KeT |«> (1> H3BeCTHO 

/l (1, l«> (,) =lf> (,) , 
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to aeficTBHe 3Toro onepaTopa Ha KeT-BeKTopH |« (1> w (2) > npoerpaH- 
cTBa-npoH3Be^eHHH onpeAejiHeTCH (popMyjioft 

^(D | U (') M (2)) = | 0 (") M (2)) i (19) 

a ero AeftcTBHe Ha npoH3Bo;ibHbiH KeT-BeKTOp npocTpaHCTBa-npo- 
H3BeaeHHa nojiynaeTCH c noMombio jihhchhoh cynepno3HUHH. AHa- 
jiorH^Ho Ka^flbift jiHHefiHbiH onepaTop A<- 2 *> npocTpaHCTBa c? (2) no3- 
BOJiaeT onpeAeJiHTb JiHHefiHbiH onepaTop b npocTpaHCTBe-npOH3- 
Be/teHHH. 

Ka>KAbiH H3 onepaTOpoB /4 (1) KOMMyTHpyeT c Ka>KflHM H3 one- 
paTopoB i4 (2> 

L4 (1 U <2) ]=o. 

HeipyAHO npoBepHTb, nojib3yscb caMHMH onpeAeJieHHHMH one- 
paTopoB h A m , hto AeficTBHe KOMMyTaTopa Ha bchkhh BeKTop 
|« (1) « (2) > AaeT Hyjib: 

A W A {2) | uV) = | y (! V 2) > = A i2) A {i) | uV). 

B npocTpaHCTBe-npoH3BeAeHHH mo>kho onpeaeJiHTb cootbct- 
CTBne Me>KAy KeT- h 6pa-BeKTopaMH, AeficTBHe jiHHeflHbix onepaTo- 
poB Ha 6pa-BeKTopbi h t. a. Ajire6pan i iecKHe npaBHJia, yKa3aHHbie 
Bbiiue, ocTaioTCH cnpaBeAJiHBHMH ajih Bcex aJire6paHHecKHX one- 
pauHH b npocTpaHCTBe-npoH3BeAeHHH. JI,oKa3aTejibCTBO sthx pe- 
3yjibTaTOB He cocTaBJiHeT TpyAa h 6yAeT 3Aecb onymeHO. 

PaaaeJiII. 9PMHTOBW OnEPATOPbl, 
nPOEKTOPbl H HAEJUOflAEMblE 

§ 7. ConpsiiKeHHbie onepaTopu h npaBHJia conpsjKeHHH 

HCXOAH H3 B3aHMOOAH03HaiHOrO COOTBeTCTBHH MCJKAy COIIpH- 

>KeHHbiMH 6pa- h KeT-BeKTopaMH, mo>kho nojiyHHTb aHajiorHMHoe 
npaBHJio conpnjKeHHJi Me>KAy JiHHefiHbiMH onepaTOpaMH. 

riycTb A — jiHHeHHbift onepaTop. riycTb \v) ecTb KeT-BeKTOp,. 
conpa>KeHHbiH 6pa-BeKTopy (u\A. BeKTop \v} 33bhcht ot 6pa- 
BeKTopa <u| aHTHJiHHeflHo, cjieAOBaTejibHO, sto JiHHeftHaH cpyHK- 
uhh |«>. TaKoe jiHHefiHoe cooTBeTCTBHe onpeAeJiHeT jiHHeiiHbiH 
onepaTop, KOTOpbifi Ha3biBaioT onepaTopoM, apMuroeo conpaMeu- 
HbiM A, hjih onepaTopoM, npucoeduHeHmiM k A, h o6o3HaHaior 
chmbojiom i4 + : 

\v) = A f \u). 

Echo, ito A* = 0, ecJiH A = 0, h HaoSopor. 

IlocKo^bKy /l + |u> ecTb KeT-BeKTop, conpHJKeHHHH 6pa-BeKTopy 
<u|i4, cKajiapHoe npoH3BeA6HHe 3Toro Ket-BeKTopa Ha npoH3BOJib- 
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huh 6pa-BeKTop </| ecTb Be^HHHHa, KOMiuieKCHo conpHJKeHHan, 

CKajIHpHOMy npOH3BeAGHHK3 |/> Ha (u\A (CBOHCTBO (8)). OTCK)fla 

nojiyiaeM qpe3BbmafiHO Ba>KHoe cooTHomeHHe 

(t\A*\u) = (u\A\(f. (20) 

TaK K3K 3TO paBeHCTBO CnpaBeAJIHBO, K3KHMH 6bl HH 6lIJIH | M> 

n \t}, KeT-BeKTOp, conpflxceHHbiH 1 ^4+, paBeH A\t). C/ieAOBa- 
TeJibHO, onepaTop, spmhtobo conpH^eHHbifl onepaTopy A*, ecTb 
•caM onepaTop A: 

(A*? = A. (21) 
AHaJiorH^HbiM o6pa30M nojiyuaeM cjieAywmHe (pyHAaMeHTa;ib- 

Hbie COOTHOUieHHH: 

(cA) f = c*A\ (22) 

(A + Bf = A f + (23) 

(ABf = B?A\ (24) 



Otmcthm nepeMeHy nopHAKa coMHOJKHTe^eH b npaBOH MacTH (24), 
itaiomeH Bbipa>KeHHe ajih onepaTopa, npHcoeAHHeHHoro k AB. /I,a- 
jiee, onepaTop, npHCoeAHHeHHbift k onepaTopy [«><y|, ecTb 

{\u){v\f = \v){u\. (25) 

SpMHTOBO conpajKeHHe ajih onepaTopoB HrpaeT Ty xe poJib, mo 
h conpHJKeHHe Me>KAy 6pa- h KeT-BeKTopaMH h KOMnjieKCHoe co 
npHxeHHe rjih. qnceJi. Bee 3-th onepau,HH conpa>KeHHH HMeioT 6cuib- 
moe sHaneHHe b pa3BHBaeMOM (popMajiH3Me. 06o3HaqeHHH ^npaKa 
ho3bo^hiot npoH3BOAHTb hx 6e3 TpyAa b jiioSom ajire6paHqecKOM 
BupajKeHHH. AocTaTOHHo c^eAOBaTb T3KHM npocTbiM npaBHJiaM: 
see hucao 3aMenntoTCH na komiiabkcho conpnweHHbie, ece 6pa na 
conpwmeHHbie iter u Hao6opor, ece oneparopbi — na apjuuroeo co- 
npHOKenHbie, a nopndoK cumsoaos e KaowdoM nnene MenneTCH na 
npOTueonoAooKHbiu (t. e. nopflAOK 6pa-BeKTopOB, KeT-BeKTopos 
h onepaTopoB) . 

3th npaBHJia hbjihiotch ohcbhahhm o6o6meHHeM cooTHouieHHfl 
(20), (24) h (25). flaAHM HecKOJibKO npHMepoB. OnepaTop, apiviH- 
tobo conpa>KeHHbiH onepaTopy AB\u)(v\C, ecTb onepaTop 
C i '|y><«|B' ! 7l t ; Spa-Beicrop, conpH>KeHHbiH KeT-BeKTopy 
AB\u}(v\C\w), ecTb BeKTop <ay|C+|o><«|fi + /l' 1 '; BejMHHHa, kom- 
HJieKCHo conpnjKeHHaH (t\AB\u}(v\C\wy, ecTb 

<a>|C+|o><u|5tA+|f> 



H T. A. 



§ 8. 3PMHTOBH OflEPATOPbl 
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§ 8. 3pMHT0Bbi (caMoconp»}KeHHbie) onepaiopw, nojiowHTenbtio 
onpeAcneHHwe onepaTopu, yHHTapHue onepaTopbi 

Elo onpeAeJieHHro jiHHeHHbift onepaTOp H Ha3biBaeTca apMUTO- 
8biM, ecjiH oh HBJifleTCfl conpaxeHHbiM caMOMy ce6e 

H = H f . 

OnepaTop / Ha3biBaeTca aHTuapMuroeuM, ecjiH 

/ = -/ + . 

H3 3thx onpeAeJieHHH HeTpyAHO noJiy^HTb cjieAyiomHe cboh- 
CTBa onepaTopOB. 

Bchkhh jiHHeHHbifi onepaTOp MOJKeT 6biTb npeacTaBJieH (h eAHH- 
cTBeHHbiM o6pa30M) b bhag cyMMbi AByx onepaTopOB, o^Horo ap- 
MHTOBoro, a flpyroro anTHspMHTOBoro 

A = H A + J A , (26> 

npH^eM 

H A = ^^, Ia=^=^-- (27> 

BcMKaa JiHHeflHaa kom6hh3uh3 spmhtobhx onepaTopOB c ee- 
mecTeenHbiMu KoacpcpHHHeHTaMH ecTb spMHTOB onepaTop. IlpOH3- 
BefleHHe HK AByx spmhtobhx onepaTopOB H h K He o6a3aTejibHO 
apMHTOBO, h6o, coiviacHo (24), 

(HK) f = KH. (28> 

OnepaTop HK spmhtob TOJibKO npn ycjiOBHH, hto H h K KOMMy- 
THpyioT. BnponeM, KOMMyTaTop [H, K] ecTb aHraspMHTOB onepa- 
Top, h pa3Jio>KeHHe (26) npoH3BeAeHHH HK 3anHCHBaeTCH b bha& 

HK= " K X K " + jl H > Kl- ( 29 > 
OnepaTop |a><a| HBJineTCH spmhtobmm onepaTopoia. C no- 

MOIH,bK) AByX pa3JIH1HbIX KeT-BeKTOpOB MO>KHO o6pa30BaTb abb- 

apMHTOBbix onepaTopa |a><a| h |6><fe|, ho npoH3BeAeHHe bthx 
AByx onepaTopOB |a><a|fe><6| nponopuHOHajibHO onepaTopy 
|a><6|, KOTOpbifi He hbjihctcs spmhtobhm; TaKHM o6pa30M, sto 
npoH3BeAeHne He spmhtob onepaTop (KpoMe cjiynaa, KorAa | a> 
h \b} opToroHa^bHM Apyr Apyry, ho b stom cjiyiae npoH3BeAeHHe 
paBHO Hyjiio). 

ToBOpflT, HTO apMHTOB OnepaTOp H HB^aeTCS nOJlOOKUTeAbHO 

onpedeneHHbiM, ecjiH 

{U | H | U) ^ 0, K3KHM 6bl HH 6bIJI | u). 

OnepaTop |a><a| ecTb noJio>KHTe.JibHO onpeAeJieHHbift spmhtob. 
onepaTop. 
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OnepaTopw 9Toro THna o6jiaAaK>T 3aMeqaTejibHbiMH CBoficTBaMH 
(cm. 3aflaiH 7 h 8). B lacTHOcra, ecJiH H — nojio>KHTejibHO onpe- 
AeJieHHHH apMHTOB onepaTop, HMeeT MecTO o6o6meHHoe HepaBeH- 
ctbo UlBapua 

|(«|//|t;)| 2 <( M |//|«)< y |//|i>) 

npn jik>6hx |«> h |u>; paBeHCTBO peajiH3yeTCH b tom h tojii>ko 
b tom CAy^ae, KorAa //|w> h H\v} nponopu,HOHa^bHH Apyr Apyry. 
KpoMe Toro, H3 paBeHCTBa 

<«|ff|u> = 0 

Heo6xoAHMo cjieayeT //|«> = 0. 

OnepaTop U Ha3biBaeTCH ynurapHbiM, earn oh HBAaeTCH 06- 
paTHbiM k CBoeMy conp«>KeHHOMy: 

UU f = U*U= 1. 

ripoH3BeAeHHe W = UV AByx yHHTapHbix onepaTopoB U, V ecTb 
yHHTapHbifi onepaTop. AeficTBHTejibiio (cBoficTBa (15) h (24)), 

W~ l = V~ l U~ l = V*U f = W*. 

§ 9. FlpodJieMa coSctbchhux 3HaieHHH h HaSjiiOAaeMbie 

ElycTb A — JiHHefiHbiH onepaTop. Tor^a, no onpeAejieHHio, 
KOMn^eKCHoe qHC.no a ecTb coScTBeHHoe 3HaieHHe A, a KeT-BeKTop 
jw> ecTb co6cTBeHHbifi KeT-BeKTop, npHHaAJiejKamHH a, ecna 

A | u) = a | u), 

AHa-rconwHO <«'| ecTb coScTBeHHuft 6pa-BeKTop, npuHaAJie^amufi 
a', ecjiH 

{u'\A = a'{u'\. 

EcJIH \u) — C06CTBeHHbl8 KeT-BeKTOp A, TO JIK)60H BeKTOp 

Tnna c|w> TaK>Ke ecTb coScTBeHHbifi KeT-BeKTop, npHHaA-'iGstaiUHH 
TOMy nte coScTBeHHOMy 3HaqeHHio; ecJiH cymecTByeT HecKOAbKO 

JIHHeHHO He33BHCHMbIX BeKTOpOB, OTHOCHIH,HXCH K OAHOMy C06- 

CTBeHHOMy 3HaqeHHio, to BCHKaa JiHHeflHaa kom6hh3u,hh sthx KeT- 
BeKTopoB TaKJKe npHHaAJie^HT TOMy >Ke codcTBeHHOMy 3HaqeHHK>. 
Hhumh cjioBaMH, MHOKecTBO co6cTBeHHbix KeT-BeKTopoB, npHHaA- 
jie*amHX oAHOMy AaHHOMy co6cTBeHHOMy 3HaieHHio, o6pa3yeT 
BeKTopHoe npocTpaHCTBo; 6y^eM Ha3UBaTb ero nodnppcrpaHCTeoM, 
othochihumch k co6cT6eHHOMy 3Hcm.eHU.to a. Ecjih 3to noAnpocT- 
pa hctbo oAHOMepHO, roBopjiT, hto co6cTBeHHoe 3HaieHHe npocToe, 
hah HeBbipojKAGHHoe. B npoTHBHOM CAy^ae HMeeT MecTO eupoxc- 



§ 9. nPOBJIEMA COBCTBEUHblX 3HAqEHHH H HAEJNOflAEMblE 
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deuue, npmeM nopaAOK Bbipo>KAeHHa no onpeAeACHHio paBeH micny. 
H3MepeHHH cooTBeTCTByiomero noAnpoerpaHCTBa; MO>KeT cjiy- 
qHTfaCH, mto Bbipo>KAeHHe HMeeT h SecKOHeHHHH nopH^OK. 

Te >Ke 3aMeMaHHH othochtch k coScTBeHHbiM 6pa-BeKTopaM. 

ECAH A — IipOH3BOJIbHbIH AHHeHHHH OIiepaTOp, TO HHK3K0H npOCTOH 
CBH3H MOKAy npOO^eMOH COSCTBeHHHX 3HaneHHH AMI KeT-BeKTOpOB 

h npo6jieMOH co6cTBeHHbix SHaqeHHH jijih 6pa-BeKTOpoB He cyme- 
■cTByeT. OAHaKO b npaKTHuecKH Ba>KHOM cjiy^ae apMHTOBoro one- 
paTopa A 3th npo6jieMbi TecHO CBH3aHH Me«Ay co6ofl. 
Ecah A apMHTOB onepaTop, to: 

1) o6a cneKTpa co6cTBeHHbix 3HaieHHH hachthhhh; 

2) Bee co6cTBeHHue 3HaieHHH BemecTBeHHbi; 

3) bchkhh 6pa-BeKTop, COnpH>KeHHbIH C06cTBeHHOMy KeT-BeK- 
Topy onepaTopa A, aBAaeTca co6cTBeHHbiM 6pa-BeKTopoM, othocs- 

UI.HMCH K TOMy JKe COSCTBeHHOMy 3H34eHHK), H HaoSopOT; HHblMH 
CA0B3MH, nOAnpOCTpaHCTBO C06CTBeHHbIX~ 6pa-BeKTOpOB, OTHOCH- 

meeca k A3HH0My co6cTBeHHOMy 3naneHHK), AyaAbHo noAnpocTpaH- 
CTBy C06cTBeHHbIX KeT-BeKTOpOB, OTHOcameMyca K TOMy >Ke co6- 
CTBeHHOMy 3HSH&HHK). 

XlOKa33TeAbCTBO CB0HCTB3 2) C TOqHOCTbK) AO 0603HaMeHHH 

coBnaAaeT c npHBeACHHHM b § V. 5. Ecjih A — A^ h A\u) = a|u>, 

TO 

(u I A I u) = a (u I «) 

a, nocKOJibKy, 

(u\A\u)* = {u\A*\u) = (u\A\u), 

<«|/4|u> BemecTBeHHO BMecTe c <«|«>, noaTOMy a BemecTBeriHO. 
To me AOKa3aTeAbCTBO mojkho npOBecTH aah coScTBeHHoro 3Hane- 
hhh, OTHOcameroca k 6p3-BeKTopy. 

KpoMe Toro, nocKOAbKy BcaKoe coficTBeHHoe 3H3qeHHe Beme- 
CTBeHHO, paBeHCTBO A\u} = a\u} BAe^eT 3a co6ofi (u\A — a(u\ 
h oSparao; otckdas 6e3 TpyAa noAynsioTca cbohctbs 1) h 3). 

flpyrHM B3JKHHM CBOHCTBOM COSCTBeHHblX BeKTOpOB, npHHaA" 

JiewamHX pasAHiHHM co6cTBeHHHM 3HaqeHHaM, HBAaeTca cboh- 

€TBO HX OpTOaOHOAbHOCTU. JJ,OKa3aTeJIbCTBO He OTAHHaeTCH ot npn- 

BeAeHHoro b § V. 5. Ecah |«> h |i>> — co6cTBeHHbie KeT-BeKTopu, 
npHHaAJieKamne pa3AHtiHbiM coScTBeHHHM 3HaneHHHM a h b: 

A\u) = a\u), {v\A = b{v\, 

to, yMHOHcaa nepBoe ypaBHeHHe CKaAapHO CAeBa Ha <o|, a bto- 
poe — cnpaBa Ha |«) h BbiwraH oaho H3 Apyroro, noAyiHM 

Q = (a — b){v\u). 
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riosTOMy, ecjiH a=^= b, to 



(v I u) = 0. 



Bo Bcex 9thx paccyjKAeHHHx MOJinajiHBO npeanojiaraeTcn, mo 
coGcTBeHHbie BeKTopu npHHa^Jie>KaT npocTpaHCTBy THjibCepTa. Ho 
TanaH nocTaHOBKa npoSjieMbi co6cTBeHHbix 3HaneHHH 0Ka3biBaeTCH 
cjihiukom orpaHHveHHoft h He MO)KeT yAOBJieTBopHTb BceM noTpeS- 

HOCTHM KB3HT0B0H TeopHH. B KaMeCTBe AOnyCTHMblX C06CTBeHHHX 
peilieHHH Mbl AOJI>KHbI paCCMaTpHB3Tb T3K>Ke H BeKTOpbl c 6ecKo- 
HeHHOH HOpMOH, yAOBJieTBOpHIOmHe yO/lOBHHM, ynOMHHyTbIM 

b KOHixe § 4. 3th BeKTopu npHHaAJiemaT coScTBeHHbiM 3HaieHHHM 
H3 Henpepbienoao cneKTpa. 

TpyAHOcTH, B03HHKaiomHe npn HccjieAOBaHHH HenpepuBHoro 
cneKTpa, noApofiHo o6cy>KAaJiHCb b rji. V h mh He 6ya,eM B03Bpa- 
maTbCH k hhm 3Aecb. OcHOBHbie pe3yjibTaTbi MoryT 6biTb 6e3 Tpyna 
Bupa^eHbi b HauiHx hobhx o6o3Ha»ieHHHx. CBoflcTBa 1), 2) h 3) 
ocTaiOTCfl cnpaBeAJiHBHMH b cAyqae HenpepwBHoro cneKTpa. Mto 
>Ke KacaeTCH CBoftcTBa opToroHajibHOCTH, to ero yAo6HO 3anncbi- 
BaTb c noMombio 6-(pyHKUHH ,H,HpaKa. 

BepHeMCH b KaviecTBe npHMepa k apuiHTOBOMy onepaTopy H3 
§ V. 9, cneKTp coGcTBeHHbix 3HaieHHH KOToporo coAepJKHT pHA ah- 
cKpeTHbix 3HaiieHHH a n h HenpepuBHyio qacTb a(v). Co6cTBeHHue 
(pyHKHHH (p^*, OTHOCHmnecH k co6cTBeHHOMy 3HaieHHio a n , npeA- 

CTaBJIHIOT OpTOHOpMHpOBaHHbie KeT-BeKTOpbl, KOTOpbie Mbl o6o3Ha- 

MaeM chmbojiom \nr). AHajiornnHo co6cTBeHHbie cpyHKUHH (p< r >(v, p) 

npeACTaBJIHIOT KeT-BeKTOpbl |vpr). CoOTHOHieHHfl OpTOHOpMHpOBaH- 
HOCTH MOKAy pa3JIH1HHMH KeT-BeKTOpaMH 3anHCbIBaK)TCH B BHA6 

(ypaBHeHHe (V. 38)): 



Ecjih MHO^ecTBO co6cTBeHHHx BeKTopoB pacTHrHBaeT Bee npo- 
CTpaHCTBo, HHaqe roBopn, ecjiH bchkhh BeKTop c KOHeqHofi Hop- 

MOH MOJKeT 6bITb pa3JIOJKeH B pHA (HJIH HHTerpajl) no 3THM 

coficTBeHHbiM BeKTopaM, to roBopHT, mo ohh o6pa3yioT noAHyto 
CHCTeMy h hto apMHTOB onepaTop hbjihctch HadAtodaejuou. CpeAH 
apMHTOBbix onepaTOpOB npocTpaHCTBa <S TOJibKO Ha6.nioAaeMbie ao- 
nycKaiOT <pH3HHecKyio HHTepnpeTanHio. 

BuHCHeHHe Bonpoca o tom, hbjihctch jih 3aAaHHbift spmhtob 
onepaTop Ha6juoAaeMOH, qacTo hbjihctch cjiojkhoh MaTeMaraqe- 
ckoh 3aAaieft. OAHaKO cymecTByeT o i ieHb BajKHbiii Kjiacc onepa- 
TopoB, ajih KOTopux 3Ta 3aAaHa peuiaeTCH npocTO — sto onepa- 
Topu npoeKTHpoBaHHH. 



(nr | n'r') = b nn >l> rr > t 
<«r|v'pV') = 0, 

<vpr | v'pV) = 8 (v - v') 6 (p - p') 



(30a) 
(306) 
(30b) 



§ 10. nPOEKTOPbl (HJIH OnEPATOPbl nPOEKTHPOBAHH?!) 
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§ 10. IlpoeKTOpbi (hjih onepaTopw npoeKTHpoBamisi) 

FlycTb S — no,nnpocTpaHCTBo npocTpaHCTBa THJibfiepTa &, a 
5 X — ero flonojiHeHHe. Bchkhh KeT-BeKTop |«) oSjiaAaeT npoeK- 
UHefl Ha noAnpocTpaHCTBO S h npoeKUHefi Ha noAnpocrpaHCTBo S x ; 
3th flBa BeKTopa h onpeAeJiaiOTCH eAHHCTBeHHbiM o6pa- 

30M, TaK 1TO 

|«) = |« s ) + |«x). (31) 
Ka>KAOMy KeT-BeKTOpy | u) cooTBeTCTByeT, t3khm o6pa30M, oahh 

H TOIIbKO OAHH KeT-BeKTOp | U s ). JlerKO BHAeTb, HTO 3T0 COOTBeT- 

cTBHe jiHHeftno. Oho onpeAeJiHeT HeKOTopufi JiHHeHHbm onepaTop 
Ps, KOTopHfi Ha3biBaeTca oneparopoM npoeKTupoeanua Ha iioa- 
npocTpaHCTBo S (hjih npoeKropOM Ha S) : 

P s | u) = | u s ). 

3to apMHTOB onepaTop. ,HeHCTBHTejibHo, k3khm 6m hh 6wa 

(u I P s I o) = <« I o s > = <w s | o s ) = <a s I c), 
cjieAOBaTejibHO, 

(u | P s = (u s |. 

OhEBHAHO, qTO J° S HBJIHeTCH Ha6jlK>AaeMOH C AByMH COScTBeHHblMH 
3HaieHHHMH 0 H 1, nOAnpOCTpaHCTBaMH KOTOpblX HBJIHIOTCH, COOT- 
BeTCTBeHHO, 5 X H 5. 

KpoMe Toro, nocKOJibKy npn jik>6om | u), 

Pl\u) = P s (P s \u)) = P s \u s ) = \u s ) = P s \u), 

P s yAOBJieTBOpHeT onepaTopHOMy ypaBHeHHio 

Ps = P s - 

06paTHo, mojkho yTBepxAaTb, hto bchkhh apMHTOB onepaTop 
P, yAOBJieTBopHiomHH ypaBHeHHio 

P 2 = P, (32) 

HBJineTCH npoeKTopoM. FIoAnpocTpaHCTBO S, Ha KOTopoe oh npoeK- 
THpyeT, HBJiHeTCfl noAnpocTpaHCTBOM, npHHaA.'iestamHM ero co6- 

CTBeHHOMy SHaieHHK) 1. 

fleftcTBHTejibHO, ecJiH p ecTb co6cTBeHHoe 3HaqeHae STOro oneparopa, a 

|p) — OflHH H3 COOTBeTCTByi01U,HX C06CTBeHHbIX BeKTOpOB 

p\p)=p\p), 

to, corJiacHO ypaBHeHHio (32), 

0 = (P'-P)|p>=(p*-p)|p>, 

h, nocKOJibKy KeT-BeKTop |p) He paBeH Hyjiio, p 2 — p = 0. HHaie roBopa, bo3- 

MOJKHblMH COfiCTBeHHblMH 3HaHeHHHMH HBJIHIOTCH fOJIbKO 0 H 1. 
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OnepaTop P ecTb Ha6JnoAaeMaa, Tan KaK bchkhh BeKTop |u) MosceT 6uTb 
npeACTaBJien b bhac cyMMU co6cTBeHHbix bgktopob oneparopa P. JteftcTBHTeJibHo, 

M05KH0 HanHCaTb 

\u)=P\u)+(l -P)\u). (33) 

BeKTop P\u) ecTb coOcTBeHHbifl KeT-BeKTop onepa-ropa P, npHHaAJieacamnfl co6- 
CTBeHHOMy 3HaMeHHio 1, TaK KaK no ypaBHGHHio (32) 

P 2 1 u) = P (P I «)) = P I u). 

BeKTop ace ( 1 — P) | u) ecTb co6cTBeHHbifl BeKTop, npHHafljiejKamHH co6ctbch- 
Hoiny 3Ha!ieHHio 0, n6o 

P(l -P)|tt)=(P-/> 2 )|H) = 0. 

HeTpyAHO npoBepHTb, mto BeKTopM P\u) h (1 — P)\u) opToroHajibHbi Apyr 
Apyry, a nos-roMy cyMMa hx hopm paBHa Hopiue BeKTOpa \u) . TaKHM o6pa30M, 
9to BeKTopw c kohcthoh HopMOfi, ohh npHHaA-JiexaT npocTpaHCTBy THJib6epTa. 

FlyCTb S eCTb nOAnpOCTpaHCTBO COSCTBeHHblX BCKTOpOB P, OTHOCHLUHXCH K 

co6cTBeHHOMy 3HaHeHHio 1. ZlonoAHHTe^bHoe k S noanpocTpaHCTBo S x ecn> iioa- 
npocTpaHCTBO BeKTOpoB, opTorcmajibHbix BeKTOpaM noAnpocTpaHCTBa 5; oho 06- 

pa30BaHO MHOJKeCTBOM COCCTBeHHblX B6KTOpOB P, npHHaAJiejKaUlHX COfiCTBeHHOMy 

3naieHHio 0. ConnacHO pa3Ji05KeHHK> (33), AeflcTBHe P Ha npoiHBOJibHbift BeKTop 
\u) cboahtch k npoeKTHpoBaHHio SToro BGKTopa Ha S. riosTOMy onepaTop P H 
Ha3HBaeTCH onepaTopoM npoeKTHpoBaHHH Ha S. Toi\na hcho, ito onepaTop 
(1 — P) ecTb onepaTop npoeKTHpoBaHHH Ha 5 X . 

Cbohctbo, Kacaromeeca hopmh P\u), ynoMHHyToe Buuie, mo- 
jkct 6wrb nepenncaHo b BHAe 

0<(«|P|u><<«|«). (34) 

ECJIH (u\P\u) — 0, TO BeKTOp \u) COAepJKHTCH U,e.flHKOM B 5 X . 
ECJIH \u\P\u) = {u\u), TO BeKTOp \u) COAepjKHTCH UejIHKOM 
B S. 

3acjiyjKHBaK)T ynoMHHaHHH ABa npeAejibHbix cnyqan. Kor^a 
noAnpocTpaHCTBO 5 coBna^aeT c caMHM npocTpaHCTBOM & , bchkhh 
KeT-BeKTop \u) HBJineTCH cBoefi coScTBeHHofl npoeKUHeii: HMeeM 
(u\P\u) = (u\u) npH Jiio6bix \u); noAnpocTpaHCTBo S x nycra. 
3to cjiywafi P = 1. 

Xlpyroft KpaHHHH cjiynaft peajiH3yeTCH Tor^a, KorAa noAnpoerpaH- 
ctbo S nycTO (AonoJiHHTejibHoe noAnpocTpaHCTBo S x coBnaAaeT c 
caMHM npocTpaHCTBOM $): («|P|«) = 0 npn jik>6om |«). 3to 
CJiynaft P — 0. 

FIpHBeAeM HecKOJibKo THnHHHbix npHMepoB oneparapOB npoeK- 
THpoBaHHH. 

FlycTb KeT-BeKTop \a) HopMHpoBaH Ha eAHHHuy. Oh pacTHrHBaer 
OAHOMepHoe noAnpocTpaHCTBo. 06o3HauHM chmbojiom | u a ) npoeK- 
HHio npoH3BOJibHoro BeKTopa |«) Ha 3to noAnpocTpaHCTBo 

i">=k>+k x >- ( 35 > 

CorAacHO npeAnojio>KeHHio 

<a|«£> = 0, |« fl ) = c|a>. 



§ 10. nPOEKTOPbl (HJIH OnEPATOPfal riPOEKTHPOBAHHfl) 257 



YMHO>KaH cjieBa o6e cropoHbi ypaBHeHHH (35) Ha <a|, noJiynseM 
c = <a|«>. Cjie^oBaTe^bHo 

\u a ) = \a)(a\u). 

TaKHM o6pa30M, onepaTopoM npoeKrapoBSHHH Ha \a) HB.aaeTCH 
onepaTop 

P a ^\a)(a\ «a|a>=l), (36) 
OnepaTopu npoeKTHpoB3HHH sToro THna mh 6yAeM H33biB3Tb 9Ae- 

MCHTCLpHblMU fipoeKTOpdMU. 

PaccMOTpHM Tenepb nocjie^oBaTejibHocTb opTOHopMHpoBaHHbix 
BeKTopoB 1 1), 1 2), . . . , \N) 

{m\n) = b mn (m, n=l, 2 N). 

Ha am BeKTopu HaTarHBaeTCH HeKOTOpoe nojuipocTpaHCTBo <§\ 
(c hhcjiom H3MepeHHH N) Toro npocTpaHCTBa, KOTOpOMy npHH3A- 
jie>KaT yKa3aHHbie BeKTopu. HeTpyflHo noKa3aTb, hto onepaTop 

Pi^ t\m)(m\ (37> 

m=l 

HBJineTCH onepaTopoM npoeKTHpoBaHHH Ha <g\. 

JXO CHX nop paCCMaTpHBaJIHCb TOJIbKO BeKTOpbl C KOHeHHOH HOp- 
MOH. Ho KaK Mbl 3HaeM, MOJKHO paCCMaTpHB3Tb h noo/ie/ioBaTejib- 
hocth KeT-BeKTopoB 1 1), 33BHCHLHHX ot HenpepbiBHoro HHACKC3, 

H3MeHHK)IUerOCH B HeKOTOpOH oSjiac™ (il, £2)- flpeAnOJIOMCHM, HTO 

co6cTBeHHbie /unptpepeHimaJibi, o6pa30BaHHbie H3 sthx KeT-BeKTo- 
poB, hm6K)t KOHeHHyio HopMy h npHHaflJiemaT HccJie^yeMOMy npo- 
CTpaHCTBy rnjib6epTa. IloaTOMy, kbk 6hjio BbiacHeHo paHee, 
JuoSan jiHHeHHaa kom6hh3uhh sthx BeKTopoB TaKJKe npnHaflJie>KHT 
npocTpaHCTBy Tnjib6epra, a MHO>KecTBO jiiiHeftHbix komShhsuhm 
o6pa3yeT no/mpocTpaHCTBO nojmoro npocTpaHCTBa rHjib6epTa; sto 
noAnpocTpaHCTBo $2 HaTHHyTO Ha KeT-BeKTopu |£). npeAiiojio- 
jkhm, Aajiee, hto BeKTopbi |£). yAOBJieTBopaioT ycnoBHio «opTOHop- 

MHp0B3HH0CTH» 

<rii)=6(r-i). (38> 

OneBHAHO, hto onepaTop 

P 2 ^\\§dZ(t\ (39) 
I, 

ecTb onepsTop npoeKTHpoB3HHH Ha <§2- Ha caMOM Rene, BeKTop 

P 2 \u)^ J|g>dg<g|«>, 



9 A. MeccHa 
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nojiyqaeMbift npH aghctbhh onepaTopa P2 Ha npoH3BOJibHbi8 Ben- 
Top \u), HecoMHeHHo npHHaAJiejKHT Si, h6o Bbipa>KaeTCH b bh^s 

JIHHeHHOH KOm6hH3UHH BeKTOpOB HanpOTHB, pa3HOCTb 

(1 — P 2 )\u) opToroHa^bHa Ka>KAOMy BeKTOpy noc;ieAOBaTe.nbHO- 
cth 

<rid — ^ 2 )i«>= 

t* «, 
= <ri u) - \ <r 1 1) di (i 1 «) = <r i «> - $ a (r - 8 « i «> = o 

h, cjie^oBaTejibHO, opToroHajibHa c?2- 
§ 1 1. AjireQpa npoeKTopoB 

FIpoeKTOpbi, AeftcTByiomHe b npocTpaHCTBe rn;ib6epTa, HMeioT 
npocTOH reoMeTpHHecKHH cmhcji h noaTOMy npeacTaBJinioT 6ojib- 
uioh HHTepec 5 ). npHBeAeM 3Aecb ocHOBHbie nojioKeHHH ajire6pbi 
3thx oneparapoB. BBHAy Toro, hto AOKa3aTejibCTBa b 6ojibiiiHHCTBe 
cjiynaeB BnojiHe sjieMeHTapHW, mm orpaHHraMca yKa3aHHeM TOJib- 
ko npHHunna, ocTaBJiHH HHTaTejiio B03MO>KHOCTb npoBeciH paccy>K- 

AeHHH AO KOHU,a. 

riycTb Pi, Pj — onepaTopbi npoeKTHpoBaHHH Ha noAnpocTpaH- 
cTBa Si, &i npocTpaHCTBa THJibdepia S. Mto6u npou3eedenue 

TaKme 6hjio onepaTopoM npoeKTHpoBaHHH HeoSxoAHMo h AOCTa- 

TOIHO, MT06bI Pi H Pj KOMMyTHpOBaJIH. 

YcjiOBHe 9to Heo6xoAHMO, h6o 6e3 Hero P[u\ He 6wji 6m apiviH- 
tobhm onepaTopoM. Ho oho h AOCTaTOHHo, Tan k&k b stom cjiynae 
P[H] spMHTOB onepaTop, npnueivi 

Pin = PiPiPtPj = P\P) = PiP, = P m . 

CooTBeTCTByiomee noAnpocTpaHCTBo S\n\ ecTb nepecenenue 
noAnpocTpaHCTB Si h Sj, t. e. noAnpocTpaHCTBo BeKTOpOB, o6hj,hx 
AJiH Si h S j. 3Aecb B03MOJKHM ABa KpaflHHx onyiaH: tot, KorAa 
S[i/] HAeHTHHHo oAHOMy H3 AByx yKa3aHHHx noAnpocTpaHCTB, H 
tot, KorAa S\n\ nycTO. B nepBOM cnyqae, HanpHMep, Sj HBJiHeica 
noAnpocTpaHCTBOM Si, bo btopom — noAnpocTpaHCTBa Si w Sj op- 

TOrOHaJIbHbl. 

HeTpyAHO, AaJiee, AOKa3aTb cjieAyiomne ABa nojiojKeHHH. 



6 ) PaccMOTpeHHe npo6jieMbi HenpepbiBHOro cneKTpa MeTOAOM (pOH HefiinaHa 
ocHOBaHO Ha CHCTeMaraiecKOM H3yqenHH cbohctb npoeKTopoB b npocTpaHCTBe 
THJibSepTa; stot MeTOfl flaeT B03MO>KHocTb npecwwieTb Bee TpyflHocra HenpepuB- 
Horo cneKTpa, He Bbixo.ua H3 npocTpaHCTBa THJib6epTa (cm. khhi-h, uHTHpoBaHHbie 
B CHOCKe V. 3 ). 



§ 11. AJirEEPA nPOEKTOPOB 
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Hto6h S) 6hjio noanpocTpaHCTOM Si (t. e. hto6h Ka>KAbW 
BeKTop noAnpocTpaHCTBa Sj 6uji BeKTopoM noAnpocrpaHCTBa Si) 

Heo6xOflHMO H AOCTaTO^HO, hto6h 

p t p t =p,. 

4T06bI Si H Sj SblJIH OpTOrOHajIbHbl, HeoSxOAHMO H AOCTaTOHHO 
BbinOJIHeHHe paB6HCTB3 

P f P, = 0. (40) 

B 3tom c/iynae roBopHT, hto npoemopu oprozoHaAbmi. 

Hio KacaeTCH cyMMbi npoeKropoe, to 3Aecb mm HMeeM Ba>KHyio 
xeopeMy: 

llycTb Pi, Pj, Pa, ... onepaTopbi npoeKTHpoBaHHH Ha noAnpo- 
cipaHCTBa Si, Sj, Su, ■■■ cooTBeTCTBeHHo. Mradbi hx cyMMa Pi + 
4- Pj -f- Pk + ... TaioKe 6biJia onepaTOpOM npoeKTHpoBaHHH, Heo6- 
xoahmo h AOCTaTorao qraSbi 3th onepaTopbi 6hjih nonapHo opro- 
roHaJibHbi. FIoAnpocTpaHCTBO, Ha KOTOpoe ocymecTBJineTCH npoeK- 
uhh, ecib b 3tom cjiyqae npnuan cyMMa, vum o6?>eduHeHue 
noanpocTpaHCTB Si, Sj, Su, ... (t. e. mho>k€Ctbo BeKTopoB, nojiy- 
iiaeMoe jiHHeftHOH cynepno3HHHeH BeKTopoB* npHHa/yieiKamHx Ka>K- 
AOMy H3 sthx noAnpocTpaHCTB). 

ycJiOBHe opToroHajibHOCTH, oqeBHAHo, flocTaToiHO. ^Toebi flOKa3aTb ero He- 
o6xoflHMOCTb, .aocTaToino ^,0Ka3aTb ero ajisi cayqaa cyMM AByx onepaTopoB 
S = Pi + Pi- OnepaTop S, otcbhaho, spmhtob. MtoCh BbintwiHHJiocb yanoBHe 
S 2 = 5, Heo6xoflHino, iT06bi PiPj + P/P, = 0. yiaHOJKHaa sto ypaBHeiwe Ha Pi 
CHaiaJia cjieBa, a iiotom cnpaBa, noJiyqaeM 

OTKy.ua 

p i P j- p j P i = Y( p i P i + p i p i) =0 - 

OnepaTop Pi m ypaBHeHHH (37) hbjihctch npHMepoM cyMMH 
opToroHajibHux npoeKTopoB. OnepaTopbi npoeKTHpoBaHHH \m)(m\, 
(pnrypHpyiomHe b stoh cyMMe, hbjihhdtch 3JieMeHTapHbiMH npoeK- 
TopaMH. Hcho, hto npocTpaHCTBO Su Ha KOTopoe ocymecTBJiaeTca 
npoeKTnpoBaHHe, hbjihctch o6T>eAHHeHHeM npocTpaHCTB, Ha koto- 
pue npoeKTHpyioT oTflejibHbie onepaTopbi, BxoAHiUHe b cyMMy. By- 
Ay^H o6"beAHHeHHeM N OAHOMepribix npoerpaHCTB, npocTpaHCTBO S\ 
HMeeT N H3MepeHHfi, a onepaTop Pi hbjihctch cyMMoii N ajieMeH- 
TapHbix opToroHajibHbix npoeKTopoB. 

Ecjih N =?= 1, to Pi npeACTaBJineTCH b stoh (popMe 6ecracneH- 

HblM qHCJIOM CnOC060B. /tefiCTBHTejIbHO, 0603HaHHM CHMBOJIOM {«} 
nOCJieAOBaTejIbHOCTb |2), \N) H3 N OpTOHOpMHpOBaHHblX 

BeKTopoB, npHHaAJiexamnx S\. IlocjieAOBaTeJibHocTb {n} o6pa3yeT 
6a3HCHyio CHCTeMy BeKTopoB b Si b tom cMbiwie, hto KajKAbifi BeK- 

TOp H3 S\ MO>KeT 6bITb JIHHeHHO BbipaWeH Mepe3 3TH N BeKTopoB; 
yCJIOBHMCH C^HTaTb TO>KA6CTBeHHHMH 6a3HCHbie CHCTeMbI, BeKTOpbl 



9* 
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KOTOphlX OTJIHHaiOTCH TOJlbKO (pa30BbIMH MHO>KHTejIHMH HJ1H HO- 
pHflKOM pacnO^OJKeHHH B nOCJieAOBaTejIbHOCTH. npH 3T0M OHeBHAHO, 
HTO 

P l =Z\n)(n\ 

h cymecTByeT eroJibKo Bbipa>KeHHH Ajw Pi, cKOJibKo cymecTByeT 

pa3J!H4HbIX 6a3HCHbIX CHCTeM. 

3th paccy»AeHHH 6e3 Tpyaa o6o6m.aiOTCH Ha cjiyHafi, Koi\a.a 
noanpocTpaHCTBo S, Ha KOTopoe ocymecTBJineTCH npoeKTHpoBaHHe, 
oS^a^aeT 6ecKOHenHbiM hhcjiom H3MepeHHft. B Teopnn npocrpaHCTBa 
TH/ibSepTa AOKa3biBaeTCH, wo BcerAa mojkho cAeJiaTb BbiSop b & 

(H 6eCMHCJieHHbIM HHCJIOM CIIOC060B) 6a3HCHOH CHCTSMbI {rt} = 

= |1), |2) \n), coAepKameft 6ecKOHeMHyio cqeTHyio 

HOCJieAOBaTeJIbHOCTb OpTOHOpMHpOBaHHblX BeKTOpOB. IlpoeKTOp P 

na S MoweT 6biTb npeACTaBJieH b bhac pnda m SAeMemapHbix op- 
ToeonaAbHbix npoeKTopoe 

oo 

P=Z|n)(rt|. 

OAHaKo b S mojkho nocipoHTb h 6a3HCHyio cHCTeMy, coAep>Ka- 
myio KeT-BeKTopbi, 3aBHCHm,He ot HenpepbiBHoro hha6kc3. IlpeA- 
ihwiojkhm, HanpHMep, mto cymecTByeT mhomccctbo (6ecKOHeHHoe 

KOHTHHyaJIbHOe) BeKTOpOB ||) C 6eCKOHeqHOH HOpMOH, 3aBHCHIUHX 

ot HenpepbiBHo H3MeH5nomeroca HHAeKca h yAOBjieTBopnioinHX yc- 

JiOBHflM «OpTOHOpMHpOBaHHOCTH» (38), H npeAIIOJIO>KHM TaKJKe, 
MTO nOAnpOCTpaHCTBO S 06pa30BaH0 MHO>KeCTBOM BeKTOpOB C KO- 

HeHHofi HopMoft, o6pa30BaHHbix nyreM jiHHeHHoft cynepno3HUHH 
KeT-BeKTopoB ||) H3 HeKOTOpoft oSjiacTH g 2 ) • B 9tom cjiy^ae P 
mojkho TaiOKe npeACTaBHTb b bhag (39) : 

h 

P= \ \l)dHll 

B 9toh cpopMe P Bee eme mojkho paccwoTpHBaTb Kan cyMMy opTo- 
roHa^bHbix npoeKTopoB. Pa3AejiHM .o6jiacTb HHTerpHpoBaHHH | 2 ) 
Ha HeKOTopoe qncJio nacraqHux o6jiacTeft. TorAa P ecTb cyMMa 
npoeKTopoB, nojiyneHHbix npn HHTerpHpoBaHHH |l)d|(|| no Ka>K- 

AOH H3 3THX MaCTHHHblX oSjiaCTefl. 3tH I10A06jiaCTH MOryT 6bITb 

BbiSpaHH cKo^b yroAHo MajibiMH. 06o3HaiHM chmbojiom 8P onepa- 
Top, noJiyneHUbifi HHTerpiipoBaHHeM no SecKOHenHO MajioMy HHTep- 
sajiy (|, l + dl): 

1+61 

6P= J \l')dl'{l'\, 



§ 12. HAEJTJOflAEMblE, C AHCKPETHMM CflEKTPOM 
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Torfla P ecTb cyMMa decKOHemo Sojibinoro incjia onepaTopoB bP. 
Mh 6yAeM Ha3HBaTb onepaTopu THna 6P dutpcpepeHmiaAbmiMU 
npoeKTOpciMu; npocTpaHCTBo npoeKunn, cooTBeTCTByiomee onepa- 
Topy SToro THna, wvieeT SecKOHe^Hoe ihcjio H3MepeHHH. 

§ 12. Ha6jiK>AaeMbie, o6jiaaaiomHe TojibKo flHCKperHbiM 
cneKTpOM 

riycTb A — spmhtob onepaTop. B stom naparpa(pe mu pac- 
cmotphm npo6jieMy co6cTBeHHbix 3HaieHHfl, opraHHiHBaHCb cjiy- 
MaeM, Kor^a co6cTBeHHbie BeKTopbi npHHaA-noKaT npocTpaHCTBy 
THJibSepTa. Co6cTBeHHbie 3HaneHHa o6pa3yioT AHCKpeTHyio nocne- 
jioBaTejibHocTb ci, a% .. ., a n , ... . llycTb <§ n ecTb noAnpoerpaH- 
ctbo, npnHaAJiejKain.ee coScTBeHHOMy 3HaqeHHio a n , Pn — npoeKTOp 
Ha 9to noanpocTpaHCTBo. Ecjih co6cTBeHHoe 3HaqeHHe a n HeBH- 
po>K^eHO, TO <S n nuieeT oaho .H3MepeHHe H P n — SJieMeHTapHblft 
npoeKTop. B npoTHBHOM c/iyqae BcerAa mojkho cae^aTb Bu6op 

(H 6eCHHCJieHHbIM 4HCJ10M cn0C060B) 6a3HCHOH CHCTeMbl B &n- 
\tl2) \ nr ), T3K, MTO 

Pn=Z\nr)(nr\. (41) 

r 

FIoAnpocTpaHCTBa, npHHajyioKaiuHe pa3JiHHHMM co6cTBeHHMM 
3HaieHH5iM a n , a' n , opToroHajibHu, oneAOBaTejibHo 

P B P„' = 0 (n^n'). (42) 

■CyMMHpya npoeKTopw, npHHaAJie^amHe BceM co6cTBeHHbiM 3Haqe- 
hhhm AHCKpeTHoro cneKTpa, nojiyqaeM npoeKTop 

Pa^Z Pn, (43) 

n 

noAnpocTpancTBo npoennnn KOTOporo <B A ecTb o6T>eAHHeHne Bcex 
<S «; & a ecTb npocTpaHCTBo bgktopob, o6pa30BaHHbix jihhchhoh cy- 
nepii03HUHeH coScTBeHHwx KeT-BeKTOpOB A, npHHaAJiemamnx npo- 
CTpancTBy Tn^b6epTa. 

Ecjih A — Ha6juoA36MaH, HMeiomaH TOJibKo AHCKpeTHbifi cneKTp, 
to & a, no onpeAejieHHio, coBnaAaeT c nojiHbiM npoerpaHCTBOM <S> 
HHaie roBopH 

P^Z^l. (44) 

n 

HHorAa JieByio qacTb 9Toro paBeHCTBa Ha3HBaioT pa3AO0KenueM 
edtiHUi{bi no OTHouieHHio k co6ctb6hhum 3HaqeHHHM onepaTopa A. 

JICHO, 1TO 3T0 pa3JIO>KeHHe eAHHCTBCHHO, T. e. HTO BCHKHH KeT-BeK- 

Top \u) eAHHCTBeHHUM o6pa30M MOJKeT SbiTb npeACTaBJieH B BHAe 

CyMMH COSCTBeHHblX KeT-BeKTOpOB \u n ), Ka)KAHH H3 KOTOpblX 



262 



TJI. VII. MATEMATH^ECKHn AIHIAPAT 



npHHaflJie>KHT OAHOMy onpeAeJieHHOMy co6cTBeHHOMy 3H3HeHHK). 

MT06bI HanHCaTb 3Ty CyMMy, AOCTaTOHHO IipHMeHHTb K \u) KaKAblft 

qjieH paBeHCTBa (44): 

l">=I>„l">. (45) 

CorjiacHO onpeAeJieHHio P„ BeKTOp P n \u) jihoo paBeH Hyjiio, 
jih6o ecTb co6cTBeHHbift KeT-BeKTop A, npHHaA-neKamnft coScTBeH- 
HOMy 3naHeHHio a n , npHqeM sto HMeeT MecTO A-na Jiioooro KeT-BeK- 
Topa | a); nosTOMy HMeeM 

(A~a n )P n = 0. (46) 

y MHOJK3H noMJieHHO ypaBHeHHe (44) Ha A, nojiyqHM, npHHHMaa bo 
BHHMaHHe (46): 

A - Z a„P„. (47) 

n 

H3 3Toro paBeHCTBa o/ieAyeT, hto Ha6jiioAaeMaa A nojiHOCTbK) on- 
peAeJiaeTca 3aaaHHeM ee coScTBeHHbix 3HaneHHH h cooTBeTCTByio- 
iuhx noAnpodpaHCTB. Bbipa>KeHHe (47) ajih onepaTopa A noKa3bi- 
BaeT, KpoMe Toro, hto onepaTop A KOMMyTHpyeT co bccmh npoeK- 
TopaMH P n . 

CooTHomeHHH (44), (45), (47) xapaKTepHU AJia Ha6jiK)AaeMbix, 

o6jiaflaK)IU,HX TOJIbKO AHCKpeTHHM CneKTpOM, npH 3T0M HHCJIO 
COdCTBeHHblX 3HaHeHHH MOKd 6bITb KaK KOHdHblM, TaK H 6eCKO- 

He^HbiM. Mbi He 6yaeM Hca/ieAOBaTb 3Aecb Bonpoca o cxoahmocth 

COOTBeTCTByiOIUHX PHAOB, 3Ta CXOAHMOCTb BCeTAa HMeeTCH. 

Oco6eHHo yAo6Hbie BbipajKeHHH nojiyiaioTca, ecjiH BciOAy BMe- 
cto P n noAdaBHTb Bbipamemie (41). Tan, jieBaa qacTb ypaBHeHHa 
(44) Bbipa^aeTca b BHAe cyMMbi 3JieMeHTapHbix npoeKTOpOB h mm 
noJiy^aeM cooTHOUienue 3amKHyTocru 

P A =Z\nr)(nr\=l. (48) 

n, r 

BMeCTe C COOTHOIIieHHaMH OpTOHOpMHpOBaHHOCTH 

{nr\n'r') = b nn ^ rr - (49) 

3T0 yCJIOBHe BbipaJKaeT TOT (paKT, HTO MHO>KeCTBO KeT-BeKTOpOB 

\nr) o6pa3yeT nojmyio opTOHopMHpoBaHHyio CHCTeMy. 

IlpHMeHHa onepaTop H3 (48) k HeKOTopoiwy BeKTopy, nojiyqaeM 
pa3Jio»eHHe 

l">=Zlw><w|u> (50) 

n, r 

b pHA no coScTBeHHbiM BeKTopaM \nr). Ko3(p(pHU.HeHTbi pa3Jio>Ke- 
hhh paBHbi cKajiapHHM npon3BeAeHHaM (nr\u) (cp. ypaBHeHHa 



§ 13. HAEJIIOflAEMblE B OEIUEM CJIYMAE 
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(V. (14— 15)). KpoMe Toro 

(u\u) = (u\P A \u)= Z{u\nr){nr\u) = Z\{nr\u)\ 2 . (51) 

ft, r ft, r 

HopMa \u) paBHa cyMMe KBaApaTOB MOAyneft KoacjxpnuHeHTOB pa3- 
jio*eHH5i: 3to ecTb paBeHCTBo IlapceBajiH (cp. ypaBHeHHe (V.16)). 

Ha6^K)AaeMaH A mojkct 6biTb npeACTaBJieHa b BHAe paAa op- 
ToroHajibHbix a^eMeHTapHbix npoeKTopoB. IlpoH3BOAH Te ace one- 
pauHH, KOTopHe npHBeJiH k ypaBHeHHio (47), nojiyiaeM 

A = AP A = Z\nr)a n (nr\. (52) 

ft, T 

§ 13. Ha6jiK)flaeMbie b o6meM cjiynae h o6o6meHHoe 

COOTHOUieHHe 3 a M KHyTOCTH 

SpMHTOB onepaTOp A HBJiaeTCH HafijuoAaeMofi, eara BeKTopHoe 
npocTpaHCTBO <£a c orpaHHneHHoft HopMoS, o6pa30BaHHoe cynepno- 
3Hii,HeH co6cTBeHHbix BeKTopoB A, coBna/iaeT c nojiHbiM npocTpaH- 
ctbom THjib6epTa & hjih, hto to >Ke caMoe, ecjin onepaTOp Pa npo- 
6KTHpoBaHHH Ha <8 a paBeH eAHHHne. 

Kor^a cneKTp nojmocTbio AHCKpeTeH, onepaTOp Pa mojkct 6biTb 
npeACTaBJieH b bhac pa3Jio?KeHHH no sjieMeHTapHbiM opToroHajib- 
hhm npoeKTopaM, nojiyneHHHM c noMombio co6cTBeHHbix BeKTopoB 
A, h ycnoBHe Toro, hto A ecTb Ha6jiK>AaeMaa, yAo6HO 3anncHBaTb 
b (popMe cooTHomeHHH 3aMKHyT0CTH (48). PacnpocTpaHeHHe 3Toro 
cooTHomeHHH Ha o6iuhh cjiynaH Tpe6yeT BBeAemiH AH<p<pepeHUH- 
ajibHHx. npoeKTopoB — ohh b cjiyHae HenpepbiBHoro cneKTpa nrpaioT 
Ty xe pojib, hto 3-jieMeHTapHbie npoeKTopbi npn ahckpcthom 
cneKTpe. 

PaccMOTpHM cHanajia cjiynafl, KorAa cneKTp A HeBbipo>KAeH. 
ITpeAno^araeM, hto cneKTp coAep>KHT HenpepbiBHyio ofijiacTb, 060- 
SHanaeMyio HenpepHBHo H3MeHHiomHMCH hhaskcom v, h AHCKpeT- 
Hyio oSjiacTb c AHCKperabiM hhackcom n. TaKHM o6pa30M, a n ecTb 
co6cTBeHHoe 3HaneHne H3 AHCKperaoH nacra cneKTpa, a(v) — co6- 
cTBeHHoe 3HaneHHe H3 HenpepbiBHoft nacTn; a(v) ecTb mohotoh- 
Haji (pyHKUHH v, npHHHMaromaa Bee npoMejKyTOHHbie 3HaneHHH b 
HeKOTopoM HHTepBajie (a(vi), a(v 2 )). O603HaiHM c noMombio \n) 
n |v) coScTBeHHbie KeT-BeKTOpbi, npHHaAJieJKamHe co6cTBeHHbiM 

3HaHeHHHM 0„ H a(v). 3TH KeT-BeKTOpbi opTOHOpMHpOBaHbl, B Ha- 
CTHOCTH 

( v |v'> = 6(v-v'). 

OnepaTOp 

v+8v 

6P= J |v')c?v'<v'| 
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HBJiaeTCH onepaTopoM npoeKTHpoBaHHH Ha noAnpoerpaHCTBo, HaTH- 
HyToe Ha KeT-BeKTopu |v') H3 HHTepBajia (v, v + dv). CKJiaAHBaa, 
npoeKTopu 3Toro rana, o6pa3yeM npoeKTOp 

P c = \ |v>dv<v|, 

KOTOpHH npoeKTHpyeT Ha noAnpoerpaHCTBo <S C , HaTsmyroe Ha co6- 
CTBeHHbie KeT-BeKTopH, npHHa/wiejKaiuHe HenpepuBHOMy cneKTpy. 
3to noAnpocTpaHCTBO opToroHajibHO noAnpocTpaHCTBy S 'd, HaTHHy- 
TOMy Ha coficTBeHHbie KeT-BeKTop a AHCKpeTHoro cneKTpa, npnieM 
npoeKTop Ha sto noAnpoerpaHCTBo paBeH 

P d =Z\n)(n\. 

n 

ycJiOBHe Toro, ^to A ecTb HadjnojxaeMaH, 3anHCbiBaeTCH b bha& 

P A ^Pc + P d =\ 

hjih noApo6Hee 

v 2 

^ = £ I «><«! + J |v>dv<v|=l. (53> 

n v, 

BHnojiHeHHe cooTHomeHHH 3aMKHyT0CTH (53) HBJineTCH Heo6xoAH- 

MHM H AOCTaTOqHHM yCJIOBHeM TOrO, HTO MHOJKeCTBO OpTOHOpMHpO- 

BaHHHX BGKTopoB \n), \v) o6pa3yeT nojiHyio CHCTeMy. 

PacnpocTpaHeHHe araro pe3yjibTaTa Ha cjiynafl, KorAa Becb. 
cneKTp Hjm qacTb cneKTpa A OKa3biBaK)TCH Bbipo>KAeHHbtMH, He 
Bbi3HBaeT TpyAHOCTefl. Bo3bMeM b KaqecTBe npHMepa cjiyqafl, pac- 
cMOTpeHHbiH b Kcmue § 9. Co6cTBeHHbie KeT-BeKTopu \nr), |vpr) 

yAOBJieTBOpHIOT yCJIOBHHM OpTOHOpMHpOBaHHOCTH (30). ECJIH KpO- 

Me Toro A ecTb Ha6jiK)AaeMaH, t. e. co6cTBeHHbie KeT-BeKTopw 
SToro onepaTopa cocTaBJinioT nojiHyio CHCTeMy, to ohh yAOBJieTBO- 
paiOT ycAoeuto 3aMKHyrocTU 

p A ^Y.\ nr ^ nr 1 + Z S S 1 vpr > dv dp < vpr 1 = L < 54 > 

n, r r 

KaK h b cjiynae nojiHocTbio AHCKpeTHoro cneKTpa yAo6Ho hc- 

nOJIb30BaTb COOTHOUieHHe 33MKHyTOCTH npH pa3JIO}KeHHH npOH3- 

BOJibHoro BeKTopa \u) npocrpaHCTBa THjib6epTa b p«a no 6a3Hc- 
hhm KeT-BeKTopaM Ha6jiioAaeMOH A. Rjih coKpameHHa 3anHcn 
npHMeM, hto cneKTp A HeBbipomAeH (cooTHonieHHe (53)). TorAa 

\u) = P A \u) = £| n ><«|w> + J \v)dv(v\u). (55> 

ft • Vi 
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AHaJiornrao HaxoAHM o6o6meHHoe paBeHCTBo IlapceBaJiH 

< U |«) = («|P /1 | M ) = ^|(n|«)| 2 + \ \{v\u)\ 2 dv (56) 

n v, 

:n pa3Jio>KeHHe A b pha no npoeKTopaM 

A = AP A = Y i \n)a tt (n\+ J | v>a(v)dv<v|. (57) 

B 3aKJiK)HeHHe ynaweM, mto Macro 6biBaeT yao6ho 33MeHHTb 
■ycJioBHe opTOHopMHpoBaHHOCTH coScTBeHHbix BeKTopoB HenpepbiB- 
Horo cneKTpa Ha 6ojiee o6mee ycJioBHe 

<v|v'> = /(v)o(v-v'), 

rj\e f{v) — BemecTBeHHan nojioiKHTe-JibHaH cpyHKUHH v. 9to 3kbhb3- 
jichtho yMHOiKeHHio KajKAoro BeKTopa Ha nocTOHHHyio c MoayjieM 
Vf- B 3tom cjiyqae Bee npeamecTByiomee ocTaeTca cnpaBeA^H- 

BblM, HO TOJIbKO BO BCeX (pOpMyjiaX |v) dv(\\ CJieAyeT 33MeHHTb Ha 
•jv)y^-(v|. AHa^OrH^HO, eCJIH yCJIOBHe HOpMHpOBKH (30b) 3aMe- 
HHTb Ha 

(vpr I v'p'r') = F r (v, p) 6 (v - v') 6 (p - p') 6 rrS 

to BbipaHieHHe una P a b cooTHouieHHH 33MKHyTocTH (54) nojiy- 
laeTca nyieM A&neHHH noAMHTerpajibHoro BbipaxceHHa Ha /v(v, p). 

§ 14. <J>yHKUHM Ha6jiK>AaeMbix 

JlHHefiHbiH onepaTop nojmocTbio onpeAejieH, ecjin H3BecTHo ero 

AGHCTBHe Ha BeKTOpbl, COCTaBJIHIOUIHe nOJIHyK) OpTOHOpMHpOB3HHyK) 

CHCTGMy co6cTBeHHbix BeKTopoB; TorAa ero AeficTBHe Ha Jiiodyro jih- 
HefiHyio cynepno3HitHio sthx BeKTopoB nojiynaeTCH HenocpeACTBen- 
ho, ecjin, KOHenHO, BbinojiHHeTCH ycJioBHe cxoahmocth b cjiynae 
SecKOHeMHoro pflAa (ycJiOBHH cxoahmocth y?Ke paccM3TpHB3JiHCb 
b tji. V). B nacTHocTH, bchk3H cpyHKUHH f(a) coScTBeHHbix 3Hane- 
hhh Ha6^ioAaeMOH A no3BOJifleT onpeAejiHTb jiHHeHHbift onepaTop 

f(A) K3K (pyHKHHK) 3T0H H36jIK)AaeMOH. fleflcTBHe f(A) Ha co6- 

CTBeHHHfi BeKTOp | a) onepaTOpa A, npHHaAJiejKaiiiHH 3H3ieHHio a, 
no onpeAejieHHio, ecTb 

f(A)\a) = f(a)\a). (58) 

KorAa cpyHKHHH f Bbipa?KaeTCH nojiHHOMOM, sto onpeAeJieHHe 
tiojiyqaeTCH HenocpeACTBeHHHM npHMeHeHHeM npaBHJi ajire6pu 
onepaTopOB, ho oho cnpaBeAJiHBO h b 6o.rcee q6ihhx cfiyMaax. 
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H3 caMoro onpeAejieHHH cjieayeT, hto bchkhh co6ctbchhuh BeK- 

TOp A HBJIHeTCH C06cTBeHHbIM B6KTOpOM / (A) . 06paTHO, eCJIH BCH- 1 

KHH C06CTBeHHbIH B6KTOp Ha6./iK>AaeMOH A eCTfa TaK>Ke co6cTBeH-> 
hhh BeKTop JiHHeHHoro onepaTOpa F, to stot onepaTop ecTb one- 
paTopHaH 4>yHKUHH A. 

3to BnoJiHe OHeBHflHO, ecra Bee co6cTBeHHbie 3Ha<ieHH5i oneparopa A HeBupo- 
»meHH. FlosTOMy paccMOTpHM HeKOTopoe Bupox,aeHHoe co6cTBeHHoe 3HaMeHHe h 
nycTb |al), |a2) cyTb flBa jiHHeftHo He3aBHCHMHX co6cTBeHHbix BeKTopa, npii- 
HaAJiejKamHx STOMy co6cTB6HHOMy 3naqeHHio. no npeflnoJioaceHHio ohh hbjihiotch 

TaKJKe COfiCTBeHHblMH B6KTOpaMH F: 

F|al) = 4 1) |al>, F\a2) = f®\a2). 
BcHKaH flHueflHaa KOM6Hnau,HH aaHHbix AByx bcktopob Taione hbjihgtch coficTBeH- 

HblM BSKTOpOM F 

F (X, I ol> + K 2 I a2>) = (X, \a\) + X 2 \ a2>), 

c^eAOBaTeJibHo, 

X 1 (e»-f< 1 >)|al> + ^(e-/< 2 >)!a2) = 0 
h nocKOJibKy |al) a \a2) jiHHeflHO He3aBHCHMM, 

TaKHM o6pa30M, Bee co6cTBeHHbie (pyHKu,HH A, npHHaAJiejKamHe 
OAHOMy coScTBeHHOMy 3HaneHHio a, hbjihiotch coScTBeHHbiMH (pyHK- 
uhhmh F, npHHaAJieJKaiuHMH OAHOMy coScTBeHHOMy 3HaqeHHio /: 
nocjieflHee ecTb HeKOTOpaa cpyHKUHH a, t. e. /(a); cneAOBaTejibHo. 

AEHCTBHTCJIbHO F = f {A) . 

BcaKaH 4>yHKUHH f (A) HaQjuoAaeMofi A MO^eT 6biTb Bbipa>KeHa, 
KaK h caiwa HaSjuoaaeMaH A, b (popMe jihhchhoh K0M6HHau,HH ajie- 
MeHTapHbix hjih AH(p(pepeHUHajibHbix npoeKTOpoB. IlpeAnojio>KHM 
AJiH onpeAeJieHHocTH, mo A yAOBJieTBopaeT ypaBHeiiHio (57). TorAa 

f(A) = f(A)P A = Y J \n)f(a n )(n\+ J | v>/[a(v)]dv<v|. (59) 

n v 

B Ka^ecTBe npHMepoB tpyHKUHft Ha6jiioAaeMOH A yKa»eM npo- 
eKTOp Ha noAnpocTpaHCTBO HeKOToporo co6cTBeHHoro 3HaqenHH, 
npoeKTop Ha npocTpaHCTBo, HaTjrayToe Ha coGcTBeHHue BeKTopa, 
npHHaA^iejKamHe coScTBeHHbm 3HaqeHHHM, jieJKamHM b HeKOTopofi 
o6jiacTH h t. n. J/KajKeiw Taione 3KcnoHeHii,HajibHbiH onepaTop e* A 
(| — 3aAaHHaa nocTOHHHaH) h oSpaTHbifl onepaTop A~ l . OyHKUHH 
onpeAeJieHa BcerAa, oSparabiH onepaTop A~ l onpeAeJieH TOJib- 
ko, ecjiH cpeAH co6cTBeHHbix 3HaHeHHH onepaTopa A Her HyjieBoro. 



§ 15 OnEPATOPbl. KOMMYTHPyiOIIIHE C HAEJUOflAEMOH 
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§ 15. OnepaTopw, KOMMyTHpyioiuHe c Ha6jiM)AaeMOH. 
KoMMyTHpyiomHe Ha6jiK)flaeMbie 

OnepaTopHbie cpyHKHHH Ha6jiro,aaeMOH A npHHaAJie>KaT, BOo6me 
roBopa, k 6ojiee uiHpoKOMy KJiaccy onepaTopoB, a hmchho onepa- 
ropoe, KOMMt/Tupytomux c A. fleflcTBHe TaKHx onepaTopoB Ha co6- 
cTBeHHbie BeKTopu A oco6eHHo npocTO. XteftcTBHTejibHo, ecjiH I a) 

eCTb COSCTBeHHblH BeKTop 

A\a) — a\ a) 

ii ecJiH 

[A, X] = 0, 

TO 

0 = (AX — XA)\a) = (A — a) X\a). 

TaKHM o6pa30M X\a) ecrb co6cTeeHHUu eetcrop A, npunadneoKa- 
muu TOAiy Me co6creeHHOMy 3HmeHuio (ecjiH TOJibKo BeKTop He 
paBeH Hyjiio) . 

06paTHo, Rjin Toro htoCh onepaTop X KOMMyrapoBaji c HaSjiio- 
AaeMofi A, AocTaToqHo, ^toSh ero fleflcTBHe Ha KajKAuft BeKTop 

nOJIHOH OpTOHOpMHpOBaHHOH CHCTeMbI C06CTBeHHbIX BeKTOpOB A fla- 
BaJIO BeKTOp, TaKKe HBJIHromHHCH C06cTBeHHbIM BeKTOpOM A, npH- 

HaAJiemamHM TOMy >Ke coScTBeHHOMy 3HaMeHHio. 

Ha caMOM Aejie ecJiH BbinojiHaeTCH CKa3aHHoe, to AeftcTBHe kom- 
wyTaTopa [A, X] Ha Ka>Kflbra BeKTop stoh nojiHoft chctcmu aaeT 
Hyjib, noaTOMy BbinojiHHeTcn onepaTopHoe paBeHCTBo [A, X] = 0. 

Bee 9to npHMeHHMo, KOHe^Ho, h k KOMMyTupytou^uM Ha6Atodae- 
mum. KpoMe Toro, Bee cKa3aHHoe b rn. V (§§ 14, 15) OTHOCHTeJibHO 
KOMMyTHpyioinHx Ha6jiK)AaeMbix, mo>kho noBTopHTb 3Aecb c He- 
KOTopbiM H3MeHeHHeM TepMHHOJiorHH. npHBeaeM eme pa3 ocHOBHbie 
pe3yJibTaTH. 

Ea3UCH0u cucreMOu Ha6jiio,naeMOH mu Ha3HBaeM BCHKyio noji- 

HyK) OpTOHOpMHpOBaHHyK) CHCTeMy C06cTBeHHbIX BeKTOpOB 3T0H 
Ha6jIK)AaeMOH, npHTCM CIHTaeM TOJKAeCTBeHHblMH CHCTeMbI, OT- 
JIH^aiOmHeCH TOJIbKO Cpa30BbIMH MHOJKHTejlHMH npH C06cTBeHHbIX 

BeKTopax, nopHAKOM pacnojio>KeHHH BeKTopoB AHCKpeTHoro cneKT- 
pa h Bbi6opoM HenpepuBHbix HHaeKCOB b cJiynae HenpepbiBHoro 
cneKTpa. 

HMeeM cjicnyiomyio BaJKHyio TeopeMy: 

Ecau dee nadAtodaeMbie A u B KOMMyrupytor, to ohu o6A<zdatoT 
no Kpauneu Mepe odnou oSu^eti 6cl3uchou cucreMoii, u odparno, 
ecAU dee uadAtodaeMbie A u B o6AadatoT o6u\eu 6a.3UCH.oti. cucre- 
mou, to ohu KOMMyrupytor. 

BcHKaa (pyHKUHH f(a,b) co6cTBeHHbix 3HaqeHHft AByx KOMMy- 
THpyiomHx Ha6jnoaaeMbix A h B no3BOJiHeT onpcuejiHTb jiHHefiHbiH 
oneparap f{A,B) — cpyHKUHio sthx AByx Ha6juo.aaeMbix c noMombio 
ecTecTBeHHoro o6o6meHHH hohhthh onepaTopHoft cpyHKUHH oahoh 
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Ha6jiK>,naeM0H. Jlerno noKa3aTb, hto ecjin KawAbift o6iuhh co6- 

CTBeHHHH BeKTOp HaSjUOAaeMHX A H B eCTb C06CTBeHHHH BeKTOp 

jiHHeHHoro onepaTOpa F, to nocJieAHHft edb HeKOTopan onepaTOp- 

H35I (pVHKUHH A H B. 

Bee 3to 6e3 Tpy/ia o6o6maeTCH Ha cjiyHafi jiio6oro HHCJia kom- 
MyTHpyiomHx MejKAy co6ofi Ha6juoflaeMbix. 

HaKOHeu, roBopHT, hto nocJieAOBaTejibHOCTb A, B, C, ... Ha- 
CjiioaaeMbix cocTaBJineT noAmiti, ua6op KOMMympytomux hci6aio- 
daeMbix, ecJia 3th Ha6jiK>AaeMbie Bee KOMMyTHpyioT Me>KAy co6oft 
h ecJiH hx o6mafl 6a3HCHan CHdeMa onpeAcnneTCH eAHHCTBeHHbiM 
o6pa30M. Ka>KAOMy MHoxcecTBy coScTBeHHbix 3HaneHHH a, b, c, ... 

COOTBeTCTByeT OAHH H TOJIbKO OAHH o6lU.HH C06"CTBeHHbIH BeKTOp- 
(onpeAeJieHHUH C TOHHOCTbK) AO nOCTOHHHOrO MHOKHTeJIH) . 3tot 
BeKTOp MO>KeT paCCMaTpHBaTbCH KaK (pyHKHHH COSCTBeHHblX 3Ha- 

ieHHH a, b, c Ero o6mhho o6o3Ha i iaK)T chmbojiom \abc ...).. 



PasKJi III. TEOPHJI nPEflCTABJIEHHB 

§ 16. 06mee noHHTHe o KOHeiHbix MaTpHuax 

Flo onpeAeJieHHio MaTpnua A rana My^N ecTb coBOKynHocTJ* 
MN sJieMeHTOB A mn (m—l, 2, M; n—\, 2, N), koto- 
pue oSbiqHo pacnojiaraiOT b BHAe npHMoyrojibHofl TafijiHUH c M 

CTpOK3MH H N CTOJl6uaMH 



An 



'Ml 



''MN 



Am n ecTb sjieiaeHT MaTpnubi, pacnojiojKeHHbifi Ha nepeceqenHK 
m-fi ctpokh h n-ro cTOJiSua. 

Ecjih M = N, to mu HMeeM Keadpamyto Mcnpimy, nncno ee 

CTpOK H CTOJISUOB AaeT HHCJIO H3MepeHHH, HJIH nOpHAOK MaTpHUM. 

Ecjih oaho H3 AByx uejibix HHceji M hjih N paBHo 1, to ajieMeHTM 
MaTpHHbi MoryT paccMaTpHBaTbcn KaK KOMnoHeHTbi BeKTOpa. Mbr 
6yAeM Ha3HBaTb npaeuM eeKTopou MaTpnuy c oahhm ctojiShom 
(M = pa3MepH0CTH BeKTOpa, N = I) u AeeuM eetcropoM — MaTpnuy 
c oahoh CTpoKoft (M = 1, N = pa3MepH0CTH BeKTopa). Tor^a cna- 
Axp ecTb MaTpnua c M = N = 1. 

H3 MaTpnubi A rana M X N mojkho nojiyMHTb HOBbie MaTpnubi 
c noMombio HeKOTOpbix onepaUfUd conpHOtcenux, HMeHHo: 

a) KOMtiJiBKCHo conpnMeHHyto Marpuu,y A* — sto MaTpnua rana 
My^N, 3-JieMeHTbi KOTopofl cyTb BejiHHHHbi, KOMnjieKCHo conpa- 
*eHHHe sjieMeHTaM MaTpnubi A : (A*) k i — A* kl \ 
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6) TpancnoHupoeaHHyto MaTpuu,y A — sto MaTpHua THna Af X Al, 
nojiynaeMan nepecTaHOBKoft ctpok h ctoji6uob: {A)ki = Aik\ 

b) apMuroeo conpRDtceHHyto MaTpuqy /4 + — sto MaTpnua rana 
NX.M, ncwiyqaeMan npHMeHeHHeM o6enx yKa3aHHbix Bbime onepa- 
uhh: (a\ = A\k- 

KoMnjieKCHo conpHJKeHHHH npaBbift seKTOp edb npaBbift BeKTOp. 

TpaHCnOHHpOBaHHblH npaBbift BeKTOp H SpMHTOBO COnpHJKeHHblH 

npaBbift BeKTOp cyTb jieBbie BeKTopu h Hao6opoT. KoMnjieKCHO conpa- 
>KeHH3H, TpaHcnoHHpoBaHHaH h apMHTOBO conpH>KeHHaH KBaApaT- 
Hbie MaTpHUbi nopHAKa N cyTb KBaAparabie MaTpnuu nopHAKa jV. 
OnpeAeJiHioT cyieAyioiUHe onepaquu MaTpmnou aAze6pu: 

a) yMHooweuue Marput{bi A net nocTOHHuyto c; npoH3BeaeHHe 
cA ecTb MaTpHua Toro >Ke THna, hto h A: 

(cA) mn = cA mn \ 

6) cyMMa S — A-\-B AByx MaTpnu oahoi-o THna; S ecTb MaT- 
pHua Toro y&t THna, mto A a B: 

Smn == A mn -\- B mn , 

b) npomeedenue (cnpaBa) P = AB MaTpnnbi B THna M B X N B 
Ha MaTpnuy A THna Ma X Na, npnqeM mono ctoji6uob MaTpnuw A 
aojijkho 6biTb paBHo qncjiy ctpok MaTpnuu B: N A = M B — K- 3to 
MaTpHua rana M A X N B , 9JieMeHTbi KOTopofi AaioTCH (popMyjioft 

K 

Pmn == 2 AmkBkn- 

HiweioT MecTO cjieAyioiune paBeHCTBa 

(A + BY = A* + B\ (A + B) = A + B, {A + B) + = A* + B f . 
(AB)* = A*B\ (AB) = BA, (AB) f = B f A\ 

Otmcthm H3MeHeHHe nopHAKa coMHOJKHTejiefi b npaBbix qacTHx 
AByx noa/ieAHHX paBeHCTB. 

yMHomeHHe cJieBa Af-MepHoro jieBoro BeKTopa Ha Af-MepHbift 
npaBbift BeKTop jxaer cKaJiap. yMHo>KeHHe CJieBa Af-MepHoro npa- 
Boro BeKTopa Ha N-MepHbifi jieBbift BeKTOp AaeT KBaapaTHyio MaT- 
pnuy nopHAKa A'. 

jjpyroft BajKHOH onepauneft hb^hctch Temopnoe npou38edenue 
AByx MaTpnu. C noMoiubro MaTpnubi A^ rana jWiXJVi h MaTpHUbi 
j4< 2 > THna M 2 X ^2 mojkho o6pa30BaTb MaTpnuy A^ l2) = A m §§ A<- 2 > 
rana M\M 2 X N { N 2 . M X M 2 ctpok stoh MaTpnubi o6o3HaHaK>TCH 
AByMH HHAeKcaMH mi h m 2 (mi — 1, 2 Mi, m 2 = 1, 2, 

. .., M 2 ), N1N2 CTOJI6UOB MaTpHUbi 0603Haqai0TC5I AByMH HHAeK- 
caMH njHfij (n = 1, 2, ... , N u n 2 = 1, 2 N 2 ). Ilpn stom 
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§ 17. KBaapaTHbie MaTpHUbi 

B 3tom naparpacpe mm AaAHM HecKOJibKO onpeAeJieHHft h nepe- 

TOCJIHM pHA CBOHCTB KBaApaTHblX M3TpHU,. 

B KBaapaTHOH MaTpHue A nopHAKa N mh pa3JiHHaeM N AHaro- 
HajibHbix sjieiweKTOB A nn (n = I, 2, . . . , N) h HeanaroHa^bHbie 
sjieMeHTbi A k i (k =^= I). fJlnyp (hjih CAed) MaTpHuu A edb cyMMa 
ee flHaroHajibHbix ajieMeHTOB: 

Sp^sMsE^. (60) 

n 

flerepMUHCiHT hjih onpedeAureAb M3TpHu,bi A, det A, edb aeiep- 
MHH3HT, o6pa30BanHbift TaSjiHueft ee ajieiweHTOB. 

EduHUHHdR MdTptma I ecTb MaTpnua, Bee AHaroHajibHbie 3Jie- 
MeHTH KOTopofi paBHbi 1, a Bee HeanaroHajibHbie ajieMeHTbi paBHbi 
Hyjiio 

j mn == ^tnn- 

npoH3BeaeHHe cahhhhhoh MaTpHUbi Ha nocTOHHHyio ecTb, no onpe- 
jxejieEHK), nocTOHHHCtn Marpui^a. UuaeonaAbHaH Marpuqa edb MaT- 
pnua, Bee HeAHaroHajibHbie sjieMeHTbi kotopoh paBHbi Hyjiio. 
KBaApaTHan MaTpnua hbjihctch BemecTBeHHofl, chmmgtphhhoh 

HJIH 3PMHTOBOH, eCJIH OHa paBHa CBOefl KOMnJieKCHO COnpHJKeHHOH, 
CBOeft TpaHCnOHHpOBaHHOH HJIH CBOefl SpMHTOBO COnpH>KeHHOH, co- 
OTBeTCTBeHHO. 

CyMMa h npoH3BeaeHHe AByx MaTpnu nopHAKa N BcerAa onpe- 
AejieHbi — 9to TaK>Ke mstphuh nopHAKa N. CyMMa accounaTHBHa 
h KOMMyTaTHBua. OpoH3BeAeHHe accouaaTHBHO, AHCTpHSyTHEHO no 
OTHomeHHio k cyMMe, ho He o6fl3aTejibHo KOMMyTaraBHo. Ajire6pa 
MaTpHii, nopHAKa N ecTb HeKOMMyTaTuenan ajize6pa. 

Mto6h MaTpnua nopHAKa N KOMMyTHpoBajia co BceMH MaTpn- 
uaMH nopHAKa N HeoSxoAHMo h AOCTaTOHHO, qTo6bi OHa Sbijia no- 
ctohhhoh (nponopuHOHajibHoft eAHHHMHOH) (saAana 4). B qacTHo- 
cth, eAHHHHHaH MaTpnua / TaKOBa, mo 

IA = AI = A (61) 

npn jik)6oh Maipnue A. 

J\Be AHaroHajibHbie MaTpHUbi BcerAa KOMMytHpyioT. Mto6h MaT- 
pnua nopHAKa N KOMMyTHpoBajia co BceMH AHaroHajibHbiMH MaT- 
pnnaMH nopHAKa N Heo6xoAHMo h aoct3tohho, hto6h OHa 6wjia 
AHaroHajibHofl (3aAana 4). 

Ulnyp (hjih CAed) npoH3BeAeHHH pHAa M3Tpnu UHeapuameH 

OTHOCUTBAbHO V,UKAUHeCKOU nepeCTdHOBKU COMHOOKUTeAeU 



SpABC = SpCAB. 



(62) 
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,H,eTepMHHaHT npou3BeAeHHH MaTpuu paBeH npou3BeAeHHio Ae- 

TepMHHaHTOB 3THX M3TpHU 

det/lBC = det,4 • detB • detC. (63) 

MaTpnua B, no onpeAejieHHio, hbahctch oSpaTHofl k MaTpnue 
A, ecJiH 

AB = I H BA = I. (64) 

Bnpo^eM, ecJiH BbinoAHaeTCH oaho H3 sthx paBeHCTB, to Apyroe 
BbinojiHHeTCH TaK>Ke. 06pa™yio MaTpnuy oShhho o6o3HaqaiOT chm- 

BOJIOM 

B = A~\ 

Hto6h AaHHaH MaTpuua A HMejia o6paTHyio HeoSxoAHMo h ao- 

CTaTOIHO, HT06bI A6TepMHH3HT MaTpHUbl 6bIA OTAHieH OT HyJIH: 

(let A =fc 0. Ecjih det/l = 0, to MaTpuua Ha3HBaeTCH cumyAHpuou. 
HeTpyAHO npoBepHTb, hto 

(.^-^(P), (at i =(a- i t, (^)-'=(/i-') + 

h mo 

(PQr^Q-'p- 1 . 

MaTpuua 0 Ha3biBaeTca oproeoHaAbHou, ecjiu TpaHcnoHupoBaH- 
nan MaTpuua 0 paBHa o6paTHoft 

00 = 00 = 1. 

MaTpnua U Ha3biBaeTCH yHUTapuou, ecjiu spmhtobo conpHKeHHan 
MaTpuua paBHa o6paTHofl 

(JU* = U^U = I. 

Ecjiu mw yMHo>KHM cjieBa MaTpnuy pa3MepHoc™ N Ha npaBbiH 
A ? -MepHbifl BeKTop, to no-nyiHM npaBbiH TV-MepHbiu BeKTOp. Ecjiu 
yMHOJKHTb cnpaBa MaTpnuy pa3MepHocra N Ha JieBbifl JV-MepHbiu 

BeKTOp, TO nOJiyHHM JieBHH A^-MepHblS BeKTOp. 

Oco6eHHO npocTO AeucTBue AnaroHaAbHoft MaTpuubi. FlycTb 

cyTb 9AeMeHTH TaKofl MaTpuubi, a u n — KOMnoHeHTbi npaBoro BeK- 
Top a u, TorAa 

(Du) n = d n u n . 
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AHajiorHHHO, ecjiH v n — KOMnoHeHTbi jieBoro BeKTopa v, to 

(vD) n = v n d n . 

Ecjih MaTpHua CHHryjuipHa, to cymecTByeT no KpaftHeft Mepe 

OflHH npaBblfl BeKTOp U T3K0H, hto Au = 0, h o6paTHO. Ha 9T0r0 
(paKTa BbiTenaeT BaxHaH TeopeMa: 

FlycTb A u B dee M.cnpuu.u nopndKa N. JJah tozo, hto6u cyw,e- 
creoeaA npaeuu N-Mepmm ee/crop u, ydoeAereopHiou^uu ypaene- 

HWO 

Au = XBu, 

neo6xoduMo u Ooctoltohho, hto6u nocTOsmnan X HBAHAacb peiue- 
nueiA ypaenenuH 

det (A - KB) = 0. 

B lacTHOCTH, ec/iH A ecTb MaTpnua nopn^Ka A', to ajih Toro, 
*iTo6bi cymecTBOBaji npaBbift BeKTOp u, y#oBJieTBopHiomHH ypaBHe- 

BHK) 

Au — Xu, 

neo6xoflHMO h AOCTaToqHo, «ito6h nocTOHHHan X HBjiajiacb peuie- 
HHeM ypaBHeHHH 

det (A - XI) = 0. 

3to ajire6panqecKoe ypaBHeHHe nopHAKa, He npeBoexoAamero 
N Ha3MBaeTCH ceKyAnpmiM ypaenenueM. 

AHaJiorHHHbie pe3yjibTaTbi HineiOT MecTO rjih jieBbix BeKTopoB. 

TeH3opHoe npoH3Be,neHHe AByx MaTpnu. nopHjiKa N\ h N 2 ecTb 
MaTpnua nopHAKa N1N2. B qacTHOc™, TeH3opaoe npoH3Be,neHHe 

eaHHHHHHX MSTpHU 7 (2) TaKJKe Iipe,ZlCTaBJIHeT COfiOH eAHHHI- 

Hyio MaTpnuy / (12) pasMepHOCTH NiN 2 . 

B KaMecTBe npHMepa paccMOTpHM MaTptmu nopHAKa 4, ncwiyqaiomHecH b pe- 
3y^bTaTe TeH3opHoro yunoxewsi MaTpmt nopHAKa 2 Ha MaTpHUbi nopHAKa 2. 
B TeopHH qacTO HcnoJib3yioTca cJie«yioiHHe MaTpHUH BToporo nopHAKa (MaipHiibi 
Hay™): 

--(1 ?)• •-(! i)- -C "«)• *-G J)- <-> 

BcHKan MaTpnua BToporo nopHAKa MoweT 6biTb npeACTaBJieHa KaK JiHHenHaa 
KOM6HHau.HH 9thx wrapex spMHTOBHX MaTpnu.. PaccMOTpHM Tenepb MaTpHUbi 
JlayjiH b ApyroM AsyMepnoM npocTpaHCTBe: 

«--(; '). »-c ;> -(? "0- -a _?> <-> 
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IlpoH3BOfla TeH3opHoe yMHOKeHHe MaTpnu.bi THna (a) na lwaTpnuy rana (p), mm 
nojiy^HM MaTpHuy THna (4X4). flajHM hbhog BbipaaceHne HecKOJibiuix MarpHU 
Tuna (per): 

0 0 0 1 
0 0 10 
0 10 0' 
10 0 0 

0 0 0 -( 
0 0 i 0 

0 — i 0 0 ' 

1 0 0 0 



nojiyneHHbie MaTpnuu mojkho paccMaTpHBaTb KaK MaTpHUH, npHHafljiewamHe on- 
Hoiny H3 npocTpaHCTB, CKa»eM npocTpaHCTBy (p), ho Tor^a KajKflbift sjieMeHT 
MSTpnubi ecTb MaTpnua H3 flpyroro npocTpaHCTBa: sto BHpaweHO b cpe^Hnx qa- 
CTflx paBeHCTB. ripaBHe qacra paBeHCTBa npeacTaBJiHiOT MaTpnubi b hbhom BH^e; 
earn ycjiOBHTbca OTMe^aTb cTpoKH (h CTOJi6u.bi) ^ByMfl HHiieKcaMH m p m a> npHHeM 

nepBblft OTHOCHTCH K COCTaBJIHIOIUHM npOCTpaHCTBa p, a BTOpoft — K COCTaBJIHK)- 

iuhm npocTpaHCTBa (0), to CTpoKH (h ctoji6um) pacnojiaraioTca b nopaAKe: 11, 
12, 21, 22. 

JlHHeftHo kom6hhhpyh TeH3opHbie npoH3BeA6HHH iwarpHu, no- 
jiyiaroT KBaapaTHbie MaTpnnbi c abohhhmh HnaeKcaMH A mim ,- „,„, 
<mi, rti = 1, 2, . . ., N x ; m 2 , n 2 = 1, 2, . . . , N 2 ), pa3MepHOc™ N { N 2 . 
KaK noKa3HBaeT paccMOTpeHHMH npHMep, mojkho c^HTaTb hx MaT- 
pHuaMH THna (1), 3JieMeHTbi KOTOpwx cyTb MaTpHUH THna (2).CyM- 
MHpya flHaroHaJibHbie sjieMeHTbi TaKoft MaTpnuu, nojiyqaeM MaT- 
pnny THna (2) b o6hihom cMbicne; no onpeaeJieHHio sto qacTHq- 
HbiH mnyp b npocTpaHCTBe (1) hcxoahoh MaTpnnu: 

w, 

( S Pl A )m 2 n t ^ 2 A nmi ; nn2 . (67) 

AHajiorHHHo mojkho onpeaejiHTb HacTH^Hbifl mnyp b npocTpaHCTBe 
(2). OqeBHAHO, hto 

Sp/l = Sp 2 (Sp 1 yl) = Sp 1 (Sp 2 ^), (68) 
u ecAH MaTpnua A ecTb TeH3opHoe npoH3Ben.eHHe AO) ®v4< 2) , to 



P '® 0 ' = U oJ = 



p '® ff2 = (a 2 0 2 ) = 



0 


1 


0 0 


0 


0 


— 1 0 


0 


0 


0 — 1 



Sp {AO) ® A&) = CSpi AO)) (Sp 2 A&). (69) 
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§ 18. BecKOHeiHbie MaTpHubi 

Bojibiuyio HacTb pe3yjibTaTOB, othochiuhxch k KOHe^HbiM M3T- 
pwuaM, mo»ho pacnpocTpaHHTb h Ha fiecKOHerabie MaTpHUbi. 
B 3tom CJiyqae TaK>Ke ctpokh h ctoji6uh HyMepyiOTCH oahhm hjih 

HeCKOJIbKHMH HHAGKC3MH, HO 3TH HHAeKCbl MOryT COCT3BJ15ITb 6eC- 

KOHeiHoe cieTHoe mhojkcctbo hjih A3JKe KOHTHHyajibHoe mhojkcctbo 

3HaMeHHH B H6K0T0p0H 06jl3CTH. BeCK0HeHH3H M3TpHU.3 HBJIHeTCH 

KBaapaTHofl, ecJiH ee ctpokh h ctojiShh OTMenaioTca oahoh chctc- 

MOH HHfleKCOB. IlpH H3JIH1HH TOJIbKO OAHOTO CTOJlSua Mbl HMe- 
eM np3BbIH BeKTOp, npH H3JIHTOH TOJIbKO OAHOH CTpOKH — JieBblfi 
BeKTOp. 

OnepaUHH KOMnJieKCHOR) COnpHJKeHHH, TpaHCnOHHpOB3HH5I H 

spMHTOBoro conpHJKeHHfl 6e3 H3ineHeHHH nepeHocHTCH Ha CJiynaft 
GecKOHe^Hbix MaTpnu. To me csMoe mojkho CK33aTb oTHocHTejibHo 
yMHOJKeHHa Ha noeroHHHyio h onepauHH cyMMHpoBaHHa. Hto me 

K3C3eTC5! yMHO>KeHHH A Ha B, TO nOAp33yMeB3eTCH, eCTeCTBeHHO, 
HTO CTpOKH B H CTOJl6ubI A OTMeH3IOTCH OAHOH CHCTCMOH HHACKCOB. 

Ecjih, KpoMe Toro, HeKOTopue HHAeKCbl hbjihiotch HenpepbiBHbiMH, 
cyMMHpoBaHHe aojijkho 6biTb 3aMeHeHo HHTerpHpoBaHHeM. npeA- 
iiojio>khm, HanpHMep, hto A h B hbjihiotch KBaapaTHbiMH MaTpH- 

U3MH, 3JieMeHTbI KOTOpblX 33BHCHT OT HeKOTOpOTO HenpepblBHOrO 

HHAeKcs q, H3MeHHK>merocH b HHTepB3Jie (quQ2)- Toiyia ajieMeHT 
MaTpHHbi P — AB Bbipa>KaeTCH (popMyjiofi 

P{q;q')=\A{q; q")B{q"; q')dq". 

It 

npoH3BeAeHHe onpeAeJieHO, kohc^ho, TOJibKo b tom cjiyqae, ecjin 
cyMMbi h HHTerpajibi, BXOAfliuHe b tpopMyjiy, cxoahtch. 

Ecjih OTBJieibcs ot npo6jieM cxoahmocth, to Bee pesyjibTara 

§ 17, OTHOCfllUHeCfl K KB3Ap3THbIM M3TPHH3M, IiepeHOCHTCH 6e3 

H3MeHeHHH H3 cjiynaft gecKOHe^Hbix M3TpHu, 3a HciuiioqeHHeM no- 
hhthh AeTepMHHaHT3. CjieAyeT yTOHHHTb TOJibKo onpeAeJieHHe ahs- 

rOH3JlbHOH M3TpHUbI B CJiyi3e HenpepblBHO H3MeHHK)IIIHXCH HHfleK- 
COB H yCJIOBHH CymeCTBOBaHHH 06paTH0fl M3TpHU,H. 

Flo onpeAejieHHio HenpepbiBHaa mstphhs D(q; q') AH3roH3JibHa, 
ecjiH oHa HMeeT (popMy 

D(q; q') = d{q)b{q-q'), (70) 
rae d(q) ecTb npoH3BOJibHaH (pyHKima HHAeKca q. Ylpu stom OKa- 

3bIBaK)TCH CnpaBeAJIHBHMH AB3 OCHOBHblX X3paKTepHHX CBOHCTB3 

AHaroHajibHbix MaTpHii,: hx cbohctbo KOMMyrapoBaTb Apyr c Apy- 

rOM H TO CBOHCTBO, HTO AefiCTBHe AH3rOHajIbHOH MaTpHUbi Ha BeK- 
TOp coctoht b yMHOHteHHH Ka*Ao{i KOMnoHeHTbi BeKTopa Ha COOT- 
BeTCTByiomHii AHaroHaJibHbift sjicmcht MaTpnubi. TaK, npn achctbhh 
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^Harona^bHofl MaTpHUbi (70) Ha npaBbifi BeKTOp g c KOMnoHeH- 
TaMH g(q) nojiyqaeTcn BeKTop h — Dg c KOMnoHeHTaMH 

h (q) = J D (q;,q') g (q') dq' = d{q)g (q). 
3aMeTHM, to HenpepHBHaa MaTpwua 8'(q — q') He HBjiaeTca ana- 

TOHaJlbHOH. 

Mto we KacaeTCH cymecreoeaHun MaTpnubi, o6pamod k AaH- 
hoh, to, b npOTHBonoJio>KHOCTb c/iyHaio KOHeqHblX MaTpHU, BbinOJI- 
neHHe ycjiOBHH 

AB = I (71a) 

ee BJie^eT 3a co6oh, BOo6me roBOpa, BbinojiHeHHH paBeHCTBa 

BA = /. (716) 

JIjih yTBep>KAeHHH, hto MaTpHUbi A w B oSpaTHbi Apyr Apyry, Tpe- 
6yeTca oflHOBpeMeHHoe BbinojiHeHHe paBeHCTB (71a, 6). 

/Xjih toto mo6u MaTpHua A HMejia oSpaTHyio, BOBce He o6si3a- 
TejibHO, HTo6bi OHa 6biJia KBaApaTHofl. HanpHMep, B03Mo>KeH cjiy- 

Mafl, KOrAa CTpOKH M3TpHUbI A HyMepyK)TCH AHCKpeTHbIM HHAeK- 

com, a ctojiSuh — HenpepbiBHbiM, h tcm He Menee OHa HMeeT 06- 
paTHyro MaTpHuy; b stom anyqae o6paTHaa MaTpuua A~ l 6yaeT 

HMeTb AHCKpeTHbIM HHA^KC CTOJl6ua H HenpepbiBHbiM — HHAeKC 

CTpoKH. B qacTHOM o/iyqae yHHTapHofi MaTpHUbi U, KOTopaa, no 
onpeAeJieHHio, yAOBJieTBopneT AByM ypaBHeHHHM 

[/£/ + = /, U*U = I, (72) 

HHAeKCbl CTpOK H CTOJlSuOB He 06fl3aTejIbH0 HMeiOT OAHHaKOByK) 

npHpoAy. Oah3ko eflHHHqHbie MaTpHUbi, cTOHmne b npaBbix qacTHX 

3THX paBeHCTB, HeoSxOAHMO HBJIHIOTCH KB3ApaTHbIMH M3TpHUaMH. 

Ecjih MaTpHua U He KBaAparaa, to cHereMbi hhackcob eAHHHHHbix 
MaTpHu. b npaBbix qacTHx (72) pa3JiHHHbi. 

§ 19. llpeACTaBJieHHe BeKTopoB h onepaTopos MaTpHuaMH 

PaccMOTpHM BeKTopHoe npocTpaHCTBo 8 h BbiSepeM b 3tom npo- 
CTpaHCTBe no^Hyio opTOHopMHpoBaHHyio CHCTeMy bcktopob; 3Ta 

CHCTeMa MOJKeT, B006me rOBOpH, COCTOHTb H3 C06cTBeHHbIX BeKTO- 

poB nojiHoro Ha6opa KOMMyTHpyromnx Ha6jiK>AaeMbix. JXsva KpaT- 
kocth 6yaeM Hcnojib30BaTb b paccy>KAeHHHX 6a3HCHyio CHCTeMy c 
AHCKpeTHbiM HHAeKcoM n. ripeAno.no>KHM, HanpHMep, 1TO Mbl HMe- 
eM Ae/io c co6cTBeHHbiMH BeKTopaMH HeKOTopoft Ha6^iOAae- 

MOH Q 

Q\n) = q n \ n). 

By^eM roBopntb, hto sto 6a3HCHbie BeKTopu b npeAeraBJieHHH {Q}. 
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3th BeKTOpu o6pa3yiOT nojmyio opTOHopMHpoBaHHyio cncTSMy: 

(m|n) = 6 m „, (73) 
P Q ^Z\n)(n\=h (74) 

n 

YpaBHeHHa (73) h (74) hbjihiotch ochobhhmh ypaBHeHHHMH npeA- 
CTaBJieHHH {Q}. 

J\jw BCJiKoro KeT-BeKTopa | u) HiweeM 

|«> = P Q |«> = ZUX«I">. 

n 

BejlimHHbl U n = MOKHO paCCMaTpHBaTb KaK SJieMeHTbl M3T- 

pimbi c oahhm ctoji6uom, npnneM n edb hhackc, HyMepyromHft 
ctpokh. 3a/iaHHe araro npaBoro BeKTopa nojiHOCTbio onpeAejiaeT 
KeT-BeKTop \u): sto MaTpnua, npeACTaBJiaiomaH |«) b upeACTaB- 
jienHH {Q}. 

J\jin BCHKoro 6pa-BeKTopa (v\ HiieeM 

{v\ = (v\P Q = Z(v\n)(n\. 

n 

BejiHMHHbi {v\n) hbjihiotch KOMnjieKCHo conpHjKeHHbiMH no OTHO- 
lueHHio k KOMnoHeHTaM v n npaBoro BeKTOpa, npeAcTaBJiaioiuero 
KeT-BeKTop \ v) b npeACTaBJieHHH {Q}. Ohh MoryT paccMaTpuBaTbcn 
T3K>Ke KaK KOMnoHeHTH JieBoro BeKTopa; 3aAaHHe SToro jieBoro 
BeKTopa nojiHOCTbio onpeAejiHeT 6pa-BeKTop (v\: sto BeKTOp, npeA- 

CT3BJIHI01UHH (v\ B npeACTaBJieHHH {Q}. TaKHM o6pa30M, 6pa-BeK- 

Top, conpHJKeHHbift AaHHOMy KeT-BeKTopy, npeACTaBjiaeTca BeKTO- 
poM, apMHTOBO conpa>KeHHbiM BeKTOpy, npeACTaBJiHiomeMy KeT- 

BeKTOp. 

BCHKHH JIHHeHHblH OnepaTOp A MOJKeT 6bITb eAHHCTBeHHbIM 06- 

pa30M npeACTaB^eH b BHAe ABOHHoro paAa no 6a3HCHMM onepaTO- 
paM |m)(n|: 

A = PqAPq —Yj\m){m\A\n){n\. 

m, n 

Koa4)(pnu.HeHTbi pa3Jio*enHa A mn — (m\A\n) nojmocTbio onpeAe- 
jinmr A h MoryT paccMaTpHBaTbca KaK sjieMeHra KBaApaTHofl MaT- 
pHUbi, npHHeM m ecTb HHAeKc ctpokh, a n — hhackc CT0Ji6ua: sto 
MaTpnua, npeACTaBJiHKJman oneparap A b npeACTaBJieHHH {Q}. 

yCTaHOBHB TaKHM 06pa30M B3aHMOOAH03HaHHOe COOTBeTCTBHe 

Me/KAy BeKTopaMH h onepaTopaMH, c oahoh cropoHbi, h MaTpn- 
uaMii — c Apyrofi cTopoHbi, bhhchhm Tenepb, k3khm o6pa30M nax~ 
AaH onepau,HH c onepaTopaMH h BeKTopaMH b npoerpaHCTBe <S ne- 

peBOAHTCH Ha H3HK npeACTaBJIHlOIUHX hx MaTpnu. 

Coothow.6hu.hm conpnotceHUR Mewdy eeKTOpajuu u oneparopaMti 
cooTeeTcreytoT cooTHOtueHun dpumoeozo conpnoKenua, Meoicdy mcit- 
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puu,aMu. Mu 3to y>Ke OTMeiajin Ha npHMepe coiipH>KeHH5i 
Me>KAy 6pa- h KeT-BeKTopaMH. Iioao6ho 9T0My MaTpnuw, iipen,- 
cTaBJinromHe ABa spmhtobo conpajKeHHbix onepaTopa A n A + , caMH 
apMHTOBO conpn>KeHbi: hx aJienieHTbi yAOBJieTBopaioT cooTHomenHHM 

A f mn^{m\A Ac \n) = {n\A\m)* = Anm- 

Mto JKe KacaeTca pa3JinHHbix aJire6panqecKnx onepaunft c bck- 
TopaMH n onepaTopaMH, to hm cooTBeTCTByiOT pa3Jii«Hbie onepa- 
uhh MaTpH^Hoft ajire6pbi. Mto6h ySeAHTbcn b stom, cJieAyeT pac- 
cMOTpeTb Ka>KAyio H3 3-JieMeHTapiibix onepaunn, ynoMHHyTbix b 
AByx npeAuiecTByiomHX naparpacpax. 

Han6oJiee npocra jiejio o6ctoht b cjiynae yMiio>KeHHH ea no- 

CTOHHHyK) H OnepaUHH CyMMHpOBaHHSi; T3K, BCHKOH JIHHeHHOK 

kom6hh3uhh X1A1 + K2A2 AByx oneparapoB cooTBeTCTByeT Ta »e 
jiHHefiHaH KOM6HHauHH AByx npeACTaBJiaiomHx MaTpnu: 

(m I (Mi + M2) \n) = k i {m\Ai\n) + K i {m\A 2 \ n). 

Pa3JiHHHbie npoH3BeAGHH3 BeKTopoB h onepaTopoB npeacTaB- 
jiaioTCH npoH3BeaeHHHMH cooTBeTCTByiomHX MaTpHii.. Hmchho: 

a) cKajiHpHoe npon3BeAeHne \u) Ha \v): 

(v\u) = (v\P Q \u) = Y i (v\n)(n\u)=='Z v* n u n ; 

n n 

T3KHM o6pa30M, (v\u) paBHO npoH3BeAeHHio (cnpaBa) MaTpnuw 
(npaBoro BeKTopa), npeACTaBJiaiomeft |u), Ha MaTpnuy, spmhtobo 
conpHJKeHHyio MaTpnue, npeACTaBJiaroiuen \v); 

6) AeflcTBHe onepaTopa A Ha KeT-BeKTop \u) hjih 6pa-BeK- 
TOp (v\ : 

{n\A\u) = {n\AP Q \u) = Y J {n\A\k)(k\u), 

fe 

(v\A\n) = (v\P Q A\n) = Z(v\r)(l\A\n), 

MaTpnua (npaBbifl bgktop) , npeACTaBJiaioiuaH A\u), ecTb npo«3Be- 
AeHne (cnpaBa) MaTpnubi, npeACTaBjiHiomen |u>, Ha MaTpnuy, 
npeACTaB^Hiomyio A. MaTpnua (jieBbift BeKTOp), npeACTaBJisromaa 
(v\A, ecTb npoH3BeA6HHe (cneBa) MaTpnubi, npeACTaBJiHioiueH <u|, 
Ha MaTpnuy, npeACTaBjinioiuyio A; 

b) npoH3BeAeHHe AB: 

(m\AB\n) = (m\AP Q B\n) = Z(m\A\k){k \B\n); 

k 

MaTpnua, npeACTaBJiaioiuaH AB, BbipaxaeTCH b BHAe npon3BeAeHH» 
(cnpaBa) MaTpnubi, npeACTaBJiHromefi B, Ha MaTpnuy, npeACTaB* 
jiaiomyio A; 
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r) onepaTOp \u){v\: (m, n) — ajieMem- MaTpHuu, npeACTaBJinio- 
meft 3tot onepaTOp, ecTb (m\u){v\n); hckom3h MaTpHua, cjieAO- 
saTejibHo, nojiyqaeTCH npn ymhojkghhh (cnpaBa) MaTpHuu (jieBbin 
BeKTop), npeacTaBJiHioiueH {v\, Ha MaTpnuy (npaBbift BeKTop), 
npeacTaBJiHiomyio \u) (sto AaeT KBa/ipaTHyio MaTpnuy). 

TaKHM o6pa30M, onpeaejieHo npeacTaBJieHHe BeKTopOB h one- 
paTopoB H3 npocTpaHCTBa & MaTpnuaMH, npnqeM ycTaHOBJieHbi 
npocrae npaBHJia cootbctctbhh Me>KAy pa3JWHHbiMH aghctbhhmh 
c BeKTopaMH h onepaTopaMH h AencTBHHMn c MaTpnuaMH. JIioSyK) 
reoMeTpHqecKyro saAa^y b npocTpaHCTBe <g mo>kho peuiaTb jihSo 
*ihcto reoMeTpHMecKHMH MeTOAaMH, paccMaTpHBaH BeKTopw h one- 
paTopbi, o KOTOpux HAeT pe^b, jih6o MeTOAaMH ajiredpbi h aHajiH3a, 
onepnpyn c MaTpnuaMH b noAxoAHiueM npeACTaBJieHHH. 

B nocJieAHeM onyiae cooTBeTCTByiomnfi Bbi6op npeACTaBJieHHH 

MO>K6T npHBeCTH K ynpomeHHK) 33A3HH, nOAoSHO TOMy KaK nOAXO- 

jihiuhh Bbi6op cncT6MH KoopAHHaT no3BOJiaeT ynpocTHTb peuieHHe 
3aAaiH b anajiHTHHecKOH reoMeTpHH. Ha npaKTHKe cjieAyeT bmSh- 
paTb npeACTaBJieHHe, b kotopom AaHHbie BeKTopH h onepaTopw 
upeACTaBJiHiOTCH MaTpnuaMH Han6ojiee npocTofl t^opMH. 

3aMeTHM b 3toh cbh3h, ito b npeACTaBJieHHH {Q} Han6ojiee 
npocTofi bha HMeeT Ha6jnoAaeMan Q: ona npeACTaBJineTCH Anaro- 
HaJibHofl MaTpHuefi. Boo6me bchk3h (pyHKUHn f(Q) b stom npeA- 
CTaBJieHHH Bbipa>KaeTCH AnaroHajibHoft MaTpnuefl 

(m\f(Q)\n) = f(q n )6 mn . 
OnepaTopbi, KOMMyTHpyioiuHe c Q, TaioKe npeACTaBjiniOTca npo- 

■CTHMH MaTpHUaMH. .HeftCTBHTejIbHO, eCJIH [X, Q] = 0, TO 

(q n -q m )(m\X\n) = Q 

« noaTOMy {m\X\n) = 0 ajih bchkoh napw hhackcob (m,n) ra- 
khx, hto q m q n - Hhhmh cjiOBaMH, Bee sjieMeHTbi MaTpnuu, hh- 

JteKC CTpOKH H HHAeKC CTOJl6ua KOTOpblX OTHOCHTCH K p33JIHqHbIM 

coGcTBeHHUM 3HaqeHHHM Q, paBHbi Hyjiio (cp. § 15). 

Bee pe3yjibTaTbi 6e3 TpyAa pacnpocTpaHsiioTCH Ha BCHKoe npo- 
■crpaHCTBO <%\ Cg) <z?2. noJiyiaiomeecH nyTeM TeH3opHoro yMHOJKeHHH 
npocTp a hctb <%\ n &i- BeKTopH h onepaTopu, o6pa30B3HHbie TeH- 
3opHUM yMHo>KeHneM, MoryT 6biTb npeACTaBJieHbi MaTpnuaMH, ko- 
Topue hbjihiotch TeH3opHbiMH npoH3BeAeHHHMH MaTpnu, npeACTaB- 
jihioiuhx BeKTopw n onepaTopbi npocTpaHCTB <g\ h & 2 . 

§ 20. npeo6pa30BaHHn MaTpnu 

PaccMOTpHM BHOBb M3Tpnubi KOHeMHoro nopHAKa. ByAeM 060- 
3HaiaTb nponncHoft SyKBoft KBaAparabie MaTpnuu nopHAKa N, a 
cTpoHHofi 6yKBoft — N-MepHbie BeKTopw (npaBbie n jieBbie). riycTb 
T— HecHHryjinpHan MaTpnua (7" _1 cyiuecTByeT) . 3Ta MaTpnua 



§ 20. nPEOEPASOBAHHS MATPHU 



no3BOJiHeT onpeAeJiHTb npeo6pa30BaHHe iioao6hh MaTpnubi A no 
cpopinyjie 

A' = TAT~ l . (75) 

CooTBeTCTBne Me>KAy A a A' BaaHMOOAHOSHa^Ho; MaTpHua A 
noJiyiaeTCH H3 A' b pe3yjibTaTe o6paTHoro npeo6pa30BaHHa 

A = T~ X A'T. (76> 

TaKoe npeo6pa30BaHHe coxpaHaeT aneA (mnyP) h AeTepMHHaHr 

MaTpHUbl 

Sp A = Sp A', det A = det A' (77) 

(sto cJieAyeT HenocpeACTBeHHo H3 yKa3aHHbix Bbime cbohctb mnypa 
h ACTepMHHaHTa npoH3BeAeHHa MaTpHu,). PaBHbiM o6pa30M oie- 
bhaho, hto Tanoe npeo6pa30BaHHe coxpaHaeT BcaKoe aJire6paHqe- 
cKoe cooTHomeHHe MexAy MaTpnuaMH. Ecjih, HanpHMep, mh HMeei* 

A = XBC + \iDEF, 

to yMHo>Kaa noqjieHHO crceBa Ha T h cnpaBa Ha T -1 h BCTaBJias 
TaM, rAe 9to Hy*HO, npoH3BeA6HHe T~ l T, noJiy^HM 

TAT -1 = %TBT~ l TCT~ l + \iTDT~ l TET~ l TFT~ l , 

T ' G " i4' = XB'C + nD'E'F'. 

AHajiorHHHo mokho onpeAeJiHTb npeo6pa30BaHHe npaBoro BeK- 
Top a u 

u' = Tu, u = T~W (78) 

h jieBoro BeKTopa v 

v' = vT~\ v = v'T. (79) 

HeTpyAHO npoBepHTb, hto yKa3aHHoe npeo6pa30BaHHe b caMOM 
o6meM cjiynae coxpanneT ece aAze6pamecKue ypaenenuH, b koto- 
pbie bxoaht KBaApaTHbie MaTpHiibi h BeKTOpbi o6ohx THnoB. 3aMe- 
thm TaiQKe, hto ecJiH c — npoH3BOJibHaa nocToaHHaa, to KBaApaT- 
Haa MaTpHua npeo6pa3yeTca c noMombio T h cT oahh3kobo; npa- 
Bbiii BeKTop npH stom yMHomaeTca Ha c, a JieBbw — Ha 1/c. 

B to >Ke BpeMa sto npeo6pa30BaHHe b o6meM cjiynae He coxpa- 
HaeT cooTHouieHHH conpa>KeHHOCTH MemAy M3TpHu,aMH (3aAana 5). 

FfoCMOTpHM, HanpHMep, KaKOMy yCJIOBHK) AOJIiKHa yAOBJieTBOpHTb. 

MaTpHua T, HTo6bi npeo6pa30BaHHe coxpaHajio apMHTOByio conpa- 
jKeHHOCTb. ^to6h H3 A' = TAT- 1 cjieAOBa^o 

K3K0K 6bi hh 6biJia MaTpHua A, Heo6xOAHMO, HToSbl 
TAT-^ijA'T- 1 )' = (T-'y AT\ 
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hjih, ecjiH yMHOSCHTb paBeHCTBO cJieBa Ha T h cnpaBa Ha T, 

T*TA = AT*T. 

Heo6xoAHMO, c^eflOBaTe^bHO, qroSbi MaTpHua T^T KOMMyrapoBajia 
<x> BceMH MaTpnuaMH A, t. e. no6u ona 6biJia eAHHHttHoft c toh- 

HOCTblO flO nOCTOHHHOrO MHOKHTCJIH 

r + r = d. 

JXanee, rjw toto htoSm H3 u' "= Tu cneAOBajio «' + = npn 
jik)6om u Heo6xoAHMO, qTo6bi u = T f Tu npH jik>6om u, t. e. 
■c= 1. 3to sHa'iHT, «ito MaTpnua T AOJi>KHa 6biTb yHHTapHoii. Oqe- 

BHAHO, HTO 3T0 yCJIOBHe, HeoSxOflHMOe flJIH COXpaHeHHH yCJIOBHH 
3PMHT0B0H COnpHJKeHHOCTH, HBJIHeTCH TaKJKe H AOCTaTOHHblM. 

llpeo6pa30BaHHe, MaTpnua KOToporo HBJiaeTca yHHTapHofl, Ha- 
3HBaeTCH ynurapHbiM npeo6pa3oeanueM. IlocKOJibKy b stom CJiy- 
iiae U~ l — £/ + npeo6pa30BaHHH MaTpHuu A, npaBoro BeKTopa u h 
jieBoro BeKTopa v Bbipa>KaioTCH (popMyjiaMH: 





A 


= U f A'U, 


u' = Uu, 


u 


= U f u', 


v' = vU\ 


V 


= v'U. 



KaK h BCHKoe npeo6pa30BaHHe noAoSHH, ynurapnoe npeo6pa30- 
sanue coxpanneT cAed u derepMunaHT Marpuu, u ece aAzedpaune- 
cKue ypaeneHUH juexcdy Marpui^aMu u eeKropaMu. Ho, Kpone arozo, 
oho coxpauneT u apMuroep conpaMenue. 

flajiee, hmciot Meero ABe cJieAyroiime (pyHAaMeHTajiMibie Teo- 
peMbi, KOTOpbie mh npHBeAeM 6e3 AOKa3aTe;ibCTBa. 

A) Bchkclh dpMUToea Marput^a H Moo/cer 6biTb npueedena k 
duazonaAbHOMy eudy c noMOu^bm ynuTapnozo npeo6pa3oeanun 

H' = UHU^, H' — AHaroHaJibHaa. 

JI,HaroHaJibHbie ajieMeHra H' cyTb «co6cTBeHHbie 3Ha«ieHHH» H. 
Bee ohh BemecTBeHHbi (H' — apMHTOBa MaTpHua) h hbjihiotch 
peuieHHHMH ceKyjiapHoro ypaBHeHHH 

det (H — xl) = 0. 

B) Hto6m dee apMUToeu Marpuqu H, K mozau 6biTb odnoepe- 
mshho npueedemi k duazonaAbHOMy eudy c noMoiu,bto oduozo ynu- 
Tapnozo npeo6pa3oeaHUH neo6xoduMO u docTaroHno, hto6u ohu 
KOMMynipoeaAU. 

Bee 3TH onpeAeJieHHa h cBoftcTBa, oTHOCflmnecH k MaTpHuaM ko- 
HenHoro nopHAKa, 6e3 Tpy^a pacnpocTpaHHiOTCH Ha cjiyHafi 6ec- 
KOHeqHHX MaTpnu. BcHKaH SecKOHeTOaa MaTpnua T, o6^aAaiomaa 
•oSparaoH MaTpHueft 7" -1 , onpeAe^neT npeo6pa30BaHHe noAoSna 
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KBa^paTHHx MaTpnu. h BeKTopoB (npaBbix n JieBHx) np« BbinojiHe- 

HHH yCJIOBHH CXOAHMOCTH COOTBeTCTByroiUHX CyMM H HHTerpaJIOB. 

B npOTHBonojiojKHOCTb cjiynaio KOHeraux MaTpnn HeT Heo6xoAHMO- 
CTH, 1T06bI 7 6bIJia 06H3aTejlbH0 KBaApaTHOH MaTpHueft. KoneHHO, 

crpoKH h ctoji6uh MaTpniibi (KBaApaTHofi) , noABepraioineHCH npe- 

06pa30BaHHK), AOJIJKHbl HyMepOBaTbCH TOH }Ke CHCTeMOH HHAeKCOB^ 
iITO H CTOJl6nbI T, a TaKJKe KOMnOHeHTbl npaBMX H JieBHX BeKTOpOB. 
HO CTpOKH H CTOJl6u,bl npeo6pa30BaHHOH MaTpHUH H KOMIlOHeHTbl 

npeo6pa30BaHHbix BeKTOpOB HyMepyiOTCH toh cncTeMon hhackcob, 

KOTOpOH HyMepyiOTCH CTpOKH T. 

Cbohctb3 coxpaHeHHH cjie^a (npn ycjiOBHH ero cxoahmocth) ,. 
aJire6paHHecKHX ypaBHeHHH h apMHTOBoro conpn>KeHHH (ajih yHH- 
TapHbix MaTpnn npeo6pa30BaHHH) cnpaBeAJMBbi h ajih SecKOHeq- 
hhx MaTpnu. 4to tk& KacaeTCH (pyHAaMeHTajibHbix xeopeM o Anaro- 
HaJiH3anHH apMHTOBbix MaTpnu yHHTapHbiM npeo6pa30BaHneM, to 
ohh He cnpaBeAJiHBH ajih Bcex spmhtobhx MaTpnn, ho mm 6yAeM 
npeAnojiaraTb, *ito ohh BbinojiHHiOTCH b paccMaTpHBaeMbix h3mh 
cjiy^aax. 

§ 21. CiueHa npeACTaBJieHHH 

BepHeMCH k npofijieMe MaTpnHHoro npeACTaBJieHHH onepaTopoB 

H BeKTOpOB BeKTOpHOrO npOCTpaHCTBa &. KaJKAOH 6a3HCHOH cn- 
CTeMe BeKTOpOB B 9T0M npOCTp3HCTBe COOTBeTCTByeT HeKOTOpOe 

npeACTaBJieHne. CjieAyeT HayiHTbcn nepexoAHTb ot OAnoro TaKoro 
npeACTaBJieHHH k ApyroMy. HMeiOTCH b BHAy, KOHeHHO, pa3JiHqnbie 
npeACTaBJieHHH OAnoro h toto >Ke BeKTopa hjih . onepaTopa. Mm 
yBHAHM, ito nepexoA ot oahoto npeACTaBJieHHH k ApyroMy coBep- 
maeTCH c noMombio yHHTapnoro npeo6pa30BaHHH. 

Bo3bMeM a-Jih onpeAejieHHocTH ABe 6a3HCHbie cncTeMbi: OAHy, 

o6pa30BaHHyio co6cTBeHHbiMH BeKTOpaMH \n) (n = 1,2 oo) 

Ha6jiK)AaeMon Q H3 § 19, h BTopyio, o6pa30BaHHyio co6cTBeHHbiMH 
BeKTopaMH |g) Apyron Ha6jiiOAaeMOH H, cneKTp KOTOpofl 6yAeM 
npeAnoJiaraTb HenpepbiBHbiM. JXne sth cncTeMbi onpeAeJinioT npeA- 
CTaBJieHHH {Q} n {H}. OcHOBHbie ypaBHeHHH npeACTaBJieHHH {Q} 
y>Ke 6ujm BbinncaHbi paHee (ypaBHeHHH (73) n (74)). AHajiornH- 
Hue ypaBHeHHH ajih npeACTaBJieHHH {H} 3anncHBaiOTCH b (popMe 

dir)=6(i-r), (si) 

Ps^J|g)rf|<6l=l. (82). 

Ba3HCHbie BeKTOpM OAnoro npeACTaBJieHHH MoryT 6biTb pa3- 
Jio>KeHbi no 6a3HCHHM BeKTopaM Apyroro npeACTaBJieHHH b bhac 

\n)=\\l)dl(l\n), li) = J]|«)(«||>. (83), 
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CKajinpHoe npoH3BeAeHHe (£|re), (pHrypnpyioinee b Ka^ecTBe Koa(p- 
4>HUHeHTa pa3Jio>KeHHH |re), MO>KeT paccMaTpHBaTbca Kan ajieiweHT 
-S(|; re) MaTpHu,bi S, npHneM g ecTb HHAeKC CTpOKH, a re — hhackc 
cTOJifiua; CKajiHpHoe npoH3BeAeHHe (re||) bo btopom pa3Jio>KeHHH 

MO>KeT paCCM3TpHBaTbCH K3K 3JieMeHT T \) MaTpHIJbl T, npnqeM 

n ecTb HHAenc ctpokh, a \ — HHAeKc CTOJi6ua. Bnpo^eM, nocKOJibKy 
{l\n) = (re||)*, HMeeM 

T = S\ 

XpoMe Toro, 

Z<i!re)<reir)==(iir)=5(i-r), 

n 

\{n\l)dl{l\n') = {n\n') = b n n'. 

Wn&ne. roBOpn, 

SS + = /, (84a) 
7T + = S + S = /, (846) 

waTpnua S yHHTapHa. 

yAOSHO 0603HaHHTb CHMBOJIOM (u) q IipaBblH BeKTOp C KOMIIO- 

HeHTaMH {2\u), npeACTaBJiaiomHH KeT-BeKTOp |u) B 

npeACTaB^eHHH {Q}, h chmbojiom («) a npaBbift BeKTop c komiio- 
neHTaMH (||«), npeacTaB^aiomHH tot >Ke BeKTop \u) b npeACTaB- 

JieHHH {S}. IlpHMeHHH COOTHOIIieHHe (74), HMeeM 

ii\u) = I l {i\k)(k\uy, 

k 

jipyrHMH CJIOBSMH, 

(u) s = S(u) Q . (85) 

06o3Ha t iHM TaioKe c noMombio (A) Q h (A) 3 MaTpHuju, coot- 
BeTCTByiomHe 3aAaHHOMy onepaTopy A b npeACTaBJieHHHx {Q} h 
{3}; TorAa 

<mir>= Z <&!*><* |4|/></|r> 

ft, / 

UJIH 

(^) a = SM) Q S+. (86) 

AHaJioraqHO rjih JieBbix BeKTOpOB (y) Q h (y) n , npeACTaBJiaromnx 
OAHH h tot >Ke 6pa-BeKTop {v\, HMeeM 

(o) B = (o) Q S+. (87) 

ypaBHeHHH (85), (86), (87) hbjihjotch hckomhmh ypaBHeHHHMH, 
xapaKTepH3yioiii,HMH yHHTapHoe npeo6pa30BaHHe 5 (cp. (bopMyjiu 
-(80)). 



§ 22. yHHTAPHblE FIPEOEPA30BAHHH OnEPATOPOB H BEKTOPOB 
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TaKHM o6pa30M, nepexoA ot npeACTaBJieHHH {Q} k npeACTaBJie- 
hhk) {S} ocymecTBJiaeTCH npn noMomn yHHTapHoro npeo6pa30Ba~ 

HHH S. 

3jieMeHTM nojiyieHHoft MaTpnubi S o6jiaAaiOT cjieAyiomnMH 3a- 

MeHaTeJIbHblMH CBOHCTB3MH: 

— paccMaTpHBaeMbie KaK cpyHKUHH HHAeKca cTOJi6ua n 3Jie- 

MGHTbl <£|/J> 1"H CTpOKH HBJIHIOTCH KOMnOHeHTaMH JieBOrO BeK- 

TOpa (|)q, npeACTaBJiaiomero co6cTBeHHMH 6pa-BeKTop <£| onepa- 
Topa S b npeACTaBjieHHH {Q}; 

— paCCMaTpHBaeMbie KaK tpyHKHHH HHACKCa CTpOKH g ajie- 

MeHTbi (E|«) n-ro erojiSua hbjihiotch KOMnOHeHTaMH npaBoro BeK- 
TOpa (n) a , npeACTaBJiHiomero coScTBeHHbift KeT-BeKTop \n) onepa- 
Topa Q b npeACTaBJieHHH {H}. 

B nacTHocTH, peiueHHe b npeACTaBJieHHH {Q} npoSjieMbi co6- 
cTBeHHbix 3HaqeHHH onepaTOpa S ecTb 3aAa"ia, MaTeMaTHiecKH 3K~ 
BHBajieHTHan h3xo>kachhk) npeo6pa30B3HHH S, AHaroHajiH3yiomero 
MaTpnuy (S)q. AHajiorHHHo peiueHHe b npeACT3BJieHHH {S} npo- 

6jIGMbI C06cTBeHHbIX 3H3HeHHH OnepaTOpa Q 3KBHB3JieHTHO Haxo>K~ 

AeHHio npeo6pa30BaHHH 5 + , AH3roH3jiH3yiomero MaTpnuy (Q) a - 

Ba>KHO BHAeJlHTb Te BC/lHHHHbl H Te COOTHOUieHHH, KOTOpbie MO- 

ryT 6biTb onpeAeJieHbi He3aBHCHMo ot bha3 npeACTaBJieHHH. 3thm 
KaqecTBOM o6jiaAaiOT BejiHHHHbi h cooTHomeHHa, onpeAejineMbie He- 
nocpeACTBeHHO c noMombio BeKTopoB h onepSTopoB. Tan, CKaAHp- 
noe npomeedenue AByx BeKTopoB ecTb Bejin^HHa, HHBapHaHTHaa: 

OTHOCHTCJIbHO H3MeHeHHH npeACTaBJieHHH. CoOTHOlUeHUH 9pMUTO- 

eoao conpnoKenuH h Bee aAze6pamecKue ypaenemn Me^Ay bckto- 
paMH h Me>KAy onepaTopsMH T3Kxe oSjiaAaiOT sthm cbohctbom hh- 

B3PH3HTHOCTH. 

OTMeTHM eme coxpanenue cJieda: cjieA (ecjin oh cxoahtch) MaT- 
pHUbi, npeACTaBJiHromefl onepaTop, coxpaHneT cBoe 3HaneHHe He3a- 
bhchmo ot Bbi6paHHoro npeACTaBJieHHH; 3Ta BeJiHHHHa xapaKTepH- 
3yeT caM onepaTop. HeTpyAHO noKa3aTb, hto (saAa^a 6) 

Sp| «><«( = <« |«>, (88) 

Sp|«)(y| = (t>|«). (89X- 

§ 22. yHHTapHbie npeo6pa30BaHHsi onepaTopos h bcktopob 

MaTpnna S, BBeAGHH3H b npeAinecTByiomeM naparpaipe, He 
npeACTaBJineT HHKaKoro oneparapa. MaTpHua, npeACTaBjiaromaa 
HeKOTopbifl onepsTop, onpeAeJieHa b 33A3hhom npeACTaBJieHHH, b- 
to BpeMH KaK MaTpnua npeo6pa30B3HHH 33bhcht K3K 6bi cpa3y OT 
AByx npeACTaBJieHHH. 3to xopomo bhaho Ha npHMepe, pa3o6paHHOM 

BHUie, H60 M3TpHUa 5 He HBJIHeTCH KBaAPaTHOH. 

TeM He MeHee b HeKOTopax cJiyHanx MOJKeT 0K33aTbca, mto cy- 

IU,eCTByeT BSaHMOOAHOSHaHHOe COOTBeTCTBHe MOKAy 6a3HCHbIMBi 
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BeKTopaMH flByx pa3Hbix npeACTaBJieHHH. B stom onynae BeKTopu 

oSeHX 6a3HCHbIX CHCTeM HyMepyiOTCH OAHOH CHCTeMOH HHfleKCOB. 

PaccMOTpHM, HanpHMep, npeACTaBJieHHe {Q} c 6a3HCHoft chctcmoh 
|n), HyMepyeMofl AHCKperabiM hhagkcom n, h npeacTaBJieHHe {Q} 
c 6a3HCHOH CHCTeMOH | n), HyMepyeMofl TeM >Ke csmum hhaskcom. 
J],Ba KeT-BeKTOpa |n) h HyMepyeMbie oahhm hhabkcom, KaK-TO 
cooTBeTCTByroT oahh apyroMy. FlycTb sto cooTBeTCTBHe BbipawaeTCH 
onepaTopoM U: 

\n) = U\h). 

TorAa 

= C/ (El «><*!)==£ I «><«! (90) 

t/ + = Zln><n|; 

nosTOMy, yHHTHBan ycrcoBna opTOHopMHpoBaHHocTH |n) h |«), no- 
jiynaeM 

UU^U f U=l. ' (91) 

CjieAOBaTejibHo, U ecTb ynurapHbiu oneparop. Boo6me >Ke yHHTap- 
Haa MaTpHU,a <mjn>, onpeAejiaiomaa nepexoA ot npeACTaBjieHHfl 
{Q} k npeACTaBJieHHio {Q}, ecTb MaTpHua, npeACTaBJiaioiii,aa U b 
npeACTaBJieHHH {Q}. 

B tom cjiyiae KorAa mojkho nocTpoHTb yHHTapHbift onepaTop 
U, mo>kho onpeAejiHTb onepauHio, KOTopaa aBJiaeTca b HeKOTopoM 
cMbic/ie Aono/iHHTejibHOH k onepauHH H3MeHeHHH npeACTaBJieHHH. 
BMecTO Toro iTo6bi npeo6pa30BHBaTb 6a3HCHyio cncTeMy [Q} b 
HOByio 6a3HCHyio cHCTeMy {Q}, BeKTopu KOTopofl AaiOTca ypaBHe- 
urieM 

\h) = UUn), (92) 

mo>kho ocymecTBHTb npeo6pa30BaHHe caMHx BeKTOpoB h onepaTO- 
poB npocTpaHCTBa ef, nocTaBHB b cooTBeTCTBHe Ka>KAOMy BeKTopy 
\u) BeKTop \u) = U\u), a Ka>KAOMy onepaTopy A — onepaTop 
A = UAU*. 

BBHAy Toro hto onepaTop U yHHTapeH, oicbhaho, 4to npeoS- 
pa30BaHHe U coxpaHHeT cooTHomeHHa conpnjKeHHH h ypaBHeHHH 
Me>KAy BeKTopaMH h onepaTopaMH. B nacTHocTH: 

a) coxpaHHeTca CKajiapnoe npoH3BeAeHHe: (u\A\v) = {u\A\v); 

6) COXpaHaeTCH SpMHTOBOCTb. 

Ecjih A — Ha6^K)AaeMaH, to A ecTb Ha6jnoAaeMaa c TeM 
xe cneKTpoM coSctbchhux 3HaqeHHH, h6o ypaBHeHHe Ha coSctbch- 
Hbie 3HaieHHH 

A\a) = a\a) 

nepexoAHT b ypaBHeHHe 

A\d)=a\d). (93) 



3AZUMH H ynPA)KHEHH3 
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Co6cTBeHHbie Kcr-BeKTopbi A, npHHa/wieiKaiHHe 3a^aHHOMy coo- 
cTBeHHOMy 3HaneHHio a, hbjihiotch npeo6pa30BaHHbiMH coSctbch- 
HblMH KeT-BeKTOpaMH A, npHHaA^iejKamHMH TOMy ace coScTBeHHOMy 
3Ha4eHHto. 3aMeTHM, hto MaTpHua, npeacTaBJiaromaa A b {Q}, co- 
Bna/iaeT c toh, KOTopaa npeACTaBJiaeT A b {Q}. AHajiorHHHo bgk- 
Top | a) HMeeT b {Q} Te me KOMnoHeHra, hto h BeKTop |a) u {Q}. 

npoH3BecTH nocjieflOBaTejibno ABa npeo6pa30BaHHH c onepaTO- 
paMH U h V 3HaHHT to we caMoe, hto npoH3BecTH o/iho npeo6pa- 
30B3HHe c onepaTopoM W — VU. HIocKOJibKy onepaiop W yHHTa- 
peH, pe3yjibTHpyiomee npeo6pa30BaHHe 6yaeT yHHTapHUM. Hhumh 
cJioBaMH, npou3eedeHue deyx ynmapmix npeo6pa,3oeaHUu ecrb 
ymnapHoe npeo6pa3oeaHue. 

Ecjih onepaTop U, onpe,o,eji5iK>ui,HH yHHTapHoe npeo6pa30Batuie, 
-«6ecKOHeHHo 6jih30k» eAHHHue, to npeo6pa30BaHHe Ha3biBaeTca 
UH(pUHUTe3UMaAbHbiM. OnepaTop U npHHHMaeT bhh, 

U=l + ieF, (94) 

rjxe e ecTb 6ecKOHenHO Ma;ioe BemecTBeHHoe hhcjio. YcjioBHe yHH- 

TapHOCTH (91) npHHHMaeT BHfl 

(l - /ef + ) (1 + ieF) = (1 + ieF) (l - ieF + ) = 1 

hjih, coxpaHHH TOJibKo HJieHM nepBoro nopa^Ka no e, F = / rt . 
CjiejioBaTejibHO, onepaTop F apMuroe. 

ripn HH(pHHHTe3HMajibH0M npeo6pa30BaHHH BeKTopbi h onepa- 
TopH npeo6pa3yK)TCH no (popMyjiaM 

|u)^|«) + 6| M ) = (l + UF)\u), 
As=A + bA = (l + ieF)A(l—ieF) = A + ie[F, A] 

UJIH 

8|u) = ieF | u), (95) 
6A = ie[F,A]. (96) 

H ynPAJKHEHHH 

1. IlycTb 3aAaHbi flBa npoeKTopa Pi, P,. Tlo onpeAejieHHio Pi ae npeaocxo- 
jiht Pi, ecrni PiPj — Pr, npii stom nnmyT Pi ^ P/. noKa3aTb, mo ecjiH Pi ^ P,, 
to (u|P/|«) sg: («|P/|u) npH jik>6om |u), h o6parao. rioKa3aTb ^h6o Henocpe/i- 
CTBeHHO, jihoo ncno^b3ya sto nocJie^Hee cbohctbo, ito ycTaHOBjieHHoe HepaBen- 
ctbo fleficTBHTeJibHO y,aoB.neTBopseT aKCHOMaM HepaBeHCTB, a HMeHHo: a) ec/m" 
Pi s£ Pi hP/< Pi, to Pi = P, h 6) ecjm Pi < P, h P, s£ P», to Pi sC P*. 

2. IlycTb Pi, P2 P/c — npoeKTOpu. noKa3aTb, wo hx cyiniua TaioKe 

flB^HeTCH npoeKTopoM b tom h TOJibKO tom cnyiae, ea/iH 

£<h|P,|m>««|k> 
-AJih KascAoro BCKTopa \u) b npocTpaHCTBe THJibOepTa. 
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3. a) HaCnioAaeMaa A o6jiaAaeT KOHeqHUM tocjiom N codcTBeHHwx 3Haie- 

HHH. O603Ha4HM 9TH COfiCTBeHHhie 3Ha<ieHHa 6VKBaMH O], flj, a« H nOJIOWHM 

nA )^{A-a,)(A-a 2 )... (A - a N ) ^ (A - a n ) g n (A) 

rioKa3aTb, hto } (A) = 0 h ito onepai-op npoeKrapoBaHna P„ Ha noAnpocTpaH- 
ctbo n-ro co6ciBeHHoro 3HaieHHa AaeTca Bi>ipa>KeHHeM 

Pn = gn (A)lg n (a n ) 

6) AoKa3aTb o6paTHoe cbohctbo, a hmghho; ecjiH A ecTb spmhtob onepa- 
Top, yAOBJieTBopaiomHfi aJire6paHiecK0My ypaBHeHHio nopaAKa N 

f(A)^(A- ai )(A-a 2 ) ... (A-a N ) = 0, 

h ecjiH oh He y^oBJieTBopseT HHKaKOMy ApyroMy aJiredpaniecKOMy ypaBHeHHio 60- 
jiee HH3Koro nopaAKa, to sto Ha6jiKweMaa, oojiaAaiomaa N co6cTBeHHbiMH 3na- 
>jeHns)MH, Koropbie cyTb kophh (o6fl3aTejibHo BemecTBeHHbie h pa3jH«Hbie) ypaB- 

HeilHH f(x) = 0. 

4. I~IoKa3aTb, mo MaTpHua nopaAKa N: 

a) ecTb MaTpHua, Kparaaa eAHHHiHOH, ecjiH OHa KOMMyTHpyeT co Bceinn MaT- 
pHiiaMH nopaAKa N; 

6) ecTb AHaroiiaJibHaH MaTpnua, ecjiH OHa KOMMyTHpyeT co BceMH AHaroHajib- 
humh MaTpnuaMH nopaAKa N. 

5. lloKa3aTb, ito: 

a) js.m Toro itoSh npeo6pa30BaHHe coxpaHajio KOMnjieKCHyw conpaxeH- 
HOCTb MaTpnu HeoSxoAHMO h AOCTaToiHo, iTofibi MaTpnua npeo6pa30BaHHa CblJia 
BemecTBeHHofl; 

6) ajih Toro ito6h npeo6pa30BaHHe coxpanajio TpaHcnoHHpoBaHnocTb MaT- 
pHU Heo6xoAHMO h AoeraToiHo, yTofibi MaTpHua npeo6pa30BaHna 6buia opToro- 

HaJlbHOH. 

6. IlycTb \u) h \v) — ABa BeKTOpa c KOne™oft HopMoii. rioKa3aTb, wo 

Sp I H><« I = <M J M ), Sp|«><P|=<0|H>. 

7. IlycTb H ecTb nojioJKHTeJibHO onpeAejieHHbifl spmhtob oneparop. noKa3aTb, 

MTO npH JlK)6bIX |«) H \v) 

\(u\H\v) \*«n\ff\u){v\H\v), 

u no paBeHCTBO {u\H\u) = 0 Heo6xoAHMO BJieqeT 3a coSoii H\u) = 0. IloKa- 
3aTb, KpoMe Toro, ito Sp H ^ 0, npnieM 3HaK paBeHCTBa peajirayeTca TOJibKO, 
ecjiH H = 0. 

8. noKa3aTb, ito ecjiH H h K hbjihiotch AByMH nojiojKHTejibHO onpeAe^eH- 
HbiMH Ha6.niOAaeMbiMH, to Sp HK 0, a paBeHCTBO BjieieT 3a co6oii UK = 0. 

9. IlycTb A — HeKOTopwii jiHHeHHbift onepaTop. noKa3aTb, tro A^A ecTb 
noJiojKHTejibHO onpeAejieHHHft spmhtob oneparop h ero cJieA paBeH cyMMe KBaA- 
paTOB MOAyJiefl 3JieMeHT0B MaTpHiibi, npeACTaBJiaromeii A b HeKOTopoM npoH3- 
BOJibHO BbiSpaHHOM npeACTaBjienHH. BbiBecTH 0TCK)Aa, ito Sp A^ A ^ 0, a paBeH- 
CTBO BbinoJiiiaeTca TOJibKO, ecjiH A = 0. 



rJlAB A VIII 

OBLUHH 4»OPMAJIH3M KBAHTOBOH TEOPHH 
B. OI1HCAHHE 4>H3HHECKHX 5IBJ1EHHH 



§ 1 BeeaeHHe 

B K^accHiecKOH cpH3HKe AHHaMHqecKoe coctohhhc (pH3HqecKoft 
CHCTeMbi b Ka>KAHH MOMeHT BpeMeHH onpeAejieHO, ecnn h3bccthh 
3HaneHHH AHHaMHqecKHx nepeMeHHbix, xapaKTepH3yiomHx CHCTeMy. 
3th 3HaqeHHH MoryT 6biTb b npHHunne onpeAeJieHbi Bee oAHOBpe- 
MeHHo c jiio6oh CTeneHbio tohhocth. IloaTOMy 3aAaqefi KJiaccnqe- 
ckoh TeopHH HBJiHeTCH onpeAejieHHe AHHaMHqecKHx nepeMeHHbix 

<pH3HieCKOH CHCTeMbi H HCCJieA0B3HHe ypaBHeHHH ABHJKeHHH, KOTO- 
pblM OHH nOAHHHHIOTCH. 

B KB3HTOBOH TeOpHH COOTBeTCTBHe AHH3MHqeCKHM CO- 

CTOHHHeM H AHHaMHHeCKHMH nepeMeHHHMH OKa3bIBaeTCJI AaJieKo 

He CTOJib npHMbiM. B npouecce H3MepeHHH KaKoft-jiH6o AHHSMnqe- 

CKOH nepeMeHHOH AHHaMHqeCKOe COCTOHHHe CHCTeMbi H3MeHH6TCH 

noA B03AeftcTBHeM H3MepHTeJibHoro npnSopa. Ecjih b KJiaccHHecKofl 
4)H3HKe 9thm H3MeHeHHeM o6uqHo npeHe6peraiOT, to Ha mhkpocko- 
nnqecKOM ypoBHe 9toto CAeJiaTb y>Ke Hejib3H; MOAH<j>HKau,HH co- 
ctohhhh CHCTeMbi npeACTaeT KaK HenpeACKa3yeMoe h HeKOHTpojiH- 
pyeMoe B03MymeHHe, orpaHnqHBaioinee B03M0>KH0CTb OAHOBpeMeH- 
Horo H3MepeHHH Bcex AHHaMHiecKHx nepeMeHHbix. FIosTOMy 

npHXOAHTCH OTK333TbCH OT OCHOBHOTO nOCTyJI3Ta K^aCCHqeCKOH (J)H- 

3hkh o tom, qra pa3JiHqHbie (pH3HqecKHe BejiHiHHbi, xapaKTepH3yio- 
inne CHCTeMy, MoryT b jiio6oh momcht BpeMeHH npHHHMaTb BnojiHe 
onpeAeJieHHbie 3HaqeHHH. J\jix KaJKAofl H3 sthx BejinqHH mo>kho 
yKa3aTb TOJibKo CTdTUCTunecKoe pacnpedeAenue 3HaieHHH, Bbipa- 
>Kaiomee BepoaTHocTb toto hjih hhoto pe3yjibTaTa b cjiyqae bo3- 
MomHoro H3MepeHHH. 

COTJiaCHO yCTaHOBHBUieHCH TepMHHOJIOrHH (§ IV. 17) roBopHT, 

ito AHHaMH^ecKHe nepeMeHHbie KBaHTOBofl CHCTeMbi He Bee no- 
napHO coBMecTHbi. Oah3ko k 3aAaHHoft ahhsmmhcckoh nepeMeHHoft 

MOJKHO npHCOBOKynHTb HeKOTOpOe qHCJIO APyrHX, DOK3 He o6p3- 

3yeTca noAHuti. nadop coeMecTHbix dunaMmecKux nepeueHHux. Flo 
onpeAe-neHHio Bee qjieHbi Tanoro HaGopa coBMecTHbi Apyr c ApyroM, 
ho BHe Ha6opa He cymecTByeT AHHaMHlecKHX nepeMeHHHX, coBMe- 

CTHblX C K3JKAHM qjieHOM H36opa, KpOMe, KOHeqHO, K3KHX-JIH6o 

(pyHKUHH ot nepeMeHHbix — H^eHOB H36opa. ToqHoe H3MepeHHe 
AHH3MHqecKHX nepeMeHHbix nojmoro Ha6opa AaeT HanSoJiee noji- 



288 



TJI. VIII. OnHCAHHE <t>H3H4ECKHX JIBJIEHHtl 



HyK) HHCpOpMaUHK), KaKyK) TOJIbKO MO>KHO HMeTb OTHOCHTeJIbHO AH- 
HaMHHeCKOrO COCTOHHHH (pH3H*ieCK0H CHCTeMbl. TaKHM o6pa30M, ah- 

HaMHiecKoe cocTOHHHe KBaHTOBoft CHCTeMbl onpeAejineTCH He 3a^a- 
HHeM Bcex AHHaMimecKHx nepeiweHHbix, npHcymnx cHCTeMe (naK 

B KJiaCCHHeCKOH TeopHH), HO 33AaHHeM TeX H3 HHX, KOTC-pbie BXO- 
AHT B KaKOH-JIH6o nOJIHblH Ha6op COBMeCTHblX riepeMeHHbix. 

B KanecTBe ocnoBHoro npHHunna npHHHMaeTcn, hto AHHaMHHe- 
CKHe coctohhhh KBaHTOBoS CHCTeMbl AonycKaioT AUHeunyto cynep- 
no3Uti l uio. B corjiacHH c sthm npHHUHnoM (cm. § VII. 1) kb3hto- 
boh CHCTeMe conocTaBJineTCH HeKOTopoe BeKTOpHoe npocTpaHCTBo 
<$, TaK hto Ka^Aoe AHHaMHHecKoe cocTOHHHe npeACTaBjiHeTCH 
BeKTopoM b 3tom npoeTpaHCTBe. npeAnoJiaraeTCH, KpoMe Toro, hto 
&> ecTb npocTpaHCTBo THjib6epTa. B AaJibHeiiiiieM mh HcnoJib3yeM 
o6o3HaneHHH h cBoiicTBa npocTpaHCTBa rHJib6epTa, KaK ohh 6hjih 

H3JIO>KeHbI B 171. VII. TaKHM 06pa30M, Ka>KAOMy AHHaMH^eCKOMy 
COCTOHHHK) COOTBeTCTByeT HeKOTOpblft KeT-BeKTOp | u) npOCTp3HCTBa 

B to >Ke BpeMH Ka>KAofi AHHaMHiecKofl nepeMeHHofl conocTaB- 
jiaeTCH HeKOTopaH Ha6jnoA3eM3H, AeftcTByiomaji b npocTp3HCTBe 
<§ x ). Ecjih AHHaMHMecKHe nepeMeHHbie coBMecrabi, cooTBeTCTByio- 
nine hm H36jiK)A3eMbie KOMMyTHpyiOT, ecjiH nepeMeHHbie Heco- 

BMeCTHbl, H36jIK)A3GMbie He KOMMyTHpyiOT. 

OSuiHH (pOpMaJIH3M KB3HTOBOH TeopHH 0CH0B3H Ha yK33aHH0M 
COOTBeTCTBHH MeTKfly AHHaMHMeCKHMH COCTOHHHHMH H BeKTOpaMH, 

4)H3HiecKHMH BejiHHHHSMH h onepaTopaMH. B pa3AeJie I Mbl yTOI- 

HHM 3T0 COOTBeTCTBHe, n0K3JKeM, K3K CTpOHTb npOCTpaHCTBO THJIb- 
6epT3, H K3K0H (})H3HqeCKHH CMMCH HMeiOT BeKTOpbl H 0nep3T0pbI 

H3 sToro npocTpaHCTBa. JXajiee, b pa3Ae.ne II o6maH TeopeTHne- 
CKaH cxeMa AonojiHMeTCH BBeAeHHeM ypaeneHuu deuofceuuH. B pa3- 
Aejie III 6yAeT noKa33HO, ^to cymecTByeT CTOJibKO KOHKpeTHbix 

(pOpMyJIHpOBOK TeopHH, CKOJIbKO eCTb pa3JIHqHHX KOHKpeTHblX MaT- 

Phhhhx npeACT3BJieHHH BeKTopoB h onepaTopoB npocTpaHCTBa <§\ 

B0JIH0B3H MeX3HHK3 HBJIHeTCH OAHHM H3 T3KHX H3CTHHX npeACT3B- 
JieHHH. KorAa AHHaMHieCKOe COCTOHHHe KB3HT0B0H CHCTeMbl H3Be- 
CTHO He nOJIHOCTbK), MOXHO, CJieAyfl 06bIMHbIM M6T0A3M CT3THCTHqe- 
CKOH MexaHHKH, IipeACTaBJIHTb erO CTaTHCTH^eCKHM aHC3M6jieM BeK- 

TopoB rHJib6epTOBa npocTpaHCTBa. 3KBHB3JieHTHaH npoueAypa 
coctoht bo BBeASHHH oneparapa oco6oro THna — Marpuqu uaotho- 
ctu; 9th Bonpocbi paccMaTpHBaioTCH b nocJieAneM, MeTBepTOM pa3- 
Aejie rjiaBM. 



') ITpocTpaHCTBo S Hrpaei b kbshtoboh TeopHH pcuib, aHajiorniHyio pojiH 
(pa30Boro npocTpaHCTBa KJiaccHiecKoii TeopHH. Kaxflaa Towa (pa30Boro npo- 
cTpaHCTBa npcueraBJiHeT KJiaccHiecKoe flHHaMHHecKoe cocTOHHHe, KaxAHfi BeK- 
Top npocTpaHCTBa S npeflCTaBJiaeT KBaHTOBoe flHHaMHwecicoe cocTOHHHe. Bo bto- 
poM cjiyiae, OAHaKO, cooTBeTCTBHe He HBJiaeTca B3aHM00,nH03HaqHbiM: flBa 
KOJMHHeapHbix BeKTopa npocTpaHCTBa <$ npe^CTaBJiaiOT oaho cocTOaHHe; cm. 

HHJKe, § 2. 



§ 2. OriPEAEJIEHHE BEP03THOCTEFI 
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Pasaeji I. AHHAMHHECKHE COCTOJIHHJI 
H <KH3HWECKHE BEJIHMMHbl 

§ 2. OnpeflejieHHe BeponTHOCTeft. nocTyjiaTH H3MepeHHSi 

KajKAOMy AHHaMHiecKOMy coctohhhio cooTBeTCTByeT HeKOTopoe 
CTaTHcraqecKoe pacnpeAejieHHe 3HaieHHft KaiKAofi H3 AHHaMHne- 
ckhx nepeMeHHbix, xapaKTepH3yiomHX cncTeMy. BbmncneHHe pac- 
npeAeJieHHfl ocHOBaHO Ha nocTyjiaie: 

Cpeduee 3Hanenue ueKOTopou dpynnuxiu F(A) ot sadatiHou (pu- 
3imecK0ti. eeAUHumi A daercn ebipaoKenueM 

(F(A)) = (u\F(A)\u), (1> 

zde Ker-eeKTop |u> npedcraeAxeT dunaMunecKoe cocTonnue, a na- 
6AtodaeMan A — 3adaHnyio 4>U3imecKyto eenuHuny. 

B qacraocTH, xapaKTepHCTHqecKan (pyHKUHH /(|) craTHCTHqe- 
CKoro pacnpeaejieHHH A eerb cpeAHee 3H3MeHne (pyHKUHH e^ A : 

f{l) = {u\eW\u). (2) 

TlocKOJibKy CTaTHCTHMecKoe pacnpeAeJieHHe noJiHocTbio onpeAe- 
jiHeTca 3aAaHHeM xapaKTepHCTHnecKofi (pyHKUHH, yK33aHHbiH nocry- 
jiaT no3Bo^neT BbmHOWTb cTaTHCTH^ecKHe pacnpe^ejieHHH Bcex ah- 
HaMHiecKHX nepenieHHUx chctcmh. 

BblHCHHM, K3K OCHOBHOH nOCTyjiaT BJlHfleT Ha COOTBeTCTBHe 
MOKAy AHHaMHUeCKHMH COCTOHHHHMH H KeT-BeKTOpaMH. KaKHM 6bl 

hh 6hji onepaTop F(A), Bbipa^eHHe (1) He MeHHeTca npH yMHO- 

KeHHH BeKTOpa |«> Ha np0H3B0JIbHbIH (pa30BHH MHOJKHTeJIb e irt 

(a — HeKOTopoe BemecTBeHHoe hhcjio) . CneAOBaTejibHO, CTaracTH- 
wecKHe pacnpeaejieHHa, oTHOCfliuHeca k AByM BeKTOpaM, pasjiH^aio- 

IUHMCH Ha (pa30BHH MHOJKHTeJlb, CTpOrO OflHHaKOBbi: flBa T3KHX BeK- 

Topa npeAdaBJiHioT oaho AHHaMH^ecKoe coctohhhc JXpymuiw cjio- 

B3MH, KaJKflOMy AHHaMH^eCKOMy COCTOHHHK) COOTBeTCTByeT BeKTOp, 

onpeAeJieHHbifl c TOHHOcTbio ao <pa30Boro MHOJKHTejra. C Apyrofr 
CTopoHbi, nocKOjibKy /(0)= 1 (cpeAHee sHa^eHHe 1 paBHO 1), He- 

06XOAHMO, qT06bI BeKTOp |U> 6bIJI HOpMHpOB3H Ha eAHHHuy 

<u|«>=l. (3) 

tJacTo SbiBaeT yAo6HO OTKa3aTbCH ot nocneAnero yanoBHH. 
C 3Toft ueJibio onpeaejieHHe (1) ajih cpeAHHX 3HaHeHHfi 3aMeHHK)T 
6o;iee oSiuhm Bbipa^eHHeM 

{F(A))= W\W*K (4) 

ripn TaKOM onpeAejieHHH ppa nponopHHOHajibHbie Apyr Apyry Beic- 
Topa npeACTaBJiHioT oaho h to xe AHHaMH^ecKoe cocTOHHHe (noA- 
pa3yMeBaeTCH, KOHerao, ^to BeKTopbi, o KOTopbix HAeT penb, HMeiOT 
orpaHH^eHHyio HopMy). 
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TJl. VIII. OIIHCAHHE <MI3H*IECKHX flBJIEHHFI 



4To6bi nojiyiHTb craTHCTHHecKoe pacnpeAejieHHe A b hbhom 
BHAe, cJie^yeT BHHHCJiHTb BbipaxeHHe (2) a-tch xapaKTepHCTHne- 
CKOH (pyHKUHH f (I) (hjih Bbipa^eHHe (4), eCJIH \u) He HOpMHpOBaH 
Ha eAHHHHy) b npeACTaBjieHHH, r^e HaSjuoaaeMaa A AHaroHajibHa. 
3tot MeTOA y>Ke 6mji H3JioxceH b tji. V, npaBAa, c HesHa^HTejibHHMH 

OTJIHHHHMH B TepMHHOJIOTHH. 3AeCb Mbl He 6yAeM BHOBb nOBTOpHTb 

CKa3aHHoe TaM. OrpaHHHHMCH (popMyjinpoBKofi pe3yjibTaT0B 2 ) : 

1) SHaqeHHa, KOTOpwe MomeT npHHHMaTb BC/iHUHHa A, npnHaA- 
jie>KaT cneKTpy co6cTBeHHbix 3HaHeHHft cooTBeTCTByiomeft Ha6jiK>- 
AaeMoft. 

2) riycTb <%d ecTb noAnpocTpaHCTBO, HaTHHyToe Ha co6crBeH- 
Hbie BeKTopH A, npHHaAJie>KamHe co6cTBeHHMM 3HaneHHHM, jie>Ka- 
uihm b HeKOTopoft o6jiacTH D cneKTpa A; o6o3HaiHM c noMombto 
\ud) = Pd\u) npoeKUHK) KeT-BeKTopa \u) Ha <g D - BepoHTHOCTb wo 
Toro, HTO pe3y^bTaT H3MepeHHH A npHHaAJie>KHT oS^iacTH D paBHa 3 ) 

Bbipa^eHHe (5) o6i>eAHHHeT Bee pesyjibTara, nojiyqeHHbie b h&- 
cthmx cjiy^anx, paccMOTpeHHbix b tji. V (3aAana 1). .Hchctbh- 

TeJlbHO, D MOJKeT 6bITb OAHHM COSCTBeHHbIM 3H3HeHHeM 

AHCKpeTHoro cneKTpa h TorAa (5) coBnaAaeT c cpopMyjiofi (V. 21). 
Ho D MosceT 6biTb TaioKe o6pa30BaHa coBOKynHOCTbio HecKOJibKHx 

pa3JIHHHbIX AHCKpeTHblX CoScTBeHHblX 3H3MeHHH HJIH 6bITb UaCTbiO 

HenpepwBHoro cneKTpa, hjih >Ke HeKOTopoft KOM6HHauHeH AByx 
npeAuiecTByiomHx cjiynaeB. B nacTHOCTH, ecjin D ecTb 6ecKOHenHo 
Majibifi HHTepBaji (a (v) , a (v + dv) ) HenpepbiBHoro cneKTpa, KaK 
b npHMepe b KOHne § V. 10, to wd = co (v) dv, h njioraocTb Be- 
poHTHocTH co(v), BbiHHCJieHHasi c noMombio (popMyjiu (5), coBna- 
AaeT c Toft, KOTopan nojiynHjiacb H3 (V. 44) . 

OcTaeTCH onpeAeJiHTb AHHaMnqecKoe cocTOHHne cHCTeMbi no 

OKOHiaHHH H3MepeHHH. OHO, KOHeHHO, 6yAeT 3aBHCeTb OT KOHKpeT- 

hhx ycJiOBHH SKcnepHMeHTa, ho MO>KeT 6biTb npocTO no^yqeHO 
b cjiynae udeaAbHOzo usMepenun (cm. § V. 13). Ecjih b npeAnojio- 
xeHHH HAeajibHoro H3MepeHHH Ha6/iK)ACHHe noKa3biBaeT, hto ch- 
cTeMa HaxoAHTCH b co6cTBeHHOM coctohhhh A, npHHaAJiemameM 

yKa33HH0H BHUie 06jiaCTH D, TO AHHaMHHeCKOe COCTOHHHe CHCTeMbi 

nocjie H3MepeHHH npeACTaBJineTCH npoeKHneii BeKTopa |«> Ha 
npocTpaHCTBo 8 d. Hhhmh cjioBaMH, H3MeHeHHe (HeKay3a^bHoe) 



2 ) B HeKOTopux KHHrax no kbahtoboh TeopM ABa hhjkgc jieAyiomH x cboh- 
CTBa Ha3UBai0Tca cootbctctbghho npunqunoM KeamoaaHun u npunt^unoM cneK- 

TpaAbHOZO pCL3AO0K£HUH. 

3 ) w D ecTb cpe^Hee 3HaieHHe npoeKTopa Pd, t. e. (pyHKUHH A, paBHofi 1 Ann 

BCeX C06CTBeHHHX BeKTOpOB A, HaXOASimHXCa B <g d, H paBHOH HyjlK) flJIH Bcex 
COfiCTBeHHWX BeKTOpOB A, OpTOrOHaJIbHblX kId. 



§ 3. HABJHOAAEMblE KBAHTOBOK CHCTEMbI 
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BeKTOpa coctohhhh b npouecce H3MepeHHH cooTBeTCTByeT cxeMe: 
\u) -> imeajibHoe H3MepeHHe, Aaiouiee pe3y^bTaT D-*-Pd\u). 

3tot nocTyjiaT peAyKHHH BOJiHOBoro naneTa Mo^eT paccMaTpn- 
BaTbCfl KaK onpeAeJieHHe HAeajibHoro H3MepeHHH. 

Ecjih ycjiOBHTbca BcerAa npeACT3BJiHTb AHHaMHHecKHe coctoh- 
hhh BeKTOpaMH, HOpMHpOBaHHblMH Ha eflHHHHy, TO BCKTOp COCTOH- 
HHH CHCTeMbi noc/ie H3MepeHHH ecTb Pd\u}, yMHomeHHWH Ha (paK- 

TOp HOpMHpOBKH, OnpeflejIHeMblft C TOHHOCTbK) AO (pa3bl, KB3AP3T 

MOAyJiH KOToporo paBeH 1/wd hjih \I(u\Pd\u>. 

§ 3. HaSjiiOAaeMbie kbhhtoboh chctcmm h coothouichha 

KOMMyTaUHH 

Ha nepBOM STane HccjieA0B3HHH kbshtoboh chctcmh cjieAyeT 
ycTaHOBHTb AHH3MHHecKHe nepeMeHHbie chctcmh h nocTpoHTb aji- 
re6py cooTBeTCTByiouiHx Ha6jiK>AaeMbix. Ha AeJie pa3JiHHHi>ie Ha- 
6jiK)AaeMbie chctcmh Moryr 6biTb Bbipa>KeHbi KaK (pyHKHHH HeKo- 
Toporo HHCJia «ochobhhx Ha6jiK>AaeMbix»; TorAa hckomhc npaBHJia 
aJire6pbi HaSjiioAaeMbix mo>kho nojiyHHTb c noMomfaio np3BHJi kom- 
MyxaUHH 3THX ochobhhx Ha6jiK)AaeMbix. 

KorAa KeamoeaR cucreMa o6nadaeT KAaccunecKUM ananozoM, 
hto HMejio MecTO bo Bcex paccMOTpeHHbix ao chx nop cjiynanx, 
mojkho ycTaHOBHTb caMbie oSmne npaBHJia, ocHOBaHHbie Ha npHH- 

UHne COOTBeTCTBHH. 

B KJiaccHHecKoft cncTeMe N H3MepeHHft caMoft o6mefi AHHaMii- 
HecKofl nepeMeHHoft 6yAeT (pyHKUHH 2A^-He3aBHCHMbix nepeMeH- 
hhx — N npocTpaHCTBeHHbix KOOpAHHaT q\, q 2 , qx h N km- 
nyjibcoB pi, p 2 , .... Pn- Te >Ke caMbie AHH3MHHecKHe nepeMeHHbie 
npunHCbiBaioTCH kbshtoboh CHCTeMe. Bboahtch N nepeMeHHbix no- 
jio>KeHHH h N nepeMeHHbix HMnyjibca. 9thm nepeMeHHbiM cooTBeT- 
CTByioT Ha6jiK)AaeMbie, KOTopue mh o6o3H3hhm tcmh >Ke chmbo- 
JiaMH <7i, . . . , q N h pi, . . . , Pn- nocryjiHpyeM, hto eAHHCTBeHHbiMH 
HeKOMMyTHpyiomHMH Ha6jiK)AaeMHMH hbjihiotch N nap, b KOTopue 
bxoaht npocTpaHCTBeHHan KOopAHHaTa h ee K3H0HHHecKH conpn- 
>KeHHbin HMnyjibc; ajih sthx nap HMeeM [q r , p r ] = ifi. Tskhm 06- 
pa30M, 

[<7r, q S \ = 0, [Pr, Ps] = 0, (6) 

[q r , Ps ] = ih6 rs (r, s = l, 2, N), (7) 

nOCKOJIbKy npOH3BOJIbHbie Ha6jIK)AaeMbie HBJIHIOTCH CpyHKUHHMH 

q h p, KOMMyTaTopbi HafijiioAaeMbix h3xoahtch c noMombio coot- 
HomeHHH (6) h (7); hx mojkho BHHHCJiHTb hbho, nojib3yHCb npa- 

BHJI3MH ajire6pbl KOMMyTaTOpOB (§ V. 17). 3tO COOTBeTCTBHe 
MejKAy Ha6jIK)AaeMbIMH KB3HTOBOH CHCTeMbi H BeJIHHHHaMH Kjiac- 

CHnecKOH CHCTeMbi — aHajiora ynce HeoAHOKp 3tho KOMMeHTHpoR^-. 

10* 
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m. VIII. OnHCAHHE DH3HHECKHX HBJIEHHH 



Jiocb (§ II. 15 h § V. 3). Hto6u H36e»<aTb HeonpeAeAeHHOcTH, cue* 
jxyej BcerAa ncxoAHTb H3 AeKapTOBbix KOopAHHaT b KOHtparypa* 

UHOHHOM npOCTpaHCTBe H pyKOBOACTBOBaTbCH SMIIHpHieCKHMH 
npaBHAaMH § II. 15. B HaCTHOCTH, npaBHAO «CHMMeTpH3aU,HH», AaH- 

Hoe b 3tom naparpaipe, rapaHTHpyeT, hto bchkoh BemecTBeHHOH 
BejiHHHHe, npHHaAJiejKameft cacTeMe, conocTaBJiaeTca spmhtob one' 
paTop. 

Oah3ko He Bee KBaHTOBbie cHCTeMH MoryT paccMaTpHBaTbca Ha 

OCHOBe npHHUHna COOTBeTCTBHH. MaCTO OKa3bIBaeTCH, HTO AHH3MH- 

qecKHe nepeMeHHbie, BBOAHMbie Ha ocHOBe npHHiinna cootb6tctbh!i 

C KJiaCCHHeCKOH CHCTeMOH, He HCHepnblBaiOT (pH3HHeCKHX CBOHCTB 

HcaneAyeMofi kb3htoboh CHCTeMH. B stom cAynae Heo6xoAHMO bbo- 
AHTb Aono^HHTe^bHbie nepeMeHHbie. Bbi6op sthx hobhx nepeMeH- 

HblX H npaBHJI KOMMyTaUHH AAH HHX OCHOBHBaeTCfl Ha HHCTO HH- 
TVHTHBHblX C006pa>KeHHHX. 

CpeAH 4>H3HqecKHX BeAHHHH, xapaKTepH3yioiHHX CHCTeMy, oco6o 
cjieAyeT OTMeTHTb SHeprHK). FIpeACTaBAHiomaH ee HaSAiOAaeMaH H 

Ha3bIBaeTCH raMH^bTOHHaHOM CHCTeMH. ECAH CHCTeMa HMeeT KAac- 

CHqecKHH aHajior, to H noAynaeTca Ha ocHOBe npHHunna cooTBer- 

CTBHH H3 (pyHKUHH TaMMJIbTOHa KAaCCHHeCKOH MeXaHHKH. 

§ 4. CooTHOuieHHH HeonpeAejieHHOCTH refi3eH0epra 

CooTHoiueHHH HeonpeAejieHHOCTH ajih KoopAHHaTbi h HMnyjibca 

C^eAyiOT HenOCpeACTBeHHO H3 COOTHOHieHHH KOMMyTaUHH (7). 

rioKa^eM b caMOM ofimeM cAynae, hto ecAH ABe Ha6AK)AaeMbie 
A, B yAOBAeTBOpHiOT ypaBHenHio 



to npoH3BeAeHHe hx cpeAHHx KBaApaTHHHbix OTKAOHeHHfi BcerAa 
yAOBAeTBopneT HepaBeHCTBy 



JI,0Ka3aTeAbCTB0 no cymecTBy aHaAorHHHO paccMOTpeHHio § IV. 8, 
Flo onpeAeAeHHio 



[A, B] = ih, 



(8) 



AA-AB>hJ2. 



(9) 



^B = {{B S }-(B) 2 ) ,|^ . 



BBeAeM Ha6AK)AaeMbie 



A = A 



{A), 



B = B-(B); 



TorAa ohcbhaho, hto 



[A, B] = ih 



a HTO 



AA = AA=(A 2 )' 1 ', AB = AB = (§*)''. 



§ 4. COOTHOHIEHH3 HEOnPEflEJIEHHOCTH rEPOEHBEPTA 293 

JlonyCTHM, 1TO aHHaMHHeCKOe COCTOHHHe CHCTeMbI IipeACTaBJIHeTCH 
KeT-BeKTOpOM |«>, HOpMHpOBaHHHM Ha eAHHHUy, H npHMeHHM He- 

paBeHCTBO IIlBapua k BeKTOpaM A\ii) h 23|«>: 

(A4) 2 (AB) 2 = (u\A 2 \ u){u \B 2 \u)>\(u\AB\u) \ 2 . 

BuAejiHH b AB apMHTOBy h aHTHapMHTOBy qacTH (cp. ypaBHemie 
(VII. 29)) 

? s ab + bA . Ab -ba Ab + ba , . fi 

AtS= 2 1 2 ~ 2 M T' 

mojkho BbmejiHTb b (u\AB\u) BemecTBeHHyio H MHHMyK) qac™ 

/ i «S, x / AB + flJ? \ . . B 
<w|4B|tt> = ( g )+ l ~2 

h nepenHcaTb HepaBeHCTBO IIlBapua b BHfle 

(A ^. (AB)2> (ii±ll) 2 + ^, 

t. e. 

M • AB>/z/2, 

*ITO H Tpe60BaJIOCb AOKa3aTb. 

^ToSbi npoH3BeAeHHe A/4-A5 crajio paBHbiM CBoeiwy HaHMem>- 
meMy 3HaueHHio h/2 Heo6xoAHMO c oahoh cropoHH, HTo6bi Hepa- 
seHCTBO IIlBapua cBeJiocb k paBeHCTBy, t. e. itoSh A\u)= cB\u> 
(c — npoH3BOJibH3H nocTOHHHan) , a c Apyrofi CTOpoHH, mo6u cpeA- 
Hee 3HaMeHHe AB -+- BA 6uno paBHO Hyjiio, t. e. 

(u\AB\u) + (u\BA\u) = (c* + c)(u\B 2 \u) = 0, 

OTKyAa Rec = 0. Pe3K)MHpyH, HaxoAHM, mto Hep a bchctbo (9) cbo- 
Ahtch k paBeHCTBy b tom h TcwibKO b tom anyqae, KorAa |«> yAOB- 
jieTBopHeT ypaBHeHHio 

(A-a)\u) = iy(B-P)\u), 00) 

rAe a, p h y cyTb npoH3BOJibHbie BemecTBeHHbie nocTOHHHbie. 

npH^osceHHe 9Toro pe3yjibTaTa k nape KoopAHHaTa — HMnyjibc 
{q r , p r ) npeAiuecTByromero naparpa(pa AaeT cooTHOiueHHe Heonpe- 

AeJieHHOCTH 

Aq r .Ap r ^tl/2 (r=l, 2 N), (11) 
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rjl. VIII. onHCAHHE *H3HMECKHX 5IBJIEHHH 



npnqeM paBeHCTBo BbinojiHaeTCH, ecjiH |«> ecTb pemeHHe 
ypaBHeHHH 

(Pr — iyQr) I "> = (« — t'YP) I "> 
(a, p h v — npoH3BOJibHbie BemecTBeHHbie nocTOHHHbie) . 

§ 5. OnpeflejieHHe coctohhhh h nocTpoeHHe npocTpaHCTBa & 

rtocjie onpeaeJieHHH Ha6jiio,a.aeMbix Hameft KBaHTOBoii CHCTeMbi 

H yCTSHOBJICHHH KOMMyTaUHOHHblX COOTHOUieHHH HeoSxOAHMO TOHHO 

onpeae^HTb pa3JiHqHbie B03MO>KHbie KBaHTOBbie coctohhhh, t. e. 

Heo6xOAHMO ITOCTpOHTb THJIbSepTOBO npOCTpaHCTBO, B KOTOpOM fleft- 

CTByiOT HaS^roaaeMbie. J\nn 3Toro AOCTaTorao 3aflaTb CHCTeiwy 6a- 

3HCHWX BeKTOpOB npOCTpaHCTBa H yCTaHOBHTb flefiCTBHe Ha6jno- 

AaeMbix Ha sth BeKTopw. C/ieayeT, KOHerao, y6eAHTbcn, hto Bee 
onepaTopbi, npe/iCTaBJiHioiUHe (pH3HiecKHe bcjih^hhw, AeftcTBH- 
TejibHO hbjihiotch Ha6^K)flaeMbiMH, yAOBJieTBopHromHMH KOMMyra- 

UHOHHblM COOTHOUieHHH M. 

^Tofibi onpeAe^HTb 6a3HCHyio CHdeMy BeKTopoB, H3 Bceft cobo- 
KyriHoc™ HaS^ioflaeMbix BbiAejiaiOT nojiHbin Ha6op KOMMVTHpyio- 
iuhx na6^K>flaeMwx A, B, C, ... O^HOBpeMeHHoe H3MepeHHe co- 
oTBeTCTByromHx AHHaMH^ecKHx nepeMeHHbix AaeT MatccHMajibHO 

B03MO>KHyiO HHtpOpMaUHIO O COCTOHHHH CHCTeMbi, T. C nOJIHOCTblO 

onpeAejiaeT HeKOTopoe AHHaMH^ecicoe cocTOHHHe CHCTeMbi. Cjicao- 
BaTejibHO, KajKAMH HaSop co6cTBeHHbix 3HaqeHHft a, b, c, .. . sthx 
HaS^ioaaeMbix onpeACTfleT BeKTOp b npocTpaHCTBe <% c ToraocTbio 

AO nOCTOHHHOrO MHO>KHTejIH; npOH3BOJIbHO CpHKCHpyH 3T0T MHO»H- 
TeJIb, HaXOflHM HeKOTOpblft BeKTOp I abc . . .). M.HO>KeCTBO BeKTOpOB 

\abc...), nojiyqaeivioe npH H3MeHeHHH Ka>KAoro co6cTBeHHoro 3Ha- 
HeiiHH a, b, c, ... Ha BceM npoTHJKeHHH cneKTpoB A, B, C, ... 06- 
pa3yeT nojmyio opToroHaJibHyio CHCTeMy BeKTopoB b npocrpaH- 

CTBe & . EcjIH >Ke (pHKCHpOBaTb nOAXOAHIUHM o6pa30M HopMHpoBKy 
BeKTopoB \abc...} — HopMHpoBKy Ha eAHHHUy n,Jin BeKTOpOB C KO- 
He i iHoii HopMofl, HopMHpoBKy c noMombio 6-cpyHKUHH ,3,HpaKa ajih 
BeKTopoB, cooTBeTCTByiomnx HenpepbiBHOMy cneKTpy, — to mh no- 
■JiyiHM nojiHyio opTOHopMHpoBaHHyio CHCTeMy b k. TaKHM o6pa- 
3om, 6a3HCHa» cHCTeMa BeKTopoB b & onpeAejiHeTCH npn 3aaaHHH 
cneKTpoB Ha6jiioAaeMbix A, B, C, ... 

fleficTBHe 6a3HCHbix HafijiKXnaeMux A, B, C, ... Ha KawabiS 
H3 3THX BeKTopoB 0Ka3HBaeTCH aBTOMaTHqecKH onpeAejieHHbiM. 
OcTaeTca BbiHCHHTb, K3K AeftcTByioT Ha hhx ApyrHe Ha6juoAaeMbie,. 
cnoco6Hbie npeACTaBJiHTb cpHSHqecKHe BejiHUHHbi. 

PaCCMOTpeHHe OAHHX TOJIbKO COOTHOUieHHH KOMMyTaHHH n03BO- 

jineT, BooSme roBopn: 

a) ySeAHTbca b tom, hto Ha6op A, B, C, ... cocTaBJiHeT noAHbift 
Ha6op KOMMyTHpy loiUHX Ha6^K)AaeMbix; 
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6) onpeAeJiHTb CTpyKTypy cneKTpoB sthx Ha6jiK)AaeMbix; 

b) ydaHOBHTb AeftcTBHe apyrax HaSjiioAaeMbix Ha BeKTOpbi 6a- 

3HCHOH CHCTeMbl. 

HHa^ie roBopn, 3HaHHa ajire6pbi Ha6jiK>AaeMbix chctcmh non™ 
Bcer^a AociaTOHHO ajih oAH03HaHHoro onpeAejieHHH npocTpaHCTBa 

B KOTOpOM OHH AeHCTByiOT 4 ) . 

OdaeTCH eme ySe^HTbCH bo BHyTpeHHeft corjiacoBaHHOcra no- 
jiyjeHHofl cxeMH, t. e. npoBepHTb, mo onepaTOpu, npeACTaBJiaio- 

IUHe <pH3HqeCKHe BeJIHHHHbl, AeftCTBHTC/IbHO HBJIHIOTCfl Ha6jIK)- 

AaeMbiMH. 

3aMeTHM, mo Ha stom 9Tane Teopnn yxe AonycKaeT SKcnepH- 
MeHTajibHyio npOBepKy. <I>H3HHecKHe BeJiHHHHH onpeAeJifliOTCfl 
b npHHHHne c noMombio toihhx onepaunfi H3MepeHHH, TaK ^to 
cneKTpbi hx 3HaneHHH MoryT 6biTb npoBepeHbi Ha onbue. Heo6xo- 
ahmo, mo6u TeopeTHqecKHfi cneKTp, t. e. cneKTp co6cTBeHHbix 3Ha- 
qeHHfl Ha6jiio/taeMOH, conocTaBJieHHoft Ka>KAOH <p H3HliecK0H bcjih- 
^HHe, coBna^aji c pe3y;ibTaTaMH sKcnepnMeHTa. 

§ 6. KeaHTOBan OAHOMepHan cHereiwa, o6jiaAaioman 
KJiaccHHecKHM aHaJioroM 

IlpHMeHHM MeTOA nOCTpOeHHfl npOCTpaHCTBa & H3 § 5 K OAHO- 

MepHofi KBaHTOBoft CHCTeMe, o6jiaAaromeH KJiaccH^ecKHM aHajio- 
tom; Ha6;iK)AaeMbie TaKoft CHCTeMbi hbjihk)tch (pyHKUHHMH AByx H3 

HHX, a HMeHHO q H p, CBH33HHbIX COOTHOHieHHeM KOMMyTaUHH 

[q,p] = ih. (12) 

BejiHHHHa q caMa no ce6e o6pa3yeT nojiHbift Ha6op KOMMyra- 
pyiomnx Ha6^K)AaeMbix. fleftcTBHTejibHo, KOMMyTaTop q h 3aAaH- 
Hoft (pyHKUHH A(q, p) corjiacHo ypaBHeHHio (V. 68) paBeH 

[q, A] = ih^-, (13) 

CJICAOBaTeJIbHO, q KOMMyTHpyeT C A TOJlbKO, eCJIH A He 33BHCHT 
OT p; HHblMH CJIOBaMH, eAHHCTBeHHblMH Ha6jIK)AaeMbIMH, KOMMyTH- 
pyiOIAHMH C q, HBJIHIOTCH (pyHKUHH OT q. 

ripocrae coo6pa>KeHH5! BHyTpeHHeft corjiacoBaHHoc™ HaKJiaAH- 
BaiOT o^eHb CTporne ycjiOBHH Ha co6cTBeHHbie (pyHKHHH h cneKTp 
coficTBeHHbix 3HaieHHft q. FlycTb |^ 0 > ecTb co6cTBeHHbift KeT-BeK- 
Top q 

q\qo) = q<>\ g 0 )- 



4 ) 3TO CnpaBeA^HBO TOJlbKO, eCJIH npOCTpaHCTBO & HBJIHeTCH HenpHBOAHMhIM 

no othoiiichhk) k yKa3aHHHM Ha6jiioaaeMHM; sto ycjioBHe, KOTopoe mh oTMeiaeM 
3Aecb flJiH nojiHOTH, Bcer.ua cwTaeTCH BbinojmeHHHM b AajibHeftumx paccyxAe- 
hhhx. FIoHflTHe HenpHBOAHMOCTH h ero (pH3HuecKHft wucji SyayT noApo6HO o6cy- 
XAaTbca b rji. XV (§ 6). 
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3anHiueM yaiioBHe Toro, mo o6e qac™ paBeHCTBa (12) HMeior 
oahh h tot me AHarOHaJIbHblfi 3JieMeHT, cooTBeTCTBy K)ih,h h |^o) - - 

ih <<7o I <7o> = <<7o I QP I <7o> — (go I P<7 I <7o>; 

\qa) He M05KCT HMeTb KOHeiHOH HOpMH, TaK KaK B npOTHBHOM CJiy* 

^ae npaBaa qacTb paBeHCTBa 6ujia 6u paBHa Hyjiio, a JieBaH qacTb. 
KOHeMHa h He paBHa Hyjiio. 

PaccMOTpHM aajiee onepaTop CABHra 

S(t) = e~~* P \ (14) 

3to cpyHKUHH Ha6jiioaaeMOH p, 3aBHCHmaH ot napaMeTpa £. Hcho,. 
mto 3to yHHTapHHH onepaTop 

S + 5 = S5 + = 1, 
TaK KaK spMHTOBO conpHHteHHbiH onepaTop eCTb 

S t (g) = 5(-|) = ^ P? . 
IlpHMeHHH ypaBHeHHe (12), HaxoAHM 

[q, S} = ih^ = %S, 

t. e. 

qS = S(q + l) (15) 

h, cjieaoBaTeJibHO, 

qS\q 0 ) = S(q + t)\q 0 ) = (qo + ®S\q 0 ). (16> 

TaKHM o6pa30M, S|<7o> ecTb coScTBeHHbiH BeKTop q, npHHaaJie>Ka- 
uhhh co6cTBeHHOMy 3HatieHHio qo + £• 3tot BeKTop, oneBHAHO, h& 
paBeH ay ilk> (b npoTHBHOM cjiyuae He cymecTBOBajio 6h onepa- 
Topa, o6paTHoro S); ero HopMa (SecKOHeHHaa) Ta >Ke, mo h |^o>» 
h6o 5 — VHHTapHbift onepaTop 

{q 0 \S f S\q 0 ) = (q 0 \qo}. 

Bee 9T0 cnpaBe/yiHBO, K3khm 6u hh 6hjio 3Ha«ieHHe £ bo BceM 
HHTepBaJie ( — 00,4-00). TaK, c noMombio yHHTapHoro npeo6pa3o- 
BaHHH |<7o> c noAxoAflmHM napaMeTpoM mo>kho o6pa30BaTb co6- 
cTBeHHbift KeT-BeKTop q, cooTBeTCTByioinHH jiiofioMy Hanepea 3a- 
j,aHHOMy co6cTBeHHOMy sHa^eHHio b HHTepBajie ( — oo,-+oo). 

Mh npHxoAHM k saKjuo^eHHio, mo cneKTp q HenpepHBHbift, He- 

BbipOJKAeHHblft H 3anOJIHHeT BeCb HHTepBa/1 ( — CO, + °°) ; co6cTBeH- 
Hbie BeKTOpbl HMeiOT 6ecKOHeHHyio HopMy. 

O603HaHHM C nOMOIH,bK) \q'~y OflHH H3 C06CTBeHHbIX KeT-BeKTO- 

poB q, npHHaAJiemam.HH co6cTBeHHOMy 3HaHeHHK> q' 

q\q') = q'\q')\ 



§ 6. KBAHTOBAH OAHOMEPHAfl CHCTEMA 297 

]q'} onpeAeJiHeTCH c TOHHoerbio ao nocTOHHHoro MHOJKHTejiH, a6- 

COJIIOTHyK) BeJIHTOHy KOTOpOrO CpHKCHpyeM yCJIOBHeM HOpMHpOBKH 

{q'\q") = b(q'-q"). (17) 
IlpocT.paHCTBO <£, no onpeAejieiwio, o6pa30BaHO JiHHeHHbiMH kom- 

6HH3UHHMH BeKTOpOB | q'}. 

BejiHHHHa q oneBHAHO hb^hctch HaSjuoAaeMofi SToro npocTpsH- 
ctb3. BeKTopbi \q'~) cyTb 6a3HCHbie BeKTopbi HeKOTOporo npeACTaB- 
vieHHH BeKTopoB h onepaTopoB &, a hmchho npeACTaBJieHHH {q}, 
b KOTopOM onepaTOp q AHaroHajieH 

( q '\q\q") = q'S{q'-q»). (18) 

FIoKa^eM, q-ro p edb Bnojme onpeflejieHHbifl spmhtob onepaTop 
b npocTpaHCTBe &; ajih SToro aoctstoiho Haft™ ero MaTpnuy 
b npeACTaBJieHHH {q}. 

PaccMOTpHM BHanajie yHHTapHbifi onepaTOp S(£), onpeAeJieH- 
Hbifi ypaBHeHHeM (14). IlocKOJibKy stot onepaTop yAOBJieTBOpneT 
ypaBHeHHio (15), S(E,)\q"> ecTb co6cTBeHHHH BeKTop q, npHHaA- 
jieJKamHH coScTBeHHOMy 3HaneHHK) (q' + E) : 

S®\q') = c\q' + $), 

THe C — (paSOBblH MHO>KHTeJIb 5 ) , KOTOpblH MOJKeT 3aBHCeTb OT I 

a q' . BbiSepeM (pa3H 6a3HCHbix BeKTopoB TaK, hto6h 

| 9 ') = S( 9 ')|0). 

ripH 3T0M (pa30BHH MHO>KHTeJIb C SyAeT paBeH 1, K3KHMH 6bl HH 
<5bIJIH I H q' . XteHCTBHTeJIbHO, 

S (£) \q') = S (£) S {q') 1 0) = *e~* | 0) = 

= e - J t PM \Q>) = S(q' + l)\Q) = \q' + 1) (19) 

mm 

W \S{%)\ q") = {q f \q" + l) = & (<?' - <?" - I). 

3HaH T3KHM 06pa30M M3TpHMHHe SJieMeHTH S(|) AJIH JIK)6bIX 

3H3ieHHH napaineTpa g h y^HTHBaa, wo b npeAeJie SecKOHewHO 
M3jibix SHaweHHH 3Toro napaivieTpa (£->-e) 

S (e) ~ 1 — -j- pe, 

uometA HanncaTb 

6 {q' - q" — e) = (q'\S (e) \ q") ~ 8 (<?' - ?") - -1 e | p | <?">, 

5 ) Bbhay Toro, hto S — yHHTapHHH onepaTop, HMeeM 
(q" | S+ (£) S (I) I q') = c* (|, <?") C (I, q') 6 (q" -<?') = 6 ( 9 " - ?'). 
OTKyAa | c (i, <?') | = 1. 
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m. VIII. OnHCAHHE *H3HqECKHX HBJ1EHHPI 



OTKyaa 

{q'\p\ q") = 1 lim 6 « ~ ^ - 1 HI ~ «" ~ ■> = 1 6 - - q ><). (20) 

' 8->0 B ' 

FIocKOJibKy «4>yHKUHH» 8' HeneTHa, hcho, hto (q"\p\q'} = 
= <<7'|p| t. e. onepaTop p spmhtob. 

ripoBepHM TaKJKe, hto q h p yAOBJieTBOpnioT ycjiOBHio KOMMy- 
TauHH (12): 

W I (qp - pq) | q") = {q' - q") {q'\p\ q") = 

= j(q'- q") 6' (<?' - q") = ihb {q' - q") 

(3Aecb Hcnojib30BaHo TOXflecTBO (A. 30) H3 aonojiHeHHH A) . 

OcTaeTCH noKa3aTb, hto p ecTb Ha6jiio;iaeMaH. Jinn aToro pe- 
iiihm 3aji&Hy o coScTBeHHbix 3HaneHHHX p b npejcTaBjieHHH {q}. 
nyerb \p'y — coScTBeHHbifi KeT-BeKxop, npHHafljie>KaiHHH co6erBeH- 
HOMy 3HaneHHK) p' . YpaBHeHHe 

V\p')^p'\p') 

b npeflCTaB^eHHH {q}, c yqeTOM ypaBHeHHH (20), 3anHCbiBaeTc« 

B (pOpMe 

p' w i p') = w i p i p') = \ w i p i <r> <<7" i p') = 

3to flHcfxpepeHUHajibHoe ypaBHeHHe ,/yifl (pyHKU,HH <<7'|//> or 
nepeMeHHofi q'; o6iu.ee ero peiueHHe ecTb 

{q'\p') = ae* P ' q ', 

i\ne a — npoH3BOJibHaa nocTOHHHan. OKa3biBaeTca, t3khm o6pa30M, 
uto p HMeeT HenpepbiBHbift cneKTp co6cTBeHHbix 3HaieHHfl p', npo- 
CTHpaiomHHca ot — oo /i,o +oo. Co6cTBeHHbie BeKTopbi HMeioT 6ec- 

KOHe^HyiO HOpMy, OHH yAOBJieTBOpHIOT yOJIOBHHM OpTOHOpMHpOBKH 

(p'\p") = 6(p f -p"), 
ecjiH npHHHTb a = (2nfi) -I/2 . Tenepb hcho, mto p Ha6jiK)AaeMaa, 

HOO BeKTOpbl \p") yflOBJieTBOpHIOT COOTHOUieHHK) 33MKHyT0CTH. 

XteficTBHTe^bHO, onepaTop npoeKTHpOBaHHH 

p p ^ \ \p')dp'{p'\ 
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b npeacTaBJieHHH {q} HMeeT MaTpHHHwe sJieMemrbi 
+00 

{q'\P p \q") = \ {q'\p')dp'(p'\q") = 

— OO 

+00 . 

-13" \ <jT "' dp' = 6 (<)' — q"). 

— OO 

CjienoBaTejibHO, 

p„=i. 

C nOMOlUbK) OCHOBHblX Ha6j]K)flaeMHX p H q M 0>K HO nOCTpOHTb 

jifoSoft onepaTop F(p,q), npeflCTaBJiaiomHH pa3JiH i mbie ^HHaMime- 
ci<He nepeMeHHbie cHCTeMbi. Bchkhh pa3 neTpviiHO npoBepHTb, mto 
3th onepaTopbi spmhtobh. JXjih nojiHOTM cnejiyeT noKa3aTb, mto 

OHH HBJIHIOTCH Ha6jIK)flaeMbIMH. 06bI t IHO B KB3HT0B0H TeOpHH npO- 
XOflHT MHMO 3THX TOHKOCTeH H IIpHHHMaiOT 6e3 o6cy}Kfl6HHH, MTO 

Bee apMHTOBH onepaTopbi, npeacTaBJiaiomHe (pH3imecKHe Bejin- 

HHHbl, HBJIHI0TC3 Ha6jIIO,ZiaeMbIMH. 

§ 7. FlocTpoeHHe npocTpaHCTBa coctohhhm nyTeM TeH3opHoro 
yMHomeHHH 6ojiee npocTbix npocTpaHCTB 

YlVieH CTpOHTb npOCTpaHCTBO <§ flJIH OflHOMepHOH CHCTeMbi, OO- 

JiaAaiomeH KJiaccnqecKHM aHajioroM, HeTpy^Ho peuiHTb Ty >Ke 3a- 
Aa [ iy flJiH CHCTeMbi, TaK>Ke o6jiaaaiomeH KJiaccnnecKHM aHajioroM, 
ho y>Ke c mhcjiom CTeneHeft CBo6oflH N. 

B 3tom cjiy^ae .nHHaMH^ecKHe nepeMeHHbie 6yayT cpyHKUHHMH 
2N ochobhhx nepeMeHHbix nojio>KeHH5i h HMnyjibca. FIpeACTaBJiHio- 
mne hx Ha6jiiOiiaeMbie ho^hhsiiotch KOMMyTauHOHHbiM cooTHome- 
hhsm (6) h (7). Hx mo>kho no.npa3;iejiHTb Ha Af nap (<7i,pi), 

(<72, Pi), ■ {qN, Pn), Ka>KAa5I H3 KOTOpHX COCTOHT 113 IieKOTOpOH 

KoopflHHaTH h cooTBeTCTByiomero KaHOHH^ecKH conpn>KeHHoro HM- 
nyjibca. Ka>KflaH napa Ha6jiiOflaeMbix KOMMyTHpyeT co BceMH Ha- 
fijiioaaeMbiMH H3 apyrnx nap. 

Ha6JiioflaeMbie aaHHoft napw, HanpHMep {quPi), MoryT pac- 
CMaTpHBaTbca Kan ocHOBHbie Ha6jiioflaeMbie oflHOMepHofl CHCTeMbi 
Toro ™na, KOTopbift Hsy^ajicfi b npe,nuiecTByiomeM naparpatpe. Mh 
y>Ke yMeeM CTpoHTb npocTpaHCTBo coctohhhh Si TaKoft CHCTeMbi: 
corjiacHO pe3yjibTaTaM § 6, <S- t o6pa30BaHo jiHHeihiOH cynepno3H- 
UHefi opTOHopMHpoBaHHbix KeT-BeKTopoB |</^, npn^eM HHfleKC q' i 
H3MeH5ieTC5i HenpepHBHO bo BceM HHTepBajie ( — oo, +00). 

IlpOCTpaHCTBO <S flHHaMHHeCKHX COCTOHHHH CHCTeMbi c N crene- 

H3MH CBo6oflbi nojiyqaeTCH KaK TeH3opHoe nponsBeaeHHe 
(cm. § VII. 6) OAHOMepHbix npocTpaHCTB <g\, <S<i, Sn. 

^=^1® (T 2 ® ... ® g s , 
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HHblMH CJIOBaMH, 3T0 npOCTpaHCTBO HaTHHVTO Ha KeT-BeKTOpbl 

W2 ••• ^>«K>K> ••• K>- (21) 

Ka>KaoH nape onepaiopoB ^, p ( npocTpaHCTBa <S t cooTBeTCTByeT 
BnojiHe onpeflejieHHan napa onepaTopoB qi, pi npocTpaHCTBa — npo- 
H3BeAeHHH <S . TaKHM o6pa30M, ajih npeACTaBJieHHH 2JV ochobhhx 
nepeMeHHtix mh nojiyqaeM 2JV Bnojme onpeAeJieHHbix onepaTopoB,. 
fleficTByiomnx b <ff. CorjiacHo npaBHjiaM TeH3opHoro yMHOJKemia 
KajKAOH HaSjiiOAaeMOH napnnajibHoro npocTpaHCTBa cooTBeTCTByer 
Ha6jiK>AaeMaH nojraoro npoerpaHCTBa, ABe Ha6jnoAaeMbie H3 pa3- 

JIOTHblX napUHaJIbHHX npOCTpaHCTB KOMMyTHpyiOT Me>KAy co6oh, 

ABe Ha6jiK)AaeMbie H3 oahoto napuHajibHoro npocTpaHCTBa If,- noA- 

HHHHIOTCH B <g TeM >Ke COOTHOUieHHHM KOMMyTaUHH, KOTOpbIM OHIt 

noAHHHHioTCH b & i. CneAcmaTejibHo, nocTpoeHHbie H3mh b <S one- 
paTopu q\, . . ., q N ; p\, p N hb^hiotcji HafijiioAaeMbiMH n noA^n- 

HHIOTCa KOMMyTanHOHHbIM COOTHOUieHHHM (6) H (7). 

MHOJKecTBO BeKTopoB | q' v q' N }, nojiynaiomeecH npn H3Me- 
HeHHH Ka^KAoro co6cTBeHHoro 3HaqeHHH q\, q' N b HHTepBajie 
( — oo.-foo), o6pa3yeT 6a3ncHyro cHCTeiny b e? h onpeAejineT HeKO- 
Topoe npeACTaBJieHne, a hmchho npeACTaBJieHne {q}. noJie3Ho bh- 
nncaTb b hbhom BHAe MaTpmiHbie s;ieMeHTbi q h p b stom npeA- 
CTaBJieHHH. Jinn s-Toro Hcncwib3yeM coKpameHHbie oSosHaieHHH: 

\q')^\q\q' 2 ... q' N ), (22) 
6 W - Q") ft 6 - q'[) - 6 (q[ - q'() 6 - . . . 

••• Z^n-In)' (23) 
-^r [5 (<?' - <?")] - 6' (q' n - <) JJ 6 (q[ - <). (24) 

Chmboji H o6o3HaHaeT npoH3BeAeHne JV — 1 coMHOJKHTejiefi, hc- 

l n 

KJIIOHafl MHOJKHTejIb C HHAeKCOM H. 

OpHMeHHH cooTHomeHHH (17), (18) h (20) H3 § 6, ncwiyiHM no- 

C^eAOBaTeJIbHO: yCJIOBHH OpTOHOpMHpOBaHHOCTH 

W I q ,r ) = n (q' t I q'l) = ?>(q'- q")\ (25) 
MaTpnuHHe 3JieM'eHTbi (AnaroHajibHbie) KoopAHHaT 



<<?' I q n I <?"> = (q' n \ q n \ Q T[ {q\ \ q'[) = # iff - q") (26) 



§ 8. OnEPATOP 3BOJIIOUHH H yPABHEHHE IUPEflHHrEPA 
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h MaTpH^Hbie sJieMeHTH (HeAHaroHajibHue) HMnyjibcoB 

W\Pj<l") = (ci'n\PnK) II Mtf)- 

( re 

==76'K-<) II H^-?r) = 7^ 6 ^-<7"). (27) 

BbinOJIHeHHe KOMMyTaiI.HOHHbIX COOTHOUieHHH (6) H (7) HeTpyflHO 
npOBepHTb, nOJIb3yHCb npHBeAeHHblMH 3fleCb HBHblMH BbipajKeHHHMH 

sjieMeHTOB MaTpnu,, npeACTaBjinioniHX q h p. 

JlioSaa AHHaMHHecKan nepeMeHHan CHCTeMH HBjineTCH (pyHK- 
UHeft q h p, nosTowty efl cooTBeTCTByeT HeKOTOpbift onepaTop, 
Bnojme onpeflejieHHHH b npocrpaHCTBe 8 . CjieAyeT, kohmho, y6e- 
AHTbCH b tom, tto 3TOT onepaTop HBjiHeTCH Ha6;iioAaeMOH. 0;maKO 
corjiacHO caejiaHHOMy Bbiuie 3aMeiaHHio stot nyHKT b KBaHTOBOH 
TeopHH o6bmHo npHHHMaioT 6e3 o6cy>KAeHHH. 

MeTOfl nocTpoeHHH npocTpaHCTBa coctohhhh CHCTeMbi nyreM 
TeH3opHoro yMHo>KeHHH 6oJiee npocTbix npocTpaHCTB HMeeT caMoe 
mnpoKoe npHMeHeHne. Ha npaKTHKe AHHaMH^ecKHe nepeMeHHbie 
CHCTeMbi Bceraa mojkho npejcTaBHTb b BHAe <pvhkuhh ot hckoto- 
poro HHCJia «ochobhhx» nepeMeHHbix, a sth nepeMeHHbie qaero 

MO>KHO KJiaCCH^HUHpOBaTb no OTAeJIbHbIM nOAMHOJKeCTBaM, T3K MTO 

nepeMeHHaa, npHHaAJiexamaH OAHOMy noAMHOKecTBy, coBMecTHa 
co BceMH nepeMeHHHMH Apyrnx noAMHOxecTB. Flpejxnojio- 
jkhm, HanpHMep, ito HaM y^aJiocb pa3Ae;iHTb «ocHOBHbie» nepe- 
MeHHbie Ha flBa noflMHO^cecTBa (Ai,B\,...) h (A 2 , B 2 , ...) h nro 
KaxRan nepeMeHHaa (1) coBMecTHa c Ka>KAOH nepeMeHHofl (2). 
Ka>Kfloe noflMHOJKecTBO caMO no ce6e onpeAeJineT napunajibHyio 

CHCTeMy, npOCTpaHCTBO COCTOHHHH KOTOpOH Mbl yMeeM CTpOHTb. 

JlycTb &\ h <Si cyTb npocTpaHCTBa coctohhhh, OTHOCHiuHeca k nap- 
ilHajibHbiM CHCTeMaM (1) h (2). TorAa o^eBHAHO, »ito npocTpan- 

CTBO COCTOHHHH <S nOJIHOH CHCTeMbi eCTb TeH30pH0e npoH3BeAeHne 

AByx napnHajibHbix npocTpaHCTB 

(B = <§ \ ® 

PasaeJiII. yPABHEHHfl flBH>KEHH5! 

§ 8. OnepaTop sbojiiouhh h ypaBHeHne UIpeAHHrepa 

Mh xopoiiio 3HaeM, ito Ha MHKpocKonnqecKOM ypoBHe Hejib3H 
qeTKO OTAejiHTb $H3HHecKyio CHCTeMy ot H3MepHTejibHoro anna- 
paTa, noaTOMy sbojikdiwh kb3htoboh CHCTeMbi, noABeprHyToii He- 
KOTopoMy H3MepeHHio, nepecTaeT 6biTb Kay3a;ibH0H. HanporaB, 

3B0JH0HHH CHCTeMH, H30JIHpOBaHHOH OT BC5IKHX BHeUIHHX B03Ae&- 

ctbhh, MOJKeT 6biTb tomho npeACKa3aHa. riycTb |i|>(?o)) — KeT-BeK~ 



302 



TJL VIII. OIIHCAHHE "SHSHHECKHX flBJIEHHfl 



TOp, npeACTaBJIHIOIIIHH AHHaMHHeCKOe COCTOHHHe CHCTeMbI B MO- 

MeHT BpeiweHH U, TorAa KeT-BeKTop |i|3(^)>, npeACTSBJiniomHH co- 
CTOHHHe b HeKOTopbiH noa/ieAyiomHH MOMeHT t, BnojiHe onpe/ie- 
juieTCH 3a^aHHeM |i|j(^o)>, ecrra, hto mh h 6yn,eM npeAnojiaraTb 
b AaJibHeHuieM, CHcreMa He noABepraeTCH H3MepeHHio b npoMe>Ky- 
tok BpeMeHH {to,t). B flaHHOM naparpatpe mh H3yHHM s-tot <pyH- 

AaMeHTaJIbHblft 33KOH 3BOJIIOHHH CHCTeMbI. 

B nepByio oiepeflb nocTyjinpyeM, ito AUHeunan cynepno3ui{UH 
coctohhhh coxpaHHeTCH bo BpeMeHH. OTCioAa cjieayeT, hto coot- 
BeTCTBHe Me>KAy |^(^o)> h |^(/)> HBJiHeTCH JiHHeHHbiM h onpeAe- 

.15ieT HeKOTOpblft JIHHeHHblH OnepaTOp U(t, to), KOTOpblft Ha3HBaeTCH 

oneparopoM aeoAioquu 

\^(t)) = U(t,t 0 )\^(to)). (28) 
Ecjih cHCTeMa KOHcepeaTuena, t. e. ee SHeprHH, npeACTSBjiHe- 

M3H raMHJIbT0HH3H0M H, HBHO He 33BHCHT OT BpeMeHH, TO OnepaTOp 
U (t, t Q ) MO>KHO H3HTH, eCJIH nOTpefiOBaTb, HT06bI ABHJKeHHe CHCTeMbI 

c sHeprHeft E 6hjio nepnoAH^ecKHM h hto6h cooTBeTCTByiomaH 
(KpyroBaa) qacTOTa co Bbipaxcajiacb 33Kohom SfiHuiTeHHa 

E = h<o. (29) 

flefiCTBHTeJIbHO, nOCKOAbKy np0CTp3HCTB0 & H3THHyT0 Ha co6- 

CTBeHiibie BeKTOpH H, flJiH onpeAe^eHHH onepaTopa U aoctstotho 
3HaTb ero AeftcTBHe Ha ksjkahh H3 3-thx BeKTopoB. IlycTb \ue{to)y 

eCTb C06CTBeHHblft BeKTOp H, COOTBeTCTByiOmHH SHepTHH E 

H\u E (t 0 )) = E\u E (t 0 )). (30) 

B corjiacHH c 33kohom SftHHiTefiHa noeryjiHpyeM, ito s-bojuohhh 
BeKTop 3 bo BpeMeHH onpeAeJiaeTCH cpopMyjiofi 

| u E (t)) = e- 1 * I u E (t 0 )) = e~* E (t ~ h) | u E (t 0 )) 

HJIH, yHHTbIB3H ypaBHeHHe (30), 

\u E {t)) = e~^" {t ~ U) \u E {to)). 

CjieAOBaTejibHO, 

i/(/^ o) = e -T w (^ > (31) 

jQ,H(p(pepeHii,HpyH 6 ) o6e iscth 3Toro ypaBHeHHH no t, nojiy^aeM 



6 ) npoH3BOflHaa onepaTopa X(t), 3aBHC«mero ot HenpephiBHo h3M6hhk)IU6- 
roca napaMeTpa t, onpeaejiHeTCH nono6no npoH3BOAHoa oSuihoh tpymaiHH: 

— — = Mm — 1 (cm. 3a,iawy 3). 

dt e ^.o 8 1 



§ 8. OnEPATOP 3BOJIIOUHH H YPABHEHHE UIPEflHHrEPA 
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AH<p(pepeHUHajibHoe ypaBHeHHe 

ih-ftUd, t 0 )=HU(t,t 0 ), (32) 

npn 3tom U{t,to) ecTb pemeHHe 3Toro ypaBHeHHH, yaoBJieTBOpHio- 
mee Ha^ajibHOMy ycnoBHio 

U(t 0 , * 0 )=1. (33) 

06o6man 3T0T pe3yjibTaT, npHHHMaeM, mto onepaTop U{t,U) 
yflOBJieTBOpneT ypaBHeHHio (32) h HaiaJibHOMy ycJioBHio (33) 
Aa>Ke, Koraa KBaHTOBan CHCTeMa He HBJiaeTCH KOHcepBaTHBHofi. 
B noc^eAHeM cnyiae onepaTop H hbho 3aBHCHT ot BpeMeHH, 
noaTOMy, pa3yMeeTca, cooTHOiueHHe (29) TepneT bchkhh cmhcji 
h onepaTop U 6ojiee He BbipajKaeTCH (popMyjiofl (31). 

Otmcthm, ito U MOJKeT 6biTb onpeAejieH TaKxe HHTerpajibHbiM 
ypaBHeHHeM 

t 

U (t, t 0 ) = 1 - -g- J HU (/', t 0 ) dt'. (34) 
u 

ypaBHeHHH (32) — (33) hjih HHTerpajibHoe ypaBHeHHe (34) 

BblpajKaiOT (pyHflaMeHTaJIbHHH 3aKOH 3B0JII0HHH KB3HT0B0H CH- 

cxeMbi. SKBHBaJieHTHHM BbipaxeHHeM 3Toro 3aK0Ha HBJineTCH ypas- 
nenue Ulpedumepa hjih AHtpipepeHUHajibHoe ypaBHeHHe sbojiiohhh 
AHHaMHMecKHX coctohhhh cHCTeMbi. 3to ypaBHeHHe mojkho nojiy- 
HHTb, ^H(p(j)epeHHHpyH no^JieHHO ypaBHeHHe (28) 

h noACTaBJiHH BMecTO -jjU(t, t 0 ) BHpa^eHHe (32). HaxoAHM 

«-£l*(0>=#l*(0>. (35) 

Mto6h HopMa BeKTopa |i|>(0> ocTaBajiacb hoctohhhoh bo Bpe- 
MeHH Heo6xoAHMO h flOCTaToqHO, hto6h onepaTop H 6hji spMHTO- 
bhm; 9to JierKO noKa3aTb, hcxoah h3 ypaBHeHHH LLIpeflHHrepa. 3p- 
MHTOBOCTb raMHJibTOHHaHa, ecTecTBeHHo, BcerAa npeanojiaraeica. 

3aMeTHM, ito nocKOJibKy H spmhtob, onepaTop U (t, to) ynura- 
pen. KorAa H He 38bhcht ot BpeMeHH, sto HenocpeACTBeHHo a/ie- 
flyeT H3 Bbipa>KeHHH (31). Ho «a)Ke ecjiH H hbho 33bhcht ot Bpe- 
MeHH, HMeeM corjiacHo ypaBHeHHio LUpeaHHrepa 

|iM/ + dO> = (l - {Hdt)\^{t)). 

IlocKOJibKy H — spMHTOB onepaTop, onepaTop 

U (t + dt, t) =; 1 - ~ H dt 
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TJl. VIII. OriHCAHHE <t>H3HUECKHX HBJIEHHFI 



HBJIHeTCH HH(J)HHHTe3HMaJIbHbIM yHHTapHbIM OnepaTOpOM (CM. 

§ VII. 22): nepexoA ot KeT-Beicropa b momcht BpeMeHH t k KeT- 
BeKTopy b MOMeHT BpeMeHH t-\- dt ocymecTBJineTCH c noMombio hh- 
<pHHHTe3HM3i/ibHoro yHHTapHoro npeo6pa30BaHHH. ripeo6pa30BaHHe 
U(t,t 0 ), nepeBOAHmee |i|>(/o)> b |tf(0>, edb, crceAOBSTejibHo, no- 
c^e^OBaTeJibHocTb HH<pHHHTe3HMajibHbix yHHTapHbix npeo6pa30Ba- 
hhh; Tor^a U(i,t 0 ), KaK npoH3BeAeHHe HH(pHHHTe3HMa^bHbix yHH- 
TapHbix onepaTopoB, HBJineTCH yHHTapHHM onepaiopoM. 

§ 9. «IlpeACTaBjieHHe» LUpeAHHrepa 

Bmboa ypaBHeHHH IIIpeAHHrepa 3aBepuiaeT H3jio>KeHHe oSmeft 

CXeMU OnHCaHHH KBaHTOBblX HBJieHHH, KOTOpyK) Mbl npHBC/IH B 

3toh rjiaBe. Pe3K)MHpyeM 3Ty cxeMy cneAyiomHM o6pa30M. 
1°. OnpedeAeuue dunaMmecKux coctohhuu 

^HHaMHHeCKOe COCTOHHHe KB3HT0B0H CHCTeMbI OnpeAeJIHeTCH 

saaaHHeM to^hhx 3HaHeHHft AHHaMHnecKHX nepeMeHHbix, bxoah-- 
mux b nojiHbift Ha6op coBMecTHbix nepeMeHHbix. OcymecTBJiHH 
OAHOBpeMeHHoe H3MepeHHe nepeMeHHbix nojmoro Ha6opa, mh oa- 
H03HaHHo onpeAejuieM coctohhhc chctcmh b MOMeHT t, KorAa npo- 

H3BOAHTCH H3MepeHHC 

2°. OnpedeAeuue npocTpaucrea coctohhuU 

K.a>KAoe cocTOHHHe MoxeT 6biTb npeACT3BJieH0 (npHHunn cy- 

Hepn03HUHH) KeT-BeKTOpOM |%> (HOpMHpOBaHHbIM Ha eAHHHny 
H OnpeAejIHeMHM C TOHHOCTbK) AO <p330B0IT> MHOJKHTeJIH) HeKOTO- 

poro BeicropHoro npocxpaHCTBa <$. KsjKAan AHHaMH^ecKaa nepe- 
MeHHaH npeACTaBJineTCH Ha6jiK)AaeM0H H3 SToro npocTpaHCTBa; co- 
ctohhhhmh, b KOTopbix ahhsmhiccksh nepeMeHHan HMeeT onpeAe- 

JieHHbie 3H3HeHHH, HBJIHIOTCH COCTOHHHH, npeACTaBJIHeMbie co6- 

CTBeH-HHMH BeKTOpaMH SToft HaoVnoAaeMofi, npnqeM 3HaneHHH 

AHHaMH^eCKOH nepeMeHHOH paBHbl COSCTBeHHbIM SHaqeHHHM HaSjIK)- 
AaeMOH, COOTBeTCTByK)UI,HM yKa3aHHbIM COScTBeHHbIM BeKTOpaM. 

Ha6jiK)AaeMbie yAOBjieTBopniOT oahopoahmm ajire6paHHecKHM coot- 

HOUieHHHM, KOTOpbie MOJKHO yCT3H0BHTb, HCXOAH H3 COOTHOHieHHH 

KOMMyTanHH. CoBMecrabie nepeMeHHbie npeACTaBJiniOTCH KOMMyTH-i 

pyiOIUHMH H36jIK)AaeMbIMH. 

3°. OnpedeAeuue eepoxTHOCTeu 

Ecjih npoH3Becra OAHOBpeMeHHoe H3MepeHHe noJiHoro Ha6opa 
coBMecTHbix AHHaMH^ecKHX nepeMeHHbix kbshtoboh chctcmh, to 

BepOHTHOCTb H3HTH CHCTeMy B COCTOHHHH |%>, T. e. H3HTH Te 3H3- 
*ieHHH AHH3MHHeCKHX nepeMeHHbix, KOTOpbie COOTBeTCTByiOT COCTOH- 

hhio |%>, p3BH3 KBaApaTy a6cojiiOTHoro 3H3MeHHH cK3Ji»pHoro npo- 
n3BeAeHHH BeKTops I'll?) (HopMnpoBaHHoro Ha eAHHHny) , npeACTaB- 

JIHIOinerO AHH3MHHeCKOe COCTOHHHe CHCTeMbI B MOMeHT H3MepeHHH, 

na BeKTop |x>, t. e. |<x|i|>>| 2 . B 6oJiee o6meM cjiy^ae BeponraocTb 



§ 9. «nPEACTABJIEHHE» IIIPEAHHTEPA 
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HaHTH CHCTeMy b noAnpocTpaHCTBe <8 d (t. e. HafiTH CHCTeMy b oa- 
hom H3 coctohhhh sToro noAnpocrp aHCTBa ) paBHa cpe^HeMy 3Ha- 
qeHHio onepaTopa npoeKTHpOBaHHH Ha sto noAnpoerpaHCTBO Pd, 

HMCHHO 

{P D ) = (^\P D \^). 

4°. ypaenenue aeoAfoquu 

B OTCyTCTBHe BCHKHX BHeiUHHX B03ACHCTBHH flMHaMH^eCKOe CO- 
CTOHHHe CHCTeMH 3B0JIK)II.H0HHpyeT BO BpeMeHH CTpOrO npHHHHHHM 

o6pa30M. BeKTop |^(0>> npeacTaBJiHiomHH sto cocTOHHHe b npo- 
CTpaHCTBe <§ , HenpepbiBHO H3MeHHeTca, noA^HHHHCb ypaBHeHHio 
IIIpeAHHrepa (35). flpyrHMH crcoBaMH, nepexoA ot coctohhhh 

|l))(/o)> K COCTOHHHK) |^(0> OCymeCTBJIHeTCH C nOMOlUbK) yHHTap- 

Horo npeo6pa30BaHHH (28), r^e U{t,t 0 ) edb yHHTapHbift onepa- 
Top, onpeAoineMbiH ypaBHeHHHMH (32) h (33). 

3Haa AHHaMHqecKoe cocTOHHHe |i|)> CHCTeMH b HanajibHbiH mo- 
MeHT BpeMeHH to, mh MO>KeM npeACKa3aTb cTaracTHMecKoe pacnpe- 
AeJieHHe pe3y;ibTaTOB juo6hx H3MepeHHH CHCTeMH b jik)6oh mo- 

MeHT BpeMeHH t{, CAeAyK)IU,HH 3a to. AeHCTBHTeJIbHO, AHHaMH^eCKOe 
COCTOHHHe CHCTeMbI B MOMeHT HaiaJia H3MepeHHH eCTb 

\$(ti)) = U(t u t 0 )\^{t 0 )) 
h, cjieAOBaTeJibHO, BeponTHOCTb HafiTH CHCTeMy b HanepeA 3aAaH- 

MOM COCTOHHHH |x> paBHa 

l<xH>('i)>l 2 = K*lt/(*i. 'o)l*>l 2 . (36) 

B npHHHTOH BblUie CXeMe OnHCaHHH HBJieHHH COCTOHHHe (pH3H- 

qecKoft CHCTeMH npeACTaBjiaeTCH H3MeHHiom.HMCH bo BpeMeHH KeT- 
BeKTOpOM |^(0)- HanpoTHB, cpH3HqecKHe BejiHHHHbi, no KpafiHefi 
Mepe Te H3 hhx, KOTopbie He 33bhcht hbho ot BpeMeHH, npeACTaB- 

JIHIOTCH (pHKCHpOB3HHbIMH Ha6jIK>AaeMHMH npOCTpaHCTBa 8. AHa- 
JIOnHHO, CoScTBeHHbie BeKTOpbl Ha6jIK)AaeMbIX HBJIHIOTCH (pHKCH- 
pOB3HHbIMH BeKTOpaMH npOCTpaHCTBa <g- HMeHHO TaKOBH BeKTOpbl 

lx>. K> B Bbipa«ieHHH (36). 3tot cnoco6 onncaHHH KBaHTOBbix 
5iBJieHHH o6bmHO Ha3HBaeTCH «npedcTCi8AeHueM» 7 ) III pedumepa. 



7 ) He cjieayeT CMeniHBaTb sto «npe,a.cTaB.!ieHne» c noHHTHeM npeACTaBJieHHH 
BeKTopoB h oneparopoB BeKTopHoro npOCTpaHCTBa MaTpimaMH. «npeACTaBJieHHe», 
o kotopom HfleT penb, ecTb npe^CTaBJieHHe ABHxeHHH KBaHTOBOft CHCTeMH. Hto6h 
HCKJiiOTHTb Heflopa3yMeHHH, aneAOBaJio 6bi roBopHTb o «cnoco6e oiracaHHs* IHpe- 
flHHrepa. K coma^eHHio, HcropHMecKH yTBepAHJica TepMHH «npeACTaBJieHHe». Mh 
<5yAeM CTaBHTb ero b KaBbiiKH bchkhh pa3, Koraa oh 6yAeT ynoTpe6jiHTbCH b 
AaHHOM CMbicjie. Pa3JiHHHe, KOTopoe MH AOJUKHH AeJiaTb 3AeCb, aHajlOriMHO 
:pa3JiHMHio MeacAy yHHTapHHMH npeo6pa30BHHHHMH MaTpnu h ymiTapHHMH npe- 
«6pa30BaHHHMH BeKTopoB h onepaTopoB (cm. rn. VII, pa3AeJi III). 
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TJl. VIII. OnHCAHHE <t>H3H1ECKHX HBJIEHHFT 



§ 10. *npeflCTaBJieHne» refl3eH6epra 

Ecjih npoH3Bec™ yHHTapHoe npeo6pa30BaHHe KeT-BeKTOpOB 
h HafijiiOAaeMHx «npe^CTaBJieHHH» Ulpe/umrepa h npniiHcaTb npe* 

o6pa30B3HHHM BeJIH^HHaM TOT }Ke <pH3HHeCKHH CMHCJI, HTO H paHee, 
TO MM nOJiyTOM HeKOTOpblH HOBblH CnOC06 OnHCaHHH HBJieHHH, 

CTporo 3-KBHBajieHTHbift nepBOHanajibHOMy. flpH TaKOM npeo6pa3o- 
BanHH HafijiioAaeMbie npeo6pa3yiOTCH b Ha6jiK>AaeMbie, o6jiaAaio- 

IJUHe TeM }Ke CneKTpOM COfiCTBeHHblX 3HaHeHHH, C06CTBeHHbie BeK- 

Topbi nepexoflHT b co6ctb6hhhc BeKTopbi, ajire6paHqecKHe cootho- 
meHHH, cooTHomeHHH conpameHHH h cKa-napHbie npoH3Be,aeHH5i 

COXpaHHK)TCH. FIOCKOJIbKy H3MepHeMbIMH B6JIHHHH3MH HBJIHIOTCH 

TOJibKo MoayjiH cKajinpHbix npoH3Be,neHHH (cm. ypaBHeHHe (30)), 
oneBHAHO, mto Bee npeACKa3aHHH Ha ocHOBe hobhx BejiHiHH 
TomAecTBeHHbi npeacKa3aHHHM, cuejiaHHbiM Ha ocHOBe cTapbix. 

B lacTHOM cnynae mo>kho onpeaejiHTb «npedcTaeAeHue» reu- 
3en6epza, npoH3BOAH yHHTapHoe npeo6pa30BaHHe, 3aBHCHiu.ee ot 
BpeMeHH h ocymecTBJiHeMoe onepaTopoM U^(t,t 0 ). By^eM 060- 
3HaqaTb CTapbie BejiHHHHbi hhackcom S, a HOBbie — hhackcom H, 
KeT-BeKTop 

I $s (0) = U (/, * 0 ) I * s ('<>)>, 

npeflCTaBJIHIOIUHH AHHaMH^eCKOe COCTOHHHe CHCTeMbI B MOMeHT 

BpeMeHH t, npeo6pa3yeTCH b «HenoABH>KHbiH» KeT-BeKTop 

| = U f (t, t 0 ) | o|> 5 (/)) = | o|> s (/ 0 )>. (37) 

HanpoTHB, HaSjiroaaeMaH As «npeACTaBJieHHH» UIpe^HHrepa npe- 
o6pa3yeTCH b 

A H (t) = U*(t,t 0 )A s U(t,t 0 ). (38) 

Mbi bhahm, hto name ec/iH As He 3aBHceJia abho ot BpeMeHH, 
HafijuoAaeMaa A H HenpepbiBHO H3MeHHeTca. Ecjih Hcnojib30BaTb 
AHcptpepeHUHajibHoe ypaBHeHHe (32) h apMHTOBO conpa>KeHHoe 
ypaBHeHHe, mo>kho nyTeM nonjieHHoro AHCpcpepeHUHpoBaHHH (38i 
nojiywTb 

ih -^f- = - U*HA S U + ihU* -^f- U + U^AgHU = 

dA 

= U*[A S , H]U + ihU*-gf-U. (39) 

B 3tom ypaBHeHHH H ecTb raMHJibTOHHaH b «npeacTaBjieHHH» LUpe- 
AHHrepa. Bboa3 raMHJibTOHHaH «npeACTaBJieHHH» reft3eH6epra 

H H = U^HU, 

HaXOAHM 

U f [A s , H]U = [A H , H H \. 



§ 10. «nPEflCTABJlEHHE» rEH3EHEEPrA 
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Ha6jiK)AaeMaH A s — HeKOTOpan (pyHKHHH ochobhhx Ha6jiK>Aae- 
Mbix «npeflCTaBJieHHH» IIlpeAHHrepa — mojkct h hbho 3aBHceTb or 
BpeMeHH; BTOpoft nneu b npaBofi Mac™ (39) y^HTbiBaeT sto 06- 
CTOHTejibCTBO. Ha6jiioAaeMaH dAsldt ecTb Taione HeKOTopan (pyHK- 
HHH Ha6jiioflaeMbix «npeACTaBJieHHH» IIlpeAHHrepa. Ecjih o6o3Ha- 
HHTb c noMombio dA H fdt (pyHKUHio, noJiynaeMyro H3 npeAuiecTByro- 
ineft nyTeM 3aisieHbi Bcex Ha6jiiOAaeMbix Ha cooTBeTCTByrouiHe Ha- 
6jiroaaeMbie «npejjcTaBJieHHH» reifoeHSepra, to nojiy^HM 



dt dt 
riosTOMy ypaBHeHHe (39) 3anncbiBaeTCH b (})opMe 

ih -^-=[A H , H H ] + ih-^-. (40) 

3to ypaBHeHHe h3bcctho KaK ypaenenue reu3en6epaa. 

B 3aKJiroMeHHe mo>kho CAeJiaTb bhboa, hto «npeACTaBJieHHe» 
refi3eH6epra nojiynaeTCH nyTeM npHAaHHH npocTpaHCTBy BeKTopoB 
«npeacTaBJieHHH» IIlpeAHHrepa HeKOToporo o6m,ero ABH>KeHHH, Bb:- 
6HpaeMoro t3khm o6pa30M, MTo6bi AHHaMH^ecKoe coctohhhc kb3h- 

TOBOH CHCTeMbI 6bLflO npeflCTaBJieHO HenOABHJKHbIM KCT-BeKTOpOM 

|i|3w). XIpyrHMH cJiOBaMH, bchkuu nenodeuoKHMU Ker-eetcTop 
«npedcTd6AeHun» reu3en6epea onucbieaer 803M.odKH.oe deuoKenue 

K80.HT060U CUCTeMbl. B tlpOTUBOnOAOOtCHOCTb 3TOMI) pCL3AUHHbie CpU- 

3mecKue eeAUHUHu npedcrasAHtoTCH Ha6AtodaeMbiMU, u3Mennio- 
muMucH so epeuenu cozaclcho 3aKony (38) uau, hto to owe cajuoe, 
cozaclcho ypaeueHuto reu3eu6epza (40) c uanaAbUbiM ycAoeueM 
A H (t 0 ) = A s (t 0 ). 

YpaBHeHHH (38) h (40) npHMeHHMbi, pa3yMeeTca, k jijo6oh 
(pyHKUHH Ha6jiK)flaeMbix «npeACTaBJieHHH» reft3en6epra h, b wacT- 
hocth, k Bbipa>KeHHio e l ^ Aff hjih onepaTopy npoeKTHpoBaHH.q P i o ) 
Ha noflnpocTpaHCTBO co6cTBeHHbix BeKTopoB, npHHaflJie>KauxHX coo- 
CTseHHbiM 3HaHeHHHM b HeKOTOpofi o6jiacTH D cneKTpa A H . 

TOMHO TaK >Ke, KeT-BeKTOp \%h), npeACTaBJlHKHHHH TOHHOe 3a- 

AaHne Ha6opa coBMecTHbix nepeMeHHbix, Boo6me roBopa, 3aBiiCHT 
ot BpeMeHH h nojiyiaeTCH H3 CBoero aHajiora |%s) «npeACTaBJieHHH» 
IIlpeAHHrepa c noMombio (popMyjibi 

\X H (t)) = U*{t, t 0 )\ Xs ). (41) 

ripeAnOJIO>KHM, TO ABH>KeHHe KB3HT0B0H CHCTeMbI npeACTaB- 

JiaeTca, Ha^HHan c MOMeHTa BpeMeHH t 0 , HenoABH>KHbiM KeT-BeKTO- 
poM |\|)//>. TorAa BepoaTHOCTb Haft™ ee b coctohhhh |xh> b pe- 
3yjibTaTe H3MepeHHH, npoH3BOAHMoro b noc.JieAyK>in,Hft momcht Bpe- 
MeHH t\, eCTb 

\(% H (h)\$ H )\ 2 . 
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3Ta Be^H^HHa paBHa tok, KOTopaa nojiynaeTCH c noMombio coot- 
BeTCTByiomHX kct-bsktopob «npeACTaBJieHHH» IUpeAHHrepa (ypaB- 
neHHe (36)), h6o cKajinpHoe npoH3BeaeHHe HHBapnaHTHO othoch- 
TejibHo yHHTapHoro npeo6pa30BaHHH U^(ti,t 0 ). 

§11. « IlpeflCTaBjieHHe» reifoeHSepra 

H npHHU,Hn COOTBCTCTBHH 

KaK mh BHfleJiH, «npeiicTaBJieHHH» IUpeAHHrepa h reft3eH6epra 
CTporo aKBHBajieHTHbi. Ha npaKTHKe ^ame Hcnojib3yeTCH «npea- 
cT3BJieHHe» IlIpeAHHrepa, TaK KaK oho 6onee yAo6no ajih bhmhc- 
jieHHft. PeineHHe ypaBHeHHH IlIpeAHHrepa, t. e. ypaBHeHHH jinn BeK- 
TopOB, a priori aoji>kho 6biTb npome pemeHHH ypaBHeHHH refl3en- 
6epra, KOTopoe hbjihctch onepaTopHHM ypaBHeHHeM. Oahsko 
neKOTopbie CBoftcTBa KBaHTOBbix cHCTeM HanSojiee oTqeTjiHBO npo- 
hbjihiotch b «npeACTaBJieHHH» reH3eH6epra. 

OcoSeHHo npi<o npoHBJineTCH b «npeACTaBJieHHH» refl3eH6epra 
(popMajibHaH aHajiorHH Me>KAy KJiaccH^ecKOH h kb3htoboh Teo- 

PHHMH. EIoAoShO ABHJKeHHIO KJiaCCHHeCKOH CHCTeMU ABH>KeHHe 

KBaHTOBofl CHCTeMbi b «npeACTaBJieHHH» refi3eH6epra onHCbmaeTCH 

3aBHCHMOCTbK> OT BpeMeHH XapaKTepH3yK>mHX CHCTeMy AHHaMH^e- 

ckhx nepeMeHHbix. 

PaccMOTpHM noaTOMy KBaHTOByio CHCTeMy, o6ji3Aaiomyio KJiac- 

CHHeCKHM aHajIOTOM, H CpaBHHM OnHCaHHe ABH>KeHHH AByx CHCTeMy 
Ka>KAOH (pH3HHeCK0H BeJIHHHHe KJiaCCHHeCKOH CHCTeMH COOTBeT- 
CTByeT (pH3HMeCKaH BeJIHHHHa KB3HT0B0H CHCTeMbi. EAHHCTBeHH06 

pa3jianae coctoht b tom, ito fymmecKne BejinraHH KJiaccnqecKOH 
CHCTeMH noAHHHHioTca npaBHJiaM o6biqHoft ajire6pbi, b to BpeMH 
KaK hx KBSHTOBbie aHajiorn npeACTaBJinioT coSoft onepaTOpbi h noA- 

MHHHIOTCH 33K0H3M HeK0MMyT3THBH0H a./ire6pbl. Ho B Tex CJiyMSHX,, 
KOrAa MOJKHO OTOJKAeCTBHTb BbIp3>KeHHH HeK0MMyT3THBH0H aJI- 

reSpbi c BHpajKeHHHMH o6bmHOH ajireSpbi, ypaBHeHHH abhjkchhh 

KBaHTOBblX BeJIH^HH COBnaAaiOT C ypaBHeHHHMH AJIH HX KJISCCHMe- 

ckhx 3Ha/ioroB. fleflcTBHTejibHO, ypaBHeHHH TeH3eH6epra a.ah ne- 
peMeHHbix q u . . . , q N h pi, . . . , p N MoryT 6biTb 3anHC3HH b (popMe- 

dq, 1 r dH dp, 1 r „, dH 

2, .... JV). 

riDH BHBOAe 3THX ypaBHeHHH yqHTHBajIHCb OCHOBHbie KOMMyTa- 
IIHOHHbie COOTHOHieHHH MOKAy q H p H CB0HCTB3 (V. 67) H (V. 68) r 

KOTopbie H3 hhx cjieAyioT. Chctcms ypaBHeHHH (I) (popMajibHa 
HAeHTHHHa KaHOHHuecKofl cHCTeMe ypaBHeHHH TaMnjibTOHa KJiac- 
CHHeCKOH MexaHHKH. 



§ 12. HHTETPAJIbl 
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BcHKaa KJiacCHqecKaa AHHaiuHqecKas nepeMeHHaH i4 M = i4(9i qy, 

Ph .... Pw; t) noAiHHaeTca ypaBHeHHK) /ibhjkchhji 

-^f=M KJI> H KJI )+-^, (42) 
rae {/4 K ji, //kji} o6o3HaiaeT tsk Ha3bmaeMbie cko6kh FlyaccoHa 

1 ' ] = L\d qi d Pi d P{ dqj- 

Mh bhahm, ito KJiaccnqecKoe ypaBHeHHe (42) coBnaaaeT c ypaBHeimeM reiteeH- 
6epra, ecjiH mohcho otoscaectbhtb cko6kh FlyaccoHa {A, H) c KOMMyTaTopoM 

[Ah, H H ]/ih- Fl0^b3yaCb OCHOBHMMH KOMMyTaUHOHHHMH COOTJIOIII6HH5IMH H cxoa- 

ctbom npaBHJi ajire6pbi KOMMyTaTopOB h aJireQpu cko6ok nyacccma, mojkho Aeft- 

CTBHTeJIbHO nOKa3aTb HfleHTIMHOCTb 3THX AByX BbipaHCeHHH, Bbl6HpaSI COOTBeTCT- 

ByiomHM o6pa30M nopnflOK q h p b hbhom BbipaxeHHH cko6ok FlyaccoHa. 



§ 12. HHTerpaJibi abhjkchhh 

rioHHTHe nocTOHHHOH hjih HHTerpajia ABH^eHHH HaH6ojiee hcho 
h npo3paqHO hmchho b «npeACTaBJieHHH» TeH3eH6epra. ^HHaMHHe- 
CKan nepeMeHHaH, He 3aeucnu^aK neno ot epemenu, HBJineTCH no- 

CTOHHHOH ABHJKeHHH, eCJIH COOTBeTCTByiOIItaH Ha6jIK)A£ieMaH C>/ 

b «npeflCTaBJieHHH» reft3eH6epra odaeTCH iioctohhhoh bo Bpe- 
MeHH. BcjieACTBHe 3Toro ee cncTeMa coScTBeHHbix BeKTopoB oc- 
TaeTCH HenoflBHJKHoft, TaK qTo cTaTHCTHHecKoe pacnpe^eJieHHe pe- 

3yjIbTaTOB Ha6jIK)AGHHH 9T0H BeJIHMHHbl npH BCeX yCJIOBHHX He 3a- 
bhcht ot BpeiweHH ocymecTBJieHHH H3MepeHHH. 

Cjie^yn STOMy onpeAejieHHio iioctohhhoh ABH^eHHH, mojkcm 
HanncaTb 

ih-^C H = [C H , H H } = 0. 

TaKHM o6pa30M, nocTOHHHbie ABH>KeHHH npeacTaBJiaioTCH na6Ato- 
daeMMMU, KOTopbie KOMMympytor c zaMUAbTOHuanoM. 3tot pe3yjib- 
TaT, Bnpo^eM, paBHHM o6pa30M cnpaBeAJiHB h b «npeACTaBJieHHH» 

IIIpeAHHrepa, TaK KaK COOTHOIHeHHH KOMMyTaH.HH COXpaHHIOTCH npH 

yHHTapHOM npeo6pa30BaHHH. 

Byay^H He3aBHCHMoft ot BpeMeHH, Ha6jiK)AaeMaH Ch ocTaeTCH 
paBHofi CBoeiny HanajibHOMy 3HaneHHK>: 

C H (t) = C H (t 0 ) = C, = C. 

Ecjih, b qacTHOCTH, AHHaMHiecKoe cocTOHHHe CHCTeMbi npeACTas- 
jiaeTCH b «npeACTaBJieHHH» reft3eH6epra codcTBeHHbiM BeKTopoM C 

to nepeMeHHaH C coxpaHneT onpeAeJieHHoe 3HaieHHe c b Te^eHHe 
Bcero BpeMeHH; roBopaT, mo co6cTBeHHoe 3HaneHHe c hbjihctch xo- 
pouiUM KeaHToebiM hucaom. HeTpyAHo, BnponeM, noKa3aTb, mto C 
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KOMMyTHpyeT c onepaTopoM sbojiiouhh U(t, t 0 ); BCJie^CTBHe aToro 
KeT-BeKTop lts(0> «npeACTaBJieHHH» IIIpeAHHrepa ocraeTCH no- 
ctohhho b noflnpocTpaHCTBe co6cTBeHHoro SHa^eHHH c 

§ 13. ypaBHeHHe sbojiiouhh cpe^HHx 3Ha>ieHHH h cooTHouieHHe 
HeonpeaejieHHocTH BpeiMH-aHeprna 

Hcxo^h H3 «npeACTaBjieHHH» refl3eH6epra, ocoQeHHO npocTO 
HanncaTb AHcp<pepeHUHa;ibHoe ypaBHeHHe zuih cpeflHero SHa^eHHH 
3aA3HH0H HaSjiioAaeMOH Ah. fleHCTBHTejibHO, nocKOJibKy \ty H } He 

33BHCHT OT BpeMeHH, HMeeM 

d(A) d , , dA H 

-ar = -aT^H\A H \y H ) = (q H \- 1 j L \$ H ). 

TI(wib3y5icb ypaBHeHHeM reH3eH6epra, BHOBb nonyiaeM ypaBHeHHe 
(V.72) 

lW = lF(^^]) + (^)- (43) 

Ecjih m.e BOcnojib30BaTbCH CHCTeMoft (I), to nojiynaioTCH ypaBHe- 
hhh SpencpecTa (§ VI. 2). 

B KanecTBe npH./io>KeHHH ypaBHeHHH (43) /taanM tomhhh bhboa 
cooTHoiueHHH HeonpeAejieHHoc™ BpeMH-aHeprHH (cm. § IV. 10). 

PaCCMOTpHM CHCTeMy, raMHJIbT0HH3H KOTOpOH He 33BHCHT HBHO OT 

BpeMeHH, h nycTb A ecTb HeKOTopan apyraa Ha6jiiOflaeMan stoh 
-CHCTeMH, Tarae He 3aBHCHmafl ot BpeMeHH. Mh aHa;iH3HpyeM ah- 

HaMHHeCKOe COCTOHHHe CHCTeMH B 3aAaHHblft MOMeHT BpeMeHH /. 
TTyCTb |l|)> eCTb BeKTOp, npe/lCTaB^HIOUJ,HH 3TO COCTOHHHe. 06o3Ha- 
1HM C nOMOIHblO A£ CpeAHHe KBaApaTHMHbie OTKJIOHeHHH A 

h H cooTBeTCTBeHHo. FIpHMeHHM HepaBeHCTBO LllBapua k BeKTopaM 
(A — (i4))|ip) h (H — {H)) h noBTopHM cjiobo b cjiobo pac- 
-cy>KAeHHH § 4. Mbi HaftaeM nocjie BbiMHCJieHHft, mto 

&A-AE>±\([A, H])\, (44) 
npimeM paBencTBO peajiii3yeTca, ecJiH |i|3> yAOBjieTBOpneT ypaB- 

HeHHK) 

(A-a)\1p)=iy(H-E)\1p), 

rue a, y h e — HeKOTopbie BemecTBenHbie nocTOHHHbie (cp. ypaB- 
HeHHe (10)). OiwaKo corjiacHo ypaEHeHHio (43) 



([A, H]) = ih^; 



§ 14. nPOMEJKyTCmHblE «nPEZICTABJIEHH5I» 



HepaBeHCTBO (44) mo>kho nosTOMy 3anHcaTb b cj)opMe 

&A » r-, — li 
A£^s — 



HiflH 



eCJIH nOJIOJKHTb 



| <4>/<tt 1 2 

T^.AE^J, (45> 



ts.A 

d (A)!dt 



(46). 



%a — xapaKTepHCTHnecKoe BpeMH 3bojiiou.hh craTHCTHHecKoro 
pacnpeAeJieHHH A. 3to BpeMH, Heo6xoAHMt>e a.nh toto, i ito6m ueHTp* 
{A) pacnpeaejieHHH cmccthjich Ha mnpHHy pacnpeAejieHHH Aj4, 
t. e. BpeMH, HeoSxoAHMoe ajth aaMeraoro HSMeHeHHH pacnpeAejie- 
HHH. TaKHM o6pa30M, ajih KajKAofl AHHaMH'iecKOH nepeMeHHofi 

MO/KHO BBeCTH Xap3KTepHCTH4eCKOe BpeMH 9BOUIOUHH. 

FlycTb Tenepb t ecTb HaHMeHbiuee H3 Tan onpeAejieHHbix xapaK- 
TepHCTHHecKHX BpeMeH; t mo>kho paccMaTpHBaTb ksk xapaicrepH- 

CTHieCKOe BpCMH SBOJIIOUIiH CaMOH (pH3HieCKOH CHCTeMbi: K3KHM 6bl 

hh 6hjio H3MepeHHe, ocymecTBJiHeMoe b cncTeMe b momcht BpeMeHH 
ero CTaTHCTHnecKoe pacnpeAejieHHe 6yAeT npaKTimecKH oahh3ko- 
bmm c pacnpeAejieHHeM H3MepeHHH b momcht /, ccjih pa3HocTi»- 
\t — 1'\ MeHbiuet. 

CorjiacHO nepaBeHCTBy (45), x a AE yAOBjieTBopHKrr cootho- 
menHro HeonpeAe/ieHHOCTH BpeMH-aHeprHH 

x-A£>fi/2. (47) 

ECJIH, B HaCTHOCTH, CHCTeMa HaXOAHTCH B CTaUHOHapHOM COCTOH- 
HHH, TO d(A)/dt = 0 K3KHM 6bl HH 6bIJIO A H, CJieA0B3TeJIbHO, T 

SecKOHenHo BejiHKo; npn stom AE = 0 b corviacHH c cooTHoiue- 

HHCM (47). 



, § 14. npoMeiKyTOMHue «npeAcraBjieHHH» 

«npeACTaBJieHHH» LUpeAHHrepa h refi3eH6epra He hbjihiotch 
eAHHCTBeHHO B03MOJKHHMH. BcHKoe yHHTapHoe npeo6pa30BaHHe 
BeKTOpOB h HafijiioAaeMHX «npeACTaBJieHHH» LLIpeAHHrepa (mmr 
refl3eH6epra) iiphboaht k HOBOMy «npeACTaB.neHHio». Bee 9th 

«npeACT3BJieHHH» AaiOT CTpOrO 3KBHB3JieHTHbie OIIHC3HHH KB3HTO- 

bhx HBJieHHft. flJiH KajKAofl KOHKpeTHofl npo6/ieMbi Bbl6HpaiOT TO 
«npeACTaBJieHHe», KOTopoe HaHjiyquiHM o6pa30M iioaxoaht ana ee 
pa3peuieHHH. 

BcHKan npo6jieMa kb3htoboh MexaHHKH b kohchhom cqeTe cbo- 
ahtch k 6ojiee hjih MeHee noJiHOMy h 6o;iee hjih MeHee tomhomy 
onpeAeJieHHK) cbohctb yHHTapHoro onepaTopa U(t,to); AeficTBH- 
TejibHO, Bee npeACK333HHH TeopHH 3aKJiK)HeHbi b sjieMeiirax.. 
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MaTpnubi U(t,t 0 ), TaKHx KaK b ypaBHeHHH (36). PeiueHHe ypaBHe- 
HHH (32) HBJIHeTCH nOSTOMy IXeHTpaJIbHOH npo6jieMOH TeopHH. Ecjih 
n3BecTHo HeKOTopoe npn6jiH}KeHHoe peiueHHe SToro ypaBHeHHa 

U m (t, t 0 ), TO HaCTO 6bIB3eT yAOfiHO nOJIOJKHTb 

U = U^U'. (48) 

TloflCTaBJiHH 3T0 Bbipa>KeHHe b ypaBHeHHe (32) h yMHOKan o6e 
dopoHbi ypaBHeHHH Ha yHHTapHbifi onepaiop t/ (0)+ cjieBa, noJiy- 
«iaeM AH(p(pepeHHHaflbHoe ypaBHeHHe 

ih-f~U' = f/(°) + (hU<® - iti i^L) u\ (49) 
PeiueHHe V aToro ypaBHeHHH yAOBJieTBopneT HanajibHOMy yonoBHio 

Ecjih npH6jiHHteHHe yAarao, onepaTOp V mchjichho MeHHeTca bo 
BpeMeHH; sto xopoiuo bh^ho H3 ypaBHeHHH (49), TaK KaK npn 

dU (0) 

yAaiHOM Bbi6ope U w onepaiop 7/t/ (0) — ih df Man. IloaTOMy 

ypaBHeHHe (49) Jierno (Jiynme, HeM (32)) AonycKaeT npHSjraxeH- 
Hoe pemeHHe 8 ). 

ilocKOJibKy onepaTop LA°> yHHTapeH, onepaiop 

//(o) (/) s ih [Jj. ^ {tf /q) J £/«»+ (/ _ t ' o) 

apMHTOB (3a^aHa 6). TaKHM o6pa30M, onepaTOp i/(°>(/, rf 0 ) hb- 
jineTCH CTporHM pemeHHeM ypaBHeHHH IIIpeflHHrepa 

ih U<® = H&W\ i/<°> (t 0 , t 0 )=l. (50) 

FaMHJibTOHHaH H mojkho npe/tcTaBHTb b BHAe cyMMH flByx one- 
paTopOB 

H=HW + H', 

oahh H3 KOTopux — H' — b HauiHx npe,a,nojio}KeHHHX mojkho pao 
CMaTpHBaTb KaK Majioe B03MymeHHe, a BTopofl — // (0> ecTb raMHJib* 
tohh3H ypaBHeHHH IIIpeflHHrepa, KOTopoe mh yMeeM HHTerpHpo- 
BaTb. B 9thx o6o3H3HeHHHX ypaBHeHHe (49) 3anHCbiBaeTCH npocTO 

ih-^U'^Hfi', (51) 

npH^eM H'j nojiytiaeTCH H3 H' c noMom,bio yHHTapHoro npeoSpa- 
30B3HHH, 3aBHCHiuero OT BpeMeHH 

H'j = U^H f m\ (52) 

8 ) 06cy>KAaeMbie MaHHnyjiaiiHH hbjihiotch o6o6ineHHeM Ha cjiyqafl «H(p(pe- 
peHUHaJibHbix onepaTopHMx ypaBHeHHH H3BeCTHoro MeTO.ua BapnaitHH npoH3BOJib- 

HOH nOCTOHHHOH B SJieMeHTapHOH TeopHH AH(p<pepeHU.HajIbHbIX ypaBHeHHH. 



§ 15. OnPEflEJIEHHE nPEflCTABJIEHHH 
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Mh bhahm, mo yflo6HO bbccth «npeACTaBJieHHe», npoMejKyTon- 
Hoe Me>KAy «npeACTaBJieHHHMH» IIIpeAHHrepa h TeH3eH6epra^ 
a HMeHHO to, KOTopoe noJiynaeTCH npn achctbhh Ha BeKTOpbi h Ha- 
6^K>AaeMue «npeACTaBjieHHH» IDpeAHHrepa yHHTapHoro onepaTopa 
U mf (t,to). 06o3HaqHM c noMombio HHAenca / BeKTopu h Ha6juo- 
AaeMbie SToro hoboto «npeACTaBJieHHH»: 

\$ 1 (t)) = U^\q s (t)), (53> 
Aj (t) = UM f A s U«>K (54) 

B npoMejKyTOHHOM «npeACTaBJieHHH» BeKTop \tyi(t)y, npeACTaB- 

JIHIOmHH B03MO>KHOe flBHJKeHHe KB3HT0B0H CHCTeMH, paBeH 

U'l^sito)}. CorjiacHO ypaBHeHHio (51), stot BeKTOp sbojhouho- 
HHpyeT (MeflJieHHo) bo BpeMeHH, noA^HHHHCb ypaBHeHHio IIIpe- 
AHHrepa c raMHJibTOHHaHOM, BHpajKaromHM SHeprnio B03Myme- 

HHH Hj 

ihj T \^ I (t)) = H f I \^ I (t)). (55) 
C Apyrofi CTopoHbi, (pH3HHecKHe BejiH^HHbi npeAcraBJiHioTCH no- 

ABH>KHHMH Ha6jIK)AaeMbIMH; 3TH Ha6jIK)AaeMHe nOA^HHHIOTCH 

ypaBHeHHSM ABHHteHHa refi3eH6epra c «HeB03MymeHHHM» raMHJib- 

T0HH3H0M //J: 

ih 4 A, = [A h Hf ] ] + iH^j-, (56) 

«ito jierKO noKa3aTb, npoH3BOAH c ypaBHeHHeM (54) Te >Ke MaHnny- 
jihuhh, KOTopbie b cjiynae ypaBHeHHH (38) npHBejiH k BHBOAy 
ypaBHeHHH reH3eH6epra. 

Pasaeji III. PA3J1HMHME nPEflCTABJlEHHJI TEOPHH 
§ 15. OnpeAeJieHHe npeACTaBJieHHa 

CorJiacHO TeopHH, pa3BHTOH b AByx nepBbix pa3Ae.nax, Bee Heo6" 

XOAHMbie AJIH OIIHCaHHH KB3HT0B0H CHCTeMH SJieMeHTH OKa3H- 

b3K)tck b najimim, ecjiH onpeAejieHH ee ocHOBHbie AHHaMHiecKHe 
nepeMeHHbie, KOMMyTauHOHHbie cooTHouieHHH, kotophm iioa™- 
naioTCfl npeACTaB^Hromne hx Ha6jiK)AaeMbie, h hbhoc BbipaxeHHe 
Mepe3 3th ocHOBHbie Ha6jiK>AaeMbie raMHJibTOHHaHa, KOTOpbiS 
onpeAeJineT sbojiiouhh chctcmh bo BpeMeHH. TorAa mojkho no- 

CTpOHTb npOCTpaHCTBO & EeKTOpOB, npeACT3BJIHK)HIHX paSJIHHHHe 
B03MOJKHbie AHHaMH^eCKHe COCTOHHHH CHCTeMH, onpeAeJiHTb cpn- 
SHUeCKHH CMHCJ1 BeKTOpOB npOCTpaHCTBa, peiUaH 3aA3HH Ha co6- 
CTBeHHbie 3H3MCHHH AJIH pa3JlHMHHX Ha6jIK)AaeMHX, BbinHCaTb 

h peuiHTb <pyHAaMeHTajibHbie ypaBHeHHH sbojuoithh h, HaKOHeo,,. 



314 



TJl. VIII. OnHCAHHE *H3HqECKHX HBJIEHHPI 



ocymecTBHTb BbmncjieHHe CTaTHcranecKHx pacnpeAejieHHH pe3yjib- 

T3TOB H3MepeHHfl, KOTOpbie TeOpHH A0JI>KH3 npeACKa3aTb. 

MTo6bi peuiHTb Bee 3-th npoSjieMbi aHajiH33 h ajirefipw b npo- 
■CTpaHCTBe <%, Bcer^a mojkho BbiSpaTb (h 6ecKOHeiHHM hhcjiom cno- 
co6ob) noJiHyio opTOHopMHpOBaHHyio CHdeMy BeKTopoB h npeA- 
CTaBHTb onepaTOpbi h BeKTopH b & c noMombio MaTpHu b npeA- 
cTaBJieHHH, rae 6a3HCOM cjiyjKHT Bbi6paHHaa noJiHaa CHereMa 

BeKTOpOB. 

TaKHM o6pa30M, BcaKaa AHHaMHqecKsa nepeMeHHaa cHCTeMbi 
npe/iCTaB^aeTCH KBaApaTHoft spmhtoboh MaTpnueH, Bcanoe ahh3- 
MH^ecKoe cocTOHHHe — npaBMM BeKTopoM (hjih apMHTOBo conpa- 
jKeHHbiM jieBHM BeKTopoM), onpeAejieHHHM c TOHHoerbio flo no- 

■CTOHHHOrO MHOJKHTeJIH. 

CymecTByeT crojibKo bosmojkhhx npeACT3BjieHHH TeopHH, 
•cKOJibKO HMeeTca pasjiiMHbix 6a3HCHbix CHcxeM BeKTopoB. IlepexoA 
ot OAHoro npeACTaBJieHHH k ApyroMy ocymecTBJiaeTca c noMombio 
yHHTapHoro npeoSpasoBaHHa. 3th yHHTapHbie npeo6pa30BaHHa 
MaTpHu, He cjieAyeT cMeuiHBaTb c yHHTapHbiMH npeo6pa30BaHHHMH 
onepaTopoB h BeKTopoB, KOTopue no3BOJiaioT, corjiacHo pa3Aejiy II, 

U3MeHHTb «npeACTaBJieHHe» ABH>KeHH3 CaMOfl KB3HT0B0H CHCTeMbi. 

Mame Bcero npeACTaBJieHHe onpeAeJiaeTca 33A3HHeM nojmoro 
«a6opa KOMMyTHpyiom,HX Ha6jiK)AaeMbix: o6iH,He codcTBeHHbie BeK- 
Topbi 3THX Ha6^K)AaeMbix Kan pa3 h aBJiaioTca 6a3i?CHbiMH BeKTO- 
paMH npeACTaBJieHHH. Ba3HCHbie H36jii0AaeMbie npeACTSBJieHHa 

H BCe CpyHKUHH 3THX Ha6jIK)AaeMbIX B 3TOM npeACTaBJieHHH Bbipa- 
5K310TCH AHarOHajIbHblMH MaTpHUaMH. 

§ 16. BojiHOBan MexaHHKa 

BojiHOBan MexaHHKa aBJiaeTca HacTHoft (popMyjrapoBKoft kbsh- 
toboh TeopHH, KorAa npHHHMaeTca «npeACTaBJieHHe» IEpeAHHrepa 
h Bbi6HpaeTca npeACTaBJieHHe, b kotopom AHaroHajibHbiMH hb- 
jihiotch onepaTOpbi KoopAHHaT. 

BepHeMca k kb3htoboh CHCTeMe, o6ji3A3K)meft KJiaccH^ecKHM 
^HajioroM, c TV ereneHHMH cbo6oah, KOTOpaa p3CCM3TpHB3Jiacb 

b § 7. KoopAHHara q\, q 2 q^ o6pa3yK>T nojiHbw Ha6op KOMMy- 

THpyiomnx HafijiioAaeMbix h onpeAeJiaioT npeACT3BjieHHe {q}. 3to 
npeACTaBJieHHe y>Ke Hcnojib30Bajiocb Bbiuie npn nocTpoeHHH caMoro 
npocTpaHCTBa <g '. Hpn noAXOAHiueM Bbi6ope <p33 h hopmhpobkh 6a- 
3HCHHX BeKTopoB mh nojiyqnjiH o^eHb npocTbie BbipameHHa AJia 
MaTpn^Hbix sjievieHTOB onepaTopoB q h p (ypaBHeHHa (26 — 27)). 

Ochobhhmh ypaBHeHHHMH npeACTaBJieHHa {q} aBJiaiOTca coot- 

HOUieHHa 0pT0H0pMHp0B3HH0CTH (25) H COOTHOUieHHe 33MKHyT0CTH, 

KOTopoe b coKpameHHbix oSosHs^eHHax § 7 3anHCHB3eTca b (popMe 
p ? = § I l') dq' W\=l (dq = dq x dq 2 . . . dq N ). (57) 



§ 16. BOJIHOBA5I MEXAHHKA 
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Ka>KflbiH KeT-BeKTop |i|3> npeACTaBJiaeTCH MaTpnuefl c oahhm 
ctoji6hom h KOMnoHeHTaMH <<7'|^>. 3Ta cpyHKUHH KOopAHHaT 
q[, q' 2 , . . . , q' N b KOHtpHrypauHOHHOM npocTpaHCTBe, KOTOpyio- 
mojkho 3anncaTb b BHAe ty(q[, q' 2 , . . ., q' N ), h ecTb bojihob3H tpyHK- 
u,H5i, npeACTaBJiaiomaH AHHaMH^ecKoe coctohhhc chctcmh Ha H3HK& 
bojihoboh MexaHHKH: 

W I - {q\(f 2 . . . q' N | - iD (tf , <? 2 , . . . , (58) 
CKajiapHoe npoH3BeAeHHe |*J;) Ha |q?) paBHO CKajmpHOMy npo- 

H3BefleHHK) COOTBeTCTByiOmHX BOJIHOBblX (pyHKHHH B TOM BHAe, KaK 

oho onpcaejiHjiocb b bojihoboh MexaHHKe: 

<q> I ^> = <«P I P q I *> = \ <<P I q') dq' (q' I *> = J <p* (<?') * fo') d/. (59) 

FIpoBepHM TO^flecxBeHHOCTb onepaTopoB BOJIHOBOH MexaHHKH 
h MaTpHH, npeflCTaBJiHiomHx Ha6jiK)AaeMbie b {q} -npeACTaBjieHHH. 

nojib3yHCb BbipajKeHHeM (26) ajih MaTpHHbi Ha6jiiOAaeMOH q nr 
y6e>KAaeMCH, hto q n \^>) npeACTaBJiaeTCH bojihoboh (pyHKHHeft 

{q'\qn\f) = q' n {q'\$) = q' t ${q') 

h BOoSme fleftcTBHe HeKOTOpoft (pyHKHHH V(q) = V(<7i, 92, • • • , <7jv) 
OT KOOpAHHaT npocTpaHCTBa KOH^HrypaUHH Ha KeT-BeKTOp ]l|)> CBO- 
Ahtch k yMHO^eHHK) (q') Ha V(q') 

(q'\V(q)\$)=V(q')q(q'). (60). 

flajiee, nojib3yHCb hbhhm Bbipa^eHHeM (27) ajih MaTpnuw, 
npeACTaBJiHiomeH Ha6jiiOAaeMyio p n , y6ejKAaeMca, nro coctohhhg' 
p n \^>y npeACTaBJiaeTca bojihoboh (pyHKHHefl: 

{q' \Pn\^)=\{q'\Pn\ q") dq" {q" | o|>> = 

-=^\-^r[Hq'-q")]^{q") dq" = 

= A ^ ^ (61> 

1 d Qn. 

CjieflOBaTejibHO, Ha6jiioAaeMaH p n npeAcraBJiHeTCH onepauHefi nacT- 
Horo AH(p(pepeHHHpoBaHHH — ih d/dq n bojihoboh (pyHKHHH, cTOHmeft 
cnpaBa ot onepaTopa p n - 

TaKHM o6pa30M, HHTepecyiomaH Hac TOKAecTBeHHocTb 6e* 
TpyAa npOBepaeTca ajih (pyHKHHH KoopAHHaT (ypaBHeHHe (60)) h 
AJih cocTaBjiHiomHX HMnyjibca (ypaBHeHHe (61)). Ho nocKOJibKy bch- 
Kan Ha6jiK)AaeMaa BbipajKaeTCH HeKOTopofl ajire6paH i iecKOH cpyHK- 
UHeft ot p h q, mm npnxoAHM k oSiueMy 3aKJiK»HeHHio: jiioSaa 
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<pH3HieCK3H BeJIH^HHa A (q\ p) B BOJIHOBOH M6X3HHK6 npeACTaB.JIHeT-' 

ch onepaTopoM A (q; ■j" - ^-)- 

B KaiecTBe npHMepa paccMOTpHM SHeprnio H. Ecjih npeanojio- 

JKHTb, HTO nOTeHUHaJIbHaH SHepTHH He 33BHCHT OT BpeMeHH, TO Ha- 

6juoAaeMaa H HMeeT bha 

i ' 

MaTpaua, 3aAaiomaH SHepniio b npeACTaBJieHHH {q}, HMeeT (popMyj 

Bbipa^eHHe b KBaApaTHbix CKo6Kax HBJiaeTCH onepaTopoM, aefl- 
CTByiom,HM Ha 8(q' — q") KaK (pyHKHHio q'. CneAOBaTejibHO, BeK- 
Top H\ty} npeflCTaBJineTCH bojihoboh cpyHKHHefi: 

(q f | H 1 i|>> mm H$ (q') = ^- £^.-^-+7 (<7 ') J $ fo'). 

Ecjih, HaKOHeH, b «npeACTaB.neHHH» IIIpeAHHrepa, HanncaTb 
<pyHAaMeHTajibHoe ypaBHeHHe ABHjKeHHH (35) b npeACTaBJieHHH 
{q}, to mh nojiyqHM ypaBHeHHe IIIpeAHHrepa b ero oShhhoh 
4>opMe 

ih^ T ^{q;l)=H^(q;t). 

3to 3aBepuiaeT AOKa3aTejibCTBO Toro, hto bojihob3h MexaHHKa 
npe^cTaBJiHeT co6oft, cpopMy;iHpoBKy kb3htoboh TeopHH b npeA* 
CTaBJieHHH {q} h «npeACTaB./ieHHH» IIIpeAHHrepa. 

§ 17. IlpeACTaBJieHHe {p} 

B Ka^ecTBe cneAyiomero npHMepa B03bMeM npeACTaBJieHHe {p}, 

B KOTOpOM AHarOHaJIbHHMH HBJIHK3TCH COCTaBJIHKHHHe HMnyjIbCa. 

FlycTb I p r ) = I p'^ I Pj) • • • I Pn) c y Tb 6a3HCHbie BeKTOpbi SToro 
npeACTaBJieHHH. 3to oSmne co6cTBeHHbie BeKTopw HafijiioAaeMbix 
Pi, P2, • Pn, npHHaAJiexamne co6cTBeHHHM 3HaieHHHM p' { , 
p' 2 p' N . ByAeM npeAnoAaraTb, qro ohh opTOHopMHpoBaHbi 

{p'\p")=W-p"), 

S. yflJO BJieTBOpHIOT COOTHOmeHHIO 3 3MKHyTOCTH 

Pp-$|pW<p'|=l 
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\vihi HcnoJib3yeM 3Aecb coKpameHHbie o6o3HaieHHH hhackcob, no- 
.Ao6ho §§ 7, 16). 

CorjiacHO pe3yjibTaTaM § 6 BOJiHOBaa (J)yHKU,Ha Beicropa |p'> 
b npeACTaBjieHHH {q} ecTb 

w i p'> = n « i P ;> = (2«a)-^ ( ^ ;+ • • • +pWn) . 

3Ta BeJiHHHHa <p'|<?'> = W\p'Y> e c^iH ee pacciwaTpHBaTb KaK 

(pyHKUHK) <7' H p', HBJIHeTCH SJieMeHTOM yHHTapHOfi MaTpHUbl S, 

npeo6pa3yioineH MaTpHitbi npeAeraBJieHHH {q} b MaTpHUbi npeA- 
CT3BJI6HHH {p}. KeT-BeKTOp | if>> b 3TOM nocjieAHeM npeACTaBJieHHH 
onHCHBaercH «bojihoboh cpyHKUHeS b HMnyjibCHOM npocipaHCTBe* 

4>(p')^(p'lll>>. 

OueBHAHO, mto <t(p') ecTb o6pa3 Oypbe (cooTBeTCTByiomHM o6pa- 

30M HOpMHpOBaHHblH) BOJIHOBOH (pyHKUHH W (q') 3= (q' | yp) B KOH- 

4)Hrypau,HOHHOM npocTpaHCTBe: 

O (pO = <P' I *> = J <P' I <7'> I *> = 

(2nhf l2 )^ Kq)e aq ' 

HeTpyAHo npoBepHTb (sto mojkho cAeJiaTb h HenocpeACTBeHHo) , 
mto AeficTBHe onepaTopa p n Ha cpyHKUHio (D(p') cboahtch k yMno- 
tkqhhk) Ha p^, a AeficTBHe onepaTopa <7„ Bbipa^aeTCH B3HTHeM qacx- 
hoh npoH3BOAHOfi ihd/dp' n . 

J\jih HJiJiK)CTpaii.HH BbinHiueM b npeACTaBJieHHH {p} ypaBHeHHe 
IUpeAHHrepa ajih HacTHUjbi c Maccofi m b ncwie cTaTHMecKoro no- 
TeHunajia V(r). SHeprHH CHCTeMbi npeACTaBjiaeTCH Ha6;iioAaeMOH 

H(r, p)^£ r + V(r). 

Ba3HCHbie BeKTopu |p'> 33bhcht ot Tpex KOMnoHeHT HMnyjibca 

Px' P'y> Pz H YAOBJieTBOpHIOT yCJIOBHHM 0pT0H0pMHp0B3HH0CTH H 
33MKHyT0CTH: 

6 {P ' _ P ") s6(p ;_ p-) 6 (p ; _ jq 5 (p; - ft = ip' | p">, 

P^^p^dp'ip'l^L 

YHHTapHaH MaTpnua S, npeo6pa3yiomaa MaTpnuH npeACTaBJieHHa 
{r} b MaTpHu,bi npeACTaBJieHHH {p}, AaeTCH (popMyjioft 

<p'|r , ) = (2n/i)- s/l e~'^ pV . 
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TlosTOMy ajieMeHTbi MaTpHUH V(r) b npeACTaBJieHHH {p} mojkho 
3anHcaTb b hbhom BHAe Tan: 

<p' I V | p") =\\{P'\ r') dr' (r' \V(r)\ r") dr" {r" \ p") = 

= (2jt/z) -3 $ J e~~ P ' r ' dr'V{r') 6 (r' - r") dr"e^ = 

riOJIO>KHM 

F ((o) = (2nh)- 3 J 7 (r) e" dr, 

TorAa 

(p / |V|p"} = F(p'-p"), 

TaK hto 3JieMeHTbi MaTpHUH onepaTopa H b npeACTaBJieHHH {p} 
3anHcuBaiOTCH b (popMe 

<p'\h\ p") = -g£.6( P '- p") + r( P '- P "). 

FlyCTb CD (p') eCTb B0JIH0B3H (pyHKIIHH B HMnyjIbCHOM IipOCTpaH- 

CTBe flHHaMHiecKoro coctohhhh |i|)> 
<P (p') = (p' I *> = J <p' I r'> dr' (r' | = 

= (2jtA)" 3/! J e~ PV ' ¥ (r') dr'. 
TorAa ypaBHeHne IDpeAHHrepa, HMeiomee b bojihoboh MexaHHKe 

BHA 

ih^W(r; t) = [--— A + V(r)]V(r; t), 

b npeACTaBJieHHH {p} npHHHMaeT (popMy HHTerpo-AH<p(pepeHmia.nb- 
Horo ypaBHeHHH 

ih o (p; t) = -£ r ® (p; 0 + J r ( P - p') «d (p' ; o dp'. 

§ 18. npHMep: ABHJKeHue CBo6oflHoro BOjiHOBoro naxeTa 

B KaiecTBe npHJioxeHHsi BhiiuenpHBeAeHHbix pe3yjibTaTOB H3yiHM ABHJKeHHe 
CBoCo^Horo BOjiHOBoro naKeTa (V = 0). 

FlyCTb eCTb BeKTOp COCTOHHHH B MOMeHT BpeMeHH / = 0, a tjj (r) H 

<p(/j) — BOJIHOBble (pyHKUHH, BbipajKaiOIUHe 3TOT B6KT0p B npeACTaBJieHHHX {r} H 
{p} COOTBeTCTBeHHO. B MOMeHT BpeMeHH / aHHaMHieCKOe COCTOflHHe CHCTeMbI 

flaeTcs BeKTopoM 

i_ Ht 

\V) = e H \D. 



§ 19. nPEflCTABJIEHHE, B KOTOPOM flHATOHAJlbHA 3HEPFH3 
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rae H = p 2 /2m ecTb raMHJibTOHHHH cbo6oahoh qacraubi. FlocKo^bKy HMny.ibc 
jjBJineTCH iioctohhhoh ABHHceHHH, ero cpeflHee 3HaqeHHe ocTaeTca hghsmghhmm bo 
BpeMCHHj to Ke caMoe BepHO OTHOCHTGJibHO rpynnoBoii CKOpOCTH 

v = (p)/m. 

Mm 3HaeM, 4T0 pacnjibiBaHHCM naKeTa mo>kho npeHeSpenb npn flOCTaTOMHO 
wajibix npoMescyTKax BpeMeHH (§ VI. 3). Vtotohm 3^ecb stot pe3yjibTaT h no- 
KaxeM, no npn BbinoJiHeHHH ycjioBHft cjia6oro pacn/iuBaHHH bojihoboh naKeT 
pacnpocTpaHHeTCH npaKTHqecKH 6e3 HCKaaceHHft h MoxeT 6uTb b oieHb xopo- 
aiein npH6jiHweHHH onacaH (pymumeft i|)(r — vt). 

3Ta npn6^HJKeHHaH BO/moBaa cpyHKUHH npeacTaBJineT BeKTop 

— 7T P vt 

\V) = e " |1|>>, 

b qeM HeTpyflHO y6eAHTbca, Hcnojib3yH h o6o6maa cbohctbo (16) hjih Hconcnya 
cooTBeTCTByioiuyio BOJiHOByio (pyHKimio b npeACTaBJieHHH {p}. npH6/iH5KeHHe TeM 
jiynme, lew 6jiH>Ke k eAHHHue BeposTHOCTb una CHCTeiww HaxoflHTca b coctohhhh 

If) ; HHblMH CJIOBaMH, HeOOXOAHMO, 1T06bI 

1 |¥)| 2 <1. 

3aMeH5IH I T) H I Y> BbipajKeHHHMH, npHBefleHHHMH BHIIie, HaXOflHM 

|^i? >t = |^|exp(j-^=^ f )u>|. 

MaTpHHHblH 3J1CMCHT B npaBOH qaCTH npOCTO BHHHCJIHTb B npeflCTaBjieHHH 

{p}; noJiyiaeM 

<*i^(i- i£ i? 2i! -0 | * > -W (p)|,tf 2mh dp - 

Ecjih npeflnoaoHtHTb, mo mu HMeeM neno c bojihobbim naKeTOM rana npHBe/ieH- 
Horo Ha pnc. 17, to (pymuiHH <p(p) HMeeT ocTpwii MaKCHMyM JMHeHHbix pa3Me- 
poB Ap okoto cpe^Hero 3HaieHHH p = mv; Ap ecTb MoayJifa BeKTopa Ap, .naio- 
mero cpe^Hee KBaflpaTH^Hoe otkjiohchhg HMnyjibca qacTHuw p. B stom npeflno- 

JIO>KGHHH 3KCI10H6HTa B npaBOH H3CTH paB6HCTB3 6jlH3Ka K eAHHHIte B O&iaCTH 

MaKCHMyMa, t. e. npH 

^P) 2i <1 

HJIH 

m 1 ^ Ap • 

TIpH6jiH3KeHHe cnpaBeAJiHBO, noKa BbinojiHeHo sto ycjioBne. Ho sto HepaBeHCTBO 
BbipaacaeT ycJiOBHe: 

pacnjibiBaHHe < iuhphhh naxeTa, 

KOTopoe mu yxe noJiyrajiH npn H3yieHHH pacnjibiBaHHH bojihoboi-o naxeTa b 
§ VI. 3 (ycnoBHe (VI. 15)). 

§ 19. Apyrne npeACTaBjieHHH. npeacTaBjieHHe, b kotopom 
awaroHaJibHa atieprHsi 

ripHMepbi, npHBefleHHbie Bbiuie, noKa3HBaioT, hto ypaBHeHHa 

TeOpHH HMeiOT pa3JIHHHyiO (pOpMV B 33BHCHMOCTH OT BblfipaHHOrO 

npeacTaBJieHHH; BBHfly 9Toro h BHMHCJieHHH b pa3Hbix npcacTaBjie- 

HHHX MOryT 6bITb CymeCTBeHHO pa3JIHHHMMH. 
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GpeflH npeflCTaBJieHHH kb3htoboh TeopHH HeKOTopHe 0K33H- 

BaiOTCH OC06eHHO yA06HHMH npH paCCMOTpeHHH KOHCepBaTHBHHX 

CHCTeM H3-3a npocTofl cpopMbi ypaBHeHHH IHpeAHHrepa: sto Te* 
npeACTaBJieHHH, b kotophx SHeprHH H AnaroHajibHa 9 ) . Ba3HCHbie 
BeKTopbi |£a> TaKoro npeACTaBJieHHH oTMenaioTCH co6ctb6hhhm 
3HaneHHeM SHeprHH E h Ha6opoM a coficTBeHHbix 3HaqeHHH Apyrnx 

IIOCTOflHHblX HJIH HHTeipaJIOB ABHJKeHHH, KOTOpbie BMeCTe C H CO- 

CTaBJiHiOT nojiHbiii Ha6op Ha6jiK)AaeMbix. BeKTOp |ip(/)) «npe£- 
CTaBJieHHH» IIIpeAHHrepa, onHCHBaiomHH AHHaMH^ecicoe coctoh* 

HHe CHCTeMH, B 9T0M npeACTaBJieHHH AaeTCH «BOJIHOBOH (pyHKIIHeH» 

^{E, a; t)^{Ea\^{t)), 
KOTOpaa yAOB^eTBopaeT ypaBHeHHio LUpeAHHrepa 

ih-^^iE, a; t) = (Ea\H\ib(t)) = E$,(E, a; 0- 
TaKHM o6pa30M, HMeeM 

■ty (Ea; t) = op (Ea; t 0 )e H E *' *'\ 

3Haa BeKTop coctohhhh {Ea} b HaiajibHbifi momcht BpeMeHH, 
jierKo onpeaeJiHTb ero sbojiiohhio c TeueHHeM BpeMeHH. Ha npan- 
THKe BeKiop b HaiajibHuft MOMeHT BpeMeHH ^acTO aaeTca b Apy- 
tom" npeACTaBJieHHH, HanpHMep, npeACTaBJieHHH {q}. ypaBHeHHe 
ABHjKeHHH Sy^eT, crceAOBaTejibHO, pemeHO, eo/iH mh cyMeeM ne- 
peflTH ot npeACTaBJieHHH {q} k npeACTaBJieHHio, rAe H AHaroHajieH. 
C MaTeMaTHqecKOH to^kh 3peHHH 3aAana noerpoeHHH yHHTapHoft 
MaTpHUH, o6ecne i iHBaiomeH 9Ty CMeHy npeACTaBJieHHH, 3kbhb3- 
jieHTHa 3aAaHe o co6cTBeHHbix 3HaHeHHHX onepaTopa H b npeA- 
CTaBJieHHH {q}, t. e. peuieHHio b stom npeACTaBjieHHH cTauHOHap- 
Horo ypaBHeHHH LUpeAHHrepa. 

Paaaeji IV. KBAHTOBAfl CTATHCTHKA 

§ 20. Chctcmu c HenojiHOH HHcpopMauHefi 
h CMeuiaHHbie coctohhhh 

KorAa AHHaMH^ecKoe cocTOHHHe cncTeMbi H3BecTHo He nojiHo- 
CTbro, HeKOTopbie npeACKa3aHHa o ee noBeAeHHH Bee see Moryr 
6biTb cAeJiaHbi, ecjiH npnSerHyrb k o6biHHbiM CTaTHCTHHecKHM MeTO- 
AaM. 06cy*AeHHe SToro Bonpoca, Ha^aToe b rvi. V (§ 16), 6es 
TpyAa mojkho H3Jio>KHTb b paMKax o6mero 4>op MajIH3Ma . 



9 ) B cBoefl nepBOHaMajibHoii (})opMe MaTpmHan MexaHHKa BopHa, reft3eH- 
6epra h HopflaHa 6huia HacTHofi (popMyjinpoBKoft kb3htoboh Teopm b «npea- 
CTaBJiGHHH» refl3eH6epra, BbipasieHHOft b npeflCTaBjieHHii, r,a,e jmaroHajibHa 
SHeprHH. 



§ 21 MATPHUA riJlOTHOCTH 
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J3,HHaMHMeCK0e COCTOSIHHe KB3HT0B0H CHCTeMbI H3BeCTHO IIOJI- 

HocTbio, ecjiH y^ajiocb Totmo onpeaejiHTb 3HaieHHH nepeMeHHbix, 

COCTaBJIHIOmHX KaKOH-JlH6o IKWIHHH Ha6op COBMeCTHblX Ha6.rcio,a,ae- 

mhx; b 3tom ony^ae cocTOHHHe cHCTeMH Mo>KeT 6biTb npeACTaBJieHO 
HeKOTOpbiM BeKTopoM | >. Ecjih me CBeAeHHH, KOTopbiMH mh pacno- 
^araeM oraocHTejibHO CHCTeMH, He hbjihiotch nojmbiMH, to mojkho 
TOJibKO yKa3aTb HeKOTopbie bbpohthocth p\, p 2 p m ... Toro, 

HTO CHCTeMa HaXOAHTCH B flHHaMHHeCKHX COCTOHHHHX, npeflCTaBjine- 

mmx KeT-BeKTopaMH 1 1>, |2>, |m>, ... HHa^e roBOpn, coctoh- 
HHe CHCTeMbI npeACTaBJiaeTCH He eAHHCTBeHHHM BeKTopoM, a era- 

THCTHqeCKOH CMeCbK) BeKTOpOB. 

FIpeAnOJIOJKHM, tITO Mbl H3Mep5ieM HeKOTOpyiO BeJIHIHHy A. 

Cpe^Hee 3Ha*ieHHe (A} pe3yjibTaTOB H3MepeHHH HMeeT BepoHTHOCTb 
p m 6biTb paBHHM (A} m = <m I A I m>/<m | m>. FIoaTOMy, npe,n,no- 

jiaran, 4to BeKTopbi |1>, |2> |m>, ... HOpMHpoBaHbi Ha eAH- 

HHuy, mojkho HanncaTb 

(A)=Z Pm (m\A\m). (62) 

m 

Ta >Ke cpopMyjia flaeT cpe^Hee sHa^eHHe npoH3BOJibHOH cpyHKHHH 
F(A), ecJiH 3aMeHHTb A Ha F(A); OTCKxaa mh ncwiyiaeM CTaTHCTH- 
uecKoe pacnpeae^eHHe pe3y;ibTaTOB H3MepeHHH. 

§ 21. MaTpHua hjiothocth 10 ) 

CMemaHHbie coctohhhh oco6eHHO y#o6HO onncbiBaTb c nOMom,bio 
onepaTopa 

p — H\m)p m (m\. (63) 

m 

B 9tom Bbipan<eHHH BeKTopu |m> HopMHpOBaHbi Ha eflHHHuy (ho 
He o6fl3aTeJibHO opToroHajibHbi) , a BejiHHHHbi p m HMeioT xapaKTep- 

Hbie CBOHCTBa CTaTHCTH^eCKHX B6COB, t. e. 

p m >0, £Pm=l- (64) 
m 

OnepaTop p Ha3biBaeTCfl MdTpuneti tiAOTHocm hjih CTarucTmecKUM 
oneparopoM. 

CpeAHee 3Ha^eHHe Ha6jiK>AaeMOH A ecTb cneR pA 

<i4) = SppA. (65) 

fteftCTBHTejIbHO, 

Spp^ = ZpmSp(|m)(mU), 

m 



10 ) FIoflHOe H3JI0>KeHHe CBOHCTB MaTpHUbl njlOTHOCTH MOKHO HaHTH b pa' 

6oTe U. Fano, Rev. Mod. Phys. 29, 74 (1957), 



11 A, Meccna 



322 
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H ^ToSbl flOKa3aTb SKBHBa^eHTHOCTb (pOpMyjI (62) U (65) flOCTa- 
TO^HO nOKa3aTb, 4T0 

Sp (\ tn) (m\ A) = {m} A |m>. 

FIocKcwibKy onepaTop P m = \tn}(m\ edb onepaTop npoeKrapo- 
BaHHH h ero cjien paBeH 1 (ypaBHeHHe (VII. 88)), HMeeM 

Sp P m A = Sp P m A = Sp P m AP m = Sp \ m){m\ A\m){m\ = 

= (m\A\m)SpP m = {m\A \m). 
Te >Ke BbiKjiaAKH, ho b cjiy^ae A — \, AaiOT ycnoBHe hopmhpobkh 

Spp= 1. 

KOHeHHO BCe 9TH BHBOAH OTHOCHTCH H K JUOSOH (pyHKUHH Ha6jIK)- 

AaeiuoH A, Tan ^to mojkho HanncaTb 

(F(A))=SppF (A). 
3Haa p, mojkho BHBecTH CTaTHCTHiecKoe pacnpe^eJieHne pe3yjib- 

T3TOB H3M6peHHfl A. 

Ecjih Pd — onepaTop npoeKTHpoBaHHa Ha no/mpocTpaHCTBo, Ha- 
THHyToe Ha coScTBeHHbie BeKTopu A, npHHaAJiexamHe co6cTBeHHbi.M 
3HaHeHHHM, pacncwiaraiomHMCH b HeKOTopofl o6^acra D cneKTpa A, 

TO BepOHTHOCTb Wd. HaHTH pe3yjIbTaT H3MepeHHH B 06jiaCTH D eCTb 

£ p m ( m \ Pd \tn) (cm. ypaBHeHHe (5)),t. e. 

m 

w D = SppP D . (66) 

B qaCTHOCTH, BepOHTHOCTb HaftTH CHCTeMy B KBaHTOBOM COCTOHHHH, 

npeACTaBjiHeMOM BeKTOpoM |x> (c HopMofi, paBHofi 1), ecTb 

© x =Sp(p| X )<xl) = <Xlplx). (67) 

Sa^aHHH onepaTopa p BnoJiHe AOCTaTOHHO ajih BbMHcneHHH Bcex 
H3MepneMbix Ha onbrre BeJiH^HH, hx cpejHHx sHa^eHHfl h era™- 
CTHqecKHx pacnpeAejieHHH pe3yjibTaT0B H3MepeHHH, nosTOMy b 
AajibHefluieM mm 6ya,eM c^HTaTb BnojiHe oAHHaKOBbiMH ABa CMe- 

UiaHHblX COCTOHHHH, HMeiOIHHX OflHy M3TpHU,y njIOTHOCTHl BCHKOe 

CMeiuaHHoe cocTOHHHe nojmocTbio onpeAejineTCH CBoefi M3Tpnu;eH 

nJIOTHOCTH. 

1 4T06bI 33BepiHHTb HCCJieflOBSHHe onyqan CMeiHaHHblX COCTOHHHH 

H npHMeHeHHH k HeMy nocTyjiaTOB § 2, ocTaeTCH BbincHHTb, K3Kan 

M3TpHH3 nJIOTHOCTH npeACTaBJIHeT AHHaMHHeCKOe COCTOHHHe CH- 
CTeMbl nOCJie OKOHHSHHH HeKOTOporO H3MepeHHH. OrpaHHHHMCH, KaK 

h b § 2, cjiyqaeM HAeajibHoro H3MepeHHH. Ecjih H3MepeHHe nona- 

3aJ10, qTO CHCTeMa H3XOAHTCH B C06cTBeHH0M COCTOHHHH Ha6jiK>Aae- 

moh A, npHHaAJie^ameM HeKOTopofl o6jiacTH cneKTpa D, to MaT- 

pHHa nJIOTHOCTH nOCJie H3MepeHHH paBHa C TOMHOCTbK) AO HOpMHpO- 



§ 22, 3BOJHOUHH CMEIHAHHOrO COCTOJIHHS BO BPEMEHH 
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bomhoh nocTOHHHofl npoeKUHH PdqPd onepaTopa p, KOTopbifi npea- 
CTaBJiaji CMeuiaHHoe coctohhhc ao H3MepeHHH. CooTBeTCTByiomaH 
nocT03HHaa AOJDKHa HaxoAHTbcn H3 ycjioBHH paBeHCTBa ejHHHue 
cne,a,a onepaTopa; t3khm o6pa30M, oHa paBHa BejiH^HHe, oSparaoH 
Sp PdqPd = Sp qPd = Wd- H3MeHeHHe (HeKay3ajibHoe) MaTpniibi 
njioTHOCTH b n'pouecce H3MepeHHH Mo^eT 6biTb noaTOMy BbipaiKeHO 
cxeMoft 11 ) 

P pP 

p->HfteaJibHoe H3MepeHHe, Aaiomee pe3yjibTaT D-> S p p ° • 



§ 22. 3bojhouhh CMeuiaHHoro coctohhhh bo BpeMeHH 

JXjw Haqajia o6paTHMCH k «npe/iCTaBJieHHio» IIIpeAHHrepa. 

npeflnOJIOMHM, HTO B MOMeHT BpeMeHH AHHaMHMeCKOe COCTOHHHe 
CHCTeMbI npe^CTaB^aeTCH CTaTHCTH^eCKOH CMeCbK) BeKTOpOB (c HOp- 
MOH 1) 11>0, |2> 0 , |m> 0 , ... CO CTaTHCTHHeCKHMH BecaMH 

Pi, Pi, • • ■ > Pm, ■ ■ . KaSCAblft HJieH CMeCH 3B0JIK)U,H0HHpyeT COIViaCHO 

3aK0Hy 

\m)t = U (t, t Q ) I m) 0) 

h b MOMeHT BpeMeHH t cHCTeMa npeACTaB^aeTca CMecbio BeKTopoB 
|1>*, |2><, .... \m}i, ... c TeMH me CTaracTHqecKHMH BecaMH 
Pi, Pi, •••> Pm, ... OnepaTOp sbojiiouhh U{t,U) onpe,n,ejieH b § 8. 

OTCiofla mojkho nojiy^HTb 33K0H 3bojik>uhh onepaTopa njIOT- 
hocth: 

Pi = T,\m)tPmt{m\ = 'ZU(t, t 0 )\ tn) 0 p m0 {m\U f (t, / 0 ) = 

m m 

= U (t, t 0 ) (Z I m) 0 p m 0 (m f)t/ + (/, t 0 ) = U (t, t 0 ) p 0 t/ + (t, Q. 

Onepctrop uaipuUfbi tiaothoctu e Mouem epejuenu t nonynaeTCH 
U3 oneparopa Marpuqbi haothoctu e HauaAbmitt MOMeur c no- 
Mow,bto ynurapHoao npeo6pa3oeanuH U(t,t 0 ). 

IlpHHHMafl bo BHHMaHne ypaBHeHHe 3B0JH0HHH onepaTopa U 
(32) h apMHTOBO conpHmeHHoe ypaBHeHHe, HaxoAHM 

in4tPt = [H,9tl (68) 

3to ypaBHeHHe IIIpeflHHrepa ajih MaTpHHbi hjiothocth. Ero He cne- 
AyeT CMeuiHBaTb c ypaBHeHHeM reft3eH6epra (40), HecMOTpa Ha 
(popMajibHoe cxoactbo (oTJiH^ne TOJibKo b 3HaKe nepea KOMMyTa- 



") ^Tofiu onpaB^aTb sto pacmnpeHHe noeryjiaTa peayKUHH BOJiHOBoro na- 
KeTa, cjie^yeT o6paTHTbCfl k fleTajibHOMy HccneaoBaHHio MexaHH3Ma H3MepeHHH 
b KBaHTOBofl MexaHHKe. Cm. no STOMy noBoay jiiiTepaTypy, UHTHpoBamiyio b 
CHOCKe IV. 10 ; cm. Taicsce pa6oTy y. <t>aHO (U. Fano, loc. cit.). 



11* 
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IVI, VIII. OIIHCAHHE <DH3HHECKHX 3BJIEHHH 



TopoM). Be^H^KHbi, BX0AHiu,He b ypaBHeHHe (68), HBJiaiOTCfl one- 
paTopaMH b «npeACTaBJieHHH» LUpeAHHrepa. 

ElepexoA ot «npeACTaBjieHHH» LUpeAHHrepa k «npeACTaBJieHHio» 
refl3eH6epra ocymecTBJiaeTca npn noMomn yHHTapHoro npeo6pa30- 
BaHHH U^(t,t 0 ). BcJie^cTBHe SToro b «npeACTaBJieHHH» reft3eH(5epra 
oneparap MaTpnirbi njioTHOCTH ocTaeTca «HenoABH}KHbiM» (p# = p 0 ), 
b to BpeMH Kan Ha6jiioAaeMbie H3MeHHK)TCfl bo BpeMeHH, cneAya 
ypaBHeHHio reifoeHSepra (40). 

§ 23. XapaKTepHCTHHeCKHe CBOHCTBa MaTpHIJbl nJIOTHOCTH 

OnepaTop MaTpnubi imothocth p HBJiHeTCH noAOOKUTeAbHO onpe- 
deAeHHbiM apMUToebiM onepaTopoM (cp. § VII. 8), CAed ero paeen 1. 

.HefiCTBHTejibHO, hcxoah H3 caMoro onpeAe^eHHa p no ypaBHe- 
HHio (63), HaxoAHM npn jho6hx |«> 

<«lpl«> = Zp m \(u\m) 2 >0, (69) 

m 

SpP=E P m Sp(|m)<m|)=E Pm =l. (70) 

m m 

KpoMe Toro, nocKOJibKy Bee p m nojio>KHTejibHbi h nocKOJibKy 
(HepaBeHCTBO IIlBapua) | (u\m) | 2 sg: {u\u), HMeeM 

<«|p|«>««|«>. (71) 

HHane roBopa, onepaTOp 1 — p Taione hbjihctch no/io>KHTejibHO 
onpeAe^eHHHM. 

B o6iu,efi TeopHH rnjibfiepTOBa npocTpaHdBa noKa3biBaeTCH, *ito 
noJio»HTejibno onpeAe^eHHbifl spmhtob onepaTop c KOHe^HbiM cjie- 

AOM HBJIHeTCH Ha6jIK)AaeM0H C «IHCTO AHCKpeTHbIM cneKTpoM. Co6- 

CTBeHHue SHa^eHHa p Bee aamiioHeHbi MejKAy 0 h 1. 

06parao, bchkuu noAoofcureAbHO onpedeAennbiH apMuroe onepa- 
TOp p co CAedoM 1 mookho paccMarpuearb Kan oneparop Marput^bi 
haothoctu. fleflcTBHTejibHo, TaKofi onepaTop ecrb HaSjiioAaeMaH h 
ero moscho 3anHcaTb b BHAe 

P=Z«>nPn, (72) 

m 

rAe ©i, 0)2, . . . , a>n, ... — OTJiHHHbie ot HyjiH coScTBeHHbie 3Hane- 
hhh, a Pu P2, . . . , Pn, ... — onepaTOpbi npoeKTHpoBaHHH Ha coot- 
BeTCTByiomHe noAnpocTpaHCTBa. Ecjih hh oaho m coScTBeHHbix 3Ha- 
MeHHfl He Bbipo^AeHO, to KajKAoe P n ecTb a^eMeHTapHbifl npoeKTOp 
P n = |rt><n|, Tan ito 

p=Z( S > n \n)(n\. (73) 

n 



§ 24, qHCTblE COCTOJIHHfl 
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IlocKOJibKy £g>„ = Spp h a>n = <«|p|ra> ^ 0, mJimvtubi co„ o6;ia- 

n 

^ajOT CB0HCTB3MH CTaTHCTH^eCKHX BeCOB 

n 

CJieAOBaieJibHo, p ecTb onepaTop njioTHocTH cMeuiaHHoro coctohhhh, 

06pa30B3HH0r0 H3 BeKTOpOB | rt> CO CTaTHCTHHeCKHMH BeCaMH (On 12 ). 

^HTaTe^b MOJKeT caM pacnpocTpaHHTb sto paccywAeHHe Ha cjiyqafi, 
Koma HeKOTopbie co6cTBeHHbie 3HaneHHH p OKa3HBaK>Tca Bupom- 

aeHHblMH. 

§ 24. HHCTbie COCTOHHHfl 

OopMaJiH3M onepaTopa MaTpHUH nJioraocTH no3BOJiaeT pac- 
CMaTpHBaTb HHCTbie coctohhhh KaK qacTHbie aiynaH CMeuiaHHbix 

COCTOHHHH. 

ECJIH H3BeCTHO, ^TO CHCTeMa HaXOAHTCH B MHCTOM COCTOHHHH 
(%), TO MOJKHO npeACTaBJIHTb 3T0 COCTOHHHe KaK CMeuiaHHoe, HO c 

oflHHM eAHHCTBeHHbiM qjieHOM CMecH |x> (no npeAnoJioateHHio Hop- 
MnpoBaHHbiM Ha 1); onepaTopoM MaTpnubi njioraocTH hbhtch 
npoeKTop 

P X = IX)(XI, (74) 

npH 3T0M 

P 2 = P X . (75) 

06paTH0, ecjiH onepaTop MaTpnubi njioraocTH ecTb npoeKTop, 
oh npe^cTaBJiaeT HHCToe COCTOHHHe; sto to cocTOHHHe, Ha KOTOpoe 
coBepuiaeTCH npoeKTHpoBaHHe. 

Mo>kho flaTb ABa Apyrnx KpHTepnn, no3BOJiHK>m,HX BbmcHHTb, 
npeflCTaB^neT jih onepaTop MaTpHUH hjiothocth iHCToe cocToaHHe: 

1°. OnepaTop MaTpnubi hjiothocth p mokct 6biTb npeACTaBAeH 
b BH^e JiHHeflHoft kom6hh3hhh npoeKTopoB pa3HbiMH cnoco6aMH: 
Bbipa>KeHHe (63) He eAHHCTBeHHo. Ho hto6h onepaTop p, onpeAe- 
jieHHbifl ypaBHeHHeM (63), npeACTaBJiHJi iHCToe cocTOHHHe, neo6- 
xoduMo (h AOCTaTOHHo), qTofibi Bee |m> Shjih paBHbi Me>KAy co6ofi 
c TOHHOCTbio ao (pa3bi; TorAa ohh npeACTaBJiHioT oaho h to >Ke 

AHHaMH^eCKOe COCTOHHHe, KOTOpoe H HBJIHeTCH HCKOMbIM qHCTHM 

cocTOHHHeM (3aAaia 7). 

2°. Bchkhh onepaTop MaTpnubi tijiothocth p, t. e. bchkhh no;io- 
5KHTejibHo onpeAeAeHHbifl spmhtob onepaTop co cjicaom, paBHbiM 
1, o6jiaAaeT cbohctbom 

Spp 2 <l. 



12 ) B 4>opMy.ne (73) BeKTopu \n) nonapHo opToroHaJibHH. O^HaKO BeKTopu 
\m) , (jpHrypHpyiotUHe b (63), MOiyr h He o6./ia,naTb sthm cbohctbom. 
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Hto6h oh npe^cTaBJiH^ hhctoc coctokhhc docraroHHO (h Heo6xo- 
ahmo), qTo6u (aaAa^a 8) 



B 3aKJiK)MeHHe ynameM, ito ecezda momho npedcraeAHTb duna- 
MuiecKoe cocroHHue cucreMu c noMou^bto oneparopa MOTpuqu 
tiAomocTU, He3aeucuMO or tozo, noAHbie uau nenoAHue ceedenun 
mu ujneeM 06 3tom coctohhuu. 3aAaHHe SToro onepaiopa no3BOJiHeT 
onpeAejiHTb Bee (pH3HHecKH H3MepaeMbie Bejimuuhi, KOTopbie 
AOJiJKHa AaTb KBaHTOBan TeopHH; npn stom ypaBHeHHe (66) nrpaeT 
tv yae pojib, hto h ypaBHeHHe (5) npH BeKTopHOM npeACTaBJieHHH 
coctohhhh. 3tot MeTOA HMeeT to npeHMymecTBo, hto oh no3BOJiHeT 
eAHHHM o6pa30M paccMaTpHBaTb KaK qncTbie, tsk h CMemaHHbie 
coctohhhh. KpOMe Toro, otiepaTop AtaTpui{bi. nAOTHocTU, npedcmB- 
AHiomuti. cocroHHue cucreMu, onpedeAHercn eduHCTeeHHUM o6pa- 

30M, B TO BpeMfl KaK BeKTOp, npeACTaBJIHIOIUHH IHCTOe COCTOHHHe, 

onpeAejieH TOJibKO c TOMHOCTbio ao (pa30Boro mhokhtc/ih, a onpe- 
Ae^eHHe CMecn BeKTopoB, npeACTaBJiniomHX coctohhhc c HenoJiHoft 
HH<popMau,Hefi, AonycKaeT eme 6oJibiDHH upomnoji, 

§ 25. KjiaccnqecKan ctethcthke h KsaHTOBan CTaTHCTHKa 

B KJiaccHnecKoft MexaHHKe AHHaMH^ecKoe cocTOHHHe onpe- 
AeJisieTca tohkoh b (pa30BOM npocTpaHCTBe; CTaracTHHecKaH cMecb 
coctohhhh npeACTaBJineTCH HeKOTopbiM <«pjiiohaom» b <|)a30BOM 
npocTpaHCTBe, njioraocTb KOToporo p KJI b tohkc paBHa BepoHrao- 

CTH HaftTH CHCTeMy B COCTOHHHH, OnpeACTIHeMOM 3T0H TOHKOH. 

CymecTByeT saMe^aTejibHHft napajiJiejiH3M Me>KAy njioTHocrbio 

B 4>330B0M npOCTpaHCTBe p K ji H OnepaTOpOM MaTpHHH njIOTHOCTH p 
KB3HTOBOH TeOpHH. FIjIOTHOCTb p K ji HBJIHeTCH BeiHeCTBeHHOH nOJIO- 

jKHTejibHofi BejiHqHHofi, npn^eM HHTerpaji ot Hee no BceMy (pa30- 
BOMy npocTpaHCTBy paBeH eAHHHue 



C ApyrOH CTOpOHH, p eCTb 3pMHT0B OnepaTOp C nOJIOKHTCJIbHHMH 

co6cTBeHHHMH 3HaHeHHHMH (nojio>KHTeJibHO onpeAejieHHbifi onepa* 
Top), c/ieA KOToporo paBeH 1. 

3Haa p K ji b HeKOTOp.bift momcht BpeMeHH, mojkho nojiyHHTb cpeA- 
Hee 3HaneHHe (A} KJl jik>6oh (J)yHKnHH A Kn AHHaMHnecKHx nepeMeH- 
Hbix q h p, HHTerpnpyH no BceMy tpa30B0My npocTp aHCTBy 



Spp 2 = 1. 



(76) 



Pkji dq dp = 1; 



(77) 




(78) 



§ 25, KJlACCHHECKAfl CTATHCTHKA H KBAHTOBAfl CTATHCTHKA 
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Sbojiiouhh p K ji bo BpeMeHH AaeTca ypaBHeHHeM 

= {# M ,P™} (79) 

(sto ypaBHeHHe He crceAyeT CMeuiHBaTb c ypaBHeHHeM (42)). 

YpaBHeHHH (78) h (79) hbjihiotch KJiaccH^ecKHMH aHajioraMH 
ypaBHeHHft (65) h (68) cooTBeTCTBeHHO. Mbi nepexc-AHM ot Bbipa- 

>KeHHH KJiaCCHqeCKOH TeOpHH K BblpaJKeHHHM TeOpHH KB3HT0B0H, 

3aMeHHH o6biqHbie Be;iHHHHbi HaSjnoAaeMbiMH, ckoSkh IlyaccoHa — 
KOMMyTaTOpaMH (c yneTOM MHOJKHTejin ih), a umezpupoeanue no 
eceny (pa3oeoMy npocrpancTey 3aMeHHercH onepaqueu ebmucne- 
huh CAeda oneparopa. 

3T3 HOB3H (p0pMyjIHp0BK3 HpHHUHna COOTBeTCTBHH 0K33H- 

BaeTca Hpe3BbmafiHo nojie3HOH npn pacnpocTpaHeHKH Ha kbshto- 
Byio o6jiacTb ochobhhx pe3yjibTaTOB iwiaccHHeCKOH CTaTHCTH^ecKOH 

TepMO^HHaMHKH. EoJIbHIHHCTBO KJiaCCH^eCKHX BHBOAOB MOryT 6bITb 

BocnpoH3BeAeHbi 6e3 H3MeHeHHH. OrpaHHHHMCH TeM, hto yna^eM 
ocHOBHbie pe3yjibTaTH. 

CoCTOHHHe KB3HT0B0H CHCTeMH B TepMOdtlHCtMUHeCKOM pCLBHO- 

eecuu npH TeMnepaType T npeACTaBJineTCH onepaTOpoM 

9 = Ne- ri ' kT ' (80), 
ryie H — raMHJibTOHH3H CHCTeMH, k — nocTOHHHaa BojibUMSHa. no- 

CT0HHH3H HC-pMHpOBKH OnpeAejIfleTCH H3 yCJIOBHH Spp=l. P33- 
JIHHHbie TepMOAHHaMHHeCKHe (pyHKUHH CHCTeMH BblMHCJUHOTCH, KaK 
H B KJiaCCHHeCKOH TeOpHH, C nOMOmbK) CTCtTUCTUHeCKOii CyMMbl 

Z(n)=Spe-^. (81) 

TaK, ajih cbo6oahoh SHeprHH &~, SHTponHH S h aHeprnn E nojiy- 
naeM cjieAyiomHe Bbipa>KeHHH, 3anHcaHHHe jJia n = \/kT: 

&- = -kT\nZ, (82) 

S-Jfe^nZ-n-^-lnZ), (83) 

E^(H) = --^\nZ. (84) 

SHTponHH CHCTeMH coryiacHO npHHHHny cootb6tctbhh, BOo6me 
roBOpa, paBHa cpeAHeMy 3HaneHHio onepsTopa — klnp; sto 3HaqHT 

S==-&Sp(plnp). (85) 

PaBHOBecHoe pacnpeae^eHHe (80) nojiyqaeTCH 6e3 Tpy^a: sto 
pacnpe/i,eJieHHe, cooTBeTCTByiom.ee 3aaaHHOMy cpeAHeMy 3HaqeHHK> 
sHeprHH, ajih KOTOporo aHTponHH HMeeT MaKCHMa^ibHoe SHa^eHHe. 
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H yriPAJKHEHHH 



1. BuBecTH H3 ocHOBHoro nodyjiaTa o cpeArax 3HaieHHHx Bupa^eHHe (5) 
Ajih 3aKOHa pacnpeaeJieHHH BepoHTHocTeii pe3yjibTaT0B H3MepeHHH Aaimoft bcjih- 

IHHbl. 

2. PaccMaTpHBaeTCH KBaHTOBaa CHCTeina, o6jia^aiomafl OAHOMepHbiM Kjiaccn- 
qecKHM aHaJioroM. Bbreec™ H3 cooTHOiueHHH KOMMyTauHH [q, p] = ih, hto cneKTp 
p — HenpepUBHbifl, npocToft h 3ano.nHHeT HHTepBaji ( — oo, +oo). CooTBeTCTByio- 

IHHM 06pa30M HOpMHpOBaHHbie Co6cTB6HHbI6 BeKTOpbl p o6pa3yK3T nOJIHyiO OpTO- 

HopMHposaHHyio CHCTeMy b S. rioKa3aTb, hto npn noAxoAameM Bbi6ope 4>a3 BeK- 
TopoB |p') 3Toii CHCTeMbi AeftcTBHe yHHTapHoro onepaTopa exp(iaqfh) (w — 
npoH3BOJibHa« nocTOHHHaH) Ha sth BeKTopu AaeT 



PeniHTb npo6jieMy co6cTBeHHbix 3HaqeHHft q b stom npeACTaBJiemm. 

3. np0H3B0AHasi onepaTopa A(\), 3aBHcamero hbho ot HenpepuBHoro napa- 
MeTpa £, no onpeAefleHHio paBHa 



noKa3aTt>, hto: 

1°. Ecjih A (I) ecTb tpymatna Ha6aioAaeMOH hjih HecKOJibKHx KOMMyrapyio- 
mnx Ha6jiioAa6Mbix, to npoH3BOAH3H HaxoAHTCH no o6biHHbiM npaBHJiaM AH<p<P e ' 
peHUHpoBaHHH. B lacraocTH, ecjm 0 — Ha6jiK>AaeMaH, to 



exp (/cop/fi) | p') = [ p' + »>, 




dA 



<*» lim 
e-»0 



A(j + e)~A (I) 



e 



4-( e |0 *)-/o a '°«. 



2°. Ewm Asa oneparopa AHipipepeHimpyeMH, to 



d ,. D . dA D , . dB 

7T iAB) -*-dT B + A W 



b qactHOCTH, 




3°. Earn A AHipfpepenuHpyeM h o6jiaAaeT oSpaTHHM onepaTOpoM, to 




4. rioKaaaTb, hto onepaTop B (/), onpeAejiHeMMfi BbipaaceHHeM 



B (/)-«■ 




3A£AqH H ynPA^HEHHH 
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r#e A h B 0 cyTb onepaTopu, He 3aBHcaiUHe ot BpeineHH, HBJiaeTca pememieM 
HHTerpajibHoro ypaBHeHHa 

t 

B (0 = Bo + / ' 



j B(T)rfrj. 



PeuiaH 9to ypaBHeHHe MeTOAOM HTepaiiHft, mojkho ntwiyquTb pa3Ji05KeHHe 
onepaTopa B(t) no cieneHHM t. floKa3aTb onepaTopHoe toxacctbo 

e iA Be~ iA ~B + i[A, B]+~ [A, [A, B]] + ... 

n cko6ok 



... +~[A, [A, ... [A, [A, B)] ...]}+... . 

3aM.euaHue. Ycjiobkmch paccMaTpHBaTb [A, B] k&k onepaTop, noJiyHafomnftcH 
npn fleilcTBHH A Ha B, h o6o3Ha<raM stot onepaTop chmbojiom A{B], Tor^a 
A"{B} BupaxaeT aeftcTBHe A, noBTopeHHOe n pa3. CorjiacHO sthm o6o3Ha»ieHHHM 

,4° {B} s B, ,4 {B} = [^4, B], 4 2 {B} = [4, [/4, Bj] h t. a., 
n03T0My TOJKAecTBo mojkho 3anncaTb b (popMe 



n=0 



5. nycTb A(%) — oneparop, 3aBHcamHft ot HenpepHBHoro napaMeTpa §, 
dA/d% — npoH3BOAHaa onepaTopa no %. XloKa3aTb onepaTopHoe ToacAecTBO 



e~ tA 



OO 

d| Z_i («+ 1)! I d\ J 



n=0 



(o6o3HaqeHHa H3 saMe^aHHa k 3aAaie 4). 

6. Ecjih onepaTop U(t), AH<j><pepeHn.HpyeMbiH no t, yHHTapeH, to onepaTop 

H(t) ti-^fU* 

6yAeT spmhtob. OOparao, ccjih U (t) noAHHHseTca ypaBHeHHio 

th-jjjUW-HU, 

rji£ H ecTb spMHTOB onepaTop, bo3mojkho 3aBHcam,HH ot t, to UW He 33bhcht 
ot BpeMeHH t, a UU^ ecTb pemeHne ypaBHeHHa 

(» A £/{/+ = [H, Ulf*\. 
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171. VIII. OrtHCAHHE 3>H3H^ECKHX flBJIEHHPI 



B qacraocTH, ecra U yHHTapeH npn t = / 0 , to oh ocTaeTca ymrrapHbiM npH jiio- 
6hx t. 

7. IlycTb |1), 1 2), \M) — nooneflOBaTejibHOCTh bcktopob c HopMoft 1, 

HO He 06«3aTeflbH0 OpTOrOHaJIbHblX. ri0Ka3aTb, 1T0 Heo6xOAHMbIM H AOCTaTOTHbIM 

ycJiOBHeM Toro, ito onepatop MaTpniibi iijiothocth 



npeflCTaBjmeT iHCToe cocTosHHe, HBJiseTCH paBeHCTBo Bcex BeicropoB c tot- 

HOCTbK) AO (pa30B0r0 MHOTKHTejIH. 

8. rioKa3aTb, wo una Toro, iTo6bi noJiWKHTejibHo onpe^eJieHHbiH s-pmhtob 
onepaTop p co cjtcaom 1 npeflCTaBJisui qHCToe cocroHHHe, Heo6xoAHMO h flocTa- 

TOTOO, HT06bI Sp p 2 = 1. 



M 




1=1 



npeMynpocTb nocTpomia ce6e rom, BHTecaaa 

ceMb ctojiSob ero, 
3anojicwia xepTBy, CMemajia bhho c boaoh 

h npnroTOBHJia y ce6n Tpane3y; 
riocjiajia CJiyr cbohx npoB03rjiacHTb 

C B03BbIIIieHHOCTGH TOpOACKHX: 
«Tot, kto npocT, 06paTHCb CK)fla!» 

IIpUTHU, IX, 1—4. 



HACTb II 

nPOCTblE 
CMCTEMbI 



r Jl A B A IX 

PEUIEHHE yPABHEHHfl UIPE^HHTEPA 
METOflOM PA3AEJ1EHHH nEPEMEHHblX. 
U,EHTPAJIbHO-CHMMETPHHHbIH FIOTEHUHAJI 



§ 1. BBeaeHHe 

HccjieAOBaHHe (pHSHtiecKOH chctcmh no cymecTBy cboahtch k 
peuieHHio cooTBeTCTByromero CTauHOHapHoro ypasHeHHH UIpeAHH- 
repa. B qacTHoeni, c sthm ypaBHeHHeM mh CTajiKHBaeMCH npn 
peuieHHH flByx HaH6o;iee qacTo BCTpeiaioiuHxca 3ajia^ KBaHTOBoft 

(pH3HKH, a HMeHHO: 

a) onpeAeJieHHH ypoBHefl aHeprHH cbh33HHHX coctohhhh, t. e. 
coficTBeHHbix 3HaqeHHH AHCKpeTHoro cneKTpa raMHJibTOHHaHa; 

6) BHMHCJieHHH 3(p(peKTHBHbix nonepenHbix ce^eHHH paccea- 
hhh — K3K 6yner noKa3aHO HH>Ke (r\n. X), ohh HaxoAflTCH npH 

HCCJieAOBaHHH aCHMnTOTHHeCKOH CpOpMbl C06CTBeHHbIX (pyHKUHH, 

npHHaAJie^amnx HenpepbiBHOMy cneKTpy. 

ypaBHeHHe IIIpeAHHrepa bojihoboh MexaHHKH HBJineTCH ypaBHe- 
HHeM b nacTHbix npoH3BOAHbix BToporo nopHflKa. JXnn OAHOMepHofi 

CHCTeMbI OHO CBOAHTCH K 06bIKH0BeHH0My AH(p(pepeHUHaAbHOMy 

ypaBHeHHio; HCCAeAOBaHne npo6jieMbi coScTBeHHbix 3HaieHHH b 
9tom npocTOM cAyiae y>Ke 6hao npoBeaeHo b tji. III. 3aAaia era- 
hobhtch ropa3AO 6ojiee TpyflHofi, ecjin (pH3HHecKan cHCTevia o6jia- 
AaeT MHorHMH cTeneHHMH cboSoah. OflHaKO CBoflcTBa chmmctphh, 
KOTopbiMH MOxeT o6jiaflaTb raMHJibTOHHaH, cymecTBeHHo o6jieniaeT 
pemeHHe ypaBHeHHH. Mo>KeT OKa3aTbCH, ito yAaraan 3aMeHa nepe- 
MeHHbix npHBeAeT k ypaBHeHHio b qaciHbix npOH3BOAHbix c pa3je- 
jiHromHMHCH nepewieHHbiMH; 3ajiana ma co6cTBeHHbie SHa^eHHH b 
stom cjiynae pacnaflaeTCH Ha HecKOJibKo saAa 1 ! c MeHbuiHM ihcaom 
nepeMeHHbix, t. e. 6oJiee npocTbix. 

HiweHHO 3to HMeeT MecTO npH peuieHHH 3ajiaqH o qacTHue, abh- 
>Kym,eHC5i b ueHTpajibHo-cHMMeTpH^HOM noTeHunajibHOM noAe, 
Kor^a noTeHunaji 3aBHCHT TOJibKo ot paccTOHHHH ao Hem-pa r, HO 
He ot HanpaBJieHHH paAnyca-BeKTopa r. Ecjih raMHAbTOHHaH o6jia- 
AaeT ctpepn^ecKOH CHMMeTpHeft, to nepeMeHHbie noAHOCTbio pa3- 
AejiHioTCH b cipepHiecKHx KOopAHHaTax; nocAe OTAeAeHHH yivio- 
Bbix nepeMeHHbix ypaBHeHHe LUpeAHHrepa cboahtch k o6biKHOBeH- 

HOMy AHCptpepeHUHaAbHOMy ypSBHeHHK) OTHOCHTeJIbHO paAHaAb- 

hoh nepeMeHHofi, KOTopoe BcerAa MomeT 6biTb npoHHTerpHpoBaHO, 

XOTH 6bl ^HCJieHHblMH MeTOAaMH. 
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TJl. IX. UEHTPAJlbHO-CHMMETPHqHblH noTEHUMAJl 



OcHOBHan qadfa stoh nnaBbi nocBHineHa peiueHHio ypaBHeHHH 
LUpeAHHrepa ajw MacTHUbi b ueHTpajibHO-CHMMeTpHHHOM noTeH- 
UHajibHOM nojie. 06m.ee o6cy>KAeHHe saaa^H npoBOAHTca b pa3- 
Aejie I. B pa3^ejie II paccMaTpHBaeTca 3aflaqa o cboSoahoh qa- 
craue h nacTHue b ueHTpajibHO-CHMMeTpHTOofi noTeHunajibHOH HMe. 

B pa3AeJie III Hca/ie/iyeTCH eme oahh npocToft npHMep 
pa3AejieHHH nepeMeHHbix npn onHcaHHH ABHxeHHfl ueHTpa Mace 
CHCTeMbi qacTHu,; k3k h b KJiaccnqecKOH MexaHHKe, sto ABHxeHHe 

OTAeJIHeTCH OT OTHOCHTeJIbHOrO ABHJKeHHH, eCJIH B3aHMOA,eHCTBHe 
MeHCfly UaCTHUaMH 3aBHCHT TOJIbKO OT OTHOCHTeJIbHOrO paCCTOHHHH 
Me«AY HHMH. 

Paaiej I. HACTHU.A B UEHTPAJlbHO-CHMMETPHHHOM 
nOTEHUHAJlbHOM nOJIE. OBIUEE PACCMOTPEHHE nPOBJlEMbl 

§ 2. TaMMJIbTOHHaH 'laCTHUbl B apepimecKHx KOopAHHaTax 

B 3T0M pa3AeJie mh H3yiHM ypaBHeHHe LUpeAHHrepa jxjlk qa- 
cthiih c Maccofi m, ABH^yme&CH b nojie ueHTpajibHo-CHMMeTpHq- 
Horo noTeHunaJia V(r). Ecjih p — HMnyjibc lacTHUbi, a r — ee 
paAnyc-BeKTop, to raMHJibTOHHaH ^acTHUH Bbipa>KaeTCH (popMyjiofi 

h TorAa CTau.HOHapHoe ypaBHeHHe LUpeAHHrepa npHHHMaeT bha 



BBHAy Toro, ito raMHJibTOHnaH oSjiaAaeT ccpepHnecKofl CHMMeT- 
pHefl, npoBeAeM HCcneAOBaHHe b apepHHecioix KoopAHHaTax. 

B KauecTBe nojinpHoft och, KaK oGhmho, BbiSepeM ocb z, TorAa 
AeKapTOBbi KoopAHHaTbi (x, y, z) Bbipa>KaiOTCH ^epe3 cipepHHecKHe 
KOOpAHHaTbl (r, 0, (p) H3BeCTHbIMH (popMyjiaMH (cm. phc. 27) : 



BbipasceHHe ajih noTeHiiHajibHOH SHeprHH V b ccpepHiecKHx 
KoopAHHaTax HaM AaHo; HaAO Haft™ Bbipa>KeHHe una KHHeraHecKOH 
sHeprHH p 2 /2m, HHaqe roBopa, Bbipa3HTb b ccpepH^ecKHx KoopAH- 
HaTax AH(p(pepeHima.nbHbiH onepaTop 



3to mohcho CAeJiaTb HenocpeACTBeHHO c noMourbio cpopMyji npeoS- 
pa30BaHHH (I). BbiracjieHHe AOBOJibHO ajihhho, ho He npeACTaBJineT 
cepbe3Hbix TpyAHOCTeft; mh He 6yAeM ero 3Aecb npHBOAHTb. BMe- 
cto 3Toro, tiToSbi Jiymiie noHHTb <pH3HqecKHft cmhcji pe3yjibTaTa, 
mm nonbiTaeMCH Bbipa3HTb KHHeTHiecKyio SHeprnio p 2 /2m He nepe3 
AH(})4)epeHU,HaJibHbie onepaTopbi d/dr, d/dQ, d/dq>, a qepe3 nocrpoeH- 



(2) 



x = r sin 6 cos q>, y = r sin 0 sin qp, z = rcos0. 



(I) 



2m 2m \ dx 2 + dy 2 dz 2 ) ' 



§ 2. TAMHJIbTOHHAH HACTHUbl 
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Hue H3 3thx /uKptpepeHimajibHbix onepaTopOB apMHTOBbi onepa- 
Topu, KOTopue HMeroT 6ojiee HarjiHAHbifl (pH3HqecKHft cmhcji. 

TaK, BMeCTO TOrO, HTOSbl HCnOJIb30BaTb AH4>(pepeHUHaJIbHbIH 

onepaTop d/dy, y/i,o6Hee HMeTb Ae.no c z-komijohchtoh MOMeHTa 
HMnyjibca, KOTopaH corviacHo ypaBHeHHio 
(V. 49) Bbipa^aeTCH (popMyjioft 



d 

d(f 



(3) 



HocKOJibKy V(r) He 33bhcht ot q>, oqeBHA- 

HO, HTO l z KOMMyTHpyeT C nOTeHUHaJIbHOH 

SHeprHefl. OAHaKO l z KOMMyrapyeT TaioKe 
h c KHHeTHHecKoft SHeprHeft p 2 /2m, hto 
mo>kho jierKO npoBepHTb (3aaaqa 4), nojib- 
3yncb onpeAe^eHHeM l z h cooTHouieHHHMH 
KOMMyrauHH ') 



[ru Pj] = ih&u. 



(4) 




Phc. 27. CcpepHiecKHe h 

AeKapTOBhl KOOpflHHaTH. 



TaKHM o6pa30M, l z KOMMyrapyeT c ra- 
MHJibTOHHaHOM H. BbiSnpaji b Ka^ecTBe no- 
jiapHbix oceft och Ox h Oy, mcdkho npHHTH 

K TOMy me 3aKJIK>qeHHIO OTHOCHTeJIbHO l x H ly. CjieAOBaTeJIbHO TpU 

cocraeAHtomue l x , l y , l z MOMeura UMnynbca 



l^[rp] = -j [rV] 



(5) 



KOMMyrupytoT c zaMUAbTOHuanoM. Ylo stoh npHTOHe mh 6y/ieM hc- 
nojib30BaTb HMeHHO 3th onepaTopbi, a He onepaiopbi djdQ, d/dq>. 

Ho reu m.e coo6pa>KeHHflM mh Hcncuib3yeM paAHaJibHbiii hm 
nyjibc 

B 1 d h ( d . 1 -\ 

BMedo onepaTopa — ih d/dr, KOTOpbift He HBJiaeTCH spmhtobhm 
(cm. 3aAaqy 1). 

MT06bI yTOTHHTb CBOHCTBO SpMHTOBOCTH p r , BblHCHHM npH K3KHX yCJIOt.HHX 

cpe/i,Hee <\|), p r i|>) , r^e i|j(r) KBaApararao HHTerpnpyeMas cpyHKUHH, HBJineTCH Be- 

meCTBeHHblM. Mu AOJIHCHbl HMeTb 

0 = Pr^) - Pr*?)* ^ J [*' (Pr*) ~ (PrW *] rfr = 

n 2n oo 



') B AaJibHefimeM HHfleKCU t, /= 1, 2, 3 cjiywar a^h o6o3Ha*ieiiHH komho- 
H6ht BeKTopoB b AeKapTOBbix KOOpAraaTax Ox, Oy, Oz; TaK, Hanpninep, t\ =s x t 

Pl = PxH T. A. 
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TJI. IX. UEHTPAJIbHO CHMMETPOTHblH nOTEHUHAJI 



nocKcwifeKy nj; oSpamaeTCH b Hyjib npn r->oo, mu aojbkhh BbiHCHHTb noBejieHHe 
4>yHKUHH i|) b Haiajie koop^hhat. Otcbhaho, mto oneparap p, hbjih6tch apMHTO- 
bhm TOJibKO, ecjiH orpaHHMHTbca KBa^paTHMHO HHTerpHpyeMHMH (pyHKUHHMH, KO- 

TOpbie IIOA^HHHIOTCH AOIlOJIHHTe.'IbHOMy yCJIOBHIO 2 ) 

lim rty (r) = 0. (7) 
r-»0 

H3 onpeaeJieHHH p r cjieayeT, mto stot onepaiop KOMMyTHpyeT 
c jik)6oh (pyHKUHeft 0 h <p, a TaioKe c TpeMH KOMnoHeHTaMH /, ho 

[r,p r ] = itl. (8) 

CymecTByeT onepaTOpHoe TomaecTBo 

p 2 = P 2 + Z 2 /r 2 (r^O), (9) 

corjiacHo KOTopoMy aeflcTBHe Ha cpyHKUHio ^(r) onepaTopoB p 2 h 
Pr + (* 2 / r2 ) AaeT OAHHaKOBbift pe3yjibTaT npn r ^ 0. 

l lT06bI erO AOKa3aTb, npHMeHHM flJIH BbI l IHCJieHHH I 2 T02KA6CTBO 

[AB] 2 = A 2 B 2 -(AB)\ 

noACTaBJifla BMecTo BeKTopoB A h B onepaTopbi f Hp. Pa3yMeeTca, 
nocKo^bKy KOMnoHeHTbi r h p He o6a3aTe;ibHo KOMMyrapyioT 
Me^K^y coSofi, 3TO TOxcuecTBO ocTaeTCH cnpaBefl^HBHM TOJibKo npn 
coxpaHeHHH nopHAKa cjieAOBaHHH onepaTopoB, hmchho 

I 2 = [rp] [rp] = £ (riP/riP/ - npftft). 

FIoBTOpHoe npHMeHeHHe KOMMyTauHOHHbix cooTHomeHHH (4) no- 
3BOJiHeT nepenHcaTb sto to>kacctbo b BHfle 

l 2 = rY-(rp) 2 + ihrp, (10) 

ho nocKOJibKy r= {x 2 + y 2 + z 2 ) '/., * -JL+ */-|- + Z JL = r JL t 
c^eAOBaTeJibHo, 

rp = r-j-^r = rp r + ih 

h, yMHTHBaa cooTHorueHHe KOMMyTauHH (8), noJiyqaeM 

(rp) 2 - ih (rp) = (rp - ih) (rp) = rp, (rp r + ih) = r 2 p 2 . 



2 ) OnepaTop p r spmhtob, ho He maneTCs Ha6jiK>AaeMoft. KaKoft 6bi hh 6biJia 
nocTOHHHafl to, peuieHHe AHcptpepemmaJibHoro ypaBHCHHH 

p r f (r) ^±l-A-( r f (r)) = of(r) 

ecTb, c TOiHOCTbio AO nocTOHHHoro MHOJKHTejiH, exp (mr/h) fr. 3to peuieHHe He 
yflOBJieTBOpaeT ycJiOBHK) (7); 3aAaia Ha co6cTBeHHbie 3HaneHHH p, He HMeeT pe- 
uieHHH (Onepaiop pr spmhtob (chmmbtphtch) Ha cpyHKunax, yaoBJieTBOparomnx 
ycJiOBHK) (7), ho ero Hejib3H pacmnpHTb a° caMoconpajKeHHoro — IJpuM. nepee.). 



§ 3. OTflEJIEHHE yrjIOBHX nEPEMEHHHX 
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FFpaBaa qacTb TOJKAecTBa (10) noaTOMy paBHa r 2 (p 2 — p 2 ). Pa3Ae- 
jihb o6e iacTH ypaBHeHHH Ha r 2 , nojiynaeM HCKOMoe to^agctbo (9) , 
cnpaBe/yiHBoe BCioAy, KpoMe, 6biTb MO>KeT, to^kh r = 0. 

XUjiee, pa3AeJiHB o6e qacTH To>KAecTBa (9) Ha 2m, HaxoAHM 
Bbipa>KeHHe ajih KHHeTHHecKofl SHeprHH, a 3aieM h BbipajKeHHe ra- 
MHJIbTOHHaHa B cfpepaiecKHX KOOp^HHaTaX 

noAo6HO aHeprHH KJiaccHiecKoft qacTHUbi raMHJibTOHHaH ecTb 
cyMMa Tpex mjichob: «paAHa;ibHOH KHHeraqecKOH 3HeprHH» 
p 2 /2m, «BpamaTeJibHOH khhcth^bckoh 3HeprHH» / 2 /2mr 2 (3aMe- 
thm, hto tnr 2 ecTb MOMeHT HHepuHH OTHOCHTejibHO Haqajia KoopflH- 
HaT) h noTeHHHajibHoft SHeprHH V(r). 

HenocpeflCTBeHHoe Bbi^HCJieHHe c 3aMeHoft nepeiweHHbix, ynoMH- 
HyToe b Haiajie naparpatpa, npHBOAHT k TOMy yae BbipaxeHHio, npn- 
neM onepaTop I 2 npeACTaBJineTCH b bhac 

12 = ~ l&W [ sin 6 1 ( sin 9 4) + -w] • 02) 
B 3aKjiiOTeHHe BbinnuieM ypaBHeHHe IlIpeAHHrepa b ctpepnue- 

CKHX KOOpAHHaTax: 

[ lL + W + V < r )] * {r ' 6 ' = £ * (r > 9 ' 03) 

Pa3yMeeTCH, pemeHHH 9Toro ypaBHeHHH MoryT paccMaipH- 
BaTbca KaK peiueHHa ypaBHeHHH IlIpeAHHrepa TOJibKO jiocne H3y- 
nemw hx noBeAeHHH b Ha^ajie KoopAHHaT. He cjieAyeT 3a6biBaTb, 
hto cnpaBeAJiHBoerb Bbipa>KeHHa (11) b Hanajie KoopAHHaT He 
HBJiaeTCH aBTOMaTHwecKH oSecne^eHHOH, He3aBHCHMo ot BHAa (pyHK- 
Hhh, Ha KOTopyio AeficTByeT raMHJibTOHHaH H. He npHBOAH AOKa- 
3aTeJibCTBa, orpaHHHHMCH 3Aecb yKa3aHneM Toro, mo ypaBHeHHe 
(13) SKBHBajieHTHO ypaBHeHHK) IlIpeAHHrepa bo BceM npocTpaH- 
CTBe, BRJuonaH Hanaro KoopAHHaT, ecjiH TOJibKO if yAOBJieTBopaeT 
ycjiOBHio (7), t. e. ycjioBHio spmhtobocth onepaTopa p r . 

§ 3. OTAejieHHe yrjiOBbix nepeMeHHWx. CtfcepHqecKHe (JiyHKUHH 

H3 BbipaKeHHH (11) h (12) bhaho, hto onepaTopbi H h I 2 kom- 
MyrapyioT. 9to mojkho 6hjio npeABHAeTb: nocKOJibicy H KOMiuyTH- 
pyeT c l x , l y , U, oh KOMiuyrapyeT h c jik)6oh (pymcuHeft ot sthx 
onepaTOpoB h, b qacrHOCTH, c I 2 . Ha6jiK>AaeMbie Hut 2 HMeiOT 
(no KpafiHeft Mepe OAHy) oSmyio 6a3HCHyio CHCTeiiy. noaTOMy 
peuieHHe npoSjieMbi coScTBeHHbix 3HaieHHH H cjieAyeT npoBOAHTb 
B ABa 3Tana: peiiiHTb npoSjieiwy co6cTBeHHbix 3na<ieHiifi I 2 , a 3aieM 
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rjl. IX. UEHTPAJIbHO-CHMMETPHMHblH IIOTEHUHAJI 



HCKaTb co6cTBeHHbie cpyHKUHH onepaTopa I 2 , yAOBjieTBopHJomne 
ypaBHeHHio LUpe^HHrepa. KoHKpeTHan cpopMa noTemmajia V(r) 

6y^eT HrpaTb pOJIb TOJIbKO Ha BTOpOM STane BbmHCJieHHH. 

FIpH HaXOJKAeHHH nOJIHOft CHCTeMbI C06CTBeHHbIX (pyHKUHH 

onepaTopa I 2 nepeMeHHaa r hbjihctch napaMeTpoM h MOJKeT 6biTb 
BpeMeHHO onymeHa, TaK KaK onepaTop I 2 AeficTByeT TOJibKO Ha 
yraoBbie nepeMeHHbie 6 h (p. 

OnepaTop I 2 KOMMyTHpyeT c Ka>KAOH KOMnoHeHToft MOMeHTa 
HMnyjibca (cm. ypaBHeHHe (V. 70)), b qacTHOCTH, oh KOMMyrapyeT 
c l z . B TeopHH cneuHajibHbix (pyHKUHH noKa3HBaeTCH, hto o6ih.hmh 
coScTBeHHHMH (pyHKHHHMH onepaTopoB I 2 h l z , onpe/iejieHHbix 
Bbipa^eHHHMH (12) h (3), hbjihiotch ctpepmecKue (pyHKliUU 

Y?(B, (p). OcHOBHbie CBOHCTBa 9THX (pyHKUHH AaHbi B ^OnOJIHeHHH 

B (§ 10). Hx nocTpoeHHe 6yner noApo6HO o6cy}K,n,aTbCH npn cncTe- 
MaTHiecKOM HaytieHHH MOMeHTa HMnyjibca b kb3htoboh MexaHHKe 
(rji. XIII). Pa3JiHHHbie ccpepHHecKHe (pyHKUHH oTMenaioTCH HHfleK- 
caMH / h m, npH^eM / MO>KeT npHHHMaTb Bee u&nbie nojio>KHTejibHbie 
3HaieHHH h Hyjib, a m — Bee uejibie SHa^eHHH ot — / j\o HMeeM: 

1*17(6, q>) = l(l+l)h 2 Y?(Q, q>), (14) 

UY?{6,<p) = mhY?{B,<t) (15) 
(/ = 0, 1, 2, .... oo; ni=-l, -l+i, .... +/). 

B npocTpaHCTBe KBaapaTHHHo HHTerpnpyeMbix (pyHKUHH ot 9 h 
<p, t. e. b npocTpaHCTBe KBaApaTHtrao HHTerpHpyeMbix tpyHKHHft, 
onpeaejieHHbix Ha ccpepe pa/tnyca 1, ccpepHHecKHe (pyHKUHH o6pa- 
3yioT nojiHyro opTOHopMHpoBaHHyro CHCTeMy. CneayeT yiHTHBarb, 
ito CKajiapHoe npoH3BeAeHne onpeaeJiHeTCH b stom onynae KaK 
HHTerpaji no c4)epe eAHHHraoro paAHyca 3 ), npn^eM sjieMeHT no- 
BepxHOCTH BbipamaeTCH (popMyjioft 

dQ — sin 8 dQ dep. 

CoOTHODJeHHH OpTOHOpMHpOBaHHOCTH 3anHCHBaiOTCH B BHA,e 
2n n 

J YTYf dQ = $ dy J sin 6 dQYT (6, cp) Yf>' (6, <p) = b iv b mm '. (16) 

0 0 

KajKAofl nape KBaHTOBbix ^nceji (/, m) cooTBeTCTByeT OAHa c<pe- 
pHqecKan cpyHKUHH. Tpe6yn, hto6h (pyHKUHH \p(r, 0, qp) 6buia 
o6iuefi co6cTBeHHofl (pyHKUHeii onepaTopoB I 2 h l z , npHHaAJiemamea 

C06CTBeHHHM SHa^eHHHM /(/+l)fi 2 H tnh COOTBeTCTBeHHO, Mbl 

onpeAejiaeM ee yrvioByio 3aBHCHMOCTb: (pyHKHHH ip(r, 6, cp) HMeeT 
(popMy f(r)YT(B, <p). 



s ) Cm. o6cya<fleHHe b KOHue § VII. 13. Anajiormnue cooSpaxceHHH cneayeT 
HineTb b BH,ay npn HanncaHHH cooTHomeHHa 3aMKHyTOCTH b npeACTaB^eHHH (0, <p)' 
(ypaBHeHHe (B. 88)). 



§ 4, PAAHAJIbttOE yPABHEHUE 



339 



§ 4. PanHajibHoe ypaBHeHHe 

riepeftAeM Tenepb ko BTopoMy STany peuieHHfl ypaBHeHHH LLIpe- 
AHHrepa. Mbi aojijkhh Haft™ o6mne co6cTBeHHbie cpyHKiiHH KOMMy- 
THpyiomHX onepaTopoB H, I 2 h l z . Ohh hbjihiotch pemeHHHMH ypaB- 
HeHHH LLIpeAHHrepa BHAa: 

^(r, e i (f) = y^(8,( P )x I (r). (17) 

U.3 Toro, hto ty™ ecTb penieHHe ypaBHeHHH (13), a Y™ — co6cTBeH- 
Han (pyHKUHH I 2 (ypaBHeHHe (14)) c/ieayeT, hto %[(r) yAOBjteTBO- 
pneT jiHHeftHOMy AH(pcpepeHiiHajibHOMy ypaBHeHHio BToporo no- 
pHAKa 

me p 2 ^-h 2 y r -~r. 

YaoSho BBec™ o6o3HaneHHe 

yi(r) = rxi(r) (19) 

h 3aMeHHTb ypaBHeHHe (18) 3KBHBa;ieHTHbiM paAHaAbHbiM ypaB- 
HeHHeM 

[- <& £ + 1 (' + W + V « - E ] H « = °> ( 2 °) 

KOTOpoe HMeeT 6ojibiuoe cxoactbo c OAHOMepHHM ypaBHeHHeM 
LLIpeAHHrepa. Otmbthm, hto HopMa ty™, nocyie npoBeAeHHH HHTerpH- 
poBaHHH no yrjiaM, onpeAeAfleTCH Bbipa>KeHHeM 

oo oo 

«. *r> =s /- 2 ix, r ^ = \ i ^ w r * (2D 

0 0 
H HTO yCJIOBHe (7) SpMHTOBOCTH p r SKBHBaJieHTHO yCJIOBHK) 

£// (0) = 0. (22) 

Hac 6yAyT HHTepecoBaTb He Bee B03MO>KHbie pemeHHH pa- 
AHaJibHoro ypaBHeHHH (20), TaK KaK ajih Toro, hto6h (J)yHKU.HS[ 
6biJia npneMJieMa b KanecTBe coScTBeHHOft cpyHKUHH Heo6xo- 
Ahmo, hto6h yi yAOBJieTBOpHjia HeKOTopbiM ycjiOBHHM peryjinp- 
hocth. HyjKHo: a) HcarceAyH noBeAeHHe y t b Hanajie KOopAHHaT, 
y6eAHTbCH b tom, hto ty™ AeftcTBHTejibHO HBJiHeTCH peiueHHeM 
ypaBHeHHH LLIpeAHHrepa bo BceM npocrpaHCTBe, BKJiioHaH Hana.no 
KoopAHHaT; 6) noTpe6oBaTb, hto6h peiueHHe 6buio HopMHpyeMHM 
(b cMbic^e, onpeAeJieHHOM Ha CTp. 185). 
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B uejiax yTOMHeHHH ycjiOBHfi peryjinpHOCTH paccMOTpHM noA- 
poSHee noBeAeHHe pemeHHH ypaBHeHHH (20) b6jih3h Ha^ajia Koop- 
AHHaT. By^eM npeAnojiaraTb, hto noTeHUHaJi V(r) orpaHHHeH bo 
BceM HHTepBajie, KpoMe, 6biTb mojkct, Ha^aJia KoopAHHaT, rAe 
AonycTHMa CHHryjinpHoeTb THna l/r. 3th npeAnonojKeHHH BbinoJi- 

HHKDTCH BO BCeX npaKTHHeCKH HHTepeCHblX CJiy^aHX. ripH T3KHX 

ycnoBHflx ypaBHeHHe (20) AonycKaeT oaho «peryjiapHoe» pemeHHe 
Ri (onpeAeJieHHoe c TO^HOCTbio ao nocTOHHHoro Mnoxmejin), ko- 
Topoe b Hanajie KOOpAHHaT o6pamaeTCH b Hyjib KaK r ,+I ; Apyroe 
pemeHHe b6jih3h Haiajia KoopAHHaT BeAeT ce6a KaK (l/r)' 4 ). 

Una AOKa3aTejibCTBa npeAnoJiOJKHM, no tpyHKUHH V(r) HBJiHeTCH aHajiHTH- 
qecKofl b OKpecTHOCTH Hanajia KoopAHHaT, h 6yAeM HCKaTb lacTHoe pemeHHe 
ypaBHeHHa (20) b BHAe puna r s (1 + a^r a 2 r 2 + • • •) . rioACTaBJiHH sto pa3Jio- 
xeHHe b ypaBHeHHe, pa3Jiaraa (pyHKUHio V(r) b pajx Tefijiopa h npnpaBHHBaH 
Hyjiio K03(j)4)HHHeHTH npH paBHbix CTeneHHX r b ;ieBofi qacra ypaBHeHHH, noJiy- 
«mm 6eCKOHeHHyio nocrceAOBaTejibHOCTb ajire6paHqecKHx ypaBHeHHft, H3 KOTopux 
nepBoe 

s(s- I) = 0 

onpe^eJiaeT s, a nocJieAyiomHe — K03tp(pHU.HeHTbi ou a 2 , ... . B HauieM cnyqae 
ypaBHeHHe ajih s HMeeT ABa pemeHHH: I-f 1 h — /. Eaa s = / -f- 1, BbMHcneHHe 
Koscp(pHH,HeHTOB pHAa mojkct 6uTb npoAOAxeHo ao 6ecKOHeiHOCTH h mh nojiy- 
iaeM «peryjiapHoe» peuieHHe R:. Ecjih xte s = — /, to BbmncneHHe KOSipcpHUHeH- 
tob HeB03M05KHO. OAnaKO, HeTpyAHO noKa3aTb, ito ecjiH Ri HBJiseTCH pemeHHeM 
ypaBHeHHH (20), to (pyHKUHH 

T 



V 

KOTopan b6jih3h HaqaJia KoopAHHaT BeAeT ce6fl KaK (l/r)', TaKHe HBJiaeTCs pe- 
iueHHeM ypaBHeHHH. 06mee pemeHHe ecTb AHHeftHaa KOM6HHau.Hfl sthx AByx 
MacTHbix pemeHHH. 

BcHKoe pemeHHe rana (l/r)' ao;i>kho 6biTb OT6pomeHO, TaK KaK 
oho He yAOBJieTBopaeT no KpaHHeft Mepe OAHOMy H3 yanoBHH a) h 
6). fleflcTBHTejibHO, ecjiH l=/=0, HHTerpaJi ot KBaApaTa MOAyJifl 
TaKoro pemeHHH pacxoAHTCH b Hyjie h corjiacHo ypaBHeHHio (21) 
4>yHKU.HH i|3™ o6pa30B3HHaH H3 TaKoro pemeHHH, He npHHaA^iemHT 
npocTpaHCTBy rnJib6epTa (ycnoBHe 6)). 3aMeTHM, qio pacxoAH- 
MOCTb b Hyjie HMeeT MecTO h ajih co6cTBeHHOro AH(p4)epeHU.Hajia 
4>yHKHHH ^j". FIoaTOMy AaHHoe peuieHHe aojijkho 6biTb OT6pomeHo 



*) 3to ecTecTBeHHo, TaK KaK o6mee pemeHHe ypaBHeHHH (20) b OKpecraocra 
HyAH npH6AH»ceHHO MoaceT 6uTb npeACTaBAeHO pemeHHeM ypaBHeHHH 

a o6m.ee pemetme nocieAHero ypaBHeHHH ecTb v (r) — ar l+i + -^r- (a h b — 

r 

npOH3BOflbHbie nOCTOHHHbie). 



§ 5. COBCTBEHHHE PEIDEHH3 PAAHAJIbHOrO yPABHEHHfl 
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KaK b c/iyMae AHCKperaoro cneKTpa E, ran h b cjiyuae HenpepbiB- 
Horo cneKTpa. 

3to paccyjKfleHHe HenpHMeHHMo npn I = 0. Ho b stom cjiy^ae 
cooTBeTCTByioman bojihob3h (pyHKUHH i|3 0 He yAOBjieTBOpneT ypaB- 
HeHHK) LUpeAHHrepa (yc/ioBHe (a)). JleftcTBHTejibHo, b6jih3h Ha- 
qajia KoopAHHaT 3Ta (pyHKUHH Be^eT ce6a KaK 1/r h, nocKOJibKy 
A ( 1 /r) = — 4jt6 (r) (cm. ypaBHeHHe (A. 12)), HMeeM 

(//-£) ^o = ^6(r). 

TaKHM o6pa30M, mm aojijkhh coxpaHHTb TOJibKO «peryjiHpHue» 
pemeHHH hjih, hto to >Ke caMoe, pemeHHH, yAOBJieTBopaiomHe ycjio- 

BHK) (22). npH 3TOM (pyHKUHH HBJIHeTCH peilieHHeM ypaBHeHHH 

LUpeAHHrepa BcioAy, BKJUoqaa Hanajio (ycjioBHe a)), flajiee, no- 

CKOJIbKy HHTerpa^ HOpMHpOBKH CXOAHTCH B HaUajie KOOpAHHaT, BM- 

noJiHeHHe yoiOBHH npHHaAJie>KHOCTH ty™ hjih ee coScTBeHHoro 
AHCptpepeHiiHaJia npocTpaHCTBy THJibSepTa (ycjioBHe 6)) 6yAeT 
3aBHceTb HCKJiioiHTejibHo ot noBeAeHHH aToro peuieHHH Ha 6ecKO- 

HeHHOCTH. 

flonoJiHeHHoe ycjiOBHeM (22) paAHajibHoe ypaBHeHHe (20) npeA- 
CTaBJiaeT co6ofi ypaBHeHHe LUpeAHHrepa, onncbiBaiomee OAHOMep- 
Hoe ABH>KeHHe qacTHUH c Maccofi m npn HajiH^HH noTeHunaJia 

y(j) _|_ / (/ _|_ i) JL-f b oSjiacTH (0, oo) h 6ecKOHeMHO 6oJibinoro 

orrajiKHBaiomero noTeHiiHajia b oSjiacTH (— oo, 0) . PemeHne ypaB- 
HeHHH LUpeAHHrepa b Tpex H3MepeHHax CBejiocb, TaKHM o6pa30M, 
k OAHOMepHOMy ypaBHeHHK) LUpeAHHrepa. Bee CBoficTBa Tanoro 
ypaBHeHHH, pa3o6paHHbie b tji. Ill (cBoficTBa BpoHCKHaHa, acHMn- 
TOTHnecKoe noseAeHHe peuieHHfi, cooTHomeHHH opToroHajibHOCTH 
h t. a.)> ocTaiOTCH cnpaBeAJiHBHMH h b HauieM cjiy^ae, HecMOTpa 
Ha CHHryjinpHOCTb «9KBHBaJieHTHoro noTeHU,HaJia» THna /(/-f-1)/'' 2 
b Ha^ajie KoopAHHaT. 

§ 5. Co6cTBeHHbie peuieHHa paflHajibHoro ypaBHeHHK. 
CTpyKTypa cneKTpa. 

llpHpoAa cneKTpa aHepnra h co6cTBeHHbix cpyHKiiHH paAHajib- 
Horo ypaBHeHHa (20) npn 33AaHHOM 3HaieHHH / 33bhcht ot acHMn- 
TOTHqecKoro noBeAeHHH pemeHHH ypaBHeHHH, peryjiapHbix b HanaJie 
KoopAHHaT. Bee bmboam § III. 10 MoryT 6biTb noBTopeHM 3Aecb 

6e3 H3MeHeHHH. 

npeAnojioJKHM, HanpHMep, ito npn r-*oo noTeHUHa.ii V(r) 
CTpeMHTCH k Hyjiio 6biCTpee 1/r: 

litn rV(r) = 0. 

3HepreTHMecKHH cneKTp coctoht h3 Asyx qacTefi: 
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a) ecjin E < 0, to eyAy^H peryjmpHbiM b Haiajie peiueHHe 
GecKOHenHo pacTeT no aScojuoTHoft BenimHHe Kan e w , r^e 

hn='\/—2mE, KpoMe HeKOTopwx AHCKperabix 3HaneHHH E ( i\ 
Ef\ . . . , KOTOpux 



3th SHa^eHHH H HBAHIOTCH eAHHCTBeHHO B03M0>KHbIMH COfiCTBeH- 

HbiMH 3HaqeHHHMH. Ka^KAOMy H3 hhx cooTBeTCTByeT paAHa^bHaa 

(J)yHKU,HH C OrpaHHHeHHOH HopMofl; 

6) ecJiH E >> 0, to peryjiHpHoe b Haiajie KoopAHHaT peiueHHe 
SecKOHe^Ho ocu,H^jiHpyeT corjiacHO 3aKOHy 

*/?.•*■ (*-t- + <0 (* = ^W-Y 

Oho npneMjieMo b KaqeerBe co6cTBeHHoro pemeHHH npn jiioSmx 3Ha- 
qeHHJix £>0 h npeACTaBJineT coctohhhc HenpepHBHoro cneicrpa. 
nocTOHHHan 8i Ha3biBaeTC3 cdeueoM <pa3u hjih npocTo <pa.3ou (ao- 
nojiHHTejibHbift qjieH —ln/2 Ao6aBJieH ajih Toro, ^to6h npn V(r)=0 
BbinojiHHJiocb paBeHCTBo 8/ = 0; cm. § 7). Oa3a 6; hbahctch Ba>K- 
hoh BejiHHHHOH: OHa xapaKTepH3yeT acHMnTora^ecKoe noBeAeHHe 
peryjinpHoro pemeHHH b cjiy^ae HenpepbiBHoro cneKTpa h nrpaeT 
cymecTBeHHyio pojib b sa^awax o pacceHHHH (rji. X). 

Ecjih noTeHunaJi V npn r->oo cTpeMHTCH k Hyjiio Kan 1/r hjih 
eme MeflJieHHee (ho mohotohhhm o6pa30M), to acHMmroTHHecKoe 
noBeaeHHe pemeHHft He cTOJib npocTo, OAHaKo ochobhoh pe3yjibTaT, 
Kacaionj,HHCH npnpoAbi cneKTpa, ocTaeTca b CHJie: sto BdOAy He- 
BbipojKAeHHbifi cneKTp, BKJiioiaiomHH HenpepbiBHyio oSjiacTb ajih 

nOJIOJKHTeJIbHHX 3Hepi"HH H nOCJieAOBaTeJIbHOCTb (6eCKOHeHHyK> 

cieTHyio) OTpHuaTejibHbix AHCKpeTHbix ypoBHeft SHeprHH. 

OcTaeTca noKa3aTb, mo npn 3aAaHHOM 3HaieHHH / MHOJKecTBO 
nocTpoeHHbix HaMH coScTBeHHbix (pyHKimft yi{r) o6pa3yeT nojiHyio 
CHCTeMy b tom CMbicJie, qTo jiio6aH KBaapaTHMHo HHTerpnpyeMaH 
4»yHKUHH ot r, onpeAejieHHan Ha nojiyocn (0, oo), MOJKeT 6biTb 

pa3JIOXeHa B pflA no 3THM C06CTBeHHbIM 4>yHKU,HHM. Mbi npHMeM, 

yTO 3to Tan a^ih Bcex paccMaTpHBaeMbix b AajibHefiiueM noTeH- 
unajiOB; b npoTHBHOM cjiyqae raMHJibTOHHaH H He hbjihjich 6bi 
Ha6jiK>AaeMOH. 

§ 6. 3aKjitOHeHHe 

FIoaboah HTorn, KOHCTaTHpyeM, Hio Ha6jiioAaeMbie H, I 2 h U 
cocTaBJiHiOT nojiHbifi Ha6op KOMMyrapyiomnx Ha6jiioAaeMbix. 3a- 
Aana nocnpoeHHH o6iu,hx co6cTBeHHbix <j)yHKUHH H, I 2 h U cboahtch 
k pa3AejieHHio b ypaBHeHHH LLIpeAHHrepa yrjioBbix nepeMeHHbix h 



§ 6. 3AKJIIOTEHHE 
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paAHaJibHOH nepeMeHHofi. Ecjih (pHKCHpoBaTb coScTBeHHbie SHa^e- 

HHH /(/+l)fi 2 H mti OnepaTOpOB I 2 H l z COOTBeTCTBeHHO, TO co6- 
CTBeHHbie (pyHKHHH HMeiOT BHA 

tf _ ftW 2C^!L. (23) 

r^e «//(/") ecTb pemeHHe pa^najibHoro ypaBHeHHH (20), KOTopoe 
o6pamaeTCH b Hyjib b Haqajie KoopflHHaT h ocTaeicn orpaHHHeHHHM 

BO BC6M npOCTpaHCTBe. 

HacTO roBopHT, mto TaKan co6cTBeHHaH (pyHKHHH npeflCTaBJiaeT 
cocTOHHHe c MOMeHTOM HMnyjibca / hjih, To^Hee, hto qacTHita o6;ia- 
flaeT MOMeHTOM HMnyjibca / c KOMnoHeHTofl m OTHOCHTejibHO och z. 
HanoMHHM, ito / h m ueJibie racna h mto / ^ 0, — / sgC m sg: /. 
CorjiacHO Tpa^HUHOHHOH cneKTpocKonHiecKOH TepMimojiorHH / Ha- 

3bIBaeTCH a3UMl/TaAbHblM K6CLHT08bLM HUCAOM, a ttl — MClZHUTHblM 
KBCLHTOBblM HUCAOM. Ylo TpaAHUHH 60Jiee HH3KHe COCTOHHHH MO- 

M6HT3 HMnyjibca oTMenaioTcsi 6yKB3MH ajicpaBHTa, a He raoneH- 

HblMH 3HaHeHHHMH a3HMyTajIbHOrO KBaHTOBOTO HHCJia: 3HaHeHHHM 

/ = 0, 1, 2, 3, 4, 5, . . . cooTBeTCTByioT 6yKBbi s, p, d, f, g, h, ... 

npnpoAa cneKTpa H 33bhcht ot noBeAeHHH noTeHUHa.ua V{r) 
Ha SecKOHeiHOCTH. B qacTHOCTH, ecjiH V(r) erpeMHTCH (mohotoh- 
ho) k Hyjiio, 9HepreTHHecKHH cneKTp co^ep^HT HeKOTopoe hhcjio 

OTpHUaTeJIbHHX AHCKpeTHblX 3HaMeHHH H MHOJKeCTBO (KOHTHHyaJlb- 
HOe) nOJIO>KHTejIbHbIX 3HaHeHHH. 

Ka^Aoe H3 co6cTBeHHbix 3HaqeHHH Henpepuenoao cneKTpa 6ec- 
KoneuHO ebipooKdeno. JJeftcTBHTejibHo, zuih Jiro6bix bo3mo^hhx 3Ha- 
qeHHfi (Im) MOMenTa HMnyjibca cymecTByeT coScTBeHHan (pyHKHHH 
c nojioscHTejibHOH SHeprHeft E. 

YpoBHH sHeprHH ducKpemozo cneKTpa Eki moryi 6biTb oTMe- 

qeHH AByMH HH,0,eKCaMH, a3HMyTajIbHHM KBaHTOBHM qHCJIOM / II 
paAHajIbHHM KBaHTOBbIM MHCJIOM k, n03BOJIHK>HI,HM pa3JIHqaTb C06- 

cTBeHHbie 3HaqeHHH paflnajibHoro ypaBHeHHH npn 3a,naHHOM /. 
A priori HeT hhk3khx npHHHH, no KOTOpbiM paAHajibHbie ypaBHeHHH, 

COOTBeTCTByiOIHHe pa3JIHqHbIM SHa^eHHHM KBaHTOBOTO IHCJia /, 

moivih 6bi HMeTb oflHHaKOBbie coScTBeHHbie 3HaieHHH! e o6w,eM 
cAynae co6cTBeHHbie 3HaqeHHH Eki Bee pa3JiHiHbi, ho Ka>K,zioe 
(2/+ 1) pas ebipooKdeno, TaK Kan KajKaoMy cooTBeTCTByeT ctojikko 

JIHHeftHO He33BHCHMbIX COfiCTBeHHblX (pyHKII,HH, CKOJIbKO npH flaHHOM 
/ HMeeTCH B03MO>KHbIX 3HaHeHHH MarHHTHOTO KBaHTOBOTO MHCJia 

m, t. e. —/,—/ + 1, +/. 

,H,jih HeKOTopbix nacTHbix <popM noTeHunaJia V(r) MOxeT cjiy- 
iHTbCH, wto HeKOTopbie H3 coficTBeHHbix 3HaMeHHH Eki coBnaAaiOT; 
b 3T0M cjiynae BbipoKAeHHe yBejiHHHBaeTCH. Mbi BCTpeTHMCH c bh- 
pojKfleHHeM SToro po^a npn Hay^eHHH aTOMa BOAopoAa (tji. XI) h 
TpexMepHoro H30TponHOTO rapMOHHqecKoro ocu,HJiJiHTopa (rji. XII). 



344 



TJI, IX, UEHTPAJlbHO-CHMMETPHHHblH nOTEHUHAJl 



Pasaeji II. UEHTPAJlbHO-CHMMETPHMHblH nPflMOyrOJlbHMH 
nOTEHUHAJl. CBOEOAHAfl HACTHU.A 

§ 7. Ci])epHqecKHe (j)yHKu,nH Eeccejia 

Ecjih b HHTepBajie (0, oo) cymecTByioT o6jiacTH, rae noTeHuna/i 
V(r) HMeeT nocTOHHHoe 3HaieHHe 

V(r)=V 0 = const, 

to b 3thx o6jiacTHx pa^HaJibHoe ypaBHeHHe npHHHMaeT oco6eHHO 
npocTyio {popMy h ero o6m,ee peiueHHe hbjihctch jiHHeHHoft kom6h- 
Hau,Hefl xopoiuo H3BecTHbix (pyHKUHH, a HMeHHO ccpepniecKHX (pyHK- 
hhh BeccejiH. 

npeflnOJIOJKHM, MTO E > Vo. ECJIH nOJIOJKHTb 



to ypaBHeHHe (20) npHHHMaeT bha 

[£+(■--"».-<>■ 

Tor^a paflnajibHan (pyHKHHH ft = «///r, paccMaTpHBaeMaa KaK (pyHK- 
uhh ot p, HBJineTCH peuieHHeM "sccpepHHecKoro ypaBHeHHH BeccejiH* 

06iu.ee peuieHHe ypaBHeHHH (25) ecTb jiHHefiHan kom6hh3hhh flByx 
<iacTHbix peuieHHH. HanSojiee qacTO npHMeHHeMbie qacrabie peuie- 
hhh npHBejteHU b AonojmeHHH B (§6); sto (pyHKHHH //, n; 5 ), 
h\ +) , h\~\ H3 hhx TOJibKo // HBJiHeTCH peryjiHpHoft b HaHajie KOOp- 
AHHaT (Be^eT ce6a KaK p'); Tpn ocTa/ibHbie hmciot b Hanajie Koop- 
AHHaT nojiioc nopHflKa 1+ I. OyHKHHH /; h m hbjihiotch BemecTBeH- 
hhmh h Ha 6ecKOHe i mocTH BeAyT ce6a KaK CTOHine bojihh: 

it (9) ~ si "(P- //2 "> , ni (9) ~ cos (P- //2n ) . (26) 

OyHKUHH h\ +) = + ij[ h = — ij l acHMnToraqecKH BeayT 
ce6a KaK pacxoaamaHCH h cxoflHmaflCH bojihm cooTBeTCTBeHHo: 

e <(P-//2rt) . , -i(p-//2n) 
h W _ e A -> _ _e _ (2?) 

p-»°° p p->oo p x ' 

B CJiy^ae E < Vo nojiaraeM 

x== V2/n(K 0 -£ )_ (28) 



6 ) BOJIMIIHHCTBO aBTOpOB nOA npHHMaiOT (J)yHKII,HK) C npOTHBOnOJIOJKHbIM 

SHaKOM. 



§ 8. CBOBOAHAJI ^ACTHUA 
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H Bee CKa3aHHoe Bbime ocraeTca cnpaBe/viHBbiM, ecjiH mnbKO 
3aMeHHTb bcioav k Ha tx. B qacTHocra, acHMuroTHqecKHe (popMy^bi 

(26) H (27) OCTaiOTCH B CHJie. EAHHCTBeHHOH paflHaJlbHOH (pyHK- 
UHefi, OrpaHHHeHHOH Ha 6eCKOHeHHOCTH, HBJIHeTCH (})yHKUHH 

h\ +) (ixr); ona sKcnoHeHUHajibHo cipeMHTCH k Hyjiio. To^Hee, (pyHK- 
uhh i l h[ +) {inr) HBJiaeTCH BemecTBeHHoft, paBHofi npoH3BeAeHHK> 
e~* r lxr Ha iiojmhom CTeneHH / ot 1/xr, TaK hto acHMnTOTHHecKH 

§ 8. CBoSoAHan nacnma. CboSoahhc njiocKHe 
h c(J)epnnecKHe bojihm 

BbiiuenpHBe^eHHbie pe3yjibTaTH npHMeHHMH h k oiyqaio cbo- 
6oahoh HacTHUH. B 3tom cjiyiae V(r) = 0 bo BceM HHTepBajie 

(0, OO), H raMHJIbTOHHaH CBOJ3.HTC5J K qjieHy KHHeTHqeCKOH SHeprHH 




By^eM HCKaTb o6mne co6cTBeHHbie pemeHHH H, I 2 h l z . PemeHHe 
c MOMeHTOM HMnyjibca (Im) h SHeprHeft E HMeeT bha Y™ (6, cp) f t (r), 
rae fi ecTb peuieHHe ypaBHeHHH (25), orpaHHMeHHoe bo BceM hh- 
TepBaJie (0, 00). 

Ecjih E < 0, to e#HHCTBeHHoe peuieHHe, orpaHHqeHHoe Ha 6ec- 
KOHeqHocTH, a hmchho h\ +) {i%r), b Haqajie KoopAHHaT HMeeT nojiioc 
nopH^Ka /+ 1. 3aAaqa Ha coScTBeHHbie 3HaqeHHH He HMeeT peme- 
hhh; KaK h cjieAOBaJio o>KHAaTb, He cymecTByeT co6cTBeHHbix co- 

CTOHHHH C OTpHUaTeJIbHOH sHeprHeft. 

Ecjih E > 0, to ypaBHeHHe (25) HMeeT oaho h ToJibKO oaho 
BCioay orpaHHqeHHoe peuieHHe, a HMeHHo (pyHKUHio ji(kr). TaKHM 
o6pa30M, cymecTByeT oaho coScTBeHHoe peuieHHe c MOMeHTOM 
HMnyjibca (Im) A-rca Ka>KAoro nojiojKHTejibHoro 3HaqeHHH E = 

= t 2 k 2 /2m SHeprHH — 9T0 CpyHKUHfl 

1? (9, <p) /,(*>•). (30) 
K.a>KAoe Tanoe co6cTBeHHoe peuieHHe OTMeqaeTcsi AByMH ah- 

CKpeTHHMH HHAeKCaMH I, m H HenpepblBHHM HHAeKCOM k, KOTOpblfl 
MO>KeT npHHHMaTb BCe 3HaneHHH B HHTepBajie (0, 00); MHOJKeCTBO 

nojiyqeHHbix ccpepnqecKHX bojih o6pa3yeT nojmyio opTOHopMHpOBaH- 
Hyio CHCTeMy (cm. 3aAaqy 3). 

CoBOKynHOCTb njiocKHX bojih e lkr cocTaBJiaeT Apyryio nojiHyio 

OpTOHOpMHpOBaHHyiO CHCTeMy C06cTBeHHbIX (pyHKUHH SHeprHH 

cboSoahoh nacTHUbi. 3to o6iuue coScTBeHHbie tpyHKUHH Ha6jiK>Aae- 
mhx p x , p y , pt, t. e. peuieHHa, cooTBeTCTByiouiHe onpeAejieHHOMy 
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3a;iaHHOMy 3HaneHHK> HMnyjibca p. Kamaaa ruiocKan BOJiHa onpe- 
AejineTCH TpeMH HenpepuBHo H3MeHHK)mHMHCH napaMeTpaMH — 
TpeMH KOMnoHeHTaMH BeKTopa ft, KOTopbie MoryT npuHHMaTb Bee 
3HaneHHH ot — oo ao +oo. 

BojiHa e ikr npeflCTaBJiaeT cBo6oflHyio lacTHuy c HMnyjibcoM 
hk h aHeprneft E = h 2 k 2 /2m. B to >Ke BpeMH oHa He npeACTaBjineT 
coctohhhh c onpeAejieHHbiM MOMeHTOM HMny^bca, noAo6HO TOMy 
KaK cfpepHHecKan BOJiHa (30) He npeACTaBJineT coctohhhh c onpe- 
fle.ieHHHM HMnyjibcoM. 3to He yAHBHTejibHo, TaK KaK Tpn KOMno- 

HeHTH Hl^nyjIbCa p x , py, pz He KOMMyTHpyiOT OAHOBpeMeHHO C I 2 H lz. 

§ 9. Pa3jioxeHHe njiocKofi bojihh no c<J>epHMecKHM (JjyHKUHHM 

Ka>Kfl,oe co6cTBeHHoe 3HaneHHe SHeprnH cbo6oahoh qacraubi 
6ecKOHe i iHo BbipojKAeHo. FIocKOJibKy ccpepH^ecKHe bojihh (30) 
o6pa3yioT nojinyio CHCTeMy, cneraoe mhojkcctbo apepnnecKHX 

BOJIH, COOTBeTCTByiOmee 3aAaHHOMV BOJIHOBOMy HHCJiy, k paCTHTH- 

BaeT npocTpaHCTBO coScTBeHHbix (pyHKUHfi c aHeprneft E = 
= h 2 k 2 /2m. CjieAOBaTejibHo, njiocKan Bojma e ikr mojkct 6biTb 
pa3Jio»eHa b pha no sthm (pyHKitHHM: 

oo +/ 

etkr = Z Z a "» {k) Y i (9 - V* i' {kr ^ (31) 

;=0 m=-l 

Ecjih BbiSpaTb ocb z b HanpaBjieHHH ft, to njiocKan BO-ima 
MOJKeT 6biTb 3anHcaHa b (popMe e ikrcos6 ; OHa He 33bhcht ot <p h 
pa3;io>KeHHe (31) coagp>kht TOJibKo qjieHbi c m = 0 6 ). FIo^ojkhm 

p = ftr, w — cosO. 

Pa3Jio>KeHHe njiocKofi bojihh cboahtch k pa3Jio>t<eHHio b pan no 
nojiHHOMaM JleJKaHApa (cm. ypaBHeHne (B. 94)): 

e ,p "=Eci/»(p) />,("). (32) 

1=0 

JXjih onpeAeJieHHH KoscpcpHUHeHTOB ci, moxho AeficTBOBaTb cmjxyK)- 
ihhm o6pa30M. ,H,H<p(pepeHUHpyH nonjieHHo pHA (32) no p, H3xoahm 

im m^Y J C l ^P l . (33) 



') AeSCTBHTeJIbHO, 

l z exp (ikr cos 8) = -j- -~ exp (ikr cos 6) = 0. 



§ 9. PA3JIOXEHHE no COEPHMECKHM WHKUHJIM 347 

Ho 3to >Ke pa3Jio>KeHHe MO>KeT 6biTb 3anncaHO h b ApyroM BHfle, 
ecJiH ynecTb peicyppeHTHbie cooTHomeHHH ajih iiojihhomob Jle- 
maHApa (B. 78): 

iue^" = i £ c,j,uP, = 
z 

= / £ (4tt<Wz+i + ir=T c /-i/'-') i> '- (34) 

z 

ripHpaBHHBaa K03(pCpHlI,HeHTbI npH P/ B pa3JIO>KeHHHX (33) H (34) 

h Hcno^b3yH penyppeHTHbie cooTHomeHHH (B.53 — 54) ajih ctpepH- 
qecKHX (pyHKUHH Beccejin, nojiynaeM cooTHomeHHH: 

1 (-2TTT c ' ~ ^T=T c '-0 ii-i (P) = 

= (' + D ( -2iTT Cl + 17TT C ' +I ) (p) - 

Hto6h OHH BbllKWIHHJIHCb npH JIK)60M p HeofiXOAHMO H AOCTaTOHHO, 
HT06bI Bbipa>KeHHH B CKOfiKaX paBHHJIHCb HyjIK), t. e. hto6h 

17TT c '+i = -27TT c ' ( /== °. *> 2 °°). 

OTKy^a 

c, = (21 + 1) i l • c 0 . 

K03(p(pHII,HeHT Co MCttKHO H3HTH, 3anHCbIB3H pa3Jio>KeHHe AJIH CJiyHa'H 

p = 0; TOr^a nocKOJibKy //(0) = 8z, nojiynHM c 0 = 1. 

B 3aKJiiOTeHHe BbirmmeM (popMyjiy pa3.Jio>KeHHH iuiockohbojihh: 

oo 

e ikz == e ikr cos e = £ (2/ + 1 ) z z /, (&r) Pi (cos 6). (35) 
z=o 

JXnn Toro qToSbi noJiymiTb sto pa3Jio>KeHHe b npoH3BOJibHofl 
CHCTeMe ccpepHqecKHX KoopAHHaT, 3aMeTHM, hto yroji 0, (pHrypHpyio- 
uj,hh b pa3JioxeHHH (35), ecTb yroji Me>KAy k u r. 06o3HaiMM chm- 
BOJiaMH k h r yrjioBbie KoopAHHaTbi sthx BeKTopoB. CorjiacHO Teo- 
peMe cjio^eHHH ccpepimecKHx tpyHKu,HH (B. 98) 

+i 

P,(cose)= 27TT £ y "*(*)^(r). 

m— -Z 

noACTaBJiHH sto Bbipa>KeHHe b pa3jio^<eHHe (35), HMeeM 

e'*' = 4nf; X il U(kr)Yf [k)Yf{r). (36) 

(=0m=-( 
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§ 10. CcpepHiecKan npHMoynwibHaa niwa 



B Ka^ecTBe HJiJirocTpauHH peiueHHH 3aAaiH o lacTHue b ueHT- 
pajifaHO-CHMMeTpHMHOM nojie cha, paccMOTpHM «npHMoyro;ibHyio 
HMy» (pHC. 28) : 

( — V 0 r <a, 
V " = { 0 r>a. < 37 > 

PeiueHHe paAHajibHoro ypaBHeHHa coBepmeHHO aHaJiornnHO 
CJiynaio oAHOMepHofi npaMoyrojibHoft hmh. Mh yineeM nncaTb 06- 

mee pemeHHe ypaBHeHHa IIIpeAHHrepa b 
KasiAofi H3 o6jiacTeft (0, a) h (a, oo); 
uro jiHHeHHan kom6hh3hhh ccpepnqecKHX 
4>yHKUHH Beccc/ia. ycjioBHa peryjiapHOCTH 
b Haqajie h Ha SecKOHeTOocTH h ycjiOBHe 
HenpepbiBHocTH (pyHKUHH h ee JiorapncpMH- 
«ecKOH npoH3BOAHOH b TOHKe r — a no- 
3BOJiHK)T onpeACJiHTb AonycTHMbie peiue- 
HHH. 

FlycTb E — aHeprHH HacTHHM. FIojio- 
>khm K = [2m (E + V 0 ) ] ' h /ti. Bo BHyTpeH- 
Heft o6jiacTH (0 < r <. a) paAHajibHoe 
ypaBHeHHe HMeeT bha 




Phc. 28. CijiepHHecKaa 
npHMoyrcwibHaa noTeH- 
UHajibHaH aua. 



r— + 

idr 2 + r 



2 d 
dr 



+ (tf_I(! + !L)] fl(r) ,o. 



FIojiojkhb p = Kr, npnxoAHM k ypaBHe- 
hhk) (25). CymecTByeT TOJibKO oaho pe- 
iueHHe, peryjiapHoe b Haqajie: Aji(Kr) (A — nocroHHHaa hopmh- 

POBKH). 

Bo BHeuiHeft oSjiacra (r > a) ypaBHeHHe IIIpeAHHrepa ecTb 
ypaBHeHHe ajih cbo6oahoh qacTHiibi. C/ieAyeT paccMOTpeTb ABa 
cjiyqaa: 

A) E <; 0. /JucK pembiCi cne/crp, c8R3a,HHue coctohhuh. 

IIojiojkhm % = V - 2m£/ft. EAHHCTBeHHbiM peuieHHeM, orpaHH- 
HeHHHM Ha 6ecKOHeiHOCTH, HBJiaeTca (pyHKima Bh\ +) (ixr), xapaio 
TepHaa ajih CBa3aHHoro coctohhhh. YcjiOBHe HenpepHBHOCTH (pyHK- 
Hhh npH r = a (pHKcnpyeT OTHouieHne BjA. HenpepbiBHOCTb .rcora- 
pHcpMHHecKOH npoH3BOAHOH AaeT 



h\ + >(txr) \dr )\ T _ a i t (Kr) dr 



(38) 



9T0 yCJIOBHe MO>KeT 6bITb BbUlOtHHeHO TOJibKO AJIH HeKOTOpblX AH- 

CKpeTHbix 3HaHeHHH E. Oho onpeAeJiaeT ypoBHH SHeprHH CBa3aHHbix 

COCTOHHHH HaCTHU,bI B 3Me. EcjIH peib HAeT 06 S-COCTOHHHHX 



§ U. ABHJKEHHE UEHTPA MACC B KJIACCHHECKOH MEXAHHKE 
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(/ = 0), to ypaBHeHHe HMeeT npocTofi bha 

— xa = /Coctg/Cfl. (38 a) 

3to ypaBHeHHe noAofiHo ypaBHeHHio (III. 18) OAHOMepHoS 3aAa<iH 
H3 § III. 6. 06cy>KAeHHe Bonpoca o iHCJie KopHeii ypaBHeHHH h 
iHO/ie y3JiOB peuieHHfi MO>KeT 6biTb noBTopeHo 3Aecb 6e3 6oJibiuHx 

H3MeHeHHH. AHaJIOrH^Hbie BHBOAbl MOJKHO CAeJiaTb OTHOCHTeJIbHO 

3HaqeHHH MOMeHTa HMnyjibca (3aAaia 5). 

B) E > 0. HenpepbieHUu cneKTp, neceH3aHHbie coctohhuh. 

IIojiojkhm k = ^jlmEfh. 06m.ee peuieHHe ypaBHeHHH Illpe- 
AHiirepa bo BHeniHeft o6jiacTH BCK>Ay orpaHHneHO. 3to ^HHeftHan 
kom6hh3uhh (pyHKUHH ji(kr) h tii{kr). Ycjiobhh HenpepbiBHOcra b 
ToqKe r = a <pHKCHpyK>T KoscptpHimeHTH jihhchhoh kom6hh3H,hh. 
Ka>KAOMy 3HaqeHHio E cooTBeTCTByeT OAHa h TOJibKO OAHa bojiho- 

BaH (pyHKUHH (c TOMHOCTbK) AO nOCTOHHHOrO MHOJKHTejIH) . 

Ecjih BHeiimee peuieHHe npeACTaBHTb b cpopMe 

B [cos 6, • /, (kr) + sin 6, • n t (kr)], (39) 
to yanoBHe HenpepbiBHOCTH (pyHKii,HH b TOHKe r = a onpeAeJiaeT 

OTHOUieHHe B/A. BeJIHHHHa 6/ H3XOAHTC5I H3 yCJIOBHH HenpepbiB- 
HOCTH JiorapHCpMH^ecKOH npoH3BOAHon 

Ki'i (Ka) _ cos 6 ; • \\ (ka) + sin b l ■ n\ (ka) 
T t (Ka) ~ cos 5, • i l (ka) + sin 6 ; • n l (ka) ' ( ' 

6/ — AeftcTBHTejibHan BejiHMHHa h MOJKeT 6biTb Ha3BaHa cabhtom 
cpa3bi ccpepHnecKofi bojihh c mombhtom HMnyjibca /. Ilojib3yHCb 
BbipaH<eHHHMH (26), HeTpyAHO npoBepHTb, qTO acHMnTOTHnecKHfi 
bha peuieHHH (39) Bbipa>KaeTCH (popMyjiofi 

D sin (kr — ln/2 + 6;) 

B kr • 

B cjiyiae s-bojihh ypaBHeHHe (40) npHHHMaeT npocTyio (popMy: 

ctgtfa = £ctg(£a + 6 0 ). (40a) 

Pas sea III. 3AAAHA flByx TEJ1. OTAEJ1EHHE flBH)KEHMJI 
UEHTPA MACC 

§11. OTflejieHHe abhjkchhh ueHTpa Mace b KJiaccHiecKofi 

MCXaHHKC 

ripH H3yqeHHH CHCTeMbI AByX qaCTHU B KB3HT0B0H MexaHHKe 

mh, BOo6me roBopa, HMeeM Aejio c 3aAaqefl b 6 H3MepeHHHx. Oa- 
HaKO ecJiH qacTHUbi He HcnbiTHBaioT hhk3khx Apyrnx B03AeHCTBHH 

KpOMe HX B33HMOAeHCTBHH, 3aBHCHinerO TOJibKO OT BeKTOpa OTHO- 

CHTejibHoro nojiojKeHHH qacraii, r = n — r 2 , to 3aAa>ia pacnaAaeTca 
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Ha ABe TpexMepHue 3a,naHH: aaaa^y o cboSoahoh qacraue h 3anany 
o qacTHije b cTanmecKOM noTemiHaJibHOM nojie. FlycTb mi, m 2 — 
Maccbi, pi, p2 — HMnyjibCM, f\, r 2 — BeKTopw nojiojKeHHH sthx AByx 
nacTHu. raMHJibTOHHaH paccMaTpHBaeMofl chctcmh HMeeT bha 

MeTOA peiueHHH 3aflaqH coctoht b OTfleJieHHH abhjkchhh ijeHrpa 
Mace ot OTHOCHTe;ibHoro js.Bnm.emin — b iiojihoh aHajiorHH c coot- 

BeTCTByiOmHM MeTOflOM KJiaCCHHeCKOH MexaHHKH. 

HanoMHHM BKpaTixe, Kan BbirjiHAHT KjiaccnnecKoe paccMOTpeHne 
3aAaHH. FIo^ohchm: 



M = mi + m 2 , R= m %XT • P = P' + P2. 

_ mitnz m 2 pi — m ip 2 

771 1 , f • It In, p : — 

m. -4- m« ' i £i r 



(II) 



npH 3aMeHe AHHaMimecKHX nepeMeHHbix, corjiacHo sthm (popMy- 
jiaM, ABH^eHHe napbi qacTHii. npeflCTaBJineTCH KaK flBHJKeHHe #Byx 

(pHKTHBHHX qaCTHU. O^Ha H3 HHX eCTb U,eHTp MaCC, IIOJIOJKeHHe KO- 

TOporo AaeTCH BeKTopoM R, HMnyjibc P paBeH nojmoMy HMnyjibcy 
cHCTeMH, a Macca M paBHa nojiHOH Macce cHcreMH. ^tpyran qac- 
THii,a, conocTaB-JiaeTCH oTHocHTejibHOMy abidkchhio; ee noJio>Ke- 
HHe r eCTb OTHocHTejibHoe nojio>KeHHe nepBofi HacTHUbi no OTHoiue- 

HHK) KO BTOpoft, CKOpOCTb p/m paBHa OTHOCHTeJIbHOH CKOpOCTH 

pi/mi — Pi/rtii, Macca m stoh omocuTeAbHou nacTUi^bi Ha3HBaeTca 
npueedeHHOti Maccoti. 

OTMeTHM HecKOJibKO 3aMeqaTeJibHbix cbohctb npeo6pa30Ba- 
hhh (II): 

m y m 2 = mM, (42a) 
P \ P \ p 2 } P 2 

9 m. 9m 9M * (426) 



2m, ' 2m 2 2m 1 2M 

m/ 2 + m/| = mr 2 + MR 2 , (42 b) 

Piri + p 2 r 2 = pr + PR, (42r) 

/, + f 2 = Z + L. (42a) 

B ypaBHeHHH (42a) mh bbc-jih momchth HMnyjibca AByx nacTHu 
li h h, MOMeHT HMnyjibca oTHocHTejibHofl qacTHUbi I = [rp] h 
u,eHTpa Mace L = [RP] . 

HeTpyflHO BHfleTb, hto npeo6pa30BaHHe coxpaHHeT cko6kh Ilyac- 
coHa; 3to — KaHOHH^ecKoe npeo6pa30BaHHe. noaTOMy ypaBHeHHa 
ABHKeHHa b hobhx nepeMeHHbix hbjihiotch KaHOHHHecKHMH yp£B- 



§ 12. CHCTEMA ABYX HACTHU 
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HeHHHMH, nOJiyqeHHHMH, HCXOAH H3 (pyHKUHH TaMH^bTOHa, Bbipa- 
>KeHHOH B HOBblX nepeMeHHHx, t. e. 



HaxoaHM 



* = -£-. P = 0, / = p = -gradF. 



YpaBHeHHH ABHJKeHHH II,eHTpa MaCC H OTHOCHTejlbHOH qaCTHUbl 

nojiHOCTbio pa3AejiHJiHCb. J3,BH>KeHHe ueHTpa MacC HBJifleTCH paBHO- 

MepHHM H IipHMOJIHHeHHblM — 3T0 ABHJKeHHe CB060AHOH HaCTHHH 
C MaCCOH M. ,H,BH>KeHHe OTHOCHTejlbHOH HaCTHUbl eCTb ABHJKeHHe 

HacTHHbi c Maccofl m b nojie ashctbhh noTeHunajia V(r). 

§ 12. OTftejieHHe abidkchhh ueHTpa Mace kbahtoboh 
CHCT6MH flByx qacTHu 

Mto6h paccMOTpeTb Ty me 3aAany b kb3htoboh MexaHHKe, mm 
bboahm HOBbie AHHaMHHecKHe nepeMeHHbie r, R, p h P, onpeAejieH- 
Hbie ypaBHeHHH mh (II). TaMnjibTOHHaH, b CTapbix nepeMeHHHx bh- 
pa^aBuiHHCH (popMyjiofi (41), Tenepb npHHHMaeT (popMy (43). Co- 

OTHOUieHHH KOMMyTai^HH TaKOBbI, K3K eCJIH 6bl Mbl HMeJIH ABe 
HaCTHUbl B T01K3X T H iR C HMnyjIbCaMH p H P; eAHHCTBeHHO OTJIHq- 
HblMH OT Hyjlfl K0MMyT3T0paMH HBJIH10TCH 

[?!> Pi\ = ifl ' U?/. Pi] = ifi U = x, y, z). 

Bee 9th CBoftcTBa tocto ajire6paHHecKHe h 6e3 TpyAa npOBepaioTCH 
C nOMOIH,bK) ypaBHeHHH (II). 

AHajiorniHO npoBepseTCH h BbinojmeHHe ypaBHeHHH (42) b 
KBaHTOBofl MexaHHKe, BKJiioMaH ypaBHeHHe (42a), npnqeM HeT Heo6- 

XOAHMOCTH H3MeHHTb nopHAOK <pHrypHpyK)IH,HX B 9THX (pOpMyjiaX 

onepaTopoB. 

B HOBblX AHHaMHHeCKHX nepeMeHHHX raMHJIbT0HH3H MOJKeT 

6biTb npeACTaBjieH KaK cyMMa AByx uieHOB: H — H R -\-H r , H3 
KOTOpblX nepBbiH, 

H P2 
n R~~ 2M ' 

33BHCHT TOJibKO ot nepeMeHHHx ueHTpa Mace, a BTopoft, 

TojibKo ot nepeMeHHHx oTHocHTejibHoro ABHmeHHH. BeKTopu, o6pa- 

30BaHHble nyTeM TeH30pHOrO yMHO>KeHHH C06CTBeHHbIX BeKTOpOB 

HafijuoAaeMofi H, Ha co6cTBeHHbie BeKTopbi HaSjiioAaeMOH H R , 06- 
pa3yiOT nojiHyio cHCTeMy eo6cTBeHHbix BeKTopoB HaSjuoAaeMofi H. 
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TaKHM o6pa30M, ypaBHeHHe LUpeAHHrepa b npeflCTaBJieHHH 
{R, r) 3anHCHBaeTCH b bhag 

[(- W A «) + (- A ' + F ( r ))] * <*» r > = ^ < 44 > 

rfle Ak h A r oSosHanaiOT onepaiopbi Jlamiaca no KoopAHHaTaM R 
h r cooTBeTCTBeHHO 7 ) . 9to ypaBHeHHe o6jiaAaeT noJiHofi chctcmoh 
co6cTBeHHbix peuieHHH W {R, r) = <D (I?) cp (r), npH^eM <})yHKUHH (!) 

H q) yAOB^eTBOpHIOT COOTBeTCTBeHHO ypaBHeHHHM: 

h r (s> (*) « (- w A *) © OR) = £*o> (*), 

// r <p (r) ^ [- -g- A r + V (r)] cp (r) = £,<p (r). 

Co6cTBeHHaH sHeprna nojmofi CHdeMbi paBHa cywtMe co6cTBeHHbix 
9HeprHH «OTfle^eHHbix» CHCTeM: E = E R -\- E r . 

ECJIH B Ha^ajIbHblH MOMeHT BpeMeHH t 0 BOJIHOB3H (pyHKUHH HB- 

jiHeTCH npoH3Be,a,eHHeM bhas F(R)f(r), to sto cbohctbo (paKTopH- 
3auHH coxpaHHeTCH c TeneHHeM BpeMeHH; (pyHKHHH sbojiio- 
UHOHnpyeT KaK bojihoboh naneT, npeACTaBJiHiom.HH CBoSoAHyio na- 
cTHuy c Macaw M, a pyHKHHH f(r) — KaK BOJiHa, npeACTaBJiHiomafl 
lacTHHy c Maccofi m b nojie AeftcTBHH noTeHUHajia V(r) s ). 

Ha npaKTHKe paccMOTpeHHe saaa^H AByx Teji, t3khm o6pa30M, 
cBOAHTca K HCCJieAOBaHHK) ABHJKeHHH qacTHUbi b noJie noTeHUHajia 
V(r), t. e. k 3aAa<ie, KOTOpyio mh y>Ke yiweeM peuiaTb b cjiynae, 

KOrAa 3T0T nOTeHHHajI HBJIHeTCH HeHTpaJIbHO-CHMMeTpHHHblM. 
§ 13. CHCTCM& MHOrHX HaCTHU, 

OTfleJieHHe ABHJKeHHH uempa Mace mojkct 6biTb ocymecTBJieHO h b cncTeMax 
c HecKOJibKHMH MacTHuaMH bcjjkhh pa3, Korfla noTemmaJi B3aHMOAeftcTBHa V 3a- 

BHCHT TOjIbKO OT B3aHMH0r0 nOJIOJKeHHH H He 33BHCHT OT HX a6cOJIK)THOrO 

nojioJKeHHa; hhhmh cjioBaMH, Koada eaauMode&cTBue UHBapuanmo omocuTeAbHO 
o6w,e& TpancAHtfuu ecex nacTuu,. 

PaCCMOTpHM KBaHTOByK) CHCTeMy H3 N + 1 HaCTHUH, raMHJlbTOHHaH KOTopoft 

oSjiaAaeT yK03aHHbiM cbohctbom HHBapnaHTHOCTH. Mh Bcei\n,a MOxeM BMnojiHHTb 
onepauHio pe^yKiiHH k uempy Mace Ha jik>6oh nape HacTHu., t. e. 3aMeHHTb hx 
AHHaMmecKHe nepeMeHHbie Ha nepeMeHHbie hx ueHTpa Mace h «OTHOCHTejibHoft 
vacTHu.H». 3tot nponecc mojkct 6un npoAOJiaceH; nocne nepBoft peayKitHH Ha 
AByx laCTHiiax mojkho BbinojiHHTb peAyKiuno Ha ueHTpe Mace sthx AByx yacTHU 
h HeKOTOpoft TpeTbeft MacTHuu: rioejie sthx AByx noCJieAOBaTeJibHHx 3aMeH AHHa- 
MHiecKHX nepeMeHHbix Tpn qacTHuu aaMeHaraTca «oTHocHTejibnoii qacTHuefl» ia- 
cthu 1 h 2, «qacTHU,efl», cBH3aHH0ft c oTHOcHTeflbHUM ABHxeHHeM ueHTpa Mace 



7 ) 3to ypaBHeHHe mojkho 6bwo 6bi noAyiHTb HenocpeACTBeHHo, hcxoah H3 
ypaBHeHHH IIIpeAHHrepa b npeacTaBJieHHH {r u r 2 } h npoH3BOAH b stom ypaBHeHHH 
c nacTHWMH npoH3BOAHHMH 3aMeHy nepeMeHHbix (ri,r 2 ) -*■ (r, R). 

8 ) EcflH /Mi •< m 2 , to m ~ «! h Af~m 2 (npHMep: aTOM BOAopoaa, mi — 
Macca sjieKTpoHa, m 2 — Macca npoTOHa); ecjiH m x ~ m 2 , to mc^.mi/2 h 2m t 
(npHMep: «Apo AeflTepHH, rrii — Macca npoTOHa, mi — Macca HeiiTpoHa). 



§ 13. CHCTEMA MHOTHX qACTHU 
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AByx nepBbix lacTHu, 1 h 2 h TpeTbefi lacraiibi h, HaKOHeu, ueHTpoM Mace Tpex 
HacTHU. B o6meM cuyiae c noMombw N 3aMeH nepeMeHHbix mojkho 3aMeHHTb 
N + 1 laenmy Ha N «0TH0CHTejibHbix iacTHU» h ikhtp Mace coBOKynHOCTH H3 
N + 1 lacraubi. 3ra peAyKuna k uempy Mace coBOKyrraocrH mohcct 6biTb npo- 
BeaeHa mhoi-hmh cnoco6aMH: nu6o ot qacraiibi k qacraue ((A/+l)!/2 B03M05K- 
hhx BapnaHTOB), ah6o pa3AeJiaa CHCTSMy H3 N + 1 qacTHUbi Ha ABe rpynnu 

H3 A/l H iV 2 qaCTHII,, npOH3BOflH peflyKUHK) K IieHTpy MaCC B KaXCflOH H3 3THX 

rpynn, a 3aTeM 3aMeHaa hx n.eHTpbi Mace R { h R 2 Ha «OTHOCHTejibHyro qacTHU,y» 
Ri — /?2 h ueHTp Mace Bcefl CHCTeMbi (M,/?j -f- Al 2 /f 2 ) / (M ! + M 2 ) , jih6o pa3Ae- 
jiaa nepBOHaqajibHyio CHCTCMy m N -\- I qacTHnu Ha TpH rpynnu h t. a. 

FlycTb ft, pi h mi — cooTBGTCTBeHHo, noJioxeHHe, HMnyjibc h Macca t'-fl qa- 
cthh.h, a R, P h M — cooTBeTCTByiomHe BeJiHHHHu, OTHocamHeca k ueHTpy Mace 
CHCT6MH H3 N + 1 qacraubi: 

JV+1 JV+l AT+i 

Af=£m., P=£p,-, «=4"X m ^ 
i-i i=i i=i 

h nycTb pi, «>/ h n ; (/ = 1, 2, N) cooTBeTCTByioiUHe BejwqHHH, npHHaAJie- 
SKamne /-ft «OTHOCHTejibHofl iacTHue», noaB^aromeHca b npouecce pe^yKUHH k 
ueHTpy Mace, onucaHHOM Bbime. riocKOJibKy Tanaa peAyKUHa ecTb nocneAOBa- 
TeJibHOCTb A' peflyKUHfl k ueHTpy Mace AByx qacrau, paBeHCTBa (42) 6e3 Tpyaa 
o6o6maK)Tca h AaioT: 

mjm 2 . . . m N+l =-- Afp.,^ ■ • • V N , (45a) 

S^-'w+E-^* (456) 

Af + 1 AT 

£ m £ r* = M/? 2 + J] n /P f, (45b) 
i=l /-l 

AM-1 W 

£ p^we-f E[<7>,]. (45r) 

Z hp,] = + £ [p/M- ( 45 *> 

C Apyrofi CTopoHu h no toh ace npnraHe, HOBwe AHHaMHiecKHe nepeMeHHbie noa- 
TOHaioTca cooTHOmeHHHM KOMMyTaiiHH, xapaKTepHHM AJia AHHaMmecKHX nepe- 
MeHHbix KB3HTOBOH CHCTeMbi H3 jV + 1 laCTHUbl. HaKOHeU, flCHO, hto noTeHuuaji V 

33BHCHT TOJibKO ot OTHOCHTeJibHHX KOopAHHaT pi p 2 , . . . , Pat h no noJiHaa 
KHHeTHiecKaa SHeprna aBJiaeTca cyMMOft KHHeTHiecKofl SHeprHH ueHTpa Mace 

P 2 /2M H KHHeTHHeCKHX SHeprHH «OTHOCHTejlbHbIX iaCTHU.» COMaCHO (456), t. e. 

„2 r n 



p 

H 



TaKHM o6pa30M, ABHsceHne ueHTpa Mace oTaeaaeTCH h peineHHe 3aaaiH N + 1 
Tejia CBOAHTCa k saAa^e N TeJi. 

Bee 9th pe3yjibTaTH He 3aBHCHT ot KOHKpeTHOfl npoueflypbi peayKUHH k u.eH- 
Tpy Mace. B qacraocTH, KaKHM 6h hh 6hji Bbifiop N «OTHOCHTeJibHbix qacTHU>, 
npoH3BeaeHne hx npHBeAeHHUx Mace Hi(i2 ... \in, cyMMa hx KHHeTHqecKHx sHep- 
rHH E <n //2l A / H cyMMa hx momchtob HMnyjibca ^ [P^| ocTaioTca HeH3MeHHHMH: 

; / 
ypaBHeHHa (45a), (456) h (45a) (3aAa4a 7). 



354 



tJl. IX. UEHTPAJIbHO-CHMMETPHMHblH flOTEHUHAJl 



3A^A4H H ynPA>KHEHH3 

1. FIoKa3aTb, wo onpe^ejiHeMbift ypaBHeHHeM (6) spmhtob onepaTop pa- 
AHaJibHoro HMnyjibca p r yflOBJieTBopaeT ypaBHeHHio 

2. PaccMaTpHBaeTCH qacraiia, flBHacymaacH b ueHTpaJibHo-CHMMeTpn^HOM no- 
TeHiinajie V(r) h oSjiaflaromaa HeKOTOpbiM "mcjiom CBH3aHHUx cocTOHHHft. FIoKa- 

3aTb, tJTO OCHOBHbIM COCTOHHHeM HBJIHeTCH COCTOHHHe S. Il0Ka3aTb TaiQKe, 1TO 

ecjiH cymecTByeT CBH3aHHoe coctohhhc c momchtom HMnyjibca L, to cymecTByeT 
cBH3aHHoe cocTOflHHe, npHHaflJiemamee KaaqioMy m 3HaTCHHfi / MOMeHTa hm- 
nyjibca, rje / < L, h <jto ecra o603Hawn> c noMombio E; HanGojiee hh3khh ypo- 
BeHb 3Heprnn, npHHaaJiexaiuHft to £ 0 < E\ < • • ■ < El- 

3. BblllHCblBaH HBHO COOTHOHieHHSI OpTOTOHajIbHOCTH H 3aMKHyT0CTH, noKa- 
3aTb, HTO co6cTBeHHbie (pyHKIlHH cbo6o#hoh qaCTHUbl 

3aBHCHinHe ot HenpepbiBHoro HHjeKca k(0 < k < oo) h iiejiux HHfleKCOB / h 
m(/ ^ 0, — I ^.m ^.l), o6pa3yioT nojmyio opTOroHajibHyio CHCTeiay. 
J\nn SToro CJieayeT AOKa3aTb cooTHomeHHe 

/, (kr) j t (k'r) r *dr = j^-b(k- A'), 

o 

npHHHMan bo BHHMaHHe, mto ((jyHKuHH 8(r — r') = 8(* — — y')^( z — 2 ') 

b ccjjepn'iecKHX Koop^HHaTax HMeeT bua 

5 ( r - r') = (r 2 sin 9) -1 6 (r - r') 6 (6 - 9') 6 («p - cp'). 

noKa3aTb, hto ecjiH (k, 9*, q>*) — cipepHHecKHe KoopflHHaTbi BCKTopa ft, to 

J e- ibr Y? (9, q>) /, (fe'r) dr = -|£ (- /)' >T (B ft , <p fc ) 5 (ft - ft')- 

4. BbHHCJIHTb KOMMyTaTOpbl KaHCAOH H3 COCTaBflHK)in,HX T ft p C KOMnOHeH- 

toh ul MOMeHTa HMny^bca / = [rp] BflOJib HanpaBjieHHs eflHHHraoro BeKTopa «. 
noKa3aTb, qro ohh MoryT 6biTb 3anncaHbi b ofimeM BHfle: 

[(«/), p] = A [«p], [(«*), ,] = A [ur]. 

BbmecTH OTcroaa, ito BCHKaa KOMnoHCHTa / KOMMyrapyeT co CKajiHpHHMH BeJiH- 
iHHaMH p 2 , r 2 h rp. 

5. KaKOMy ycjioBHio aojdkhh yaosjieTBopaTb xapaKTepncraqecKHe napa- 
MeTpw npsiMoyro^bHOH noTeHiwajibHoft hmh Vi h a «3 § 10, hto6h: a) He cyme- 

CTBOBaJIO HH OflHOI"0 CBH33HH0r0 s-coctohhhh; 6) cymecTBOBajio 3aAaHH0e HHCJIO 
CBH3aHHbIX S-C0CT03HHH? HMeeTCH JIH CBS3b USXJiy 1HCJIOM CBH33HHbIX S-COCTOH- 
HHll H MHCJIOM y3JOB paflHajIbHOH (pyHKUHH, COOTBeTCTBylOIU,eii HyjleBOH SHepTHH? 

Te mt Bonpocbi nm cjiyqan npoH3BOJibHoro /. 
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6. PaflnajibHoe ypaBHeHHe fljia qaeraubi b nojie ueHTpajibHO-CHMMeTpniHoro 
noTeHUHaJia V(r) paccMaTpHBaeTca MeTOAOM BKB. l lTo6bi npHMeHemie MeTOAa 
6hjio onpaBflaHHUM, Tpe6yeTca He TOJibKO, no6u noTeHiinaji V(r) msjjo H3Me- 
HHJics Ha paccTOSHHflx nopaAKa phhu bojihh, ho h qTo6w I ~> 1. OnuT noKa- 
3UBaeT — h 3TOMy moxho flaTb HGKOTopoe TeopeTHTCCKoe ofiocHOBaHHe (cm. Lon- 
ger, loc. cit. b cHOCKe VI. 9) — , ito MeTOA AaeT xopomne pesyjibTara h npn Ma- 
jimx 3HaieHH«x /, ecra 3aMeHHTb /(/ + 1) Ha (/ + 1/2) 2 b BupaaceHHH 1(1 + l>/r 2 
(Tan Ha3bmaeMbifl ueHTpoSescHbiH 6apbep) paAHa.nbHoro ypaBiieHHH. IloKasaTb, 
qio nocJie STOfl MOAH(pHKau,HH MeTOA BKB npn Jirofiux / npaBHJibHO AaeT: 

a) acHMnTOTHqecKyro (popniy sin [kr — ~ n^/r cbo6oahoh c<pepH<iecKoft 

BOJiHbi (V(r) =0); 

6) cneKTp aTOMa BOAopoAa (V{r) = — e 2 /r); 

b) cneKTp H30TponHoro rapMOHHiecKoro ocuHJMaTOpa V (r) = — m©V 2 
(cTporae peuieHHH 3aAaq Ha coficTBeHHbie 3HaieHHa 6) h b) coaepxaTCa, coot- 

BeTCTBeHHO, B rJI. XI H XII). 

7. B CHCTeMe H3 N + 1 Hacmnu ocymecTBJiaeTca OTAeJieHHe ABHxceHHa ueH- 

Tpa Mace AByMH pa3JiH4HUMH nyTaMH. BeKTopu noJioxe-HHa p[ p^> «othoch- 

TeJibHux qacrau», noJiyieHHbie btophm nyTeM, CBH3aHu c BeKTOpaMH nOjioxeHHa 
Pi, . . . , Pn, nojiyieHHbiMH nepBbiM nyTeM, jiHHeHHHM cooraouieHHeM 

N 

P/ = Z A lkH- 

„ r i 

riycTb Hp..., h jV h |i 1 n v — npHBeaeHHue Maccu sthx «OTHOCHTejibHbix 

HacTHU.». noKa3aTb, qro MaTpima (NX N) c sjieMeHTaMH 

aBJiaeTca opToroHaJibnoii. 

8. PaccMaTpHBaeTca AByMepHoe ypaBHeHHe IJJpeAHHrepa b cnyqae, Kor\na 
noTeHunaJibHaa sHepraa V(r) 3aflHCHT TOJibKO ot paAHaJibHoft nepeMeHHoft (x = 
= r cos d, y = r sin 0) . JI,OKa3aTb tojkagctbo 

d 2 , d 2 d 2 , J__a_ J_ d 2 



dx 1 ^ dy 2 dr 2 ^ r dr ^ r 2 dft 1 ' 
H3 SToro pe3yAbTaTa bmbccth, ito cywecTsyeT noraaa cncTeMa cofiCTBeHHbix 

AyHKUHft BHAa .,„ 

*(r, &) = f(r)e m , 
npHqeM paAHajibHaa iacTb aBAaeTca peuieHHeM ypaBHeHHa 

oSpamaioruHMca b Hyjib b Haqajie KOopAHHaT. 

3aMewHue. Ecjih V = 0, to sthm peryjiapHUM peuieHHeM aBJiaeTca ipyHKuna 
Eeccejia /| /( (kr), rpe k = ^2mE/h. 
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r JI A B A X 

nPOBJIEMA PACCEflHHfl. UEHTPAJIbHblH 
riOTEHUHAJI H METOA *A30BbIX C^BHTOB 



§ 1. BeeaeHHe 

3Ta rjiaBa nocBaineHa 9JieMeHTapHHM noHHTHHM TeopHH ctojik- 

HOBeHHH. Pe3yjIbTaTH OnblTOB no CTOJIKHOBeHHK) qacTHU Bblpa- 

>KaioTCfl npn noMomn TaK Ha3HBaeMbix atptpeKTHBHbix ceneHHH, He- 
nocpeacTBeHHo CB33aHHbix c acHMnTOTnqecKHM noBe/teHHeM cxa- 
UHOHapHHx peuieHHH ypaBHeHHH IHpeAHHrepa. rioaTOMy, onpeAe- 

JIHB nOHHTHe 9(p4)eKTHBHOrO CeieHHfl, Mbl nOCBHTHM Sojibiuyio laCTb 

pa3Ae.na I BbiacHeHHio stoh cbh3h Ha npoeroM npHMepe paccesmnH 

iaCTHU,bI Ha nOTeHUHaJie, KOTOpblfi AOCTaTOqHO 6bICTpO CTpeMHTCH 

k Hyjiio Ha 6ecK0HeHH0CTH (6bicTpee 1/r); AaJiee 6yaeT noKa3aHo, 
K3KHM o6pa30M, c noMombio MeTO^a oTAejieHHH flBH^eHHH ueHTpa 
Mace, npHineHHTb nojiyMeHHbie pe3yjibTaTbi k cnyqaio CTOJiKHOBeHHH 
AByx B3aHMOAeHCTByiouj,HX qacTHU. 

Bee ocTa^bHoe coflepxaHHe nnaBH othochtch k paccesmnio qa- 
CTHUbi Ha ueHTpajibHOM noTeHunajie h MeTOAy peuieHHH stoh 3a- 

Jja™, H3BeCTHOMy KaK MeTOA <pa30BHX CABHTOB. 3tOT MeTOA H3Jia- 

raeTca b pa3Ae.ne II. Oh oco6eHHo yAo6eH, ec/in noieHUHaji HMeeT 
KOHeqHbifl pa^nyc AeftcTBHH, h6o b stom c;iyqae ocodeHHO qeTKO 
npoaBJiaioTCfl 3aMeqaTe^bHbie cBoftcTBa cpasoBbix cabm-ob, hto 6y- 
AeT pa3o6paHO b pa3Aejie III. Oco6o cjie^yeT OTMeraTb pe30HaHC- 

Hbie HBJieHHH, npOHBJIHIOmHeCH npH CTOJIKHOBeHHHX KB3HT0BbIX 13- 

cthh, — aHajioraqHbie HBJieHHH HMeioT MecTO b jik>6oh 3aAaqe o 
pacnpocTpaHeHHH bo;ih. OScym^eHHio h <pH3HqecK0My HCTOJiKOBa- 
hhk) pe30HaHCHbix HBJieHHH nocBameH pa3Aeji IV. HaKOHeu, b no- 
cneflHeM pa3Ae.ne V Sy^yT npnBeAeHbi HeKOTopwe no;ie3Hbie BMpa- 
jKeHHH fljia 4>a30Bbix c^BHroB h BbiBeAeHbi ABe npH6jiH>KeHHbie (pop- 
Myjibi: (popMyjia BopHa h tpopMyjia BeTe, hjih tpopMyjia 3(p(peKTHB- 
Horo paAHyca AeftcTBHH. 

Pa3«eji I. a*<l>EKTHBHWE CEHEHHfl 
H AMnJIHTyflbl PACCEJIHHfl 

§ 2. OnpexeJieHHe 3(j)(JjeKTHBHbix ceneHHH 

PaccMOTpHM THnHqHbifi SKcnepHMeHT no pacceHHHK), Koraa 
MOHOKHHeTHqecKHfi nyqoK qacran 6oM6apAHpyeT 3aAaHHyio mh- 
meHb. FlycTb / — BejinqHHa nepBOHaqajibHoro noTOKa, t. e. qncjio 



§ 2. OnPEAEJIEHHE SO*EKTHBHbIX CEHEHHH 
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qacTHU nyHKa, nepecenaioiUHX b eflHHHuy BpeMeHH eAHHHuy njio- 
maAH noBepxHocTH, nepneunHKyjinpHOH HanpaBJieHHio ny^Ka h He- 

nOABHKHOH OTHOCHTeJIfaHO MHIIIGHH. ECJ1H P — WCJIO qaCTHU, B CHH- 

HHue o6"beMa naAaioiuero nymca, a v — cKopocTfa lacrau nyqna no 

OTHOIIieHHK) K MHUieHH, TO 

/ = Po. 

B oSbiiHbix ycjiOBHHX onbua P cTOJib Majio, *ito mo>kho npeHeSpenb 
B3aHM0AeftcTBHeM qacTHU b nepBOHanajibHOM nyiKe h c^HTaTb, qTO 

CTOJIKHOBeHHH OTflejIbHblX H3CTHU C MHUieHbK) npOHCXOflHT He33BH- 

chmo Apyr ot apyra. Chctuhkh H3MepHK)T raono hscthu, pac- 
ceHBaeMbix b eAHHHuy BpeMeHH b TejiecHOM yrjie dQ b HanpaBJie- 
hhh Q = (9, (p). 3to hhcjio npaMO nponopHHOHajibHo noTOKy hscthu 

Jf = J2 (Q) dQ. 

BejiHHHHa E(Q), HMeroman pa3MepHOCTb njioma^H, HBJineTCH napa- 
MeTpoM, xapaKTepH3yiomHM CTOJiKHOBeHiie qacTHiibi, oSjiaixaiomeH 
CKopocTbK) i>, c MHUieHbio: 9to 3(p(peKTHBHoe ceueHHe pacceflHHfl 
HSCTHUbl MHUieHbK) b HsnpaBJieHHH Q. 

B 6oJibuiHHCTBe cjiynaeB MuuieHb coctoht H3 6ojibiuoro qucjia N 
aTOMHbix hjih H^epHbix pscceHBaTejiefi, npnneM paccTOHHHH Memny 

3THMH aT0M3MH HJIH HApaMH aTOMOB A0CT3T0HH0 BeJIHKH no Cp3B- 

HeHHro c AJiHHofl bojihh naflaroiUHX nacTHU, TaK qTO mo>kho npe- 
He6peqb BceMH hbji6hhhmh HHTepcpepeHUHH Me^ay bojih3mh, pac- 

CeHHHHMH pa3JIHTObIMH UeHTipaMH ') ', Ka^AHH UeHTp pSCCeHHHH 
fleflCTByeT He33BHCHMO OT ApyrHX. ECJIH, KpOMe TOrO, MHUieHb BH- 

6upaeTCH aoct3tohho tohkoh, *iTo6bi mojkho 6hjio npeHe6peqb 
MHoroKparabiM pacceaHHeM, to Jf 0Ka3biBaeTCH npHMO nponop- 

UH0H3JIbHHM N 

Jf = JNa (Q) dQ. 

n^(OU],ailb o(Q) H33bIB3eTCH 3<f)(peKTHBHbIM Ce^eHHeM pSCCeHHHH 

nacTHUbi Ha pacceHB3K)iueM ueHTpe b HanpaBJieHHH Q hjih, Kopo^e, 
dutpipepeHi^uaAbHbiM acptpeKTuenbiM ceuenueM paccemuK. 

IlojiHoe hhcjio qacTHU, pacceHBaeMbix b e^HHHuy BpeMeHH, no- 
jiy'iaeTca HHTerpnpoB3HHeM no yrjiaM. Oho paBHO JNGnonit, rae 

Gnom = \ o (Q) dQ 

— noAHoe 9(pcpeKTU8Hoe ceieuue paccenuuH. 

B afl,epHoft cpH3HKe ueHTpbi psccenHHH HMeioT JiHHeftHbie ps3- 
Mepbi nopHflK3 10 -12 — 10 -13 cm, 3(ptpeKTHBHbie ceneHHH o6bniBO 



') 3Ta CHTyaitHH peaJiH3yeTca He Bcer^a. HanpHMep, npw pa3JiOTHbix flHCppaK- 

U,HOHHbIX HBJieHHHX B KpHCTaJIJiaX — AHtppaKUHH 3JieKTpOHOB, TelUIOBMX HeflTpOHOB 

hjih peHTreHOBCKHx jiyqefi — BaxHeftmyio pojib nrpae? hmshho yKa3aHHas Bbime 
HHTep^epeHUHa. 
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IVl. X. nPOBJTEMA PACCE3HH5I 



H3MepHK3TCH B 6apHaX HJIH MHJUIHSapHax: 

1 6apn— 10 -24 cm 2 , 1 MUAJiudapH (m6)= 10 -27 cm 2 . 

Bo Bcex 3thx paccy>KAeHHHX mm MOJiqa^HBO npeAnojiarajiH, qio 
pacceflHHe nponcxoAHT b pe3yjibTaTe ynpyrnx cTOJiKHOBeHHH, t. e. 

CTOJIKHOBeHHH, IipH KOTOpblX KB3HTOBOe COCTOHHHe paCCCHBaTeJIH 

He H3MeHHeTca h He npoHcxoAHT nepeaaqn SHeprHH BHyTpeHHHM 
CTeneHHM cbo6oah pacceHBaTejia. flona mm orpaHHHHMca TOJibKO 
ynpyrHM pacceaHHeM. KpoMe Toro, mh He 6yAeM paccMaTpHBaTb 
pacceHBaioinHH ueHTp (aTOM hjih hapo aTOMa) bo Bceft ero cjiojk- 
hocth, a 6yAeM onHCbmaTb ero cTaTH^ecKHM noTeHunajiOM, 3aBH- 
chihhm ot paAHyca-BeKTOpa r qacTHuu. 

§ 3. CTauHOHapHan BOJiHa pacceaHHsi 

HccJieAyeM 3aAaqy o pacceaHHH qacTHUjbi c Maccofl m Ha noTen- 
HHajie V(r), npnqeM b stoh rjiaBe orpaHHHHMCH TOJibKO t3khmh 
noTeHUHajiaMH, KOTOpue npH r-*-oo cTpeMHTCH k Hyjiio 6bicTpee 
1/r. PacceHHHe Ha KyjiOHOBCKOM noTeHUHajie 6yAeT paccMOTpeHO 
b rji. XI. 

FlycTb E — SHeprHH, a p=hk — HaqajibHbifl HMnyjibc qacTHHbi. 
3(p(peKTHBHoe ce^eHHe cr(Q) mo>kho CBH3aTb c t3khm pemeHHeM 
ypaBHeHHH IIIpeAHHrepa 

[-■W*+V(r)]**{r) = E* k (r), 
KOTopoe Ha 6ecKOHeMHOCTH HMeeT acHMnTOTHnecKyio (popMy 

e^+f(Q)^. (1) 

npHMeM 6e3 o6cy>KAeHHH 2 ) , mo ajw Ka>KAoro 3HaHeHHn k HMeeTca 
oaho h TOJibKo oaho peuieHHe SToro ™na. ByAeM Ha3biBaTb sto 
peiueHHe i|u ( r ) CTcmuonapHou boahou paccennun c bojihobhm BeK- 

TOpOM k. 

On3HqecKHH cmhcji o6ohx iJieHOB acHMnTOTHHecKofl cpopMbi pe- 
iueHHH Jierico noHHTb, ecjiH oSpaTHTbca k onpeAejieHHio (IV. 9) BeK- 
Topa njioTHOCTH noTOKa 3 ) 

7 W = W (') ^ (') ~ W ('))* * (')]■ 



2 ) 3to yTBepjKAenne 6y,aeT ^0Ka3aH0 b pa3.ne.ne II ajih cjiyias, KOi\na ueH- 
TpajibHO-CHMMeTpniHUH noTemmaJi V o6Hapya<HBaeT AOCTaTorao peryjrapHoe no- 
BeaeHHe b Hanajie koopahmt. 

3 ) Mojkho onpe«ejiHTb bpmhtob oneparop /(r 0 ), npeACTaBJiHioinHH imot- 
HOCTb noTOKa b ToiKe r 0 : 

' (r 0 ) = "2^" lP» (r - r 0 ) + 6 (r - r 0 ) p]; 

Toraa njioTHocTb noiOKa, onpeA&neHHaH Bbiiue, ecTb cpeanee 3HaieHHe 9Toro one- 
paTopa b HeKOTopoM 3a,n.aHHOM kb3htobom coctohhhh. 



§ 4. nyuoK BOJiHOBbix haretob 
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riJiocKan BOJiHa e ikr npeActaBJiHeT Bojmy c njioTHocTbio 1 h iuiot- 



qjieau HaHHH3iuero nopH^Ka no l/r, orracbiBaeT BOJmy c njioraocTbro 
|/(Q)| 2 /r 2 h njioTHocTbio noTOKa, no HanpaBJieHHio Q b CTopouy 

yeeAUHueatomuxcn r (pacxofl.Hui.aHCH BOJiHa), paBHofl ■— ^ . 

BBH^y Toro, mo BJiHHHne noTeHunajia V b acHMnTOTHiecKOH 30He 
npeHe6pe»HM0 MaJio, mojkho, c/ie,«yH KJiaccHiecKOMy npnSjin^e- 
hhk) (cm. § VI. 4), HHTepnpeTHpoBaTb HjieH e ihr Kan nyqoK moho- 

KHHeTH^eCKHX M3CTHU C HMnyjIbCOM hk H njIOTHOCTbK) 1 ( HaiaJIbHblfi 

ny<ioK) . Toiyia hjiqr f (Q) e ikr /r HHTepnpeTHpyercH KaK paflHajibHbift 
nyqoK qaCTnn, hcxoahiuhx H3 neHT.pa, t. e. npe^CTaBJiHeT noTOK 
pacceHHHHX qacTHU. 

B corjiacHH c stoh HHTepnpeTauneH HaflfleM ^hcjio qacTHu, pac- 
ceHHHbix b eflHHHuy BpeMeHH b TejiecHbift yroji dQ b HanpaBJieHHH 
Q: 9to noTOK qacran, npoxoanmnx iepe3 yiacTOK ctpepn^ecKOH 
noBepxHocTH oneHb 6ojibinoro pa/myca, kotophh BHfleH H3 uanana 

KoopAHHaT nofl Te^ecHbiM yrjioM (Q, Q + dQ) , t. e. — | f (Q) f dQ. 

Pa3fl,e^HB 9T0 hhcjio Ha BejmiHHy nepBOHa^ajibHoro noTOKa 
/ = hk/tn, nojiyqnM stpcpeKTHBHoe ceneHne pacceHHHH 



OyHKUHH f(Q) Ha3HBaeTCH QMfiAUTydou paccenuuH. 

§ 4. OnHcaHHe pacceHHHH 

npH noMomH nynKa bojihobmx naKeTOB 4 ) 

HHTyHTHBHbie paccy»y;eHHH npe.nbijiym.ero naparpatpa HeKoppeKTHbi no AByM 
npHiHHaM. 

Bo-nepBHX, BeKTop itjiothocth noTOKa He hbjih6tch npocToft cyMMoft iiotokob 
ot njiocKOft bojihh h paccenHHoii bo^hh. Heo6xo«HMO yiecTb BKJia^ HHTepcpepeH- 
UHH Mexpy exp(ikr) h /(Q) exp (i'Ar) //-. B npeAwecTByiomHX paccy>K,nenHHx hb- 
JieHne HHTepcpepeHUHH He yiHTHBaJiocb. 

Bo-BTopbix, npeflCTaB^eHHis <pH3HHecK0H CHTyaiWH cTauHonapHOii bojihoh pac- 
ceHHHH 



SBJineTCH HAea^H3HpoBaHHUM. Ha caMOM MfiJie Kaaman HacTHB,a, noflBepraiomaflCH 
pacceaHHio, AOJiWHa npeflCTaBJiHTbcn bomobum naKe-roM, o6pa30BaHHHM cynep- 
no3HU,Heft cTaiiHOHapHbix bojih Tuna (3), cooTBeTCTByramnx bojihobhm BeKTopaM, 
HecKOJibKO OTflHHatomHMCH no 66AUHUHS h HanpaeAenwo ot ft. 3tot naiseT wa- 
xen 6wTb nocTpoeH tsk, hto6h npaBHflbHO yneCTb HaqajibHbie yaioBHH 3aflaiH. 
BcMflCTBHe AHcnepCHH no HanpaBJieHHio HMnyjibca ero nonepequbie pa3Mepu or- 



4 ) PaccMOTpeHne npo6jieMbi pacceHHHH b § 4, 5 h 6 ocHOBaHo Ha pafioTax 
My h Jloy no TeopHH pacceHHHH. BbiiHCJieHHH § 16 TaKwe 3aHMCTB0BaHW H3 

3THX paCOT. 




a(Q)-=|f(Q)p. 



(2) 



** (r) e 




(3) 
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171. X. nPOBJlfcMA PACCEflHHfl 



pamiqeHbi h He npeBocxoAHT pa3MepoB AHaepparabi HCTOTHHna nepBOHanaJibHoro 
nyyna. BcJie^cTBiie se AncnepcHH no sHeprHH naKeT orpammeH TaiOKe h b npo- 
flOJibHOM HanpaBJieHHH h pacnpodpaHHeTca npstMOAHHeftHO b HanpaBJieHHH mh- 
uieHH co CKopocTbw, paBHoft rpynnoBoft cnopocra v = hk/m. 

yflofiHO xapaKTepH30BaTb TpaeKTopHio qacTHirbi noAoxeHHeM b totoh ee nepe- 
ceneHHH c njiocnocTbio (S), npoxoflamefl qepe3 pacceHBaiomnfl ueHTp nepneHAHny- 
jiapHo HanpaBJieHHK) pacnpocTpaHeHna. HTycTb t 0 — MOMem BpeMeHH nepeceqeiiHH 
njiocKoc™ (S) ueHTpoM naneTa b tom cJiynae, Kor^a ero ABraceHHe He B03My- 
maeTCH pacceHBaiomHM noTeHnnaAOM; Toraa 33koh abhjkchhh ueHTpa naneTa ao 
CTOJiKHOBeHHH MoxceT 6uTb 3anHcaH b (popMe 

<r> = b + v (t - t 0 ). 

Ha^aAbHUH nOTOK HBAHeTCH B ACHCTBHTeAbHOCTH nOTOKOM BOAHOBblX naKeTOB 

yKa3aHHoro Bbiuie rana, nepeMemaiomnxcsi napaJiaeJibHO Apyr APyry co cko- 
pocTbio v h oMHqaiomHxcH Apyr ot Apyra TOJibKO SHa^eHHHMH napaiweTpoB 6 H 

t 0 , CpHKCHpyiOmHX ABHXCeHHe UeHTpOB naKeTOB AO CTOAnHOBeHHH. 



Aemeirmop 



V 



d 
























21 
> 



n 



Phc. 29. CxeMa ancnepHMeHTa no pacceHHHio h xapaKTepHcraneCKHe aahhh b stom 

onbiTe. 



B AajibHefimeM o6cy>KAeHHH CyAyr paccMaTpHBaTbca cAeAyiomne xapan- 
TepHCTHiecKHe ajihhh (pnc. 29): 

%—h/tnv — cpeAHsa AJiHHa bojihh naAaioiuero BOAHOBoro naneTa; 
d, I — ■ nonepe^Hbie h npoAOJibHbie pa3Mepbi naAaioiuero naneTa; 
a — pa3Mepbi 3ohh pacceaHM; 

D — paccToaHHe perHCTpnpyiomero npn6opa ot 30Hbi paccesiHHSi. 

flAHHbi d h / CBH3aHH cooTHomeHHHMH HeonpeAeAeHHocra c AHcnepCHHMH na- 
Aaioiuero naneTa boah cooTBeTCTBeHHO no HanpaBAeHHio H aHeprnn. IlocnoAbny 
mh npeAnoaaraeM, ito HanpaBAeHHe pacnpocTpaHeiiHH naneTa h ero SHeprHa xo- 
pomo onpeAeAeHH, Heo6xoAHMO 

X<d h X<'- (4) 

Mto6u caMO paccesiHHe He 3aBHceAO cymecTBeHHHM o6pa30M ot KOHnpeTHOft <pop- 
mh bojihoboto naneTa, Heo6xoAHMO, npotie toto, qTo6w ero pa3Mepw 3HaiHTeAb- 
ho npeBocxoAHAH pa3Mepu 30HH paccesiHHH, t. e. toh oCAacTH npocTpaHCTBa, rAe 
noTeHnnaA HineeT OTJinqnyio ot HyAH BeAnmray, t. e. 

a<d, / (5) 

(a ^ 10 -8 cm npn pacceHHHH Ha aToine h a ~ 10~ 13 cm npii pacceHHHH Ha HApe). 

IlpH 3thx npeAnoAOJKeHHHX, ecAH npHueAbHbiH napaivieTp npeBoexoAHT none- 
peiHbie pa3Mepu naneTa (b > d), to naAaiomHH boahoboh naneT He nacaeTca 



§ 4, nyqoK bojihobhx nAKETOB 
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30HH paCCeHHHS H ^BHJKeTCH BCe BpeMH KaK CBOOOflHHH bojihoboh naKeT. Ecjih, 

HanpOTHB, b <C d, oh aocraraeT 30hm pacceHHHH b HeKOTOpbift momcht U ~ t a — 

— l/v. B 9T0T MOMGHT HaTOHaeTCH COOCTBeHHO CTOJIKHOBeHHe. 4epe3 flOCTaTOTOO 

6oJibinofl npoMexyTOK BpeMeHH bojihoboh naKeT BHOBb 0Ka3biBaeTCH nojraocTbio 
BHe 30hh pacceHHHH, ho Tenepb oh coctoht, BOo6me roBopn, H3 Asyx lacTeft: 
npoxoflnmero bojihoboto naKeTa, (pop^a h 3aKOH ABH/KeHHH KOToporo Majio ot- 
jiH^aioTCH ot nepBOHaiajibHux, h naKeTa bojih, 
pacceHHHux b pa3Hwx HanpaBJieHHHx othoch- 
TeJibHO nepBOHaqaJibHoro (pnc. 30) 6 ). 

BeTeKTHpoBaHHe pacceHHHux laeiHU ocy- 
mecTBJineTCH neKOTOpbiM perncTpHpyiomHM 

yCTpOHCTBOM (cieTIHKH, (pOTOnjiaCTHHKH 

h t. A-) b 3aaaHH0M HanpaBjieHHH Q = (9, (p) 
Ha HeKOTOpoM paccTOHHUH nopn^Ka D OT 
neHTpa pacceHHHH. 3to paccTOHHHe He &on- 

5KH0 6bITb CJIHIHKOM OOJIblllHM, eCJIH Mbl He 
XOTHM npHHHMaTb BO BHHM3HHe paCnJIHBaHHe 

bojihoboto naneTa b xoAe SKCnepHMeHTa (cm. 
SVI.3): 

VXD<rf, /• (6) 

Ho 9TO paCCTOHHHe BCe H<e flOJDKHO 6bITb 

flocTarOTHO SoJibuiHM, iToSbi pacnpoerpaHe- 
HHe aeTeKTHpyeMoft bojthm He B03Mymajiocb 
npncyTCTBHeM noTeHiwajia 30hw pacceHHHH, 
t. e. 

a,\<D, (7) 

h ito6h j,eTeKTop He mot perHCTpHpOBaTb ia- 
cthum npoxoflHiuero bojihoboto naKeTa: 

d < D sin 9. (8) 

3aMeTHM, mo BOJwa, pacceHHHan Bnepefl 
(6 = 0), He MO>KeT 6biTb OTaejieHa ot npoxo- 
.HHmeft BOJIHbl. 

06-beflHHHH ycjiOBHH (4) — (8), nojiyiaeiu 
HepaBeHCTBa 6 ) : 

a, VXD < /, (9a) 
a,^/KD<d<D. (96) 

OopMyjia (2) BbipaxaeT scpcpeKTHBHoe ceieHHe pacceHHHH TOJibKO npH tom 
yCJIOBHH, 4T0 3KcnepHMeHTajibHoe ycTpoflcTBO, npeAHa3HaTOHHoe ajih H3MepeHHH 
stoh BeJiHqnubi, oeecneraBaeT BbinojmeHHe HepaBeHCTB (9). 

KpoMe SToro Heo6xo/j,HMO, ito6u BOJiHOBue naKeTbi hmcjih AOCTaTOTOO xo- 
pomo onpeAeJieHHbie HanpaBJieHHe ABHjKeHHH h sHepraio, TaK KaK TOJibKO b stom 
cjiyqae aMnJiHTy/ra pacceHHHH BOo6me HMeeT cmuc/i. OyHKHHH f(Cl) jiojiacHa 
ocTaBaTbCH npaKTHHecKH nocTOHHHOH h no MOAyjno, h no ipa3e npn H3MeHeHHH 



5 ) 3to HBJiemie aHaJioraiHO HBJienHHM oTpaaceHHH h npoxojKAeHHH bojih b 
o^HOMepHOH 3a£aie, paccMOTpeHHofi b rji. Ill (§§ 3, 6 h 7). 

6 ) B SKCnepHMeHTax aTOMHofl h HAepHoft <pH3HKH AJiHHa d paBHa caMoe 
6ojibuiee nmpHHe bxoahoh AnatpparMbi (d ~ 1 mm); AJiHHa / MoaceT 6biTb 3a- 
MeTHO 6oJibiue; D — oohtoo nopHAKa 1 m. Ecjih a~ 10~ 8 cm a K m 10~ 8 cm, ito 

HBJIHeTCH MaKCHMajIbHOH BeJIHIHHOH, TO VXD ~ iO -3 CM H l/a 10 7 , //VXD ^ 

^ rf/V^D ~ 10 2 , d/D ex. 10 -3 . TaraM o6pa30M, ycnoBHH (9) BunoJiHHiOTCH c h3- 

6bITK0M. 



o 



a) 




8) 

Phc 30. CxeMa npouecca pac- 
ceHHHH BOJiHOBoro naKeTa: 

a) — AO CTOJIKHOBeHHH; 6) — B MO- 

MeHT CTOJIKHOBeHHH j b) — nocjie 

CTOJIKHOBeHHH (3aHITpHX0BaHa 

oSjiacTb, rae aeftcTByeT otjihi- 
Hbift ot HyjiH noTeHiinaji). 



362 



VJl. X. nPOBJIEMA PACCEflHHH 



SHeprHH Ha Bejinrany nopaAKa 6E~tlv/l, a yraa naAemia — Ha BeJWiHHy no- 

PHAKa %/d B6flH3H COOTBeTCTByiomHX cpeAHHX 3HaqeHHH. 

^[,OKa3aTe^bCTBo SToro pe3yjibTaTa 6yAeT npoBeAeHO b AByx nocAeAyiomHX 
naparpacpax. 

§ 5. PaccenHHe BOjiHOBoro naxeTa Ha noTemjHaJie 

B npeflncwiaraenibix ycjioBHHX (I, d > a) sbojiiouhh bojihobhx naKeTOB na- 
Aaiomero nyqKa npaKTHiecKH He 33bhcht ot hx KOHKpeTHOfi (popMbi. By^ein chh- 
TaTb, ito Bee ohh wdeiOT OAHHaKOByio epopniy, npHMeM KaJKAbifl xapaKTepH3yeTCH 
napanieTpaMH b h t 0 , KOTopue onpeAeAaiOT ABHXeHHe ueHTpa naneTa. FIpHMeM 
t a 3a HaqaJio OTcneTa BpeMeHH (/ 0 = 0), mo He orpaHHTOBaeT o6uj,hocth paccy- 
JKAemiH. Jinn onpeaeJieHHa (popMbi naAaiomero naneTa BBeAeM (pyHKUHio x(P) 

C eAHHHIHOH HopMoft 

lx(P)l 2 dp = L (10) 

nycTb A (a) — (pypbe-o6pa3 stoh (pyHKUjiH, rax no 

X(p)=Ji4(x)e**d>t. (11) 

no npeAnoJioxeHHio x(p) — BemecTBeHHaa (pyHKUHa, npHHHMaiomaa cymecTBeHHo 
OTJifmHbie ot Hyjia 3HaienHa, KorAa p HaxoAHTca b6jih3h toikh p = 0 b oSjiacTH 
c npOAOJibHHMH pa3MepaMH ~/ h nonepe^HbiMH pa3MepaMH ~d. OyHKuna A(x) 
raioKe BemecTBeHHaa h otjihmh3 ot HyjiH b o6jiacTH c npOAOJibHHMH pa3MepaMH 
~ 1// h noneperabiMH pa3MepaMH — ■ l/d b6ah3h tomkh x = 0. J\]\n ynpomeHHs 
6yAeM ciHTaTb, hto d c~ I. 

3aAOJiro ao ctojikhob6hhh (t<. — l/v) HCCJieAyeMbiii HaMH bojihoboh naKeT 
We(r, t) TO»AecTBeH BOJiHOBoMy naKeTy a^h cbo6oahoh lacraubi <S>i>(r, t), uemp 
KOToporo ABHxeTca no 3aKOHy 

(r)=b + vt, 

a (popiaa b momcht BpeMeHH t = 0 BbipascaeTca ipopMyjioft 

Q> b (r, 0) = e ih <r_6, x (r - b) = ^A (*' - k) e ik ' (r_6) rffe'. 
B MOineHT BpeMeHH /: 

(D ft ( r , t) = \ A (ft' - k) e dk'. (12) 

Ecjih npeHe6pe>ib pacnAHBaHHeM, to cbo6oahuh boahoboh naKeT MoaceT 6biTb 
npeACTaBAeH BbipameHHeM (cm. § XIII. 18) 

O b (r, t) ~ e~ lkb e K hJ X (r-vt-b), (13) 

KOTopoe nojiyqaeTCH, ecjin b (12) 3aMeHHTb SHeprHro E' = h 2 k' 2 /2m AByMa nep- 
BbiMH uienaMH ee pa3AOJKeHHa no CTeneHaM k' — k: 

E' = E + hv (*' - k). 

Bojihoboh naKeT no^yqnTca, ecAH BMecro nJiocKoft boahu b nOAHHTe- 
rpaAbHOM Bbipa>KeHHH (popMyjiu (12) mm noACTaBHM CTau,HoHapHyio BOAHy pac- 
ceaHHa: 

- i E>t 

W b (r, t)~ [A(k'-k)e- ik ' b ^ ¥ {r)e H dk'. (14) 



§ 5. PACCEKHHE BOJIHOBOrO HAKETA HA nOTEHUHAJIE 
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3to BHpa»<eHHe HBjmeTCH peineHHeM ypaBHGHHH LUpeAHHrepa, Tax KaK npeacTaB- 
jiaeT co6ofl cynepno3HiiHio peineHHfl sToro ypaBHGHHH. HaM .aocTaTomo noKa- 

33Tb, 1TO £0 CTOJlKHOBeilHH 9T0 BbipaJKeHHe TOWJieCTBeHHO CBo6oAHOMy BOJIHO- 

BOMy naKeTy Ob- 

IlOCKOJIbKy (pyHKUHH A (ft' — ft) HMeeT OCTpblft M3KCHMyM b6jIH3H to*ikh 

k' = ft, BKJiafl b HHTerpaji jj;aeT TOJibKO Majiaa oSjiacTb okojio stoh tohkh. 
Koraa t -C — l/v, (pa3a no/jbiHTerpajibHoro BHpameHHH BBHfly npncyTCTBHsi skc- 
noTeHUHaabHoro (paKTopa exp(iE't/H) 6bicTpo H3MeHaeTca HMeHHO b stoh o6jia- 
cth, h HHTerpaji npaKTHiecKH paBeH Hyjiio, KpOMe Tex 3HaieHnii r, npn KOTopux 
(pa3a OKa3biBaeTCH CTauHOHapHofi. 3to MoaceT HiueTb Mecro TOJibKO jjjih r no- 
pflflKa v\t\, HHane roBopn /yia Tex oSjiacTeft npocTpaHCTBa KOHipHrypaimii, r,ae 
typ (*■) MOJKeT 6biTb 3aMeHena CBoefl acHMnTOTHHecKoft (popinofl 

q k ,{r)~e ik ' r + f k ,(Q) (15) 

noflCTaBJiHH 9T0 BbipaxeHne b HHTerpaji (14), HaxcuHM 

¥ ft (r, /) ( O b (r, t) + (r, t), (16) 

= \ .4 (ft' - ft) % (Q) rfft'; (17) 

npn / -> — 00 tpa3a noflMHTerpajiMioro BbipaaceHHH He MomeT 6HTb cuejiaHa CTa- 
UHOHapHoft b 06/iacTH ft' = ft h HHTerpaji 1 r ^ > npaKTHiecKH paBeH Hyjiio, k3khm 
6m hii 6hjio r. Bojihoboh naxeT, TaKHM o6pa30M, b stom npeaejie aeftcTBHTejibHO 
coBna^aeT co cbo6oahhm bojihobhm naKeTOM. 

HccjieayeM Tenepb sbojiiouhio bojihoboto naiceTa b 30He aeTeKTHpoBaHHa 
(r$5D). B STofi o6jiac™ npocTpaHCTBa no/iCTaHOBKa acHMnTOTHiecKoft (popMbi 
(15) HecoMHeHHO onpaBAaHa, BbipaxeHHe (16) BHOBb ofipeTaeT CHJiy. 

Mu npeAnojioxHM, ito AHcnepcHH no HanpaBJieHHio h SHeprnn CTOJib Majibi, 
no f k > (Q) ocTaeTCH npaKTHiecKH iioctohhhoh b o6jiac™ c pa3MepaMH 1 jd ~ 
~ I /I okojio toikh ft' = ft h ito b HHTerpajie (17) MOflyjib f k , (Q) mokho 3a- 
MeHHTb ero 3HaieHHeM b TOHKe ft, a (pa3y stoh (pyHKUira — flByMd nepBUMH qjie- 

HaMH pa3JI0>KeHHH: 

arg f„, (Q) ~ arg } k (Q) + (ft' - ft) a (0), 
a (Q) = grad A [arg f k (Q)] (s<d, I). (18) 
<t>a3bi flpyrnx cOMHOKHTe^eft Taxsce 3aMemiM flByMH nepsHMH qjieHaMH pa3Jio- 

HieHHH B6^H3H ft: 

ft' « ft + a(ft'-ft), £'~£ + fi»(fe'-ft) (19) 

(« = v/v — eflHHHqHbifi BeKTop b HanpaBJieHHH HaiaJibHoft CKopocra). Toraa bh- 
^ncjieHHe no MeTOJiy CTaunoiiapHOH $a3bi npHBOAHT Hac k pe3yjibTaTy, aHajiorHi- 
HOMy (popMyJie (13) flJisi cjiyqaa d) 6 : 

W (d) „ e -tkb fk (Q) _f _ x [« (r - rf) + « - ft] . (20) 

IloBejieHHe (pyHKiiHH f^f' cymecTBeHHO 3aBHCHT ot BeJiHiHHH npnueJibHoro 
napaMeTpa b. 

Ecjih 6 > d, to apryiweHT pyHKUHH / Bee BpeMH HaxoAHTCH b o6jiacTH, r«e 
3HaieHHe stoh pyHKUHH npeHe6pexHMo MaJio: Bee BpeMH ocTaeTCH npaKTH- 

necKH paBHoft Hyjiio, BOJiHOBoft naKeT OTHaceTca Kai< CBo6oflHbift. 
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Ecjih b < d, t. e. ec/iH na/iaiomHH bojihoboh naxeT nonaaaeT b 30Hy stptpeK- 
THBHoro flcftcTBHH noTeHunajia, to cpyHKuna % cymecTBeHHo OTjmqHa ot Hyjia b 
ccpepnqecKOM cjioe tojiiuhhw / no o6e ctopohh ccpepw r = vt. <J>yHKu.H5i *¥ b d \ 
npaKTHMecKH paBHaa Hyjiio ro CTOJiKHOBeraa, noa/ie CTOJiKHOBeHHH npe/icTaBJiaeT 
coSoh naKeT apepniecKHX bojih, pacxo^ainnxca H3 ueHTpa c paflnajibHoft cko- 

pOCTbK) V. IlpH / ~ D/V BOJIHa Yjj" flOCTHraeT 30HbI AeTeKTHpOBaHHS, K STOMy 

MOMeHTy OHa yxe nojiHOCTbio OT^e/iena ot npoxoaamefi bojihh <t> b no bcgm Ha- 
npaBJiGHHHM, KpoMe HanpaBJieHHH Bnepea (Q<CdlD), rue 9th nBe bojihh 0Ka3H- 
BaioTca cpaBHHMHMH no BejiH^HHe h MoryT HHTeptpepnpoBaTb 7 ). Mu npnxoflHM 

K KaieCTBeHHbIM pe3yjlbTaTaM, H3JI0H?eHHbIM B § 4. 

§ 6. BbmHCjieHne 9(j)cJ)eKTHBHbix ceqemiH 

Jlo BbiqHCJieHHH stpepeKTHBHbix ceqeHHft caeflyeT yTOiHHTb, b qein coctoht one- 
pauHH ^eTeKTHpoBaHHa. KaKOBbi 6h hh 6hjih .neTajra sKcnepHMeHTajibHoro ycT- 
poflcTBa, oho o6si3aTejibHO BKJiraqaeT HeKOTopyio flHa(pparMy, pacnojioxeHHyio Ha 
paccToaHHH Dub HanpaBJieHHH £3 ot MHUieHH. OTBepcrae AHacpparMbi npony- 
CKaeT 6e3 HCKajKemia BOjrey b TeaecHOM yrjie (Q, Q + dQ), ocTajibHaa qacTb 
H3jiyqeHHa OTCeicaeTca. PeracTpnpyiomee ycTpoftcTBO 3a aHatpparaoft .neTeKTHpyeT 
see qacTHim, npoxoaamne qepe3 OTBepcrae. BepoaraocTb P b (Q)dQ perHCTpaimn 

qacrauu, ^BHiKeHHe KOTopoii nepea aeTeKTHpOBaHHeM onHCHBaJiocb bojihoh 1 P 6 ('", t), 
paBHa nojiHOiuy noTOKy qepe3 OTBepcrae anaipparMH 3a Bee Bpenia ctojikho- 
BeHHa 8 ), hjih, qro to we caMoe, BepoaraocTH HaxojKAeHHa pacceaHHofi qacraiiH 
b TejiecHOM yrjie (Q, Q + dQ) no OKOHqaHHH CTOJiKHOBeHHH (t — T^l/v). 

BBHfly Toro, no jieTeKTop floCTaToqHO y^ajieH b nonepeqHOM HanpaBJieHHH 
h npoxoflamaa BOJiHa He MosceT Ha Hero fleflcTBOBaTb (ycjioBHe (8)), BHqncjieHHe 
yKa3aHHofl Bbime BepoaTHocra jxonmm npoH3BOflHTbca c noMombio pacceaHHoft 

bojihh W b d \ rtoJib3yacb Bbipa»<eHHeM (20), Haxo^HM 
00 00 

P b (Q) - J I (r. T) I V dr = \f k (Q) | 2 J I % (u (r - vT) + s - b) |» dr. (21) 

0 0 
EIocKOJibKy vT ;j> /, mojkho cflejiaTb 3aMeHy nepeMeHHoS 

z = r — vT 

h pacnpocTpaHHTb npeaeji HHTerpnpOBaHHH #o — 00, qro aaeT 

P 6 (£2) = |f ft (Q)p J \ % {uz + s- b)\»dz. 
—00 

PaccMOTpHM Tenepb nyqon qacrau c noTOKOM, paBHbiM 1: b eflHHHuy BpeiweHH 
Ha sjieMeHT noBepxHocTH (6, b + db) na^aeT db qacran h Kaxc/taa H3 hhx HMeeT 



7 ) 3thm HHTepipepeHUHOHHHM uieHOM Hejib3a npeHefipeqb, h6o oh oSecne- 
iHBaeT coxpaHenne HopMbi (3aAa"ia 1). 

8 ) MoMeHT nepeceqeHHH flHaepparMH qacrnmeft paBeH b cpe^HeM (D + us) /v. 
On He MOJKeT 6uTb yKa3aH c ToqHOCTbio, npeBbiinaromeft l/v, b corjiacHH c co- 
OTHOmeHHeM Heonpe/^ejieHHOCTH BpeMa-SHeprna; BejiHHHHa us/v MOxeT paccMa- 
TpHBaTbca KaK 3ana3flbiBaHHe npoxojK^eHHfl pacceaHHoft bojihh. OflHaKO Haine 
9KcnepHMeHTajibHoe ycTpoftcTBO, oqeBHflHo, He MosceT yqecTb TaKoe 3ana3iibiBa- 
Hne, TaK KaK s ■< I (cm. oScyK^eHHe 3ana3flHBaHna OTpaxenHa b § III. 6). Ha- 
6jiiofleHHe 3ana37j,UBaHHa stoi-o poaa npe^noJiaraeT 3HaqnTeJibHyio norpeuiHOCTb 
onpeAejieHHa SHeprnn (cm. § 16). 
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BepoHTHOCTb P b (Q) dQ 6bm> pacceaHHoft b HanpaBJieHHH (Q, O + dQ). BepoHT- 
HOdb pacceflHHH b Te^iecHOM yrjie (Q, Q + dQ) b eflHHHUy bpgmghh h Ha eAH- 
HHuy noTOKa noJiyqaeTCH HHTerpiipoBaHHeM SToro BbipaxeHHH no b: 

a(fi) = |f ft (Q)p J dz ^db\ X (uz + s-b)\*. 

— CO 

OSjiacTb HHTerpHpcmaHHH no b npeflCTaBjmeT cofiofl ruiocKocTb, nepneH,niiKyjisip- 
Hyio u. 3aMeH0ft nepeMeHHbix p = uz + s — b TpoHHoft HmerpaJi cboahtch k hh- 
TerpaJiy HopMHpoBKH (pyHKitHH % (ypaBHeHHe (10)). Tor^a .neftcTBHTCibHO nojiy- 
qaein BbipaaceHHe (2): 

a (Q) = | / fe (0) | 2 . 

§ 7. CTOJiKHOBeHHe flByx qacTHu. JlaSopaTOpHan CHCTeiwa 
h CHCTeiwa ueHTpa iwacc 

MeTOfl oTAejieHHa flBH>KeHHfl ueHTpa Mace no3BOJiaeT paecMOT- 
peTb 3a/iaHy o ctojikhob6hhh AByxqacTHU, npn najimmi noTemmajia 

B3aHMOAefiCTBHH, 3aBHCHlHeT0 TOJIbKO OT B33HMHOrO nOJIOJKeHHH 

lacTHii. V(r), nyieM CBeAeHHH ee k 3aAaqe pacceHHHH oahoh qacra- 
ii,h Ha noTeHunajie. KaK 6hjio noKa3aHO b pa3,nejie III rji. IX (mu 
6yaeM cnejjoBaTb oSosHaqeHHHM stoto pa3fle;ia), flBHJKeHHe flByx 

qaCTHU, COCTOHT H3 flByx pa3fle^bHHX flBHJKeHHH — flBHJKeHHH 

ueHTpa Mace KaK cbo6oahoh qacTHUbi h ABioKeHHH «0TH0CHTejibH0ft 
qacTHUbi» c Maccoft m = m l m 2 / (mi + m 2 ) no,n AeftcTBneM noTeH- 
HHajia V(r). 

B thiihihom sKcnepHMeHTe no paccenHHio MHiueHb, cocToamaa 
H3 qacTHU, THna 2, 6oM6apAHpyeTCH MOHOKHHeraqecKHM nyqKOM 
qacTHu THna 1 h npon3BOAHTCH noflc^eT qacTnu, KaKoro-Jin6o ™na, 
HanpnMep, ™na 1, ncnycKaeMbix b 3aAaHH0M HanpaBjieHHH Q\ = 
= *Pi) • JXo CTOJiKHOBeHHH HacTtma 2 HaxoAHJiacb b noKoe, qa- 
cTHua 1 ABnrajiacb co CKopocTbio v, TaK hto CKOpodb u,eHTpa Mace 
paBHa 

V = ^-v (M = m, + m 2 ). 
IloJiHaa sHeprnn cncTeMH HBJiHeTCH cyMMofi SHeprnfi flBHJKeHHH 

UeHTpa MaCC H OTHOCHTejIbHOrO ABH>KeHHH 

E = Eft -f- E r \ 

3JI,eCb 

„ mit) 2 p MV 2 mi „ „ mv 2 re 2 p 

£— 2 . 2 — m , + m 2 c > £ r — 2 — ffli + m, ' 

Bo BpeMa CTOJTKHOBeHHH ueHTp Mace npoflOJi>KaeT ocTaBaTbCH b 

COCTOHHHH paBHOMepHOIX) H npaMOJIHHeHHOrO ABHJKeHHH. OqeBHflHO, 

mo BejiH^HHa stpcpeKTHBHoro ceqeHHH pacceaHHH CBH3aHa c acHMn- 
ToraqecKHM noBeaeHHeM ^yHKunfi CTaunoHapHbix coctohhhh 9Hep- 

J"HH E r , 3aBHCflffl,HX OT OTHOCHTeJIbHblX K00pAHH3T. 
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Mrofibl yCTaHOBHTb 9Ty CBH3b, yflOSHO H3M6HHTb CHCTeMy OT- 

cneta h paccMaTpHBaTb HBJieHHe pacceaHHH b toh cHereMe KoopAH- 
HaT, b KOTopoft iiokohtch ueurp Mace nacrau. OfibiqHo Aa6opatop- 

HOU CUCTeMOti, Ha3bIBaeTCH CHCTeMa OTCHeTa, B KOTOpOH HenOABHJKHa 

HacTHua-MHiueHb ao cTOJiKHOBeHHH, a cucreMou u,eHTpa Mace — Ta 
CHCTeMa, b KOTopofi noKOHTCH ueHTp Mace; nepBan CHCTeMa pac- 
CMaTpHBajiacb Bbime, BTOpan paBHOMepHo h npHMOJiHHeHHo abh- 

>KeTCH OTHOCHTejIbHO nepBOH CO CKOpOCTbK) V. FlepeXOA OT OAHOH 

CHCTeMbi k Apyroft H3MeHHeT onncaHHe ABH>KeHHfl ueHTpa Mace, 

flBII>KeHHe «OTHOCHTeJIbHOH 4aCTHUbI» OCTaeTCH HeH3MeHHbIM. 

Onpeae^eHHe acpcpeKTHBHoro ceweHHH, AaHHoe b § 2, He o6a3a- 
Te^bHO npe^nojiaraeT, hto nacraua MHiueHH nepBOHaiajibHo no- 

KOHTCH. 

Otmcthm, qTO na^aiomHH noTOK, bxoahiuhh b 3to onpeAejieHHe, 
ecTb noTOK qacTHU, omocuTeAbHO mhihchh; 3Ta BejiHiHHa He 33bhcht 
ot Bbi6paHHoft CHCTeMbi oTcieTa. Mokho onpe^ejiHTb scptpeKTHBHoe 
ce^eHHe a(Q) b CHCTeMe ueurpa Mace, noAo6no TOMy KaK onpe- 
aeji3Jiocb 3(pcpeKTHBHoe ceneHHe 01 (Q) b jia6opaTopHofl cncreMe 
Rjin Toro >Ke npouecca. BcriHTOHa cr(Q) paBHa HHCJiy qacTnu THna 1, 
HcnycKaeMbix b eAHHnuy BpeMeHH Ha eAHHnuy TejiecHoro yrjia b 
HanpaBJieHHH Q, Kor^a qacraua THna 2 6oM6apAHpyeTca othoch- 
TejibHbiM noTOKOM qacTHU THna 1, paBHHM eAHHHue, npHHeM Bee 
Ha6jiiOAeHHH npoH3BOAHTC5i b CHCTeMe ueHTpa Mace h yrjiH paccen- 

HHH T3K>Ke H3MepfllOTCH B 3T0H CHCTeMe OTCHeTa. 

H3 3Toro onpeAeJieHHH cneAyeT, hto 

a (Q) dQ — Gi (Q{) dQ u (22) 

i\ne Qi — HanpaB^eHHe abhjkchhh pacceHHHoft qacTHUbi 1 b Jia- 
SopaTopHoft CHCTeMe oTcneTa, ecjiH b CHCTeMe ueHTpa Mace OHa 
ABHJKeTCH b HanpaBJieHHH Q. Otmcthm paBeHCTBo no;iHHx 3(pcpeK- 

THBHblX Ce^eHHH 

tfno™ — \ a (Q) dQ — a { n0JlH . 

3to, pa3yMeeTca, 6hjio hcho a priori, h6o nojiHoe aipcpeKTHBHoe 
ce^eHHe AaeT nojiHoe hhcjio qaerau, pacceHHHbix Ha eAHHnuy na- 
Aaiomero noTOKa, a 3Ta BeJiH^HHa He 33bhcht ot chctcmm ot- 
cieTa. 

BeJiHHHHa a(Q) no cpaBHeHHio c cti(Qi) 6o.rcee HenoepeACTBeHHo 
CBH3aHa c TpexMepHofl 3aAaqeft 0 paccenHHH «0TH0CHTejibH0H qa- 
cthuh» noTeHUHajiOM V(r). JI,eHCTBHTejibHO, b CHCTeMe ueHTpa 
Mace HanpaBJieHHe abhjkchhh qacTHUbi 1 eoBnaAaeT c HanpaBJie- 

HHeM ABHHCeHHH «OTHOCHTeJIbHOH HaCTHUH» (laCTHUa 2 ABHJKeTCH 

b npoTHBonojioH<HOM HanpaBJieHHH). IlocKOJibKy, KpoMe toto, na- 

AaiOUJ,HH nOTOK «OTHOCHTeJIbHOH qaCTHUbI» no OTHOUJeHHK) K CHJIO- 

BOMy ueHT.py (r 0) paBeH naAaiou;eMy noTOKy b Hauiefi 3aAaMe 
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o pacceaHHH, BeJiHUHHa a(Q) edb sfjxpeKTHBHoe ceneHHe pacceaHHH 
«OTHOCHTejibHofl HacTHii.bi» b HanpaBJieHHH Q, t. e. AHcJxjjepeH- 
UHaJibHoe acpcpeKTHBHoe ce^eHHe pacceaHHH b HanpaBJieHHH Q qa- 
CTHUbi c Maccofi m a HaqajibHoii CKopocTbio v Ha noTeHuaajie V{r). 



a) 



-> 



Ao cmonnHobeHm 




flOCflB CmOMHO&eHUX 



V-V 




Q, = (B,(f) 



Hoc/ie 

cmo/iKHoeeHUH 



o- < o 

m, M m z 

J\o CmOJlKHadBHUH 

Phc. 31. a) CTOflKHOBeHHe b jia6opaT0pHoii CHCTeMe (^ == "^" l '^> to xe 
CTOJIKHOBeHHe b CHCTeMe ueHTpa Mace. 

B qacTHoc™, ecjiH noTeHunaji V(r) acHMnTOTHnecKH cTpeMHTca 
k HyjiK) 6biCTpee, qeM l/r, ypaBHeHHe LUpeAHHrepa ajih «othoch- 

TejlbHOH HaCTHHbI» 

[— £-A+F(r)]^(r) = £^(r) 

ofijiaAaeT coSctbghhhm pemeHHeM c sHeprHefi E r , acHMnTOTHHecKaa 
(popMa KOTOporo HMeet bha 



e ikr + f (Q)- 



Akr 



rAe E r = h 2 k 2 /2m, k = mv/ti —m.2ki/M, k\ — HauajittHbiH bojihoboh 
BeKiop b JiaSopaTopHoft CHCTeMe KoopAHHaT. B stom a/iynae 

<y (Q) = | / (Q) p. 
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HtoSh nepefi™ ot 9Toro BbipameHHfl 9 ) k siptpeKTHBHOMy ce- 
qeHHio (Ji(Qi) b Jia6opaTopHofi cncTeMe KoopflHHaT, HeoSxo^HMo 
HaflTH CBH3b Meyupy Q h Qi. B KanecTBe nojiapHoft och b o6enx 
CHCTeMax OTC^eTa BbiSepeM ocb, napajiJieJibHyio HanpaBJieHHfo abh- 
>KeHHH. Ha pHc. 31, a npcucTaBjieHa cxeMa ctojikhobchhh b jiaSopa- 
TopHofi cncTeMe, a Ha pnc. 31,6 — cxeMa Toro me ctojikhobchkh b 
CHcreMe ueHTpa Mace. HaqajibHue h KOHeraue ckopocth AByx 
nacTHU b cipepHqecKHX KoopAHHaTax npcucTaBJieHbi b cjieflyromefl 
Ta6jiHH,e. 





HaiajibHHe ckopocth 


KoueiHbie CKOPOCTH 


1 


2 


1 


2 


JIa6opaTop- 
Haa CHCTeMa 


V (V, 0, 0) 


0 


»i (»i, Qi, qpi) 




CncTeMa 
ueHtpa Mace 


v-V(v-V, 0, 0) 


-V (V, it, 0) 


v' (t)', 6, q>) 


v" (v", n-9, <p+jt) 



mi + m% 



v, v' =v — V=- 



m, + m 2 



v"=V=- 



HanpaBJieHHe (0i, q>i) cbh33ho c HanpaBJieHHeM (6, cp) BeKTopHbiM 

paBeHCTBOM 10 ) 

v x = v' + V, (23) 

t. e. 

(Pi = cp, 0! sinOi = v' sin 8, v x cos Qi = v' cos 0 -f- V, 



OTKy^a 



tge, 



sin 0 
cos 6 + T 



9 ) Bee 9TH BHHHCjieHHs cnpaBe;yiHBbi TOjibKO b HepejiHTHBHCTCKOM npn6jiH- 
sceHHH. OflHaKO noHHTHe CHCTeMw ueHTpa Mace coxpaHHeT cboio CHJiy h b pejia- 
THBHCTCKoft MexaHHKe: 9T0 CHCTeMa OTcqeTa, b KOTopofl nojiHbifl HMnyjibc (hm- 
nyjibc iacTHi;bi 1 + HMnyjibc qacraiibi 2) paBeH Hyaio, riepexoa ot CHCTeMbi ueH- 
Tpa Mace k jia6opaTopHOH CHCTeMe ocymecTBJiHeTca npeo6pa30BaHHaMn JIopeHua. 
B HepeJiHTHBHCTCKOM npH6jiHH<eHHH npeo6pa30BaHHH JIopeHua nepexoAHT b npe- 
o6pa»osaHH3 rajm-nen, t. e. 

ri ^r i + Vt, p.->p. + m .V. 

10 ) CBH3b Mew^y HanpaBjieHHHMH (62 q>2) h (0, q>) onpeaejifleTCH paBeH- 
ctbom » 2 = v" + V. IlocKOJibKy v" — V, HeTpynHO noKa3aTb, ijto 62 = -j (n — 6), 
<Pj = <P + n. 
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Q cos 8 + x , n .. 

cos 0! = — ■ -T7-; (24) 

(1 + 2t cos 6 + t ) v ' 



B 9THX BbipaxeHHHX MH IIOJIOHCHJIH 

T == v/v' = mi/m 2 . (25) 



BeKTOpHyio cyMMy (23) mojkho npeACTaBHTb rpa<pHqecKH, TorAa 
cooTHOiueHHe (24) jierKO nojiywrb H3 qepTe>Ka (pHc. 32). Bo3mo>k- 
hh ABa cjiynaH: 




Phc. 32. TeoMeTpHqecKoe nocTpoeHHe 9i b 3<ibhchmocth ot 6: OA = x, OM=l 

(t = V/o' = mjmt). 



a) t < 1 (mi<l/n2). Yroji 0i mohotohho yBejmiHBaeTCH or 
0 ao n, Korjia 0 yBejiHHHBaeTCH ot 0 ao it. 3aiweTHM, q-ro 

Y0<0i<9 npH jik>6om 0. B npeAeJie ni\ <C m 2 HMeeM 0j~0 

(ueHTp Mace npaKTHqecKH coBna^aeT c qacraueH 2, t. e. ocTaeTca 
HenoflBH>KHbiM b jiaSopaTopHoft CHCTeMe) . 

6) t > 1 (mi > m.2) . Kor^a 0 yBejraraBaeTCH ot 0 ao ji, 0i 
CHaqajia yBejiH^HBaeTca ot 0 ao He-KOTOpoft MaKCHMaJibHofl bcjih- 

qnnbi, MeHbEiefl it/2 ^0j max = arcsin , 3aTeM yroji 0i yiweHb- 

IIiaeTCH OT 0i max AO 0. Ka>KAOMy 3HaqeHHK) 01 COOTBeTCTByKDT, 

TaKHM o6pa30M, ABa 3HaqeHHH 0: 0< h 0>, cBH3aHHbie Memjiy 

COfiOH COOTHOUieHHeM 9[ = y (0< + 0> — KajKAOMy H3 9THX 

3HaqeHHH cooTBeTCTByioT ABa pa3JiHHHbix 3HaqeHHH v\, npnqeM 
MeHbuieMy 3HaqeHHK> yrjia cooTBeTCTByeT 6ojibiuee 3HaqeHHe v\. 

KorAa x — 1 (mi — m?), HMeeM npocTO 0i = 0/2. 

H3 cooraouieHHH (24) no;iyiaeM 

d (cos 81) 1 + x cos 8 

4 (cos 6) _ (1 + 2t cos 8 + T 2 ) Vi . 
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H nOCKOJIbKy 

dSii _ I d (cos 9Q I 
dQ ~~\ d(cos9) I' 

HaxoAHM, npHMeHHH cooTHomeHHe (22): 

a, (Q,) = a{Q)- ssr = n + x cosT| I / < Q > P- ( 26 ) 

Pasfleji II. PACCEflHHE UEHTPAJIbHbIM fIOTEHU,HAJ10M. 
<DA30BbIE CflBHTM 

§ 8. Pa3JioiKeHHe no napunajibHbiM bojih&m. MeTOfl cpa30Bbix 

CABHrOB 

PaccMOTpHM pacceaHHe Hacraubi i^eHrpaAbHo-cuMMeTpuuHMM 
noreHUfUaAOM V{r). JXnn BbmncjieHHa 3(pcpeKTHBHoro ceqeHHa He- 

ofiXOAHMO H3HTH aCHMIlTOTHieCKyiO (pOpMy CTaU,HOHapHOH BOJIHbl 

pacceHHHH if. C 3toh uejibio Sy^eM peuiaTb ypaBHeHHe IIIpeAHHrepa 

B CfpepHHeCKHX KOOp^HHaTaX. 

HanpaBJieHHe HaiaJibHoro bojihoboi-o Benxopa k b AaHHOM cjiy- 
i iae HBJineTca ocbio BpamaTe;ibHOH chmmctphh 3aAaMH. Ecjih bh- 
6paTb 9to HanpaBJieHHe b KaqecTBe noJiapHofl och, to BOjiHa a 
aMWiHTyAa pacceHHHH / ne 6yAyT 3aBHceTb ot yrvia cp. Pa3Jio>KHM 
3th BeJiH^HHbi b psiAbi no nojiHHOMaM JlexaHApa: 

<p {r , 8) = £ *ii!/>,(cose), (27) 
i 

/(e)=E/^(cos6). (28) 
BBeAeM CJieAyiomHe o6o3HaqeHHH: 

e = £ 2 = ^-£, U(r) = ^-V(r). 
TorAa yi ecTb peryjiapHoe peuieHHe paAHajibHoro ypaBHeHHH 

[i+C-^-W- 1 < 29 > 

C aCHMnTOTHieCKHM nOBeAGHHeM 

yi~ x ai sin (kr -yiti 5 ( ) . (30) 

Oa30Bue cabhth 8/ onpeAe-naioTCH eAHHCTBeHHHM o6pa30M no pa- 
AHajibHOMy ypaBHeHHio. Ooctohhh3h at AOJiJKHa 6biTb BbiSpaHa 
TaK, MTo6bi cpyHKUiia ^{ r >^>) HMejia HaAJie^amyio acHMirroTHHe- 
CKyio (popMy. noJib3yncb pa3Jio>KeHHHMH (IX. 35) h (28), mojkho 



§ 8. PA3J10)KEHHE riO nAPUIIAJIbHblM BOJ1HAM 
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Bbipa3HTb acHMnTOTHuecKyio (popMy i); b BHfle pjifla no nojiHHOMaM 
JlexaHapa: 

e ikr + f (0) = £ [{21 + 1) /'// (kr) + fi Pi (cos 9). 

Ecjih yiecTb TaiGKe acHMnTOTnqecKoe BbipameHiie a;ih ji(kr), to 
mohho nepenncaTb stot pha, pa3Aejiaa cxoAHmneca h pacxo#H- 
maeca bojihh, b tpopMe 

r q(r, 6)~ £[(-D i+1 ^ 2 7F-^ ftr + (^27F L + fz) (cos 0). 

B acHMnTOTHqecKoft o6jiacTH (pyHKHjin z/< AOJi>KHa 6biTb paBHa bm- 
pa>KeHHK) b KBaapaTHbix CKoSnax b npaBofi nacra stoh (popMyjibi. 
3to ycnoBHe (pHKcnpyeT 0flH03HanH0 h no3BO^aeT BHpa3HTb f/ 

K3K (pyHKUHK) (pa30BbIX CABHTOB. FIoCJieAOBaTejIbHO HMeeM 

.,21 + 1 ( 21 + 1 m, . . 
a l = i l — r -e i, f t = J e 'sin 6,. 

FToiicTaBJiHH nocJie^Hee cooTHomeHHe b (28), Haxo,n,HM HCKOMOe 
Bbipa>KeHHe 

oo 

f(0) = x£(2/ + l)e^sin5 ; P z (cos9), (31) 

z=o 

3Aecb X — HawaJibHaa .zyiHHa bojihw (X = \/k). 

noJie3HO cpaBHHTb acHMirroTHiecKyio (popMy yjr, t. e. K03(p- 
(pHu,HeHTa pa3Jio>KeHHH no noJiHHOMaM Jle>KaHflpa (pyHKUHH 

COOTBeTCTByK)lII,erO MOMeHTy HMnyjIbCa /, C COOTBeTCTB^'IOmHM K03(p- 

(pHUHeHTOM pa3,/io>KeHHH njiocKOii bojihh e iftr , a hmchho 
(2/+l)/'//(*r): 

(2/ + 1) (Jfer) ~4±_L( ( -i)'+V^ + *'»). 

06e 3TH (pyHKUHH, KaK BHAHM, HBJIJIIOTCH CynepII03HU,HHMH CXOflfl- 

meftcH h pacxoAameftca bo;ih paBHofi hhtghchbhocth. CxoflHiUHecfl 

BOJIHbl, CMeBHflHO, OAHHaKOBbI JlJIfl ofieHX (pyHKUHH. OflHaKO njien 

pacxoAHiueftcH BOjiHbi b CTaunoHapHOM coctohhhh pacceHHHH OT- 
JiH^aeTca ot cooTBeTCTByiomero HJieria b imockoh BOJiHe (pa30BHM 
MHOKHTejieM exp (2i8i) : eAUxnue pacceueatou^ezo noreHtfuaAa ceo- 
duTCH k cdeuzy <pa3bi KaoKdoti napi^uanbHou pacxodnw,eiicsi eonmi. 
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171. X. nPOBJIEMA PACCE3HH5I 



,H,H(p<pepeHii,HajibHoe acptpeKTHBHoe ceneHHe pacceaHna nojiy- 
tiaeTCH KaK KBa^paT MOAyJia (pyHKu.HH f(8): 

a (Q) = K 2 E (2/ + 1) (2/' + 1) e' ( 6 '~ 5 '') sin 6; X 

X sin bi'Pi (cos 6) P r (cos 6). (32) 

HHTerpnpyH no yniaM (0, cp) , noJiyqaeM noJiHoe atptpeKTHBHoe 
ceneHHe. y^HTHBaa cooTHOiueHHa opToroHajifaHoc™ nojiHHOMOB 
Jle^aHApa, nojmoe ceieHHe mojkho Bbipa3HTb b bhag paAa 



<J no ™ = 4jtX 2 £ (2/ + 1) sin 2 6/, 
i-o 



Ka>KAbIH uieH KOTOporo 

<7, = 4it(2/ + l)X 2 sin 2 8 / 



(33) 



(34) 



AaeT BKjiaA b pacceaHHe napimaJibHOH bojihm c momchtom HMnyjib- 
ca /. Otmcthm HepaBeHCTBO 

a z < 4ji(2/ + 1) X 2 . (35) 

MaKCHMajibnoe 3HaqeHHe a t AOCTHraeTca npH 

6; = (n + 1/2) ji (n — uejioe mhcjio) . 

§ 9. KBa3HKjiaccHHecKoe npeACTaBjieHHe pacceaHHH. 
TIpHuejibHbiH napaMeTp 

PaccMOTpHM pacceaHHe KAaccmecKou qacTHUbi b no.ne ue-HT- 
pajibHoft chjih. Ecjih aHeprna naAaiomefi qacTHuu (pHKCHpOBaHa 
E = p 2 /2m, to Ka>KAaa xpaeKTopna xapaKTepH3yeTca cbohm npn- 

ue^bHHM napaiweTpoM b, onpeAe- 
jiaeMHM KaK paceroaHHe ot chjio- 
Boro ueHTpa C ao npaMofi, 
nojioKemie KOTopofi onpeAcna- 
eTca Ha^ajibHbiM HMnyjibcoM po 

(pHC. 33). FIpH T3K0M CTOJIKHOBe- 

hhh MOMeHT HMnyjibca L aBjiaeTca 
nocToaHHofl ABHjtceHHH, npHqeM b 
npaMO nponopuHOHa^eH L 

L = bp. 

Ecjih nojie chji HMeeT orpaHH- 
ueHHHH paAHyc AeficTBHa r 0 : 
V(r)= 0 AJia r > r 0 , to naAaiomaa qacraua HcnbiTHBaeT OTKJiOHe- 
Hiie TpaeKTopHH npn b < r 0 h He HcnbiTHBaeT ero npH b > ro. Ot- 

KJIOHaiOTCH SaCTHUH C AOCTaTOHHO MaJIbIM MOMeHTOM HMnyjibca. 

CTOJiKHOBeHne b KBaHTOBofi TeopHH HMeeT cymecTBeHHo HHyK) 
npHpoay: sto b ocHOBe CBoefl aBJieHHe pacceaHHa bojih. OAHaito 




Phc 33. PacceaHHe KJiaccmtecKoii 
lacTHuu Ha ch^obom ueHTpe C; 
po — HaqajibHbiH HMnyjifac, 6 — npH- 
uejibHbift napaineTp. 
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b Tex cjiyqanx, Kor^a pacceHBaiomHH noTeHimaji 0Ka3HBaeTCH 
npeHe6peKHMo MajibiM Ha paccTOHHHHX, npeBbimaiomHX HeKOTOpbifi 
paflwyc ro (npnneM He TpeSyeTCH tomhoto oSpameHHH b Hyjib), 
KBaHTOBoe pacceHHHe HMeeT mhoto oSmero c HBJieHHeM pacceflHHH 
ny i iKa KJiaccH i iecKHX nacrau noTeHunaJiOM KOHemoro pa^nyca 
aeHCTBHH r 0 . Kate o6w,ee npaeuAO, ettAad oi napquaAbnou boahu I 
npenedpeotcuMo mo,a u ), ecAu /X^/v, ecjin /X^r 0 , to 3Ta 

BeJIHHHHa MOXeT npHHHMaTb BCe 3HaqeHHH OT 0 RO MaKCHMajIbHOTO 




Phc. 34. rpacpHK (pyHKitHH p 2 /; 2 (p) Ann 1 = 0 (KpHBan /), 3 (KpHBaa 2) h 6 

(KpHBaa 3). 

3HaneHHH 4k(2/ + 1) X 2 . CoraacHO 3T0My npaBHJiy cymecrByeT He- 

KOTOpoe CXOACTBO Me>KAy BKJiaAOM BOJIHbl / B paCCeHHHe KBaHTOBOH 

qacTHHbi h BK^a^OM qacTHu, c npHii,e^bHbiM napaMeTpoM uexjiy 
/X h (/+ 1)/X, t. e. MOMeHTOM HMnyjibca ot lh ao (/+ \)h, npn 
pacceHHHH nyuKa KJiaccnnecKHx nacTHU.. 

3to npaBHjio ocHOBaHo Ha cneAyiomeM nojiyKJiaccHMecKOM pac- 
cy>KAeHHH. najaiomaH BOJiHa npeACTaBJiaeT co6ofi cynepno3HUHio 
c4>epHtiecKHX bojih c 3a,naHHbiM MOMeHTOM HMny^bca. PaAna^bHaa 
qacTb HjieHa, cooTBeTCTByiomero napimaJibnofi Borae /, nponopHHO- 
HajibHa ji(r/K), cjieAOBaxeJibHO, OTHOCHTejibHaa BepoHTHOCTb Ha- 
xo>KAeHHa nacTHUbi b apepnqecKOM cjioe {r, r + dr) pa BHa 
r 2 /1(r/X). 3Ta BepoHTHOCTb oqeHb MaJia, nona r <V/(/+l)X, h 
KOJie6jieTCH Mexay 0 h 1, Kor^a r > V/(/ + 1) X (cm. phc. 34). 



ll ) 3to npaBHJio He aBJineTCH aSccwiioTHHM; mh BCTperaM HauiicweHHH H3 
Hero npn paccMOTpemiH pe30HaHCHoro pacceaHHa b § 14. 
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rn. x. npoEJiEMA paccehhwi 



Ecjih r 0 < IX, to BCWiHa npaKTHiecKH He npoHHKaeT b o6jiacTb 
aeHCTBHH noTeHunajia h noaToiviy He HcnuTbiBaeT ero bjihhhhh. 

3to paccy>KfleHHe He hbjihctch CTporHM. Bojiee TOHHHe pe3yjib- 
TaTbi OTHocHTeJibHO cxoahmocth pHflOB (31) h (32) SyAyT npHBe- 
AeHH b § 12. Ho KaK 6 m to hh 6uno, MeTOA cp a30BbIX cABHroB 
ocoGeHHO yAo6eH npn BbmHa/ieHHH 3(p(peKTHBHbix ceneHHS b c/iy- 
nae, KorAa pa^nyc fleflcTBHH noTeHUHajia He npeBOcxoAHT Hecicojib- 

KHX A-HHH BOJIH. 



Pasaeji III. nOTEHUHAJl OTPAHHIEHHOrO PAflHVCA 
AEHCTBHfl 

§ 10. CflBHr 4>a3bi h JiorapHt^MHSiecKasi np0H3B0AHan 

npeAnojio>KHM, qTo noTeHimaji V(r) oTJiHqeH ot Hyjia TOJibKO 
b HeKOTopofl orpaHHqeHHofl o6jiac™ npocTpaHCTBa: V(r) = Q npn 
r > r 0 . 

FlycTb qi — 3HaMeHHe b tohkc ro JiorapHtjwHqecKoft npoH3BOA- 
Hoft peryjinpHoro b Haqajie KoopAHHaT peuieHHH paAHajibHoro ypaB- 
HeHHa (29): 

r dy t 



dr 



(36) 



(sto onpejieJieHHe OTJiHiaeTCH ot oSbiHHoro MHOKHTcrceM r). Mu 
3HaeM, mo qi — mohotohho ydbieaiomaa. (pyHKqun anepzuu 

(§ III. 8), fleTaJIbHblft BHA 3TOH (J)yHKU,HH 33BHCHT, eCTeCTBeHHO, OT 

4>opMbi noTeHunajia V(r). 

Oah3KO ycjioBHe paBeHCTBa Hyjiio noTeHUHajia npn r > ro 
no3BOJiaeT ycTaHOBHTb cooTHomeHHe MOKAy qi h 8/, KOTOpoe He 
33BHCHT ot KOHKpeTHoft (popMbi noTeHUHaJia V (r) : 3aaaHHH qi ao- 
CT3TOMHO ajih onpeAeJieHHH acHMnTOTH^ecKoro noBeACHHfl pemeHHH. 

B AaJibHefimeM npeAnoJiaraeM, hio HopMHpoBKa yi BH6HpaeTCH 
Tan, htoSh 

yi sin (kr - /ji/2 + 6,). (37) 

r->oo 

rioaTOMy BO BHeiHHeft o6jiaCTH 

yi = kr [cos 6[j t (kr) + sin 6 ; « ; (kr)] (r > r 0 ). 
JI.JIH aa^bHefliuHx BbiKJiaAOK yaoSHO BBecra o6o3HaqeHHe | = kr 

H BBeCTH CXOAHIU.HeCH H paCXOAHIUHeCH BOJIHbl 

u\ ±) ® = l[n l (l)±ij l (l)] = W l ±) (l), 

BpOHCKHaH KOTOpblX He 33BHCHT OT g H paBeH 

" <_> "^"" <+)_M<+) "^"" ( " >===2/ - ( 38) 



§ 10. CUBHr OA3bI H JIOrAPHfMHMECKAH nPOH3BO,UHA5) 
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Bo BHeuiHeft o6jiacra 

yt = W ("i +>e ' 6 ' - "i~ )e_i6 0 = Im u}+>e"« (r > r 0 ). (39) 

YcJioBHe HenpepwBHocTH jiorapHcpMHHecKofi npOH3BOAHoft b tohk& 
r — ro AaeT cooTHOiueHHe 



Im e 1 



line '« 



*„<+> 



(40) 



3to h ecTb HCKOMoe cooTHOiueHHe Memay qi h 8;. 

HtoSh npeAdaBHTb AaHHoe cooTHOiueHHe b 6ojiee yao6hoh 
cpopMe, BBe^eM o6o3HaqeHHH: 

^(T) I <41) 

Pl3 ypaBHeHHa (38) cneflyeT (cm. 3aAaiy 3) 

lmq\ + ^ = kr 0 v t . 

3#ecb Vi — nojioxHTejibHaa BejiHHHHa, He npeBocxcwimaH 1, OHa 

H33bIBaeTCH (pdKTOpOM tipOHUKHOBBHUR. 

B 3THX o6o3Ha i ieHHHX ycjiOBHe HenpepbiBHoerH (40) 3anncbi- 
BaeTCH Tan: 

m, _. e 2i%, q i ~ q i 

HJIH >Ke 

8/ = n + Pi, (42) 
P/ = arg ( Ql - <?<->) = arctg ^^, +) . (43) 

Mbl BHAHM, 1TO (pa30Bblft CflBHr 6( BbipajKaeTCH B BH^e cyMMbi AByx 
HJieHOB, H3 KOTOpHX nepBHH, Tj, He 33BHCHT OT KOHKpeTHOH CpOpMbI 

pacceHBaiomero noTeHU.Ha.ria, a BTOpofi, pi, 33bhcht ot Hee nepe3 
qi corjiacHo ypaBHeHHio (43). 

3aMeTHM, MOKAy npOHHM, HTO 
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TJI. X. nPOEJlEMA PACCE3HH5I 



§ 11. CflBHrn (pa3 npH hh3khx aHeprnnx (X-»-oo) 

3h&r noBeAeHHe ct^epH^ecKHX apyHKimft BeccejiH npn Majibix 
3HaqeHHax apryMeHTa (ypaBHeHHe (B.52)), mo>kho H3 ypaBHeHHfi 
(42) — (43) Haft™ noBe#eHHe 8;, Kor^a kr 0 <C /, t. e. hjih npn o^eHb 

MaJIblX 3HeprHHX HJIH npH O^eHb 60JIbUIHX 3HaieHHHX MOMeHTa HM- 

nyjibca. fleftcTBHTejibHO, ecJiH kr 0 << /, to 

(2/ + 1)11(2/ -I) II ' 
p /- [(2f-i)V Re^(+)~-/ + 0(^) 

(a™ Bbipa>KeHHH cnpaBeAJiHBbi h npn / = 0, ecjiH kr 0 <C 1). 

PaccMOTpuM noBeaeHHe acpcpeKTHBHbix ceqeHHft, Koraa SHeprna 

MaCTHUbl CTpeMHTCH K HyjIK). flpH 3T0M BemeCTBeHH3H BeJIHHHHa qi 

yBejiHMHBaeTCH no HeKOToporo npeaeJibHoro 3HaneHHH qi. B o6meM 
cjiyqae Qi — /, TaK mo (pa30Bbift cabht 8i CTpeMHTca k Hyjiio KaK 
k 2l+1 . HaxoflHM 

l £?0 l + q t (2/ + 1)11 (2/ -1)1! ' ^ 

TaKHM o6pa30M, aMnjiHTyAa //, nponopuHOHaJibHaa 8i/k, CTpeMHTCH 
k Hyjiio KaK k 2t . Cjie^OBaTejibHO, b npeAeJie o^eHb m3jihx aHeprufi 
3(pc^eKTHBHoe ce^eHHe ctshobhtch H30TponHHM, TaK KaK Bee nap- 
UHa^bHbie ceqeHHH o; CTpeMHTCH k Hyjiio KaK k 4! (ypaBHeHHe (34)), 
KpoMe ceMeHHH s-bojihm oo, KOTOpoe CTpeMHTCH k HeKOTopoft no- 

CTOHHHOH, B006me TOBOpH, OTJIH^HOH OT HyjIH. 

Flo onpeaejieHHio dAunou pacceHHun Ha3HBaeTCH BejiHraHa 

a = -lim/ 0 ==-lim-^ = (l- 1 L)r 0 . (47) 

/tjiHHa pacceaHHH a nojiynaeTCH npH pemeHHH paAHajibHoro ypaB- 
HeHHH, cooTBeTCTByromero HyjieBoft SHepnra: 

[-£r-U(r)]y 0 = o. 

3to paccTOHHHe ot Haqajia koopahhst ao toikh, b KOTopoft 
acHMnTOTa y 0 nepeceKaeT ocb r. B npeAeJie oneHb Majibix aHeprnS 

O'no™ =0-0 = 4lt0 2 . 

Ecjih 0Ka>KeTCH, ito qi = — /, to npn CTpeivuieHHH sHepran k Hyjiio 
aMiuiHTyAa f t Bea&T ce6n KaK k 2l ~ 2 (KpoMe cjiyqaa / = 0, Kor,a,a H3 
q 0 = 0 cjie^yeT f 0 ~ ilk). ToBopHT, hto HMeeTCH pe30Hanc c Hyjie- 
boh aHeprnefi b coctohhhh /. IlpeAme-CTByiomHe BbiBOAbi aojijkhm 
6uTb H3MeHeHM cJieAyrouiHM o6pa30M. Ecjih sto pe30HaHc s(l = 0), 
to a CecKOHeMHo a a n oji H CTpeMHTCH k 6ecKOHeMHOCTH KaK l/E. Ecjih 



§ 13. PACCESHHE HA TBEPAOH COEPE 
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3to pe30Hanc p(l = 1), to /(8) HMeeT bha —a + b cos 0, a 3(pcpeK- 
THBHoe ceqeuHe ocTaeTca orpaHHHeHHbiM, ho He HBJineTCH H30Tpon- 
HbiM. Ecjih *e pe30HaHc HMeeT 6ojiee bhcokhh nopaAOK, to oh He 
BJinaeT Ha o6mee noBeAeHHe acpcpeKTHBHbix ceneHHH b npeAeJie Ma- 

JlblX SHepTHH. 

§ 12. riapuHajibHbie bojihh 6ojiee BbicoKoro nopnAKa. 
CxoAHMOCTb pafla (/->-oo) 

AcHMnTOTHHeCKHe (pOpMyjIH (45) n03B0JIHK>T TaK>Ke Hafira 

acHMnTOTHqecKHft bha 4>a30Bbix cabhtob BbicoKoro nopHAKa npn 
33A2HHOM (HeHyjieBOM) 3HaqeHHH 3HeprHH. Ecjih / AOCTaTOHHO Be- 
jihko, BbipaxeHHe 

ocTaeTCH OTpHuaTeJibHbiM b HHTepBajie (0, r 0 ) ; cjieAOBaTeJibHO, pe- 
meHHe y t ypaBHeHHH (29) b stom HHTepBajie BeAeT ce6n 9KcnoHeH- 
UHajibHo: BejinqHHa qi, ohcbhaho, nojioKHTeJibHa. KpoMe Toro, npn 
I > kr 0 mojkho Hcnojib30BaTb Bbipa>KeHHH (45) h BBHAy Toro HTO 
q t -f / HecoMHeHHo otjihhho ot Hyjia, nojiynaeM cjieAyiomee acHMn- 
TOTHiecKoe BbipameHHe, cxoAHoe c (popMyjiofi (46) : 



l + Q[ (2/- 1)11(2/ + 1)M 



(48) 



Bbipa>KeHHe (48) onpeAeJiaeT cKopocTb cxoahmocth pa3Jio>KeHHH 
no napuHajibHbiM bojih3M b cjiyiae, KorAa pacceHBaiomHH 
noTeHunaJi HMeeT orpaHHneHHbiH paAHyc achctbhsi. 3to noATBepJK- 
AaeT oueHKH no nopflAKy BeJiHHHHbi, cAeJiaHHbie b § 9. 

§ 13. PaccenHHe Ha TBepAofi ccpepe 

Ecjih noTeHunaJi orpaHHieHHoro paAHyca aghctbhh cooTBeTCT- 
ByeT noTeHunaJiy TBepAofi ctpepbi 

( 4-oo, ecAH r < r 0 , 

V(r) = \ 

I 0, ecjiH r > r 0 , 

to Bee (popMyjibi § 10 ynpomaioTCH. BojiHOBan cpyHKUHH AOJiatHa 
oSpamaTbCH b Hyjib Ha noBepxHOCTH ctpepbi, t. e. «/((r 0 ) = 0 npn 
jiioShx l(q t — — oo), hto AaeT (ypaBHeHHe (44)) p/ = 0, t. e. 

6; = T ; = ar g ^->. (49) 
llocjie cooTBeTCTByiomHx BbiHHCJieHHH noJiyuaeM 

4^(27+1) _^(^) (5Q) 

k * \\ (kr 0 ) + nj (kr 0 ) 
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rJI. X. nPOEJIEMA PACCEHHH5I 



H, B qaCTHOCTH, 

. , ( sin kr a \2 

npH oqeHb MaJibix sHepranx, b corJiacHH c pe3yjibTaTaMH § 11, 
AHcpcpepeHimaJibHoe scpcpeKTHBHoe ceieHne ct3hobhtch H30TponHUM, 
h noJiHoe 3(p^)6KTHBHoe ceweHHe HMeeT npe^eji 

lim <r n0J1H = lim <r 0 = 4nr% (51) 

cooTBeTCTByiomHH flJiHHe pacceHHHH a = r 0 . 

npH B03pacTaHHH aHeprHH BKJia/i, napuHajibHbix bojih BbicoKoro 
nopH^Ka CT3HOBHTCH Bee 6ojiee 3HaHHTejibHbiM, a aHH30TponHH pac- 
ceHHHH — Bee 6ojiee BHpaJKeHHofi. ripn oneHb SojibiiiHX aHeprHHX 
(X <C r 0 ) flH(p(pepeHUHajibHbie h nojiHbie 3(p(peKTHBHbie ceneHHH mo- 
ryT 6biTb BuqHCJieHbi npn Hcnojib30BaHHH acHMnTOTHnecKoro noBe- 
AeHHH (pyHKUHH BecceJiH SojibuiHx nopHAKOB. TaKHM nyTeM nojiy- 
qaeM 12 ) : 

a (Q) & ~ 4[ 1 + ctg 2 |- A (kr 0 sin 9)] , (52) 
lim a nom = 2nr 2 QI (53) 

k-*ao 

flaAHM ynpomeHHoe AOKa3aTejibCTBo cooraoineHHH (53). 3nan (pymuiHH 
/id) h «;(!)> HeTpyAHO ycrraHOBHTb noBeAeHHe (pyHKmiH 

8l(l) ~ i 2 i (I) + n] (I) ' 

3Ta cpyHKUHH BeAeT ce6n KaK | 4,+2 /(2/ + l)l!(2/— 1)!! b6jih3h g = 0, 3aTeM 
mohotohho pacT6T ao okpccthocth % = I, a 3aTeM 6ecKOHe i iHO octiHJijiHpyeT no 
3aKbHy 

8 t (I) ~ sin 2 (% - j . (54) 

FFosTOMy b cyMMe 

OO OO 

CT no,„=E° r / = -?-E (2/+,)fir / ( ^ ) 

Z=0 1=0 



12 ) Cm. KHHry Mopca h 1>eui6axa, /oc, ctf., cHOCKa VI. 9 Ji(x) ecrb (pymc- 
uhh Becce/ia nepBoro nopHAKa. IlpH iMMeHeHHH x ot 0 ao +°° <py HK l H!I 
CHanaJia pacTeT ot HyjiH (/i(x) ~ */2), ao nepBoro MaKCHMyMa /i(l,84)~ 0,58, 
3aTeM yMeHbtuaeTCH h nepBbift pa3 o6pamaeTCH b Hyjib npH x ~ 3,83; p,anee 
cpyHKUHH 6ecKOHe<iHO ocuHJi^HpyeT, corjiacHo (popinyjie 

/lW ^ (J_)* C0 ,( X _*L). 

x-»oo \ jtx / V 4 / 



§ 13. PACCESHHE HA TBEPAOFI C"I>EPE 
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BKJiafl qjieHOB I > kr 0 npeHe6pe>KHMO Maji no cpsBHeHHio co BKJiaaoM wjichob 
/ < fero, KOTopufl mojkho rpy6o oueHHTb, Hcnojib3yH acHMiiTOTHMecKyio (popMy 
(54), <tto flaeT 



3Ty cyMMy mo>kho oueHHTb, rpynnnpya nonapno nocjieflOBaTeJibiiue qjieHU, wo 
b npeflejie o^eHb 6ojibuiHx k aaeT 




OTKyfla h noJiyiaeTCH BbipaHeHHe (53). 

TaKHM o6pa30M, b npeAejie MaAbix ajihh bojih (kr 0 ^> 1) mu He 
nojiy^aeM 3(p(peKTHBHoro ceueHHH pacceHHHH KjiaccnqecKofi qac- 
THitbi TBepAofi cipepoH pa^Hyca r 0 . FIojiHoe KJiaccHHeCKoe scpcpen- 
THBHoe ceweHHe 

paBHO TOJibKO ncuioBHHe KBanTOBoro pe3yjibTaia b npeaejie MaAHx 
AJIHH BOJIH. AHajIOrHHHHM o6pa30M, AHtpcpepeHUHajibHoe KJiaccHie- 
CKoe 3(p(peKTHBHoe ceneHHe H30TponHo h paBHO r\jA: oho cooTBeT- 
cTByeT nepBOMy qjieHy acHMnTOTHnecKOH (popMbi (52) a(Q). 

3th pe3yjibTaTbi noKa3biBaK>T, ito b paccMaipHBaeMOM cjiynae 
Hejib3fl npeHe6peHb boahobhm acneKTOM HBJieHHH, TaK Kan aa^e b 
npeAeAbHofi CHTyau,HH o^eHb Majiux a^ihh bojih noTeHU.Ha.fl HeJib3H 
CMHTaTb MeAJieHHO mghhioiuhmch b npocTpaHCTBe BBHAy HajiH^HH 
pa3pHBa b TO^Ke r — r 0 . HafijiioAaeMoe HBAeHHe coBepmeHHo aHa- 

JIOrH^HO HBAeHHK) AHtppaKUHH B OIlTHKe, Ha HTO yKa3bIBaeT HCCAe- 

AOBaHHe acHMnTOTHMecKoft (popMbi (52) AH(p(pepeHU,HaAbHoro scp- 
(peKTHBHoro ceqeHHH. 3to BbipaaceHHe coAepmHT Asa qjieHa. Ilep- 

BblH HJieH H30TpOnHOrO «OTpa>KeHHH» HAeHTH^eH KJiaCCHHeCKOMy 

AH(p<pepeHu,HajibHOMy scpcpeicrHBHOMy ce^eHHio. BTOpoft, 

T r o ct g 2 T 7 ' (*r 0 sine), 

HBJiHeTCH pe3K0 aHH30TponHbiM: oh AaeT cymecTBeHHbiS BKJiaji 
TOAbKO npn M3AHX yrAax nopHAKa \/r 0 ; sto ^Jien «AH(ppaKUHH» 
(TeHeBoe pacceHHHe), cBH3aHHbifl c HaAHHHeM TeHH ot HAeajibHO 
otpaacaioineH ctpepu Ha nyTH naAaiomefi boahh. 
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M. X. IIPOEJIEMA PACCEHHHfl 



PasaejiIV. PE30HAHCHOE PACCEJIHHE 
§ 14. PacceaHHe rjiygOKOH npnivioyrojibHofl 

nOTCHUHajIbHOH HMOfi 

B KanecTBe Apyroro npHMepa noTeHunaJia KOHeqHoro paAHyca 
aeHCTBHH paccMOTpHM npHMoyixwibHyio noTeHUHajibHyio nuy H3 

§ IX. 10. rio^OJKHM 

h bmhchhm noBe^eHHe paaJiH^Hbix napUHajibHbix bojih b 33bhchmo- 
cth ot sHeprHH b cjiyqae oqeHb rjiy6oKOH hmu. TonHee roBOpn, 
npeAnojioxHM, hto 

Kr 0 » /, (55) 
/(> k. (56) 
B 3tom cjiyiae BejraqHHy qi b npaBoft qacTH ypaBHeHHH (43) b 

XOpOUJeM npH6jIH»eHHH MO>KHO BbIpa3HTb B BHfle 

qi^Kr 0 ctg(Kr 0 -ln/2). (57) 

HeTpy^HO npoaHajiH3HpoBaTb o6mee noBeaeHHe 5/(£) npH Ma- 
Jibix sHeprnax (t. e., corviacHO (56), npH E -C Vo)- tlo <popMy.naM 
(42) H (43) 5/ 33BHCHT OT SHeprHH nOCpeACTBOM BejIHHHH Xu kr 0 Vi, 

Re^ +) h qi. IlepBbie Tpn BejiHHHHbi hbjihiotch mohotohhhmh 
(pyHKUHHMH kr 0 (t/ yfibiBaeT, ABe Apyrne (pyHKUHH pacTyT), npimeM 
noBefleHHe hx b6jih3h Hyjm onpeAeJiHeTCH (popMyjiaMH (45), a 

B aCHMIlTOTHqeCKOH 06jiaCTH (kr 0 3> /) BbipaJKeHHHMH 

r t ~ —{kr 0 — ^n), 
limo,= l, lim Re <?(+> = 0. 

B HHTepecyiomefl Hac o6jiac™ aHeprnft sth TpH (pyHKUHH H3Me- 
hhiotcji OTHocHTejibHo Me^JieHHo. HanpoTHB, JiorapHtpMHqecKan 
npoH3BOAHaa qi, k&k sto bhaho H3 (popMyjiw (57), MeHHeTCH 6bi- 
CTpo, HMea npH stom cepnio BepTHKajibHbix acHMnTOT, co- 
OTBeTCTByiomHx TeM 3HeprHHM, ajih KOTopux Kro = ln/2 + tin 
(n — uejioe). Pa3H0CTb aHeprnfl MeJKAy coccahhmh acHMnTOTaMH 
paBHa npHMepno 

D ca n ~ n -^A- . (59) 

mr 0 K 0 r 0 v ' 

KorAa aHeprHH H3MeHH&TCH Ha aiy BejiHHHHy, \qi\ noi™ BciOAy 
OKa3biBaeTca nopHAKa hjih 6o^biue /Cr 0 , TaK hto nomu Ha BceM 
HHTepBa^e 

\qi-^q\ +) \> kr Q v t . 



§ 14, TJiyEOKAH nPfflWOyrOJlbHAfl nOTEHUHAJIbHAJI 3MA 
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BTopofl HJieH b npaBOH qacTH cpopMyjiu (42) — p/ — ocTaeTca Ma- 
jihm (c TOHHOCTbio ao o/iaraeMoro nn) : 

k ^t ^ k 

Pi 2* -—7+) < -jr V h 

q t — Re qy A 



b to axe BpeMH a priori hct hhk3khx orpaHHqeHHH Ha BejiHHHHy t/. 
rioaTOMy cnpaBeflJiHBo npHfijiHweHHoe paBeHCTBo 8/ T;. Oa30Bbie 
cABHra npaKTHqecKH coBnaAaioT c TeMH, KOTopue Ha6jiK>AaiOTCH 
npH pacceHHHH Ha TBepAofi c(pepe toto we paAHyca. B dojibineft 
qacTH oS^iacTH H3MeHeHHH 3HepraH noTeHUHaji pacceHBaeT KawAyio 
napHHajibHyio BOJiHy noAo6HO TBepAoft ccpepe: uu HMeeM Aejio c 
«noTeHUHajibHHM pacceHHHeM»; naAaroinan BOJiHa npaKTHnecKH He 
npoHHKaeT bo BHyTpeHHioio o6jiacTb noTeHUHajibHoft hmh. 

OAHaKO cymecTByeT HeSoJibmaa o6jiacTb sHeprHii, OKpywaroman 
ToqKy E p , rAe qi = Re q\ +) ; rjir stoh o6ji3cth 

\q t -Reqi+>\^kr 0 v t . 



OnpeAejiHM BejraraHbi 
dE 



(Y>0) h T = 2kr 0 v t y; (60) 



npH 9tom T ecTb uiHpHHa yKa3aHHoft oQjiacTH. 3aMeiaeM, mo 13 ) 

r 2 k ^ . 



FIpH H3MeHeHHH 9HeprHH Ha HeCKOJlbKO r B 06e CTOpOHH OT Ep Be- 

JiHiHHa q l — Re q\ +) yMeHbiuaeTCH ot 3HaqeHHH, cymecTBeHHO npe- 
bocxoahihhx kr 0 vi, AO 3HaHeHHH, cymecTBeHHO MeHbuiHX —kr 0 vi, a 
pi SucTpo nepexoAHT ot 3HaHeHHfi, coccahhx c nn, k 3HaneHHHM, 
6jih3Khm (n + l)n. 3(p(peKTHBHoe ceneHHe oi npeTepneBaeT pe3Koe 
H3MeHeHHe, AocraraH MaKCHMajibHoro 3HaneHHH 4n (2/ -f- 1 ) X 2 : r o- 
BopHT, ito HMeeT MecTo pe30HdHc I. Ylo onpeAeJieHHio Ep ecTb 3Hep- 



13 ) fleftcTBHTejibHO, corjiacHO ypaBHeHHio (57): 

d(Kr 0 )~ Kr °V + (Kr 0 )> ]■ 
nocKOJibKy Kr 0 » / h | Re | ^ /, to ~ — Kr\, KorAa E = Ep, OTKy.ua 
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IVI. X. nPOBJIEMA PACCEflHHfl 



thh pe30HaHca 14 ), T — mnpHHa pe30HaHca, npnqeivf T eerb npoH3Be- 
aeHHe BejiHHHHbi y> 3aBHCHiueft ot o6mero noBeAeHHH noTeHUHajia 
bo BHyTpeHHeft oSjiscth (h npaKTHieCKH He 3aBHCHin,eH ot /), h 
(paKTOpa kr 0 vi, 3aBHcfliuero ot noBcaeHHH bojihh bo BHeuiHeft 06- 
.nacTH (h Majioro npH 6ojibiiiHX I). 

06^acTb pe30HaHca AOCTaToiHO Majia, TaK ^to mojkho 33MeHHTb 
KpHByio qi{E) ee KacaTejibHoft b TO^Ke E = E p , OTKy^a 

Pi » arctg 2 ^ r _ ^ . (61) 
Hcnojib3yfl ycjioBHe HenpepuBHocTH (44) jyin hopmhpobkh paAH- 

aJIbHOH (pyHKUHH BO BHyTpeHHeft 06jiaCTH, HaXOflHM B TOM MS npH- 

6jiH?KeHHH (cnpaBeAJMBOM b HHTepBajie sHeprim, oxBaTHBaiomeM 
pe30HaHc, npHneM r < A£ < O) : 

y t = L r p , 2 ^ r2 K f h{Kr) (r<r 0 ). (62) 

ripoxo^fleHHe sHepreraqecKOH oSjiacra peaoHaHca / conpoBO>K- 
AaeTCH, TaKHM o6pa30M, pe3KHM yBejiH^eHHeM HHTeHCHBHOCTH nap- 

UHajIbHOH Z-BOJIHbl BO BHyTpeHHeft 06jiaCTH nOTeHUHaJIbHOH HMH. 
Becb aHa;iH3 3HaiHTeJibHO ynpomaeTca b cnyqae s-bojihh, KorAa 
T 0 = — kr 0 , v Q = 1, Re q { 0 +) = 0, q Q = iO 0 ctg Kr 0 , 

■kr 0 + arctg ("|- tg^'o)- 

fljlH 4>yHKU,HH (/o HaXOflHM HBHOe BbipajKemie: 

/ 5in (kr + 8 0 ) r > r 0 , 

_ & 
#o ~ ■ sin Kr r < r 0 . 

+ K 2 0 cos 2 Kr 0 

C yqeTOM 3aMeHH iiaqeiraft (Z.-*-r 0 , K-+Ko, r)/f -v A, g/C-^/C, (p. -»- po — 

— jt/2) 3aaaia 06 .xeaHHH aKBHBajieHTHa 3aAaie 06 oTpaxeHHH bo^h npa- 
MoyroJibHofl noTeir .buoft hmoh b OAHOMepHOM cjiyiae H3 § III. 6 (cjiyHafi 
6) ) — o6cya«AeHHf .eHHH pe30HaHca MOxeT 6biTb noBTopeno 3Aecb 6e3 n3Me- 

HeHHft. 

§ 15. O61 a 33K0H pe30HaHCHoro paccenHHH. 
MeTacTa^ ibHbie coctohhhh 

HBJieHHe pe30HaHca AOBOJibHo qacTO BCTpeiaeTca b mhkpocko- 
nHuecKOH <pH3HKe. Pe30HaHCHoe pacceaHHe, KOTopoe mh paccMOT- 



5 0 = . 



l4 ) BBHAy npHcyTCTBHH noTeHunajibHoro paccenHHH MaKCHiuajibHoe 3HaqeHHe 
C; AOCTHraeTCH npn 3HaqeHHH 3Heprnn, HecKOJibKO oivii«aiomeMCs ot pe30HaHC- 
Horo, KOTopoe onpeAejiseTCH ycJioBHeM p; = n/2 (c ToqHOCTbio ao cjiaraeMoro 
nn). MosteT aaxe OKa3aTbCH, ito b Towe pe30HaHca %i = n/2, h nosTOniy at 
o6pamaeTCH b Hyjib npn E = £ p ; TorAa npoxoxfleHHe pe30HaHcnoft o6flacra 
9HeprHH conpoBOKftaeTCH pe3KHM nafteHHeM AO Hyjia (pyHKU,™ 0/(£). 



§ 15. METACTABHJlbHblE COCTOSHHH 
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peJiH Ha npHMepe npHMoyrojibHoft noTeHUHajibHofi hmh, 6yaeT HMeTb 
MecTO h c noTemmajiaMH Apyroft (popMH, ecjin TOJibKo b HeKOTo- 
poft oSjiacTH npocTpaHCTBa noTeHunaA ct3H0bhtch pe3KO npHTHrn- 

BaiOIUHM. BBHfly 0C060H Ba>KHOCTH 3T0r0 HBJieHHH AaflHM 3j,ecb 

6oJiee noflpo6Hoe onncaHHe pe30HaHCHoro pacceHHHH /-THna. Mh 
no-npeiKHeMy 6yAeM paccMaTpHBaTb npHMoyrojibHyro HMy, oahsko 
pe3yjibTaTbi 6e3 Tpyaa nepeHocHTCH Ha noTeHUHSJibi 6ojiee o6mero 
BHfla, TaK KaK (popMa noTeHHHaAa BAHHeT TOJibKo Ha 33koh H3ine- 

HeHHH JIOrapHCpMHMeCKOH npOH3BOAHOH qi. 

PaflH npOCTOTbl H3JIOJKeHHH npeAnOJIOJKHM, qxO pe30HaHCH AO- 

cTaTOMHo y3KH h AocTaTorao xopouio oTAeJieHbi Apyr ot Apyra, TaK 
qTo b H3yqaeMOH oSjIscth aHeprHH npncyTcTByeT TOAbKo oahh pe- 
30H3HC AaHHofl nspuHaAbHoft boahh. KpoMe Toro, 6yAeM c^HTaTb 
aHeprHK) pe30HaHca CTOJib MaAoft, qTO 

kr 0 < 1 (63) 

h mo, o/ieAOBaTeJibHo, bkji3aom noTeHUH3AbHoro pacceflHHH mo>kho 
nojiHocTbio npeHe6peqb I5 ). Hhhmh cAOBaMH, Bee (|)a30BHe cabbi-h, 
Kpoiwe 8;, npaKTHqecKH paBHbi Hyjiio, a (pa3a 5;, KaK (pyHKUHH H3- 
qajibHoft sHeprHH E, H3MeHH6TCH no 3aK0Hy 

6^p< = arctg 2(£p r _ £) • 

CjieAOBaTeJibHo, 

p i6 1 sin ft, = — - « 

e sino,— , _ itgdi ~ 2 (E-E p ) + iT' 

h aMnjiHTyAa pacceHHHH 3anHCbiBaeTCH b (Jjopiwe 

f (0) « - «±i P t (cos 9) 2{E J Ep) + iT ■ (64) 
ripn npoxoHAeHHH pe30HaHca uojxyjib h npoH3BOAHan <pa3bi 

KOMnjieKCHOH (pyHKUHH f(0) 06H3py>KHBaiOT OCTpbie MaKCHMyMbl. 

HMeeM 

or (Q) = I f (6) p = (2/ + l) 2 P\ (cos 6) X 2 4(£ _jT )2 + r2 . (65) 

^ [arg f (9)] = §- = f 4(£ _£ 2 p)2 + r2 • (66) 

ypaBHeHHe (65) noKa3HBaeT, to b6jih3h pe30HaHca — b toh 
Mepe, b KaKofl mo>kho npeHe6peib 9<p<peKT0M noTeHunaAbHoro 
pacceHHHH, — yrAOBoe pacnpeAcneHHe pacceHHHH He 33Bhcht ot 
SHeprHH, a onpeACAHeTCH TOAbKo momchtom HMnyjibca /; npH 



15 ) BKJiafl 3thx qjienoB b sijxpeKTHBuoe ceieime nopHAKa inr\, a qjieHa /-pe- 
aonaHca b -rowe pe30HaHca — nopflflKa 4jt(2/ + OX 2 — 4ji(2/ + l)/& 2 . 



384 



TJI. X nPOEJTEMA PACCE3HH3 



3tom nojiHoe sipcpeKTHBHoe ceqemie, KaK (pyHKHHH SHeprHH, cjieayeT 
«3aKOHy JlopeHua»: 

r 2 

^iiojih = 4n (21 + 1 ) X 2 4 ^ E _ + r2 . (67) 

XUh BbiHCHeHHH CMbicJia ypaBHeHHH (66) cneAyeT BepHyTbcn k 
HccjieaoBaHHK) pacceHHHH BOJiHOBoro naneTa, npoBeaeHHoro b 

§§ 4, 5. B IipHHHTblX T3M 0603HaHeHHHX mo>kho HanHcaTb 

f =^[arg/(9)]. 
C^eAOBaTejibHo, (popMyjia (66) BbipamaeT 33na3AHBaHHe b npo- 

XOKfleHHH paCCeHHHOH BOJIHH (CM. CHOCKy 8 ) ) . Mbl BHAHM, *ITO 3TO 

3ana3AHBaHne 33bhcht ot SHeprHH n3A3iomeH nacTHUH no TOMy 
>Ke 3aKOHy JIopeHua, mo h no;iHoe ceieHHe, h AOCTHraeT m3kch- 
MyMa 2fi/r b TOHKe pe30HaHca. 

riojiyHeHHbie pesyjibTara no3BOjiHK)T onncaTb hbjiqhuq pe30- 
HaHca cjieayiomHM o6pa30M. B cjiynae sHeprnft, AajieKHx ot pe30- 
hshchoh, naAaioman Boraa npaKTHnecKH He npoHHKaeT bo BHyT- 
peHHioK) oSjiacTb ashctbhh noTeHUHajia (cp. ypaBHeHHe (62)) h 
Bee npoHcxoAHT TaK, KaK ecjiH 6u OHa BCTpeTi-uia Ha CBoeM nyra 
TBepAyio ccpepy: pacceHBaeTCH TOJibKo Majian (ppaKHHH bojihw, 
npHneM pacceHHHe nponcxoAHT 6e3 3ana3AbiBaHHH (33n33AHB3HHe 
nopHAKa — r 0 /v). Ecjih }Ke 3HeprHH qacraubi 6;iH3Ka k pe30HaHCHoft 
SHeprHH, to naAaiomaa bojihs rjiy6oKO npoHHKaeT bo BHyrpeHHioio 
oSjiacTb AeflcTBHH noTeHUHajia: npH stom 3H3iHTejibHaH nacTb 
BOJiHOBoro naKeTa b TeqeHHe npoMerayTKa BpeMeHH nopHAKa b/T 
yAepJKHBaeTCH bo BHyTpeHHefl 30He, a 3aTeM ncnyKaeTCH b BHAe 

paCCeHHHOH BOJIHH. 3tHM 06"bHCHHeTCH 60JIbLU0e pe30HaHCHOe 3(p- 

4)eKTHBHoe ceueHHe pacceHHHH. B TeqeHne yKa3aHHoro npoMeacyTKa 
BpeMeHH nepeA HcnycKaHHeM paccenHHofi bojihh BepoHTHocTb npn- 
cyTCTBHH HacTHHbi bo BHyTpeHHefl o6jiacTH aghctbhh noTeHUHajia 
OKa3HBaeTCH oneHb 6ojibiuoH h no nopHAKy BejiHMHHbi paBHofl co- 

OTBeTCTByKDIHeH BepOHTHOCTH AJIH CBH33HHOrO COCTOHHHH. OaH3KO 
eCJIH CBH33HH0e COCTOHHHe HBJIHeTCH CT3HH0H3pHbIM H HMeeT 6eC- 
KOHe^HO SojlbUIOe BpeMH >KH3HH, TO paCCM3TpHB3eM0e MeTQCTCt- 

6uAbHoe cocTOHHHe HMeeT KOHenHoe BpeMH JKH3HH nopHAKa fi/r. 
YMHTHBaH cooTHouieHHe HeonpeAeJieHHOCTH BpeMH-3HeprHH, mh 
npHxoAHM k BbiBOAy, hto TaKoe cocTOHHHe He HMeeT tomho onpeAe- 
jieHHoft 3HeprHH h aojijkho 6biTb npeACTaBJieHo bojihobmm nane- 
tom c AHcnepcnefl no sHeprHH nopHAK3 T. Tskhm o6p330M, k3>k- 
AOMy pe30H3Hcy conocTaBJineTCH MeTSCTsSnjibHoe cocTOHHHe c ko- 
HenHbiM BpeMeHeM >kh3Hh fi/r, npnneM cpeAHee 3HaneHHe aHeprHH 
coctohhhh p3BH0 SHeprun pe30HaHca Ep, a AncnepcHH aHeprHH 

p3BH3 UIHpHHe pe30H3HCa T, 



§ 16. BPEM3 >KH3HH METACTABHJIbHbTX COCTOflHHP! 



385 



§ 16. Ha6jiK>AeHHe BpeiweHH kh3hh MeracTaSHjibHbix coctohhhh 

llpHBeAeHHoe Bbiuie noJiyKJiaccHTCCKoe onncaHHe pe30HaHCHoro pacceaHHa He 

CBOfiOAHO OT npOTHBOpGMHH. fleJIO B TOM, TTO B 06bmHbIX SKCnepHMCHTaJlbHblX yC- 
JIOBHaX H3MepeHH3 3(p(peKTHBHbIX CeieHHH (yK33aHHbIX B §§ 4 — 6) BblHBJKHHe Me- 

TacTa6HJibHMx coctohhhh, o KOTopux ui.ua peib BHine, HeB03MOXHO. JXjih H3Mepe- 
hhh scpipeKTHBHoro ceqeHHa pacceaHHa npn 3a^aHHOH sHeprHH lacraitbi Heo6xo- 
flHMO, >)To6bi flHcnepciiH sHeprHH AE 6biJia HacTOJibKO Majia, ito6h aMnjiHTyAa 
pacceaHHa Ha HHTepBajie AE ocTaBajiacb npaKTHHecKH nocToaHHoft; b pe30HaHC- 
hoh o6jiacTH 9T0 03HanaeT AE < T. ToJibKo npa BbinojiHeHHH sraro yc/iOBHa 

MOJKHO AeftCTBHTeJIbHO H3MGpHTb XOfl H3MeHeHHS SCpCpeKTHBHOTO CeTOHHH B pe30- 

HaHCHoii o6jiac™, OAHaKO npn stom Bpeina ctojikhobchhh h/AE, t. e. BpeMa, He- 
o6xoAHMOe Ma noJiHoro npoHHKHOBeHHa BOJiHOBOro naKeTa bo BHyTpeHHioio 06- 
jiacTb fleftcTBHa noTeHunajia, OKa3HBaeTca 3HaraTejibHo fiojibuie BpeMeHH JKH3HH 
fi/r MeTacTafinjibHoro cocToaHHH. 3to nocJie^Hee cTaHOBHTca t3khm o6pa30M He- 
HafijiioaaeMbiM (cm. CHOCKy 8 ) . 

Mto6h BbiaBHTb MeTacTaSnjibHoe cocToaHHe, c/ieayeT ocymecTBHTb «AOnojiHH- 
TeJibHHe» (b CMHCJie Bopa) ycjiOBHa sKcnepHMeHTa 

AE > T. (68) 

J\jist onpeaeaeHHOCTH (cm. CHOCKy *) paccMOTpHM bootoboh naiceT H3y>ieH- 
Horo b § 5 rana, KOTopuft yAOBJieiBopaeT OAHOBpeMeHHO ycJiOBHaM (9) h yc.no- 
bhk) (68) . npeAnoJioJKHM, KpoMe Toro, qro £ P > AE > V 16 ) . Mu Hcnojib3yeM 
oCosHaqeHHa §§ 4 — 6 h npHMeM, mo b = 0 h U = 0. FIoACTaBJiaa b (17) Bbipa- 
HceHne (64) «Jia f(0), noJiyiHM c/ieAyromyio acHMnToraiecKyro (popMy paccesiH- 
Horo BOJiHOBOro naKeTa: 

' (v~¥-) 

tjrW (2/ + 1) P l (cos 6) y • - /, 



rAe 



, f A(k'-k) 
J E'-E n + i 



— e 

r 



3AeCb Mbi o6o3HaiHJiH E, 



P 2m 

OcHOBHoft BKJiaA b HHTerpaJi / AaeT o6jiacTb, rAe BejiHKO 3Ha<ieKHe 
A (ft' — k)/ {e' — E p + y T ^ . IlepexoAa k c^epniecKHM KoopAHHaTaM, iiojiojkhm 

dk' = k' 2 dQ' dk' = dQ' dE' 

h k' = k'11'. HHTerpnpoBaHHe no yrviaM KacaeTca tojibko (pyHKUHH A{k' — k). 
Hto KacaeTca HHTerpnpoBaHHa no E', to corviacHo npeAno^oaceHHio (68) cymecT- 
BeHHoa o6.nacTbK) BB^aeTca \E' — E P \ ^T, tas (pyHKUHH A(k' — k) mojk6t 6wTb 



16 ) 3to npeAnojioaceHHe, a Tanxe ycjioBHe (63) He aB^aioTca cymecTBeH- 
HbiMH, ho ohh no3BOJiHK)T Bbipa3HTb OKomaTejibHuft pe3yjibTaT b 6ojiee npocTofl 
(popMe. fljia BbinojiHeHHa sthx ycJiOBHfi cobmcctho c (9) h (68) Heo6xoAHMO no- 
Tpe6oBaTb vi < kr 0 < 1. 
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nn. x. nPOBjiEMA pacceahha 



3aMeHeHa Ha A(k v u' — k), a k' — Ha nepBbie ABa qjieHa pa3AO»<eHH?i TeftAopa 
(cqHTaeM T < £ P ): 



p 



FIoSTOMy MOJKHO HanHcaTb 



l^^-AF 
W p 



TAe Mbl 0603HaHHJIH 



-|(£'-£p)x 
F (t) — \ - — dE'. 

^HTaTejib 6e3 TpyAa npoBepnT, ito sto BbipaJKemie aaa / cnpaBeAAHBO mibKO, 
ecjiH |t[ » h/AE. 3aMeTHM, qTO 



. rx 



^ m = 5 e ~ ' -• dz - 



2h 
z + i 



EIocKOJibKy |t| > h/AE p , hhjkhhh npeAeJi HHTerpupoBanHsi mo>kho 3aMeHHTb Ha 
— oo h TorAa HHTerpaJi /•'(t) BbmHCAHeTCH no TeopHH BbmeTOB; hmghho 

{0, ecjiH x « — TilAE < 0; 

-2nie-™\ ecAH t»S/A£>0. (69) 

OKOHiaTeJibHo ncwiyiaeM 

ipW) (2/ + 1) p (cos 9) V-r -Fl t ) - (70) 

06m.ee noBeAeHHe 9toh boahoboh (pynKUHH onpeAeAaeTCH cBoftcTBaMH cpyHKUHH 
F(x), BbiTeKaioiUHMH H3 (69). 3to pacxoAsmancfl BOAHa, orpaHHqeiiHaa cnepeAH 
bojihobum (ppoHTOM, nepeMemaiomjHMCH no 3aKOHy r = v p t. B KajKAoii AaHHofl 

TOIKe HHTeHCHBHOCTb BOAHbl CHa"jajia paBHa HyAK), 3aTeM OHa pe3K0 H3MeHHeTCH 

ot 0 AO HeKOToporo noJiowHTeAbHoro 3HaqeHHH — sto cooTBeTCTByeT npoxojKAeHnio 
BOAHOBOro (ppoHTa, oho npoAOAJKaeTCH npHMepHO b TeqeHne BpeiaeHH h/AE, no 
3HaqHTeAbHO MeHbme H/T; 3aTein HHTeHCHBHOCTb yMeHbiuaeTCH no 3axoHy 
exp (—Tt/h). 

Ha onHTe, ito6h ooHapyjKHTb stot 33koh SKcnoHeHiwaAbHoro 3aTyxaHHH, 
B Te^eHHe KopoTKoro npoMexyTKa BpeMeHH nocuJiaiOT nyiOK boahobhx naKeTOB, 
OTBeqafomHX yKa3aHHMM Bbime ycAOBHHM, h perHCTpnpyioT c noMombio AexeKTopa 
Ha paccTOHHHH D ot pacceHBaiomero itempa ihcao Hacran;, paccesHHHx b Ha- 
npaBAeHHH TeAecHoro yrAa (Q, Q + dQ). IlocKOAbKy Ancnepcna sHeprra 17 ) na- 
AaiomHX boahobhx naKeTOB oqeHb aeAHKa (AE > T), momcht ctoakhobchhsi t = 0 
onpeAeAaeTca toiho: At -C h/T. KoAHiecTBO AeTeKTHpyeMbix lacTHU onpeAeAaeT- 



7 ) 3to AHcnepcii}) aHeprnn KajKAoro boahoboto naKeia OTAeAbHo, 



§ 17. HHTErPAJIbHblE nPEACTABJIEHHfl <J>A30BbIX CflBHTOB 
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Ca BCJIHMHHOH | XJT(d> 1 2 B XOHKG HaXO/KAeHHH CMeTIHKa; corjiacHo ypaBHeHHio (70), 

oHa nponopuHOHajibHa F 2 (t — D/v). MacTHuw He perncrpHpyioTCH ao MOMeHTa 
BpeMeHH D/Vp, Koraa (ppoHT bojihu AocraraeT cqeTMHKa; sto BpeMH, Heo6xoaH- 
Moe /Uifl Toro, mofibi qacnma, HcnymeHHas ueHTpoM c «pe3cmaHCHOH CKopocTbro* 
Up, Aocraryia cieTqHKa. B /tajibHefimeM qnoio perHcxpauHfi lacTim onpeAejisexcH 

3SKOHOM exp( — Tt/h), 1TO H COOTBeTCTByeT 06pa30BaHHK3 B MOMeHT BpeMeHH 

t — Q MeTacTa6HJibHoro coctohhhh co BpeMeHeM XH3HH h/T. 

yKa3aHHbie Bume ycJioBus 3KcnepHMeHxa o6bniHo ocymecTBJiaioxcH npn pa- 
flHoaKTHBHOM pacnaae a«ep (a- h p-paflHoaKTHBHOCTb, v-paflHoaKXHBHoexb H30- 
MepHbix HAep). 

Pa3JieJiV. PA3JIMHHME ^OPMYJlbl H CBOHCTBA 

§ 17. HHTerpajibHbie npeACTaBjieHHn (pa30Bbix cabhi-ob 

HeKOTOpbie CBOHCTBa H MeTOAbl BbmHCJieHHfl (paSOBMX CUBHTOB 

MoryT 6biTb noJiyMCHbi H3 cooTBeTCTByioiUHX HHTerpajibHbix npeA- 
CTaBJieHHH. HHTerpajibHbie npeacTaBJieHUH (pa30Bbix cabhtob oneHb 
pa3HOo6pa3Hbi. Mame Bcero ohh noJiynaioTCH npocTMM npHMeHe- 

HH6M TeOpeMbI BpOHCKHaHa K nOAXOAHUiHM 06pa30M BblgpaHHHM 

peuieHHUM paAHaJibHoro ypaBHeHHH. Oaho TaKoe npeACTaBJieHHe 
mh aaAHM b 9tom naparpacpe. Ztpyroe 6yneT H3yieHo b § 20. 

Hauia uejib coctoht b cpaBHeHHH (pa30Bbix cabhtob 8; h §/, co- 
OTBeTCTByiouiHX noTeHiinajiaM V(r) n 9(r) npn oahoh h toh *e 
sHeprHH. BepHeMcsi k o6o3Ha i ieHHHM § 8 a iiojiokkm 0 = 2/nf/fi 2 . 
llycTb yi — peryjinpHoe pemeHHe ypaBHeHHH (29) , npnieM acHMn- 
TOTHqecKaa (popMa yi AaeTca (popMyjioft- (37). TorAa yi — peryjinp- 
Hoe pemeHHe paAnaJibHoro ypaBHeHHH 

[^ + (.-C-^)]^=0 (71, 

C aCHMnTOTHTOCKOH CpOpMOH 

9 t r ~ sm(kr-±n + 6 l ). 

BpoHCKHaH W(yt,t)i) paBeH Hyjiro b Haqajie KOopAHHaT h cTpe- 
mhtc3 acHMnTOTHqecKH k npeAejiy 

lim W(y t , 0,) = fc sin (8,-6,). 

r->oo 

CorjiacHo TeopeMe BpOHCKHaHa 

b 

W{y t -h)\ b a --\i)i (U-U)ytdr. 

a 

ycTpeMJiHH npeAeJiH HHTerpnpoBaHHH a h b k 0 h oo cooTBeTCTBeH- 

HO, HaXOAHM 

oo 

sin (fl, - 6,) = --gg- 5 ^(K-K)^ dr. (72) 

0 



13* 
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171. X. nPOBJIEMA PACCE3HHH 



3to BajKHoe cooraouieHHe cnpaBeAJiHBo He3aBHCHMo ot bhas 
noTeHunajioB V h V, ecjiH TOJibKO 06a ohh Ha SecKOHeqHOc™ cTpe- 
mhtch K Hyjiro Sbicrpee 1/r h He HMeiOT cHHryjiapHocrH b Hyjierana 
1/r 2 h Bbiuie. 

Ecjih V = 0, to 6/ = 0 h yi = krji(kr) cooTHomeHHe (72) b 
9Tom qacTHOM cjiynae 3anHCHBaeTCH b BHAe 

oo 

sin6 l = -2»\l l {kr)Vy l rdr. (73) 

o 

§ 18. 3aBHCHMOCTb (pa30BMX CABHrOB OT (pop mm noTeHHHajia 

YpaBHeHHe (72) no3BOJiHeT CAejiaTb HeKOTopbie bhboah 06 H3- 
MeHeHHH (pa30Bbix CABHrOB npH MOAH(pHKaHHH pacceHBaiomero no- 
TeHHHajia. npH SecKOHeiHo MajiOM H3MeHeHHH noTeHHHajia AV = 
= V — V BeJiHqHHa A6/ = 6/ — 6j TaKme 6yAeT SecKOHeqHO Majioft; 
ecjiH npH 3tom npeHe6peib pa3JiHHHeiu MeJKAy yi h (}i b npaBoft 
Hac™ ypaBHeHHa (72), to nojiynHM 

oo 

AS^-f^AFrfr. (74) 

o 

Ecjih H3MeHeHHe noTeHnnajia AV(r) coxpaHHeT HeKOTopbifi 3H3K 
Ha BceM HHTepBajie (0, oo), to H3MeHeHHe (pa30Boro cABHra AS/ 
HMeeT npoTHBonojiojKHbiH 3HaK. CjieAOBaTejibHO, BCHKoe yBeJinie- 
HHe noTeHHHajia (6ojibiuee orrajiKHBaHHe) yMeHbinaeT (pa30BbiH 
CABHr, BCHKoe yMeHbmeHHe noTeHHHajia (Sojibinee npHTameHHe) 
yBeJiHiHBaeT cabht (pa3w. 

J\o chx nop CABHr cpa3bi 6/ 6biji onpeAeJieH TOJibKO c TOiHocTbio 
AO cjiaraeMoro 2mt. *4to6h cHHTb aTy HeoAH03HaqHocTb, paccMOT- 
pHM HenpepuBHoe H3MeHeHHe noTeHHHajia ot 0 ao V{r), npn stom 
<pa30BbiH CABHr H3MeHHeTCH TamKe HenpepbiBHO ot 0 ao HeKOTOporo 
sHaqeHHH 8;, KOTOpoe, KaK mojkho noKa3aTb, He 33bhcht ot nyra 
H3MeHeHHH noTeHHHajia ot Hyjin ao V(r). Hmchho sto 3HaqeHHe 8i 
mh npHMeM b KauecTBe hcthhhoh BeJiHTOHbi (pa30Boro CABHra. 

Ecjih noTeHunaji V{r) BciOAy orrajiKHBaiomHH, to nepexOA ot 
Hyjia k V(r) mo>kho ocymecTBHTb nyTeM nocjieAOBaTejibHoro npn- 
SaBJieHHH SecKOHeiHO Majibix noJiojKHTejibHbix ao63bok. CorjiacHO 
ypaBHeHHio (74) KaacAaH H3 sthx ao63bok yMeHbuiaeT cpa30BbiH 
CABHr, noaTOMy 8 ( OTpHixaTejibHO. AHajiornqHHM o6pa30M, ecjiH 
noTeHirnaji V(r) BciOAy npHTHrHBaiomHH, to 6; noJio>KHTeJibHO. 

B o6mewt cJiyiae: 

ecjiH V(r)>V(r) npH jiioShx r, to 6,<o z , 
ecjiH V (r) < V (r) npa jiioShx r, to 6/ > 8,. 



§ 20. 4>OPMyjTA BETE 
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§ 19. FlpHSjiMKeHHe Bop Ha 

JXjlSi TOrO 4T06bI TOHHO BHIHCJIHTb (pa30Bblft CflBHr 6/, HaflO, BO- 

o6me roBopa, peuiHTb ypaBHeHHe (29). Oah3ko eara V(r) flOCTa- 
to^ho Maji, peryjinpHoe pemeHHe yi stoto ypaBHeHHH Majio otjih- 
qaeTCH ot cbo6o^hoh ctpepniecKOH bojihh krji(kr), h (pa30Bbra 

CflBHr 6JIH30K K HyJIK). flOSTOMy npH6jIHJKeHHO MO)KHO B ypaBHeHHH 

(73) 33MeHHTb yi Ha cBo6o#Hyio Bojmy, ito aaeT 

6 t ~-^k\ jj(kr)V(r)r*dr. (75) 
o 

3to Bupa>KeHHe juw <pa30Boro cuBHra b «npu6AU0Kenuu Eopna». 
OuiH6Ka MaJia, ecJiH noTeHunaji V(r) aocTaTOTOO Maji no cpaB- 

HeHHio c E — - ^^.2 - B 6oJibuiefi qacra o6jiac™ H3MeHeHHM r. 

Mojkho OH^HflaTb noaTOMy, ito npHfijiHHteHHe BopHa 6yneT onpaB- 
flaHO npn bhcokhx aHeprnax hjih (npn ycjiOBHH, qTO V(r) Rocra- 
totoo 6hctpo yMeHbuiaeTCH Ha 6ecKOHeHHOc™) npn Sojibuinx 3Ha- 

qeHHHX /. B fleftCTBHTeJIbHOCTH Bbipa?KeHHe (75) HBJIfleTCH TOJIbKO 

nepBHM qjieHOM b pa3Jio>KeHHH no CTeneHHM noTeHHHa.ua V, no- 
STOMy ouiwdKy mo>kho oueHHTb, BbimcjiflH cjieflyrouxne qjieHbi pa3- 

JIOJKeHHH. HcXOflH H3 COOTHOHieHHH (72),M0>KH0 nojiy^HTb aHa.no- 

rHHHoe npH6jiH5KeHHoe BHpajKeHHe rjih 6/ — 8/, a hmchho 

f >t-^t^-^\y 2 t (V-V)dr. (76) 

9Ta «o6o6meHHasi (popMyjia BopHa» nojie3Ha, Kor^a H3BecTHo pe- 
ryjiHpHoe pemeHHe y~i pa^najibHoro ypaBHeHHH c noTeHHHajiOM 9, 
uano OTJiHqaromHMCH ot noTeHH.Ha.na V. OHa no3BOJiHeT nojiyiHTb 
b xopouieM npH6jiH>KeHHH 8(, He peman to^ho paflHajibHoe ypaBHe- 
HHe c noTeHHHajioM V ls ). 

§ 20. TeopHH 9(p^)eKTHBHOro pajwyca aeftcTBHA. 4>opiwyjia BeTe 

<&0pMyjlM § 17 n03B0JIHK)T HCCJieflOBaTb H3MeHeHHe (pa30BbIX 

cflBHroB npn MoztfHpHKanHH noTeHHHa.ua npn ashhom 3HaqeHHH 
SHeprHH. B 3T0M naparpaipe mh paccMOTpHM H3MeHeHHe (pa30Bbix 



") OopMyJIOfl (76) M05KHO B0Cn0^b30BaTbCH TaKHCe, 1T06m H3yqHTb BJIHHHHe 

«XBOCTa» noTeHUHaJia V. .UocTaiwHo b tcaiecTBe V BbiCpaTb noTemj,naJi 

p. = f V (r), ecjiH r < r 0 , 

\ 0, ecJiH r > r 0 , 

rae ro — noflxcwiniHM o6pa30M Bbi6paHHoe paccTosrane. 9 ecu. noTeHunaji c orpa- 
HH^eHHbiM paanycoM aeftcTBHH h o6jiaaaeT BceMH ero cBoftcTBaMH. V — V — xboct 
noTeHUHajia V. BjMHHHe «xBOCTa», ecjiH oho Ma^o, MOJKeT 6biTb yqTeHO c no- 
Mombio cj)opMyjiu (76). 
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cabhtob b 33BHCHMOCTH ot H3MeHeHHH sHeprHH. riojiyqeHHbie (pop- 
Myjiw SynyT oco6eHHo nojie3Hbi b npeAe-nbHOM cjiyiae Majiwx aHep- 
rHH, KorAa noieHUHaJi HMeeT KopOTKHft pa^nyc aghctbhh. 

IlycTb u — oaho H3 peryjinpHbix peiueHHH ypaBHeHHH (29); nona 
mh He 6ya,eM yTO^HHTb ero HopMHpoBKy. IlycTb u ecTb peuieHHe 
(HeperyjiapHoe) ypaBHeHHH (71), cooTBeTCTByromee TOMy *e 3Ha- 
HeHHio 3HeprHH h HMeiomee Ty me acHMnTOTHHecKyio (popiwy, hto 

H U, BKJllOHaH HOpMHpOBKy. PaCCMOTpHM Tenepb ABa pa3JIHHHHX 

3HaqeHHH aHeprnn E\ h £ 2 ; 6yaeM OTMenaTb HtmeKcaMH 1 h 2 Bee 
BejiHHHHbi, oTHocnmHeca k 3thm SHeprHHM. Ylo TeopeMe BpOH- 
cKHaHa (III. 27) HMeeM ' 

b 

W (u u u 2 ) \ b a = (e, — e 2 ) ^ «!« 2 dr, 

a 

h cooTBeTCTByromee Bbipa>KeHHe nJin u, OTKyna 

b 

W («,, u 2 ) — W (u u u 2 ) \ b a = (e, — e 2 ) ^ (w,« 2 — h,m 2 ) dr. 

a 

KorAa /?->oo, to nocKOJibKy u h u HMeiOT OAHy acHMnTOTHnecKyio 
(popMy, HHTerpaji b npaBofi qacTH ypaBHeHHH cxoahtch, a pa3H0CTb 
BponcKHaHOB Ha BepxHeM npeAejie oQpamaeTcn b Hyjib. nocKOJibKy, 
KpoMe Toro, lim W {u u u 2 ) — 0, HanHcaHHan (popinyjia npH b-><x>, 

o->0 

a->0 nepexoAHT b 




Bbl6HpaH nOAXOAHIHHM 06pa30M HOpMHpOBKy U, MOJKHO H3 3T0H 

(popMyjibi Ha 8th 3HaieHHH pa3H0CTH 6 — 6 npn SHeprnnx E\ h Ei. 
OrpaHH^HMCH cnyqaeM s-bojihh (/ = 0) 19 ). KpoMe SToro, no- 

JIOHiHM V = 0 H 0603HaHHM 'lepeS V\, V2 3H3MeHHH fi\, « 2 B 3TOM 

qacTHOM cjiyqae. OHKcnpyeM HopMHpoBKy u ycjioBHeM v (0) = 1,t. e. 

v = cos kr + ctg 6 • sin kr. 
TorAa (popMyjia (77) 3anHineTCH b bhae 
w (» 2. fi) l a =o — fe i ct S 6 i — ^2 ctg 6 2 = 

= (e, — e 2 ) \ (ViV 2 — «i« 2 ) dr. (78) 



l9 ) KorAa < =5^= 0, (pyHKU.HH U] h u 2 hmgiot oco6eHHOCTb b Haqajie Koop/umaT 
rana (l// - )'. B (popMyjie (77) qjieHH W(tiu u 2 ) h (ei — e 2 ) ^ tl^dr pacxoASTca 
iok (1/a) 2 ' -1 , oAHaKO cyMMa hx cTpeMHTca k KOHe^HOMy npeAeJiy. 



§ 20. HOPMyjIA BETE 
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B npeanoJioJKeHHH, mto V{r) CTpeMHTca k Hyjito npw r->oo AOCTa- 
tohho 6biCTpo, Tai< 4To6bi HHTerpaji b npaBOH qacTH cxoahjica, 9Ta 
cpopMyjia ocTaeTCH cnpaBe^HBofi b npe^ejie £2 -> 0. OSosHawM c 
n.OMombK) « 0 , wo (pyHKUHH «, v npn aneprHH paBHOH Hyjiio. 3aiwe- 
naeM, ito 

u 0 =l — — h lim£ctg6 = -, 

rjie a — A-iHHa pacceaHHH, onpeAeJifleMaa ypaBHeHHeM (47). Bbi- 
6Hpaa 3HaHeHHH ei = e, 62 — 0 b cooTHomeHHH (78) (cm. pnc. 35), 
nojiy^aeM (popMyAy Bere: 

k ctg 6 — — ^- + e ^ (wo — uu 0 ) dr. (79) 

3to CTporoe cooTHouieHHe. Oho nojie3Ho, KorAa HHTerpaji 
b npaBoft qacTH MeAJieHHo MeHaeTCH Kan tpyHKUHH SHepraH. 




a) 6) 8) 

Phc. 35. Bo^HOBbie s-cpyHKiiHH HyjieBofl SHeprHH b Teopna acpcpeKTHBHoro pa- 
AHyca AeflcTBHH ajih noaneAOBaTejibHO yBejmiHBaiomeHCH rjiy6HHbi noTemuiajia 
orpammeHHoro pa/wyca AeftcTBHH V (r) = aW (r) (co — napaMeTp iviySHHbi hmh, 
npn 9tom co = 1 cooTBeTCTByeT rviySHHe, Heo6xoflHMOH wia o6pa30BaHHH cbh- ; 
3aHHoro coctohhhh): a) co < 1 (a < 0); 6) co = 1 (a = 00); e) co > 1 (a > 0). 
3aMeHanue. a HBJineTCH ySbiBaioiueH cpyHKUHeft co, HMeiomeft BepTHicajibHyio 
acHMnTOTy npH KaacAOM 3HaieHHH co, ajih KOToporo cymecTByeT CBK3aHHOc co- 
CTOHHHe c HyjieBofl aHeprHeii. 

HivieHHo 3to HMeeT MecTO b onyiae KopoTKOAeficTByiomero noTeH- 
UHaJia V(r) Toro rana, hto mh BCTpenaeM b HAepHoft <pH3HKe, KorAa 

MOJKHO pa3AeJIHTb BCe npOCTpaHCTBO Ha BHyTpeHHIOK) 06jiaCTb 

( r <. ro, kr 0 <gi 1), aJiH KOTOpofl \V\ E, h bhcuihioio ogjiacTb 
( r > r o), rue noTeHUHaJi V npeHe6pe>KHMo Maji. Ochobhoh bkji3a b 
HHTerpaji AaeT BHyTpeHHHH o6jiacTb, rAe 6e3 6ojimuoh oiuh6kh mojk- 
ho 3aM6HHTb u Ha u 0 h v Ha Wo, TaK KaK b Ha^ajie koopahh3t u = 

= M 0 = OhU = Uo=1 H 0TH0CHTeJIbH3H KpHBH3Ha (pyHKUHH U H 

u 0 npaKTHqecKH OAHHaKOBa (u"/u ~ 2mV/ti 2 ) bo Been stoh o6jia- 
cth (pnc. 35). TaKHM o6pa30M, b oneHb xopomeM npHdjiHJKeHHH 
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HMeeM 



oo 



k ctg 6 ca 



(80) 



0 



oo 



2 \ {pi — uf) dr oShiho Ha3HBaeTCH acpcpeKTue- 



0 



hum paduycoM — sto napaMeTp, xapaKTepH3yiom,HH cBoflcTBa no- 
TeHUHaJia. 

npaBan nacTb ypaBHeHHH (80) no cymecTBy npeACTaBJiaeT ABa 
nepBbix HJieHa b pa3Jio>KeHHH k ctg 8 no CTeneHHM SHeprnH. ^toSh 
BbinncaTb wieHbi 6ojiee bucokoto nopHAKa, HaAO nojiyuHTb pa3Jio- 
jKeHHH u a v b BH^e phaob no CTeneHHM e h noACTaBHTb sth phah 
b npaByio qadb (79) 20 ). OcHOBbiBaacb Ha apryMeHTax, npHBeAcn- 
hhx Bbiine, cjieAyeT o>KHAaTb, qi-o nojiyqaiomHecH phau 6HCTpo 

CX0AHTC3 BO BHyTpeHHefi 06jiaCTH, nOSTOMy H CXOAHMOCTb pa3A0- 

jKeHHH a^ih k ctg 6 TaioKe 6yAeT xoponieft. 
3AJlAmi H ynPA^CHEHHH 

1. PaccMaTpHBaeTCH pacceHHne qacrauu c ajihhoA bojihw ft Ha noTemmajie 
V(r), KOTopwH npn r->oo cTpeMHTCH k Hyjiio 6bicTpee l/r. IlycTb f(Q) — aM- 
iMHTy.ua pacceaHHH b HanpaBJieHHH Q = (6,q>). rioKa3aTb, ito 



rue f(0) o6o3HaqaeT aMiuiHTyAy paccesHHH Bnepea (9 = 0). 3to coomouieHue 
Eopa — na&epjica — flAaneKa. 

2. ripn 6oM6apAHpoBKe H^ep rana A H,npaMH rana a MoryT o6pa30BbiBaTbCH 
Hflpa b h B: a + A^-b +5. B jiaSopaTopHoft CHCTeiae MHiueHb A iiokohtch. 
IlycTb m a , m A , m 6 , m B — MaccH lacrau, ynacTByromnx b peaiuuiH. B HepejiHTH- 
bhctckom npHfijiHHceHHH m a + m A — m b + m B . IlycTb E t n E f — ncwmwe KHHe- 
THiecKHe sneprHH HaqajibHoro (a + A) h KOHeraoro (6 + B) coctohhhh b ch- 
CTeMe ueHTpa Mace, a 8 h 6i — yrjiu ncnycKaHHa qacraubi b b CHCTeMe ueHTpa 
Mace h b jiaSopaTopHofl CHCTeMe cooTBeTCTBeHHO. rioKa3aTb, mo 3aBHCHMOCTb 
8i ot 9 AaeTCH cooTHoiueHneM (24), ecjiH t npeflCTaBJineT oTHOiueHHe cKopocra 
ueHTpa Mace V k CKopocra vi, qacruubi b b chctcmc ueHTpa Mace, t. e. . 



| / (Q) | 2 dQ = 4jiX Im f (0), 




m A m B E f J 



m a m b E t V* 



2 °) Cm. G. Chew, M. Goldberger, Phys, Rev, 75, 1637 (1949); H. A, Bethe t 
Phys, Rev, 76, 38 (1949), 



3AflAHH H ynPA>KHEHHa 
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3. BbiBec™ cjieayfomHe cooTHoiueHHH Mexay BejiHTOHaMH x v v t h q\ + \ bbc- 
aeHHHMH b § 10 (onpeaejieHHe (41)): 

dx 



L Im „<+>_?„ p P0 <+> = L^fL 



4. noKa3aTb, "ito b npH6jiH5KeHHH BKB <pa30Bbifi cABHr 6, BbipaxaeTCH (pop- 
Myjioft 

R K 



6. = lim 



OnpefleJieiiHH 6;, & h £/(r) Te we, mto h b § 8; hhkhhc npeaejibi HHTerpnpOBaHHH 
a h a 0 HBJi5iioTC5i HyjiHMH noflHHTerpaJibHbix BbipaKeHHH (ecjiH k 1 — U (r) — 
— /(/ + I) /r 2 HMeeT HecKOJibKO KopHeft, to a paBeH HanfioJibuieMy H3 hhx). 06- 
cyAHTb ycjioBHfl cnpaBe^jiHBOCTH 9Toro npH6jin>KeHHH. Toro ito6n (popMyJia 
fibuia npHMeHHMa ajih Majiux 3HaieHHfi /, HyaiHO, cjieaya peKOMeHaau.Hn JlaH- 
repa (cm. 3aaaiy IX.6), 3aiweHHTb b o6ohx HHTerpaJiax 1(1+1) Ha (/+1/2) 2 . 

5. FlpHMeHHTb Teopnio 9(p(peKTHBH0ro pa/iHyca aeftcTBHa k p-pacceaHHio. rto- 
Ka3aTb, mto OHa aaeT pa3aoxeHHe k 3 ctg8\ b pan. no CTeneHHM SHeprHH h HaftTH 
ABa nepBbix qjieHa pa3JioweHHH (8j — CABHr p-tya3u). 



r Jl A B A XI 

KyJIOHOBCKOE B3AHMOAEHCTBHE 



§ 1. BBeneHiie 

IlycTb r — B33HMHoe paccTOHHHe MejKjiy AByMH MacnmaMH c 
ajieKTpnqecKHMH 3apHAaMH Z\e h Z 2 e cooTBeTCTBeHHO, TorAa 3JieK- 

TpOCTaTHHeCKHH nOTeHUHaJI B33HMO/ieHCTBHH qacTHu 

Ha3biBaercH kyjiohobckhm noTeHunajioM. IlycTb pu p 2 — HMnyjibCH, 

T\, t2 — BeKTOpbl nOJIO>K6HHH 3THX AByX M3CTHU (r = T\ — r 2 ) . 
ECJIH HX B33HMOil6HCTBHe HHCTO KyJIOHOBCKOe, TO ABHJKeHHe qaCTHU 

onpe^ejiaeTCH raMiuibTOHHaHOM 

Pi , pI ■ fiV 



2tn, 2m 2 



Jl,BH>KeHHe u,eHTpa Mace OTAeJifleTca mctoaom, H3Jio>KeHHbiM b 
rji. IX. j],BH>KeHHK) «OTHOCHTejibHOH iacTHUbi» cooTBeTCTByeT ra- 

MHJIbTOHHaH 

npnqeM m ecTb npHBeAeHHan Macca 

m = 1 . (2) 

HccjieflOBaHHe noBeaeHHH kb3Htoboh cHCTeMbi m myx qacTHii, 

HaXOAHIUHXCH B KyjIOHOBCKOM B3aHMOAeHCTBHH, CB0AHTC3 K 3aAaqe 

o ABHJKeHHH HacTHu,H b no.ne noTeHunajia Z\Z 2 e 2 /r. 

BBHAy M6AJIGHHOCTH CIiaAaHHH IipH 60JIMIIHX 3HaieHHHX T He- 

KOTopbie cBOHCTBa u6HTpajibHo-cHMMeTpH i iHbix noTeHUHajioB, nojiy- 
qeHHbie b rji. IX h X, HecnpaBeA^iHBbi ajih KyjioHOBCKoro noTeH- 
unaJia. B 3aAanax o pacceaHHH, Hanpniwep, acHMnTOTimecKoe no- 
BeAeHHe cTauHOHapHbix pernem-ifi 0Ka3biBaeTca MeHee npocTHM, neu 
b cnynae noTeHunaJiOB orpaHH^enHoro paAHyca AeflcTBim, noaTOMy 
onpeAeJieHne (j)a30Bbix cabhtob aoji>kho 6biTb cooTBeTCTBeHHO H3- 
MeHeHO. Caino paccMOTpeHHe 3aAaMH mctoaom pa3AejieHHH yrvio- 
Bbix h paAHajibHbix nepeMeHHux 0Ka3HBaeTCH He CTOJib nojie3HbiM, 



§ 2. yPABHEHHE UIPEAHHrEPA P.JW ATOMA BOAOPOAA 
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xaK ksk pa3Jio>KeHHe aMnjiHTyAbi paccenHHH no ccpepHMecKHM (pyHK- 

HHHM CXOAHTCH oqeHb Me^JieHHO. 

Ho, c Apyrofi cTopoHbi, peiueHHe ypaBHeHHH LUpeAHHrepa ajih 
qacTHUH b KyjioHOBCKOM noJie mojkct 6biTb bo Bcex cjiynaax CBe- 
neno k pemeHHio AH^cpepeHUHajibHoro ypaBHeHHH Jlanjiaca, xo- 
poiuo H3BecTHoro b MaTeMaraqecKOH (pH3HKe. riosTOMy HanSoJiee 

HHTepeCHbie BejIH^HHbl — CneKTp SHeprHH CBH3aHHbIX COCTOHHHH H 

acpcpeKTHBHoe ceneHHe paccenHHH — MoryT 6biTb BbmncneHbi tohho. 

3Ta rjiaBa coAep>KHT ABa pa3AeJia. IlepBbiH nocsHmeH H3yne- 
hhk) CBH3aHHbix coctohhhh aTOMa BOAopoAa; HccJieAOBaHHe 6e:i 
TpyAa pacnpocTpaHHeTCH Ha BOAopoAonoAo6Hbie aTOMbi h BOo6me 
cHCTeMH H3 AByx nacTHU, B3aHMOA6ftcTByiom,HX no 3aKOHy l/r. 
Bo BTopoM pa3AeJie pacciwaTpHBaeTCH 3anema o KyjiOHOBCKOM 
pacceHHHH. 

Pa3fleji I. ATOM BOflOPOflA 

§ 2. YpaBHeHMe UIpeflHHrepa ajih aTOMa BOAopoAa 

Han6oJiee npocTofi cHCTeMofl AByx nacTHU, B3aHMOAeHCTByiomHx 
no 3aKOHy Ky-floHa, hbjihctch aTOM BOAopoAa. JX^e Hacraubi, npo- 

TOH H 3JieKTpOH, HMeiOT nOTeHUHaJI B33HM0A6HCTBHH — e 2 //\ EipHBe- 

AeHHaa Macca chctcmu sjieKTpOH-npoTOH HecKOJibKo MeHbuie Mac- 
cbi ajieKTpoHa: (m e — m)/m e ~ 5- 10 -4 . 

riycTb E — 3HeprHfl chctcmu sjieKTpoH-npoTOH b cHdeMe ueHT- 

pa MaCC, TOrAa BOJIHOBaH (pyHKHHH «OTHOCHTeJIbHOH HaCTHUbI» HB- 

AHeTCH peuieHHeM ypaBHeHHH IHpeAHHrepa 

[-^-A-4]*(r) = ^(r). (3) 

CBoficTBa peryjiapHbix pemeHHft 9Toro ypaBHeHHH bmhchhiotch 
6e3 TpyAa, ecjw npoH3BecTH pa3AeJieHHe yrjioBux h paAHajibHbix 
nepeMeHHbix. TaK, coScTBeHHoe peiueHHe, cooTBeTCTByiomee 9Hep- 
thh E h MOMeHTy Hinnyjibca (Im), Bbipa>KaeTCH (pyHKUHefi 

rAe yi — oSpamaiomeecH b Hyjib b Haiajie koopahh3t peiueHHe pa- 
AHaAbHoro ypaBHeHHH (cp. ypaBHeHHe (IX. 20)) 

3Aecb mh BBejiH o6o3HaHeHHe 

e = 2m£//i 2 . (5) 

Ecjih E > 0, to peiueHHe 6ecKOHe™o ocuHAJiHpyeT b acHMnTOTH- 
qecKOH o6jiacTH h MO>KeT 6biTb npHHHTO b Ka^ecTBe coficTBeHHoro 
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peiueHHH npH JiioSbix nojiojKHTeJibHbix E. PeiueHHe onncbiBaeT He- 
CBH3aHHoe cocTOHHHe h Hcnojib3yeTCH npn nOCTpOeHHH CTaUHOHap- 
HOrO COCTOHHHfl paCCeflHHfl CHCT6MH SJieKTpOH-npOTOH npH 3Hep- 
THH E. 

Ecjih E < 0, to acHMnTOTHHecKaa fpopMa peryjinpHoro b Ha- 
wajie Koop^HHaT peiueHHH npeACTaBjisieT co6oh JiHHeftHyio kom6hh3- 
uhio 3KcnoHeHU,HajibHbix (pyHKUHfl e Kr h e~* r , rAe 



x=V-e=- x -^ . (6) 

3to peuieHHe AonycTHMO b KaqecTBe co6cTBeHHoro TOJibKo npH He- 
KOTopbix npHBHJierHpOBaHHbix 3HaneHHHx E, Kor^a npncyTCTByeT 
TOJibKo 3aTyxaioiuaH 9KcnoHeHTa. yKa3aHHbie 3HaqeHHH o6pa3yioT 
AHCKpeTHHH cneKTp aTOMa BOAOpoAa, a cooTBeTCTByiomne bojiho- 

BUe (pyHKHHH npe/tCTaBJIHIOT B03MOJKHbie CBH33HHbie COCTOHHHH 

»Toro aTOMa. 

B 3tom pa3Aejie mm paccMaTpHBaeM CBH3aHHbie coctohhhh aTo- 
Ma BOAOpo^a, ho pesyJibTara HccJieAOBaHHH 6e3 TpyAa nepeHOCHTca 
Ha cjiynafl BOAOpOAonoAo6Hbix aTOMOB (He+, Li++ h t. a.)> b ko- 
tophx npoTOH 3aMeHHeTCfl 6o;iee TH>KejibiM hapom. FlycTb M A — 
Macca SToro HApa, M p — Macca npOTOHa. npHBeAeHHaa Macca bo- 
AOpOAonoAoSHoro aTOMa 

/ m e M A 

m — 



m e + M A 

HecKOAbKO OTJiHHaeTCH ot npHBeAeHHofl Maccbi aTOMa BOAopoAa 

m e M„ 



m = - 



m e + M p 

Ecah 3apflA flApa paBeH Z e , to noTeHUHaji KyjioHOBCKoro B3aHM0- 
AeflcTBHH ecTb Ze 2 /r. Bee (popMyjibi, oTHocamHecH , k aTOMy boao- 
poAa, MoryT 6biTb npHMeHeHbi h b c/iyqae BOAopoAonoAo6Horo aTO- 
Ma, ecjiH CAeAaTb 3aMeHy m~*m' h e 2 -*Ze 2 . 



§ 3. riopjlAOK BeJIHMHHbl 3HeprHH CB5I3H OCHOBHOrO COCTOflHHfl 

riycTb r 0 — «paAHyc» aTOMa b ero ochobhom coctohhhh. Mh 

HMeeM B BHAy, 1TO BOJIHOBaH (pyHKUHH «KOHU,eHTpHpyeTCH» BHyTpH 

cipepbi paAHyca r 0 , HHane roBopn, hto BepOHraocTb npHcyTCTBHH 
9AeKTpoHa Ha paccTOHHHH r ot npOTOHa o^eHb MaAa npH r > r 0 , ho 
npHHHMaeT OTJiHHHbie ot HyjiH 3HaneHHH npH r < r 0 . B KaqecTBe 
oueHb rpyfiofl moactih mokho npeACTaBJiHTb ce6e, ito njioTHocTb 
BepoHTHOCTH HB^HeTCH nocTOHHHofl BHyTpH ccpepu paAHyca ro- 

flcHO, qTO cpeAHee 3HaneHHe noTeHimajibHOH aHeprHH TeM 
MCHbiue (b aJireSpanqecKOM cMbicne), MeM MeHbiue r 0 : sto Be^H- 
iiHHa nopHAKa — e 2 //o. HanpoTHB, cpeAHee 3HaneHHe KHHeTH^ecKOH 
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sHeprHH TeM 6ojibine, neM MeHbiue r 0 . Ecjih aJieicrpoH jioKajiH30BaH 
b ccpepe paAHyca r 0 , to cooTHomeHHH HeonpeAcneHHOCTH ctabht 
hh>khhh npe^eJi 3HaqeHHjo ero HMnyjibca; cpeAHee KBaApaxH^Hoe 
OTKJioHeHHe HMnyjibca He MoaceT 6biTb MeHbine fi/r 0 , cJieAOBaTejibHO, 
KHHeTHnecKaa sHeprnn paBHa, no MeHbinefi Mepe, h 2 ft mr l- YIqji- 
Haa 9HeprHH, t3khm o6pa30M, paBHa no MeHbinefi Mepe cyMMe 
h 2 e 2 

AByx BeJinqHH - — ^ H • MnHHiwyM AOCTHraeTca np« r 0 = 

2mr Q r Q i 

= h 2 /me 2 . Mbi aojijkhh oKHAaTb, mto 3HaneHHe SHeprnn npn stom 

MHHHMyMe 

E^-\-^- (=-13,5*0 (7) 

no nopHAKy BeJiHraHbi paBHO aHeprnn ocHOBHoro coctohhhh, a co- 
OTBeTCTByiomee SHa^eHne paAHyca 

a = h 2 lme 2 (= 0,529 • 10~ s cm) (8) 

AaeT nopHAOK BejIHHHHbl npOTHSteHHOCTH BOJIHOBOH (pyHKHHH B OC- 
HOBHOM COCTOHHHH. 

Flo cJiynaflHOMy coBnaAeHHio OKa3biBaeTCH, ito sHeprHH ochob- 
Horo coctohhhh toiho paBHa cpopMyjie (7). ^jiHHa a Ha3braaeTCH 
paduycoM Eopa hjih «paAHycoM aTOMa BOAopoAa». 

§ 4. PemeHHe ypaBHeHHH IIIpeAHHrepa 

B C(pepHMeCKHX KOOpflHHaTaX 

J\nn peuieHHH ypaBHeHHe IIIpeAHHrepa BOcnoJib3yeMCH apepnqe- 

CKHMH KOOpAHHaTaMH; K3K H B CJiyHae JIK)6orO UeHTpaJIbHO-CHMMeT- 

pHMHoro noTeHnnaJia yrjioBbie h paAHajibHbie nepeMeHHbie b stoh 
cncTeMe KoopAHHaT pa3AeJiHK»TCH, h npo6jieMa cboahtch k Haxo>K- 
AeHHio peryjiapHbix peuieHHH paAHaAbHoro ypaBHeHHH (4). Peme- 
HHe ypaBHeHHH IIIpeAHHrepa mojkho ocymecTBHTb TaKJKe b napa- 
fiojinqecKHx KOopAHHaTax — b stoh CHCTeMe KoopAHHaT nepeMeH- 

Hbie T3K>Ke pa3A6JIHK)TCH. 3AeCb Mbi OrpaHHTOMCH TOJIbKO ynoMH- 

HaHHeM 9Toro BaxcHoro o6cTOHTejibCTBa h paccMOTpHM 3aAaHy b 
ccpepHiiecKHx KoopAHHaTax. 

Ecjih npoH3BecTH 3aMeHy nepeMeHHoft 

* = 2w, (9) 

to ypaBHeHHe (4) 6ya,eT 3aBHceTb TOJibKo ot 6e3pa3MepHoro napa- 
MeTpa 

1 e 2 / mc 2 ,, n \ 

v== 'S5- = irV=2i' (10) 
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sHeprHH TeM 6ojibiue, neM MeHbiue r 0 . Ecjih 3JieKTpoH jioKajiH30BaH 
b c4)epe pa^Hyca r 0 , to cooTHomeHHH Heonpe^eJieHHOCTH ct3bht 
hh>khhh npe^eji 3HaHeHHK> ero HMnyjibca; cpeAHee KBaAparaqHoe 
OTKJioHeHHe HMnyjibca He MO>KeT 6biTb MeHbine fi//- 0 , aneAOBaTejibHo, 
KHHeTHiecKaa SHeprna paBHa, no MeHbineft Mepe, h 2 /^ mr l- YIoji- 
Haa sHeprHH, t3khm o6pa30M, paBHa no MeHbinefl Mepe cyMMe 
h 2 e 2 

AByx BejiHHHH -= — J" H • MuHHMyM AOCTHraeTca npn r 0 — 

2mr 0 r Q t 

= S 2 /me 2 . Mbi aojdkhh o>KHAaTb, mto 3HaneHHe SHeprnn npn stom 

MHHHMyMe 

f!=-4-~ (=-13,5sfl) (7) 

no nopH/iKy BejinqHHbi paBHO aHeprHH ocHOBHoro coctohhhh, a co- 
OTBeTCTByiomee 3Ha*ieHHe pa^nyca 

a = S 2 /me 2 (=0,529-1 0~ 8 cj0 (8) 

flaeT nopHAOK BejlH^KHbl npOTHJKeHHOCTH BOtJIHOBOH (pyHKITHH B OC- 
HOBHOM COCTOHHHH. 

Flo cJiyMaflHOMy coBnaAeHHio OKa3biBaeTCH, mo aHeprnn ochob- 
Horo coctohhhh to^ho paBHa cpopMyjie (7). fljiHHa a Ha3biBaeTCH 
paduycoM Bopa hjih «paAnycoM aTOMa BOAopoAa». 



§ 4. PemeHHe ypaBHeHHH UlpeAHHrepa 
b ccpepHHecKHx KOopflHHaTax 

JIjih pemeHHH ypaBHeHne UlpeAHHrepa BocnoJib3yeMcn c(pepHne- 
ckhmh KOopAHHaTaMH; KaK h b cJiyqae Jiio6oro ueffrpaJibHO-CHMMeT- 
pHMHoro noTeHnnaJia yrjioBbie h paAHaAbHbie nepeMeHHHe b stoh 
cncTeMe KOopAHHaT pa3A6JiHK>TCH, h npoSjieMa cboahtch K Haxo>K- 
AeHHio peryjinpHbix penieHHH paAnajibHoro ypaBHeHHH (4). Peiue- 
Hne ypaBHeHHH UlpeAHHrepa mojkho ocymecTBHTb TaKJKe b napa- 
6oJinqecKHx KoopAHHaTax — b stoh cncTeMe KOopAHHaT nepeMeH- 
Hbie TaioKe pa3AeJiHK)TCH. 3Aecb mm orpaHHTOMCH TOJibKO ynoMH- 
HaHHeM aToro BajKHoro oScTOHTejibCTBa h paccMOTpHM 3aAany b 
ccpepnnecKHx KoopAHHaTax. 

Ecjih npoH3Bec™ 3aMeHy nepeMeHHoft 

x = 2%r, (9) 



to ypaBHeHne (4) 6yAeT 3aBnceTb TOJibKo ot 6e3pa3MepHoro napa- 
MeTpa 

l 



/ mc 2 /lm 



§ 5. cnEKTP SHEPTHH. BblPO/KAEHHE 
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acHMirroTHHecKOH oSjiacTH BeaeT ce6a Kan x~ v e xl2 h 3a,naqa Ha co6- 
cTBeuHbie 3HaqeHHH He HMeeT peuieHHH. 

OAH3KO npH HeKOTOpblX OCOSblX 3HaneHHHX V K09(p(J)HUHeHTH 

pn^a, HaqnuaH c HeKOToporo, odpamaioTCH b Hyjib, h ranepreo- 
MeTpHqecKHH paA cboahtch k nojinnoiwy. Ajih 9Toro Heo6xoAHMO, 
hto6h /+1 — v 6hjio paBHo uejioiny OTpnuaTejibHOMy racJiy hjih 
Hyjiio, t. e. 

v = ra = /+l+n' (n' = 0, 1, 2, .... oo). (14) 

B 3tom cjiynae rnnepreoMeTpnqecKHft pan cboahtch k ncuiHHOMy 
deneHH n', pajHa^bHaa cpvhkuhh n P H %->oo Be^eT ce6n K3K 
x n e -x/2 H pemeHHe ypaBHenHH llIpeAHHrepa 0Ka3biBaeTCH npneMJie- 
mhm b KaieciBe coScTBeHHoro peiueHHH. 

YcJIOBHe KBaHTOB3HH5J (14) flaeT ypOBHH SHepTHH CBH3aHHbIX 

coctohhhh c MOMeHTOM HMnyjibca (Im). Ka*flbiH H3 hhx onpeAe- 
jiaeTCH 3HatieHHeM uejioro qHCJia n'. BojiHOBan cpyHKUHH cooTBer- 

CTByiOmerO CBH33HHOrO COCTOHHHH (He HOpMHpOBaHHaH) CTpOHTCH 

c noMombio paAHajibHoro pemeHHH 

yi x e Z-i w - P y. (2t + 1 + P y. P \ • ^> 

FIojiHHOM deneHH n' b npaBoft qacTH aToro paBeHCTBa, ecTb (cToq- 

HOCTbK) AO nOCTOHHHOrO MHOKHTCJIH) o6o6lH,eHHbIH nOJIHHOM Jla- 

reppa L% +l (x), onpeAeJieHHe KOToporo h ocHOBHbie CBoftcTBa npn- 

BOAHTCH B flOnOJIHeHHH B (§2). 

§ 5. CneKTp aHeprHH. BbipoiK,neHne 

3aMeHHH b paBeHCTBe (14) napaMeTp v ero BbipaJKemieM (10), 
Haxo^HM cneKTp SHeprHH coctoahhh c momchtom HMnyjibca /: 

/ e 2 s 2 mc 2 
E [n > = — \jr^) 2 (/ + 1 + n'Y ' ^ 

npHHeM paflHa^bHoe KBanTOBoe qHCJio n' paBHo HHCJiy y3JioB paAH- 
ajibHoft qac™ bojihoboh (pyHKHHH. CneKTp coaep>KHT 6ecKOHeHHoe 
cneTHoe MHOJKecTBO ypoBHeft, TaK KaK hhcjio n' MoaxeT npHHHMaTb 
Bee ue;ibie sHaieHHH ot 0 ao + oo. Kor^a n'->oo, ypoBHH ct3ho- 
BHTCfl Bee 6o;iee 6ah3Khmh Apyr apyry h b npe^ejie erpeMHTcn k 
3HaieHHio E — 0, c KOToporo HaHHHaeTca HenpepHBHHH cneKTp. 

3to oScTOHTe^bCTBO xapaKTepHO fljifl noTGHiiHajiOB c SojibniHM paAHycoM 
fleHCTBH3. HanpoTHB, KopoTKOAeflcTByKimHe noTenitHaJibi, nanpHMep, Tiina npnMo- 
yroJihHofi noTeHUnaJibiiofi smu, npHBOAHT k KOHeiHOMy qncjiy cBH3aHHbix coctoh- 
iiiiii (a HHoraa h k nojiHOMy ccrcyTCTBHio hx). Mojkho noKa3aTb b caMOM o6mew 
c/iyqae, hto MHOxeciBo ypoBHeil SHeprHH HBJiaeTCH CecKOHe'iiibjM cqeTHUM (c 
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ToiKoft HaKonfleHHH E = 0), ecjm noTemiuaJi, 6y,nyra oTpimaTeJibHfeiM, acHMirro- 
TiMecKH CTpeMHTca k Hyjiro Me^-neHHeft (pymcuHH 1 /r 2 : 

r 2y — >. _ OO 

H 3TO MHOXeCTBO KOHe^HO HJIH, MOJKeT 6bITb, nyCTO, eCJIH nOTeHUHajI aCHMnTOTH- 

qecKH cTpeMHTCH k Hyjiio 6bicTpee l/r 2 . 

06'beAHHeHHe CneKTpOB, OTHOCHIUHXCH K pa3JIHqHbIM B03MO>K- 

hmm aHa^eHHHM / = 0, 1, 2, oo, /i,aeT nojiHbift cneKTp aTOMa 
BOAopoAa corjiacHo TeopHH IUpeflHHrepa. nojmbift cneKTp, t3khm 
o6pa30M, o6pa3yeTca nocneAOBaTejibHocTbio nuceji Ei n „ onpeaejieH- 
HHX.ypaBHeHHeM (16), npHHeM / h n' MoryT npHHHMaTb Bee uejibie 
HeoTpHuaTe^bHbie 3HaieHHH. 3aMeqaeM, mto 3HaneHHH sHeprnn 3a- 

BHCflT, B flCHCTBHTeJIbHOCTH, OT CyMMbI I + HJIH, TTO TO Xe Ca- 

Moe, ot «rviaBHoro KBaHTOBoro HHCJia» 

n = z + ft'+ 1. 

HiweeM 

E n=-(i) 2 ^ (»=1,2,..., OO) (17) 

ripn KajKAOM 3HaqeHHH SHeprHH E n , t. e. npn ksmrom 3HaieHHH 
rjiaBHoro KBaHTOBoro HHCJia n, MOMeHT HMnyjibca / Mo>KeT npHHH- 
MaTb Bee uejibie 3HaieHHH ot 0 ao n — 1. FIosTOMy Bbipo>KAeHHe 

ypOBHH E n HMeeT KpaTHOCTb 
n-1 

£(2/+l) = n(n-l) + ra = ra 2 . 

riOAnpOCTpaHCTBO C06CTBeHHHX (pyHKUHH C TOCJIOM H3Mep6HHH 

n 2 HaTHHyTO Ha n 2 (J)yHKUHfi, KajKAan H3 KOTOpbix cooTBeTCTByeT 
onpeaejieHHOMy coctohhhio MOMeHTa HMnyjibca (Im) ; npn stom 
«a3HMyTajibHoe KBaHTOBoe qncjio» / mojkct npHHHMaTb n 3HaHeHHH 

/ = 0, 1, 2, n- 1, 

a «MarHHraoe KBaHTOBoe ihcjio» — (2/+1) 3HaqeHnfi 

m = -Z, -/+ 1, + *. 

ITo cneRTpocKonnqecKOH TpaAHUHH pa3JiHqHbie coScTBeHHbie 3Ha- 
qeHHa SHeprHH o6o3HaHaioTC$i uejibiM noJioJKHTejibHHM tocjiom n 
h conpOBOXAaiomeH gyKBoft (s,p,d,f,g, ...), yKa3biBaioiueH Ha 
3HaneHHe / b cootb6tctbhh c npHHaraM corjiauieHHeM, o kotopom 
mm roBOpHJiH b npeAiuecTByiomeH rjiaBe; KBaHTOBoe hhcjio m, yKa- 
3biBaK>mee Ha opneHTauHio CHCTeMbi, onycnaeTCH. TaK, ocHOBHoe 
cocTOHHHe ecTb cocTOHHHe Is. llepBoe B036y>KAeHHoe cocTOHHHe 

leTblpeXKpaTHO BbipO)KAeHO H BKJIIOHaeT OAHO COCTOHHHe 2s H Tpu 

COCT03HHH 2p; BTOpoe B036y>KAeHHoe coctohhh^ AeBHTHKpaTHo bh- 



5 6. COECTBEHHHE *yHKUHH CBH3AHHMX COCTOHHHPI 
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pO>KAeHO H BKJIIOUaeT OAHO COCTOHHHe 3s, TpH COCTOHHHH 3p H nUTh 
COCTOHHHH 3d H T. A- (pHC. 36). 

3tot cneKTp coBnaaaeT c TeM, kotophh npeACKa3biBajia crapaH 
KBaHTOBaa TeopHH; mh ysce yKa3HBajiH Ha 3aMeiaTejibHoe coBna- 
aeHHe SToro pe3yjibTaTa c 3-KcnepHMeHTaJibHMMH a3hhmmh. HacroH- 
maa TeopHH xopomo npeACKa3HBaeT pacnojioxeHHe cneKTpajib- 
hhx jihhhh, ho He MO>KeT o6"bHCHHTb TOHKyio CTpyKTypy cneKTpa. 

HeAOCTaTOK TeopHH B TOM, ITO OHa HepeJIHTHBHCTCKaH. PejIHTHBHCT- 

cKHe 9(p4)eKTbi b onpeaeJieHHH nojiojKeHHH ypoBHefl OKa3HBaioT- 
ch nopflAKa v 2 /c 2 , t. e. npHMepHO E n lmc 2 : pejiHTHBHCTCKHe nonpaBKH 




1 = 2 1=3 
Phc. 36. CneKTp atOMa BOAopo,na. 



fl0Ji>KHbi 6biTb nopH^Ka 10— 4 — 10 — 5 . C apyroS ctopohh, TeopHH 
IlIpeflHHrepa He yTOTbraaeT cnHH sjieKTpoHa, t. e. BHyTpeHHioio CTe- 
neHb cbo6oah sjieKTpOHa, He HMeiomyio KJiaccaqecKoro aHajiora — 
stot Bonpoc 6yaeT o6cy>KAaTb£H b rji. XIII (t. II). K aH3JiH3y toh* 
koh CTpyKTypbi cneKTpa aTOMa BOAOpoAa uu BepHeMCH b tji. XX 

(T. II) npH H3JIO>KeHHH OCHOB peAHTHBHCTCKOH KB3HT0B0H Mexa- 
HHKH SJieKTpOHa. 

§ 6. Co6cTBeHHbie tJtyHKUHH CBH3aHHbIX coctoahhh 

Co6cTBeHHbie (pyHKHHH, npHHa.zviejKaia.He ypoBHio SHeprHH E n , 

HBJIHIOTCH JIHHeflHblMH KOM6HHaU,HHMH tl 2 JIHHeHHO He33BHCHMbIX 

(pyHKHHH. Pe3yjibTa™ § 4 AaioT Ha m n 2 co6cTBeHHbix opToroHajib- 
Hbix (pyHKU,HH, npHHaA^ie?Kau4,HX 3aAaHHbiM 3HaqeHHHM MOMeHTa 
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TJl. XI. Ky.lOHOBCKOE B3AHMOAEHCTBHE 



Hiwnyjibca. TaK, BOJinoBan (pvHKm-iH KBaHTOBoro coctohhhh (nltn) 
3anHCHBaeTca b snjie 

% lm = a-WN nl F nt Y? 0, <p), (18) 

rae 

f„ ; W = x' e - JC/2 L^ + / 1 - I W, (18') 

a A^n/ — IIOCTOHHHaH HOpMHpOBKH. HopMy \|)„; m M05KHO BblHHCJIHTb, 

Bocnojib30BaBUiHcb npOH3BOAHmeH (pyHKUHefl nojiHHOMOB Jlareppa 
(B.15). HopMa 6yAeT paBHa 1, ecjin B3HTb 

[(«+!)!]» • (I8 } 

FIoyHHTejibHo HaHTH cpeflHHe 3HaMeHHH nocneAOBaTejibHbix cTe- 
neHefl r b kb3Htobom coctohhhh {nltn). Mh He Sy^eM 3Aecb npo- 
H3BOAHTb noflpo6Hbix BbiHHCJieHHH (3aAana 1), pe3yjibTara AaHbi b 
AonojiHeHHH B, § 3. B qacTHoc™, hmcbm 



N. 



(r)^ = |[3« 2 -/(/+l)]. (19) 

CjiewBaTejibHo, ajieKTpoH b cpe-AHeM HaxoAHTCH TeM aajibiue ot 
npOTOHa, qeM 6ojibUie n. JXjih ochobhoto coctohhhh HaxoAHM 
(r)u = 3a/2 b corjiacHH c rpy6oii oueHKofl § 3. 

Kor^a / npHHHMaeT cBoe HaH6ojibiuee 3HaneHHe n — 1, bojiho- 
Ban (pyHKHHH HMeeT oco6eHHo npocToft bha: 9to ecTb npoH3BefleHHe 

Y7(®, <p) Ha paAHajibHyio (pyHKUHio 

wi- 11 (IT (£)-'«—• 

CpeAHee 3Ha"ieHHe r b stom coctohhhh paBHo 

oo 

«-s?(^)"S(^r'^*-»(«+i)« 

0 

b corjiacHH c ofimeft (popMyjiofl, npHBeACHHofi Bbime. AHajiorHMHoe 
BbHHCJieHHe flaeT: m 

<r 2 > = «*(«+ 1/2) («+l) a 2 , 
OTKyAa noJiyqaeM BbipajneHHe ajih paAHajibHoro cpeAHero KBaApa- 

THHHOrO OTKJIOHeHHH: 



Ar = V(r 2 > - <r> 2 = — V^T+T 



2 V V2« + 1 

FIpH oneHb 6oJibUJHX 3Ha^enHHx n BejiH^HHa Ar/(r) ct3hobhtch Ma- 

JIOH, TaK HTO 9JieKTpOH OKa3blBaeTCH npaKTimeCKH J10KaJIII30BaHHHM 

b6jih3h ccj)epbi paAHyca n 2 a, b to BpeMH KaK SHeprHH ypoBHH 



§ 7. KyJIOHOBCKAS *yHKUHH PACCEflHHS 
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—e 2 /2n 2 a coBna^aeT c SHeprHefi KJiaccnqecKoro ajieKTpoHa na Kpy- 
roBOH opSHTe paAHyca n 2 a. 

3tot ^acTHbiH npHMep noATBep>KAaeT o6mee npaBHjio cootbct- 

CTBHfl, no KOTOpOMy B npeACfie 60JIbIUHX KBaHTOBblX HHCeJI AOJDKHbl 

6biTb cnpaBc/yiHBbi KJiaccHiecKHe 33kohh ABHmeHHH. Hrodu n,e- 

TaJIbHO CpaBHHBaTb pe3yjIbTaTbI KB3HT0B0H H KJiaCCH^eCKOH TeO- 

piift, aneAyeT HcaneAOBaTb HBUiKenue bojihobhx naKeTOB. Mh He 
6yAeM 3Aecb npoBOiiHTb stoto HccneAOBaHHH. OrpaHHTOMca yna- 
3aHneM Toro, hto coctohhhji c MaKCHMajibHbiM /(/= n — 1) COOT- 

BCTCTByiOT KJiaCCHHeCKHM KpyrOBbIM OpSHTaM; 9TO C^eAyeT CpaB- 
HHBaTb c pe3yjibTaTOM CTapofl kb3htoboh TeopHH, corjiacHo koto- 

pOH SKCUeHTpHCHTeT KB3HT0BaHHbIX OpSHT paBCH V 1 — PjH 1 H 06- 

pamaeTCfl b Hyjib, KorAa / npHHHMaeT cBoe HaH6o;ibiiiee 3naqeHHe 
(cm. CTp. 47). 

Pa3fleji II. KyJIOHOBCKOE PACCE5IHHE 
§ 7. KyjiOHOBCKan $yHKUHsi paccenHHH 

IlocJie oTAejieHHH ABHJKeHHH ueHTpa Mace ypaBHeHHe llIpeAHH- 
repa 3aAaHH o pacceflHHH AByx qacTHu, B3anMOAeflcTByioinHx no 
3aKOHy KyJiona, 3anHCMBaeTCH, cneAya o6o3HaqeHHHM § 1, b BHAe 



rAe E — sHeprna b cHCTeMe ueHTpa Mace. 3<p(j)eKTHBHoe ce^eHne 
pacceaHHfl cBH3biBaeTca c acHMnTOTHqecKHM noBeAeHneM co6cTBeH- 
hhx (pyHKUHH noJio>KHTejibHOH aHeprHH ypapHenHH (20). 06o3Ha- 

<-IHM ') 

E== ^ff, (21) 



TorAa ypaBHeHHe (20) 3anHCHBaeTCH b tfiopMe 



3to ypaBHeHHe o6.iaAaeT oahhm peryjijjpHMM peiueHHeM BiiAa 



[-^A + ^l] + (r) = £*(,). 



(20) 




(23) 



e ikz f (r - z). 



(24) 



') IlapaMeTp y aHaJiorimeH napaMeTpy v H3 3a,na™ 06 aTOMe BOflopoAa. 
Ecjih nojioJKHTb a == h^/ZiZjme 2 , to ncwiy'iHM y = l/ka (cm, ypaBHeHHe (10)). 
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fleficTBHTeJibHO, ecJiH noACTaBHTb 3to BHpaxceHHe b ypaBHeHHe (23) 
h nojiojKHTb u — r — z, to nojiyHHM AHcp4>epeHii,HajibHoe ypaB- 
HeHHe 

[" -& + ( 1 - iku ) ir - v*] f(«) = 0 

hjih, noJiaran v = iku = ik(r — z), 

[v^ + (l-v)-^+iy]f(v) = 0. 

3to ypaBHeHHe THna Jlanjiaca, peineHHe KOToporo, peryvinpHoe b 
HanaJie, ecTb BbipoJK^eHHaa rHnepreoMeTpnqecKaH tpyHKUHH 
F ( — iy, l;v). TaKHM o6pa30M, ypaBHeHHe IHpeAHHrepa AeficTBHTejib- 
ho oSjia^aeT peryjiapHbiM peuieHHeM b cpopMe (24), a HMeHHO 

x|) c = Ae ikz F (- iy, 1 ; ik (r - z)), (25) 

r^e A — HopMHpoBO^HaH nocTOHHHaa. 

CoiviacHo HccjieflOBaHHio, npHBeaeHHOMy b AonojiHeHHH B, § 1, 
rnnepreoMeTpHqecKaji (pyHKUHH, (pHrypHpyiomaa b paBeHCTBe (25), 

HBJIHeTCH CyMMOH flByX 4>yHKUHH, aCHMnTOTHieCKHe CpOpMbl KOTO- 

pux npn 6oJibuiHx 3HaqeHHHx I v \ — 2kr sin 2 ^- AaioTCH ypaBHeHHHMH 
(B.10) h (B. 11). Hcnojib3yeM o6o3HaHeHHH AonojiHeHHH B h no- 

JIOJKHM 

^ = Ae ikz Wi (- iy, 1; iku), (26) 
= Ae' kz W 2 (— iy, 1; iku). (27) 

TorAa 

+ c = ** + *«». (28) 

OyHKHHH t|>< H Ofd HBJIHIOTCH peiueHHHMH (Hepery./i3pHbiMH) ypaB- 
HeHHH (20). Bbi6npaH 

A = T(1 +iy)e-^' 2 , (29) 

HaxoAHM cjieAyioiii.He acHMnToraqecKHe <popMH ajih if,- h tya: 

,j> _ ^r**+Yin*(r-«)lfi ...], (30) 

z|->°° L ' lk{r — z) 1 J' v ' 

Op 

<*|r-z|->«> 

F 0 + jV> e f [fcr-y in ft (r-»)] [l _L Q + W 4. 1 /a ix 

fe(r-z) T(l L 1 ^ /fe(r-z) + ' 'J- W 

IlocKOJibKy z — r cos 6, nepBbift iJieH acHMn-roTHHecKoro npeACTaB- 
JieHHH t|3d mojkho 3anHcaTb B BHAe 

.1. ex P U — Y ' n 2ftr)] f /m /or>x 



§ 8. *OPMyJIA PE3EP*OPAA 
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U (6) = *-e - ' ex P [- f v ln ( si " 2 4) + 2i °o\ ; (33) 

2k sin 2 — - , 

3AeCb 

a 0 = ar g r(l+j Y ). (34) 
§ 8. 4>opMyjia Pe3epi})opAa 

BoJiHOBaH 4>yHKU,HH ty c npeACTaBJineT CTaunoHapHoe cocTOHHHe 
pacceHHHH ajih qacraubi c HaqajibHbiM HMnyjibcoM tik, HanpaBJieH- 
hhm BAOJib och Oz. Mbi 3HaeM, ito b cnynae noTeHunajia, cTpeMH- 
meroca k HyjiK) He MeAJieHHee 1/r 2 npH r->oo, aHajiornqHoe co- 
cTOHHHe pacceHHHH npcucTaBJifleTCH bojihoboh (pyHKunefi c acHMn- 

TOTHHeCKOH (pOpMOH 

+ / (6) 

KOTopaa HHTepnpeTHpyeTCH KaK cyMMa naAaiomefi h pacceflHHoft 
pacxoAHmeftcH bojih. BoJiHOBan (pyHKHHH if> c TaKace npeACTaBJiaeTCH 
b BHAe cyMMH AByx qjieHOB tyi, tya acHMnToraqecKHe cpopMbi ko- 

TOpblX nOXOKH COOTBeTCTBeHHO Ha nJIOCKyiO H paCXOAHUI,yK)CH 
BOJIHH. 

Oah3ko Aaxe Ha 6ecKOHe i iHo ScwibuiHx paccTOHHHHx ot Haqajia 

KOOpAHHaT 4>yHKH,HH ij); He MOJKCT 6bITb ynOA06jieHa nJIOCKOH BOJI- 

He, BBHAy npHcyTCTBHH (paKTopa exp[iylnfe(r — z)]; paAHyc Aeft- 
ctbhh KyjioHOBCKoro nojin cTOJib BejiHK, ^to oho bjihhct Ha naAaio- 
myio BOJiHy Aaxe b acHMnTOTHqecKofi o6jiac™. TeM He MeHee, npH 
oneHb 6oJibuiHx OTpnuaTejibHbix z ipyHKUHH xpi npeACTaBJiaeT Bojmy 
c mioTHocTbio 1; npHMeM cooTBeTCTByiomaH njioTHOCTb noTOKa 

HanpaBJieHa no och Oz h paBHa v = hk/m (jiorapHtpMHqecKHfi 
HJieH AaeT nonpaBKH nopHAKa 1/r, kotophmh mojkho npeHeSpenb). 
3to onpaBAUBaeT HcroJiKOBaHHe \|), KaK naAaiomefi bojihh. 

AHaJion«HbiM o6pa30M paAHajibHan 3aBHCHM0CTb (pyHKUHH \p rf 
npH o^eHb SoJibuiHx r BbipajKaeTca He (popiiofl exp(ikr)/r, xapaK- 

TepHOft AJIH paCXOAHIHHXCH BOJIH, HO 60Jiee CJIOJKHHM BbipaJKeHHeM 

exp[i(kr — yln2kr)]/r. OAHaKO b acHMnToraqecKOH o6jiacTH 

(KpOMe 6JIH3K0H OKpeCTHOCTH nOJiyOCH nOJIOHiHTeJIbHHX z, rAe pa3- 

AejieHHe Ha naAaiomyio h pacceaHHyio bojihh He HMeeT cMHCJia) 

(pyHKUHK) Iprf MOJKHO HHTepnpeTHpOB3Tb KaK paCCeHHHyK) BOJIHy, T3K 
KaK BeKTOp njIOTHOCTH nOTOKa jd, BblHHCJieHHHH C 9TOH CpyHKUHeft, 

AeftcTBHTejibHo HanpaBJieH no paAHycy b HanpaBJieHHH B03pacTaio- 
mnx r, a BJiHHHHeM (paKTopa exp( — iy ln 2kr) mojkho npeHe6peHb 
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171. XI. KyJIOHOBCKOE B3AHMOAEHCTBHE 



b caMOM HH>KHeM nopaAKe no 1/r; b 3tom npn6jiH>KeHHH ip d ecTb 
BOjma c njiOTHOCTbio \fc(Q)\ 2 /r 2 h ruioTHOCTbio noTOKa v \ f c (0) | 2 /r 2 . 

CocTaBJiHH oTHomeHHe njioTHocTH pacceHHHoro noTOKa b Tejiec- 
hom yrjie (Q, Q + d£l) n njioTHoc™ naAaiomero noTOKa, nojiyiaeM 
AHCptfiepeHUHajibHoe 9<p<peKTHBHoe ceieHHe pacceaHHa 

a c (Q) = |/ c (6)p. (35) 

3Ta (popMyjia aHaJiorHHHa (popinyjie (X. 2), oTHOcameftca k paccea- 
hhk) Ha noTeHunajie 6ojiee KopoTKoro pa#nyca achctbhh. Kohchho, 
BbimenpHBeAenHbie paccyatAeHHa MoryT 6bm> noABeprHyTbi toh ate 
KpHTHKe, hto h b § X. 3, OAHaKO, HeTpyAHo npoBec™ h 6oJiee CTpo- 
roe AOKa3aTeJibCTBO, noAo6Hoe BHBOAy §§ 4 — 6 rji. X. 

OyHKUHH f c (Q) Ha3biBaeTCH aMnjiHTyAofi KyjioHOBCKoro paccea- 
hhh. B hbhom BHAe OHa AaeTCH BbipaateHHeM (33). OTCioAa nojiy- 
qaeM <p°P M y-' i y Ann 9(p4> e KTHBHoro ce^eHHa KyjioHOBCKoro pac- 
ceaHHa: 

4Ar sin 4 -g- sin 4 — 

noJiyieHHoe cTporoe BbipasteHHe, Kan bhahm, To>KAecTBeHHo KJiac- 
CHHecKofi (popMyjie 3(p(peKTHBHoro ceneHHH KyjioHOBCKoro paccea- 
HHa, nojiyneHHoft b rji. VI (ypaBHeHHe (VI. 29) ) : KJiaccHnecKaa 
(popMyjia Pe3epcpopAa ocTaexca BepHofl, Aaate KorAa luiaccHHecKoe 
npHfijiHateHHe nepecTaeT 6biTb cnpaBeAJiHBbm. 3to cjieAyeT pac- 
CMaTpHBaTb KaK onyqafiHoe coBnaAeHHe. 

H3 (popinyjibi (36) HaxoAHM cneAyiomHe 3aMeiaTejibHbie cboh- 
CTBa aipcpeKTHBHoro ceneHHH KyjioHOBCKoro pacceaHHa: 

a) oho 33BHCHT TO^bKo ot a6cojuoTHoro 3HaieHHH noxeHUHajia, 
ho He ot ero 3HaKa; 

6) yrJioBoe pacnpeAeJieHHe He 33bhcht ot SHeprHHj 

b) npH 3aAaHH0M yrjie 9(p(peKTHBHoe ceneHHe np« B03pacTaHHH 
SHeprHH naAaeT KaK l/E 2 ; 

r) nojiHoe 3tp4)eKTHBHoe ceieHne 6ecKOHeqHo: HHTerpaji ^a c (Q)dQ 

pacxoAHTca npH Majiux yrviax. 

3Ta pacxoAHMOCTb xapaKTepHa ajih ihcto KyjioHOBCKoro nojifl. Ha onuTe 
TaKoe nojie He BCTpeiaeTCH HHKOi\ua; Tan, npn pacceaHHH 3apa>KeHHOH qacTHWJ 
Ha aTOMHOM HApe KyjionoBCKoe ncwie HApa Ha Sojimuhx paccTOHHHHX mmpam- 
3yeTCH noJieM sjieKTpoHOB o6oJioieK h noTeHitnaji o6pamaeTCfl b Hyjib Ha pac- 
ctoahhsjx, AocTaToiHo 6ojibuiHx no cpaBHeHHio c paanycoM aTOMa. 3<p<peKT axpa- 
HHpoBaHHH npHBOflHT k MOAHCpHKaiiHH pacceaHHOfl BOJiHu npH Majiux yrjiax, TaK 
ito AH(p(pepeHii,HaJibHoe scpcpeKTHBHoe ceieHHe 6oJiee He pacxoAHTCH npH 8-*-0. 
MoacHo noKa3aTb, ito yKa3aHHoe H3MeHeHne bojihoboh (J>yHKU,HH npene6pewHMO 
Majio npn yrjiax, npeBocxoflHiu.HX OAHOBpeineHHo 2y/ka h l/ka (3Aecb a — paAHyc 
aTOMa). ripn SHeprHHX, o6bi>iHO HcnoJib3yeMHx b HAepHoft (pH3HKe, sth npeAeJib- 
Hue yrjibi cTOJib Ma^u, qTo sKpannpoBaHHeM KyjioHOBCKoro no^fl moxho noji- 
HOCTbio npeHeCpewb. 



§ 9. PA3J10>KEHHE no nAPHHAJIbHHM BOJIHAM 
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§ 9. Pa3Jio}KeHHe no napUHajibHMivi bojihhm 

ypaBHeHHe LUpeAHHrepa (20) mo>kct 6biTb pemeno mctoaom 
pa3AeJieHHH yivioBbix h paAHajimibix nepeMeHUbix. 3tot MeTOA He 
npeACTaBJineT 6ojibiuoro HHTepeca ajih hhcto KyjiOHOBCKoro pac- 
ceaHHH, TaK k3k mh o6jiaAaeM 6ojiee npnMbw mctoaom. KpoMe 
Toro, HMen AeJio c noTeHnnajioM AaJibHero AeficTBHH, mh 3apaHee 
3HaeM, iTO pa3JiomeHHe aMnjinryAH pacceHHHH f c (9) no ccpepmie- 
ckhm cpyHKUHHM 6yAeT njioxo cxoAHTbcn. OAnaKO pa3Jio«eHHe no 
napunajibHUM BOJiHaM OKa3HBaeTca nojie3HbiM b t3khx 3aAa*ia'x, 

KOrAa K HHCTO KyjIOHOBCKOMy B33HM0A6HCTBHK) AOSaBJTfleTCH HeKO- 

Topoe B3aHMOAencTBHe c orpaHHHeHHbiM paAHycoM, h6o npncyT- 

CTBHe STOrO AOnOJIHHTeJIbHOrO B3aHMOAeHCTBHH BJlHfleT TOJIbKO Ha 

nepBbie HJieHbi pa3Ji0JKeHHH no ccpepnqecKHM rapMOHHKaM h, cne- 
AOBaTejibHO, pa3Jio>KeHHe pa3Hoc™ /(6) — f c (Q) 6bicTpo cxoahtch. 

Pa3AejieHHe yrvioBbix n paAnajibHux nepeivieHHbix yxe 6ujio 
npoBeAeHO rjix cjiynan aTOMa BOAOpoAa. B Hamnx hobmx o6o3Ha- 
qeHHHX ypaBHeHHe (4) 3anHCMBaeTCH b (popMe 

! , r + [ ft 2_M_l£ + iL] i , I=a o. (37) 

MtoSh nocrpoHTb pemeHHH SToro ypaBHeHHH, AeftcTByeM KaK 

b 3aAaie 06 aTOMe BOAopoAa, npoH3BOAfl 3aMeHy hckomoh <pyHK- 
uhh h nepeMeHHofl: 

yi = e tkr (kr) l+1 v h .... 



TorAa vi ecTb peuieHHe ypaBiiemjH Jlanjiaca (cm. ypaBHenne (12)) 

[|-^ + (2/ + 2-|)-^-(/ + l +/ y )]o / = 0. (39) 

H3BecTHbi acHMnTOTnqecKHe pa3Jio>KeHHH (B.10 — 11) AByx Hepery- 
jiapHbix pemeHHH araro ypaBHeHHH W lt2 (l+ 1 + iy, 2/ + 2; £). Ha 
hx ocHOBe mojkho nojiyraTb acuMnTOTH^ecKyio (popMy oSmero pe- 
meHHH (39) h b pe3yjibTaie KopoTKoro Bbiraa/ieHHH — acHMnTora- 
qecKyio (popMy odmero pemeHHH (37) : 3to JiHHefmaH KOMdHHauHH 

AByX 3KCnOHeHU,HaJIbHbIX (pyHKUHH 

g± I (kr — y In 2kr) 

Mbi 3HaeM, hto pemeHHe (39), peryjmpHoe b Haiajie KoopAH- 
HaT, ecTb rHnepreoMeTpHHecKaa (pyHKUHH T(l + I + iy, 2Z + 2; £); 
9to cyMMa AByx (pyHKUHH Wi h W 2 (ypaBHeHHe (B.9)). CooTBeT- 
CTByromee pemeHne ypaBHeHHH (37) b aeiiMnTOTHqecKoft o6jiac™ 
nponopUHOHaJibHo (pyHKUHH sin (kr — y In 2kr — Zn/2 + a ; ) , rAe 



a, = arg T (I + 1 + iy). 



(40) 
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BejinqHHa oi Ha3biBaeTca ki/aohobckum cpa3oebiM cdemou. Flo on- 
peae^eHHio peryjiapHofi KyjioHOBCKoft bojihoboh tpyHKUHefi Fi(y\kr) 
HBJiHeTCH peryjiHpHoe peiueHHe ypaBHeHHH (37) c acHMirroTHqecKOH 
(popMofi 

Ft ~ m sin (kr — y In 2kr — ln/2 + a t ). (4 1) 

CorjiacHO npe^bmymeMy 

F t ( Y ; kr) = c t (Y) e ikr (kr) l+[ F (1 + 1 + iy, 21 + 2; - 2ikr), (42) 

npn 3T0M nocTOHHHan c ( (y) flOJimHa 6biTb BbiSpaHa Tan, MTo6bi Ft 
yAOBJieTBopHjia yaiOBHio (41), a hmchho 

_ 2' e -"V/ 2 ir(/ + l+fy)| 

c '— (2/ + i)i • y^ 6 > 
BemecTBeHHaa (pyHKuna F; uacTO Ha3braaeTCH peryjiapHofl ccpepw- 

leCKOH KyjIOHOBCKOH (pyHKUHeH; 3TO (pyHKUHH &r, 3aBHcnmaa OT 
napaMeTpa y. 

Mo>kho onpe^ejiHTb TaioKe «Hepery;iHpHbie c(pepH<iecKHe Kyjio- 
HOBCKHe cpyHKUHH». 3to pemeHHH ypaBHeHHfl (37), HeperyjiapHbie 
b Hauajie KOop;uiHaT. HanSojiee qaero ynoTpefijineMbie <py HKI * HH 
onpeAeJieHbi b § B.5. YKaJKeM 3,a,ecb TOJibKO cxo/uimyiocH h pacxo- 

flHmyiOCH BOJIHbl U ( f~ ) H U,\ +) C aCHMnTOTHqeCKHMH (popMaMH 
M (±) , , e ± I (kr-y In 2kr-tn/2) _ 

3th (pyHKUHH hbjihiotch KOMiuieKCHO conpH>KeHHbiMn, npmieM 

Ft = lme ia 'u\ +) . (44) 

§ 10. Pa3Jio»eHHe ty c no cijjepHMecKHM cpyHKUHUM 

KyJiOHOBCKaa BOJiHOBaa cpyHKUHH i|) c , onpeaejieHHaa b § 7, 

Momer 6biTb npe/urraBjieHa b BH^e pa3Jio>KeHHH b pun no nc/iHHO- 
MaM JIe>KaHApa: 



* c = IF Z < 2/ + U / ' e " T ' F ' (Y5 P * ( cos e )- (46) 



1 

1=0 

3to pa3Jio>KeHHe aHajiornHHo pa3Jio>KeHHio njiocKofl bojihh 



e lk * = Z (21 + 1) (kr) Pi (cos 6), (47) 



b KOTopoe oho nepexoAHT npn y -> 0, 



§ 10. PA3J10>KEHHE i|) c HO C<t>EPHMECKHM *yHKUHHM 
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^Tofibi AOKa3aTb cooTHOiueHHe (46), cJie^yeT Hcnojn>30BaTb HHTerpajibHoe 
npeflCTaBJiemie {B.6) ranepreOMeTpn L iecKOi'i cpyHiuiiiH, (pHrypnpyiomeH b onpeae- 
jieHHH tyc, ito naer 

— rey/2 C 
,1, £ Jkz \ Jk (r-z) t,-li-\ ( i _ t) iy dt 



To 
-JtY/2 



1 0 



t'v) J 



Ecjih pa3JiOJKHTb SKcnoHeHTy exp[ite(l — t)] b noflbiHTerpajibHOM BbipaxteHHH 
b pflfl no ncwiHHOMaM JlexaHApa no (popiay^e (47) h H3MeHHTb nopnaoK cyin- 

MHpOBaHHH H HHTerpHpOBaHHH, IlOJiyHHM 

= f] (2/ + 1 ) /'q>, (r) (cos 6), (48) 

r«e 

-hy/2 (* 

(r) " (i-Av )r( _ t - v) J eikrt h V*0- 01 r 'V- (, _ 0 «r dt . (49 ) 

To 

C Apyroft CTopoHH, mu 3naeM, wo 



orayfla 



lit (I) = ^ (0; I) =72Tnjr ^ +V ^ (/ + 1. 2/ + 2; - 2/g), 
, (Z) 2 l Z l ;*Y {1 + P)l { ~ 2il)P 



p=0 

noflCTaBJiflH 9TO BbipaxeHHe AJia // b HHTerpaa b npaBoft qacra (49J a BHOBb 
MeHaa nopnAOK cyMMHpoBaHHH h HHTerpnpoBaHHH, HaxoAHM 

2 / -JIY/2 . 



h nocKOJibicy, cjieaya (B.5), 

J f-iv-i (i _ t) i+P+iy dt={\- e- 2 "v) Ut /Y) r (/ + _ P + 1 + iy) 



BMeeM 



? l (r)=2e W * (2/+l+p)! p| 



p=0 



- 2'«" ,TV/2 r( !otin/ V) W elkrp V + 1 + 'Y. 2/ + 2; - 2ttr). 



(2/+ 1)1 

Ilpn yieTe onpeflejieHHH (40), (42) h (43) 9to .naeT 
kr<t l (r) = e ia 'F l (y; kr). 
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rjl. XI. KyJIOHOBCKOE B3AHMOAEHCTBHE 



HcKOMoe pa3^o»ceHHe nojiyqaeTca npn noAcxaHOBKe stoto BbipaxeHHH b ypaB- 
neuHe (48). 

Mojkho 6bi>io, Bnpo'ieiw, oxwa.an aToro pe3yjibTaTa 3apanee. .HeiicTBHTeJibHo, 
nocKOJibKy ty c ecTb pery.nnpnoe peuieHHe ypaBiieimsi LUpeanHrepa (20), • r (p/(r) 
HeoSxoOTMO ecTb peryjmpHoe peuieHHe paAHaJibHoro ypaEHSHHH (37), x. e. npo- 
nopmioHajibHO Fi(y;kr). l\enb Haiuero BuracjieHHa cocrosuia b onpe,ne.nnHii K oh- 
CTaiiTbi nponopuHOHaJibHocTH. 

nojie3HO Bbipa3HTb pa3Jio}KeHHe (46) npH noMOiHH pacxoAH- 

IU,HXCa H CXOAHIUHXCH KyjIOHOBCKHX BOJIHOBblX (pyHKUHH. floflCTaB- 

Jiaa BMecTO Fi ee BupaJKeHne Hepe3 (pyHKUHH u\ +) h «p ! (ypaBHe- 
HHe (44)), HaxoflHM 

oo 

= W Z (2/ + ( " <r> ~ ^'V) p i ( cos 9)- (50) 
§ 11. MoAH(J)HKauHfl KyjiOHOBCKoro noTeHunaJia 

KOpOTKOAeHCTByiOlUHM B3aHMOAeHCTBHeM 

Koraa k KyjioHOBCKOMy nojifo ^(r) Ao6aB.naeTca HeKOTopoe 
KopoTKOAeHCTByiomee B3aHMOAeficTBHe V'(r), cTaunoHapHoe co- 
cTOHHHe pacceHHHH 6ojiee He npeACTaBjiaeTca hhcto KyjioHOBCKoft 
bojihoboh (pynKUHefl, ho (pyHKUHeii ^, pa3Jio>KeHHe KOTopofi B pHfl 
no nojiHHOMaM JleMaH^pa HMeeT bha 

oo 

* = 1FZ( 2/+1 > i '^WPi(cose). (51) 

MeTOA (pa30Bbix cabhi-ob, no3BOJiaioiu,HH onncbiBaTb pacceauHe 
HacTHUbi noTeHunaJiOM V'(r), noira 6e3 H3MeneHHH nepeHOCH-rca 
na cJiyHaft pacceaHHa noTeHUHajiOM V'(r)-\- V c (r); cjieAyeT tojilko 
Ha KajKAOM aTane BbiTOCJieHHH 3aMeHHTb cBo6oAHbie bojihh Ha co- 

OTBeTCTByiOmHe KyjIOHOBCKHe BOJIHOBbie (pyHKUHH. 

OyHKiiHH %i(r) HBJiHeTCH peuieHHeM paAHajibHoro ypaBHeHHa 

[£" + * 2 ~ ¥ ~ % -W V (r) ~ ^] X< (r) = 0. (52) 

Mo>kho noKa3aTb (sa^aia 2), hto, ecjin V (r) CTpeMHTca k Hyjiio 
b acHMnTOTHHecKOH oSjiacTH He MeflJieHHee 1/r 2 , to pemeHHa pa^ 
AHaJibHoro ypaBHeHHa acHMnTOTHqecKH nepexoAflT b AHHeHHbie 
kom6hh3Uhh sKcnoHeHT e± ' (fe' , -Yin2ftr) HJ1Hi qT0 T0 caMO e, BJIH- 

HeftHbie KOMSHHaUHH paCX0A5HII,HXCH H CX0A5HUHXCH KyjIOHOBCKHX 

(pyHKUHH u\ +) h u\~\ B nacTHocTH, peryjiapHoe pemeHHe stoto 
ypaBHeHHa acHMnTOTHMecKH nepexoAHT b neKOTOpyio AHueHiiyio 
KOMSHHauHK) yKa3aHHbix AByx PyHKUHH. rtycTb 



4 1 («r , -c 2 'v io '«} +) ) 



§ 11. KOPOTKOflEPICTByiOmEE B3AHMOAEP1CTBHE 
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eCTb 3Ta JIHHeHHaH KOMSHHaUHSl (Ai — IIOCTOHHHaH HOpMHpOBKH). 

Oa30BbiH cabht 6/ xapaKTepH3yeT AeficTBue noTeHuwajia V'(r), no- 
6aBJieHHoro k KyjionoBCKOMy. ®a30Bbift cabht 8; paseH nyjiio, ecAH 
V = 0, h b AaJibHefimeM nrpaer pojib, coBepuieHHo aHajiorHHHyto 
poJiH (pa30Bbix cabhtob npii paccMOTpeHHH KopoTKOAeftcTByiomux 
noTeHUHa^oB. 

PeryjinpHoe peuieHHe pa^HajibHoro ypaBHeHHH X/ Aoa>kho 6biTb 
Bbi6paHo TaK, qToSbi (pyHKUHH \p npeACTaBAHAa crauHOHapHoe co- 
CTOHHHe pacceHHHH; ajih aToro Heo6xoAHMO, iTo6bi — ty c acHMirro- 
TH^ecKH Bejia ce6a KaK pacxoAHmaaca BOAHa, t. e. Kan 

gi (kr—f In 2kr)jf_ 

3to ycjioBHe BbinojieaeTCH, ecjiH Ai = i/2 ripn Bcex snaqeHHHX 

/, K3K 3TO MOJKHO BHACTb, CpaBHHBaH (50) H (51). B aCHMnTOTH^e- 
CKOH OSjiaCTH, T. e. JXJlfl 3HaHeHHH r, A0CTaT04H0 SOAbUIHX, qT06bI 

mo>kho 6hao nojiHocTbio npeHeSpe^b noTemxHajiOM V'(r), noJiy- 
MaeM pa3Jio>KeHHe 

i 

t-iE< 2 ' + l) ^ ~ ^ U < +)P > ( C0S (53) 

KaK H B § 7, MO>KHO npeACT3BHTb 1p B BHAe CyMMbI 

* = *t + *d, (54) 

rAe — pyHKUHH, onpeAejieHHan ypaBHeHHeM (26) h npeACTaB- 
/ijiromaa naAaiomyio Bojmy. HanporHB, tya OTAHqaeTca ot (pyHKijHH 
(27), ee acHMirroTHqecKaa 4>opMa, nocAe cooTBeTCTByiomHx Bbiqnc- 
AeHHH, MO>KeT 6biTb npeACTaBAeHa b BHAe 

tfc, ~ -5-exp [i (kr - y In 2kr)} X f (9), 

r — ^ oo ' 

rAe 

/(e) = M8) + ne), (55) 

npHqeM 

f c (9) = ^-g - ex P [- 'Y ^ (sin 2 1-) + 2ta 0 ] , (55a) 

2& sin 2 — 

? ^ = 27F E (2/ + !) ^ (e2 '' 6/ ~ ^ p ' < cos 9) - (556) 
z 

HeTpyAHO ycTaHOBHTb c noMombio Tex >Ke apryMeHTOB, hto h 
b § 8, tto 9(p(peKTHBHoe ceqeHHe pacceaHHa paBHO 

a(Q) = |/(0)| 2 . (56) 
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TJI. XI. KyJIOHOBCKOE B3AHMOflERCTBHE 



Mokho Bbipa3HTb ero b BHAe cyMMbi Tpex qjieHOB, BOcnojib30BaB» 

IIIHCb paBeHCTBOM (55) 



MHorae xapaKTepHbie cBoflcTBa ofibiHHbix <pa30Bbix cabhtob npH- 
cym,H h (pa30BHM CABHraM, BBeAeHHHM b stom naparpacpe. B qa- 
cthocth, psifl (556) cxoahtch TeM 6bicTpee, neu Kopoqe paAHyc 
fleficTBHH AonoJiHHTeJibHoro noTeHunajia V'. OopMyjibi (X. 39 — 44) 
H3 § X. 10 ocTaiOTCH cnpaBeAAHBbiMH, ecjiH TOJibKo ynecTb, no 
(pyHKu,HH npeACTaBJiaiOT Tenepb He cboSoahhc boahh, a boa- 
hh KyjioHOBCKHe (3aflaqa 3). Oah3ko ™c/ieHHbie 3HaqeHHH b6jih- 

MHH X { , V [t MOryT CHAbHO OTJIHHaTbCH OT COOTBCTCTByiOmHX 

3HaieHHH AJIH CB060AHHX BOJIHOBblX (pyHKU,HH, T3K HTO pe3yAbT3TbI 

o6cy}KAeHHH noBeAeHHH npn MaAbix sHeprHax, a TaioKe cxoahmo- 
cth pHAa AOJijKHbi 6biTb nepecMOTpeHbi. B HacraocTH, ecAH mh 
HMeeM AeJio c orrajiKHBaioinHM KyAOHOBCKHM noTeHunaAOM, to 
(paKTop npoHHKHOBeHHH TeM MeHbine, nem MeHbiue HanajibHaa 
sHeprHH, TaK qTO vi <C 1, k3khm 6m hh 6hjio /, ecjin TOAbKo E ^ 
.<; Z\Z 2 e 2 lr 0 (t. e. 3HeprHH MeHbiue KyjioHOBCKoro Sapbepa b tomkc 
r 0 ). 3a HCKAioqeHHeM 3roro Bee o6cy>KAeHHe pe30HaHCHoro paccea- 

HHH MOJKeT 6bITb nOBTOpeHO 6e3 H3MeHeHHH. ripH HeKOTOpOM H3Me- 

neHHH onpeAeAeHHH bxoahiuhx bcahtoh (3aAaia 4) (popMyjibi 
(X. 72 — 73), HcxoAHbie ajih npHSjiHJKeHHn BopHa, h cpopMyAa 
(X. 77), HcxoAHaa AAH npH6AH>KeHHH <ocp<peKTHBHoro paAnyca AeS- 

CTBHH», OCTaiOTCH B CHAe. 

3AMMH H ynPAXHEHH^ 

1. rioJib3yacfa paAHajibHHM ypaBHeHHeM «jih aTOMa Boaopofla, AOKa3aTb pa- 
KyppeHTHoe cooraouieHHe (coomouieHue Kpauepca): 



b KOTopoM (r s ) o6o3HaqaeT cpe^Hee 3HaieHHe r s , Kor^a aTOM HaxoAHTCH b KBaH- 
tobom coctohhhh (nlm) (a > — 21 — 3). BuBecTH OTCioAa BUpaxeHHe fljifl (r- 1 ) , 
{r), {r 2 ) , npHBefleHHbie b § B.3. 3to cooTHomeHHe He no3BOJiseT Haftra (r~ 2 ) . 

riOKa3aTb, WO BO BCHKOM CTaUHOHapHOM coctohhhh BOAopoAonoflo6Horo 

aTOMa cpeflHee 3Ha<jeHHe KHHeraqecKoft SHepnm paBHO c o6parabiM 3HaKOM co6- 
CTBeHHOMy 3HayeHHio aneprHH 



a(G) = cr e (Q) + 2Re/7 + ine) \\ 



s + 1 



(r*> - (2 S + 1) a (r s -') + | [(2/ + 1 f - s 2 } a 2 <r s " 2 > = 0, 



E n (P s /2m>, 



nlm' 



2. PaccMaTpHBaeTca pacceswne qacTHuu c Maccoft m iieHTpajibHO-CHMMeTpHi- 
hwm noTeHiinajiOM V(r) = Ze 2 /r + V'(r), rae V'(r) npn r oo cTpeMHTca k 
Hyjiio He MeAJieHHee l/r 2 . rioKa3aTb, qto pemeHHH paflHa^bHoro ypaBHeHHH acnui- 
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nTOTHMecKH nepexoflHT b jiHHeftHbie KOMfiHHaiMH SKCnoHenuHaJibHux (pyHKUHii 
exp [±i(kr — y In 2kr)] (k — ^/2mE/h y = Ze 2 /hv; v h E — HaqajibHbie cko- 
pocTb h SHeprna). 

3. riOKa3aTb, qTO (popinyjlbl (X. 39 — 44) OCTaiOTCH BepHblMH, eCJIH k KOpOTKO- 

fleiicTByiomeMy noTemiHa./iy npH6aBHTb q;ieH KyjicmoBCKoro B3aHMO,n.eftcTBHH 
Zi2 2 e 2 /r (Heo6xoAHMO ranbKO H3MeHHTb onpeaeJieHHecpyHKuHH u[ +> h 



4. KaK aoJiscHbi 6biTb H3MGH6HU HHTerpajibHbie npeflCTaBJieHHH (X. 72) h 
(X. 73), ecjiH pacceHBaiomnfl noTemmaji ecTb cyMMa KyjioHOBCKOro h kopotko- 
fleftcTByiomero noTemiHajioB? Tot ace Bonpoc oraocHTeJibHo (popwy^M (X. 77) . 
PaccMOTpeTb Teopnio 3$(peKTHBHoro pa^nyca una s-pacceHHua, Korfla kopotko- 
AeflcTByioiuHH noTenuHa^ o6jiaaaeT CBoftdBaMH, yKa3aHHUMH Ha CTp. 391 (cm. 
H. A. Bethe, loc. cit., CHOCKa X. 20 ). 



r Jl A B A XII 

rAPMOHHMECKHH OCU.MJlJlflTOP 



§ 1. BBeaeHHe 

B KJiaccH^ecKOH MexaHHKe rapMOHHqecKHH ocuhjijihtop — sto 
tiacTHua, cnocodHaa nepeMemaTbcn BAOJib HeKOTopofi och h iioa- 
BepxeHHaH AeftcTBHio B03BpamaiomeH chjim, nponopuHOHSJibHoft 
paccTOHHHio qacTHUbi ot Haqa^a KoopAHHaT. PeuieHHe stoh 3aAaqH 
xopouio H3BecTHO. IlycTb q — KOopflHHaTa nojio>KeHHH HacTHUbi Ha 
och, p — ee Hivrnyjibc, m — Macca, — ma> 2 q — BOSBpamaiomaa cnjia. 

YpaBHeHHH ABHJKeHHfl qaCTHUbl BblBOAHTCfl H3 (pyHKUHH raMHJIb- 

TOHa (p 2 + ni 2 u) 2 q 2 ) /2m; Jiereo noKa3aTb, hto qacTHua cHHycoH- 
flaJibHO KOJieSjieTCH c (KpyroBofl) qacTOTOH o> okojio HaiaJia ko- 

OpAHHaT. 

CooTBeTCTByiomafl KBanTOBaa 3aAaia (popMyjiHpyeTCH iok 3a- 
Aa^a 06 OAHOMepHofl qacTHue c Maccofi in h c raMHJibTOHHaHOM 

3®= 2^(p 2 + m 2 coV), (1) 
npnqeM nepeivieHHbie nojioacenHH q h HMnyjibca p cbh33hh cootho- 

IIieHHeM KOMMyTailHH 

[q, p] = ih. (2) 

3/iecb mh HMeeM acjio c oqeHb npodofi KBaHTOBofi chctcmoh, ypaB- 
HeHne IIIpeflHHrepa kotopoh MO^eT 6biTb tooto peuieHo; cncTeMa 
o6jiaAaeT uejibiM phaom 3aMeqaTejibHbix cbohctb. 

HccJieftOBaHHe rapMOHHHecKoro ocu,HJiJiHTOpa HMeeT SoJibiuoe 
3HaHenHe b kbshtoboh TeopHH, Tan KaK raMHJibTOHHaH rana (1) 
BCTpeqaeTCH bo Bcex 3&n,anax, rjie HMeiOT MecTO KBaHTOBaHHbie ko- 
jie6aHHH: mh KaxoAHM ero b kb3Htoboh ajieKTpoAHHaMHKe h KBaH-* 

TOBOH TeopHH nOJIH, B TeOpHH MOJieKyJIHpHblX H KpH.CTaJIJIHHeCKHX 

KOJie6aHHft. C Apyroft cTOpoHH, npo6jieMbi, OTHocniHHecsi k rapMO- 
HHiecKOMy ociiHJijiHTopy, cjiyacaT npeKpscHofi muiiocTpauHeH oc- 

HOBHblX npHHUHnOB H CpOpMajIH3Ma KB3HTOBOH TeOpHH. Il09T0My 

Bno^He onp3Bfl3HO noApo6Hoe H3yieHHe stoh 33AaqH, KOTopoiwy h 
nocBHmeH3 A3HHaH rjiaBa. 

flBa nepBHx pa3Aejia nocBfliueHbi OAHOMepHOMy ocunjuiHTopy. 
06mee pemeHHe npo6jieMbi coficTBemibix 31-iaqeHHH raMHJibTOHHaHa 
coAep>KHTCH b pa3AeJie I. Pa3Aeji II nocBHiueH pa3JiH<mbiM npHAO- 



§ 2. nPOEJlEMA COBCTBEHHblX 3HAqEHHPJ 
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>KeHHflM: HaxomaeHHio npoH3BOAameft (pyHKU.Hn CTaiiHOHapHbix co- 
ctohhhh, pemeHHio ypaBHeHHfl ABHHceHHsi reft3en6epra, cpaBHeHHio 

KBaHTOBOrO H KiiaCCHHeCKOTO OCUHJIJIHTOpOB H H3yTCHHIO ABH>KeHHfl 

BOJiHOBoro naKeTa — hto AaeT xopoiuyro HJiJiiocTpauHio KaK npHH- 
Hiina cooTBeTCTBHH, Tan h cooTHOiueHHH HeonpeAeJieHHocTH — 

H, HaKOHeil, HCCJieAOBaHHK) CBOHCTB aHCaivlSjlH rapMOHHHeCKHX oc- 
UHJlJIHTOpOB B TepMOAHHaMHHeCKOM paBHOBeCHH. 

B pa3Aejie III paccMaTpHBaexca rapMOHHiecKHfl ocunjuiaTop 

B HeCKOJIbKHX H3MepeHHHX. OcHOBHOH XapaKTepHCTHKOH 3TOH 3a- 
AaiH HBJIHeTCfl HajIHHHe BbipOJKAeHHblX C06cTBeHHbIX 3HaHeHHH. 

CjieACTBHH BbipoJKAeHHH AeTajibno H3yHaiOTCH b AByx qacTHbix cjiy- 
qaax H30TponHoro ocuHJiJiaiopa b AByx h Tpex H3MepeHHax. 



PaaAeji I. COBCTBEHHblE COCTOJIHHJ1 H COBCTBEHHblE 
BEKTOPbl TAMMJlbTOHHAHA 

§ 2. ripoSJieMa coScTBeHHbix 3Hsmtn»» 

l lTo6bi ne 3arpoMo>KAaTb BbiraaneHHa HeHy>KHbiMH nocToaH- 

HblMH, nOJIOJKHM 

Z$=Hft<i>, (3) 

p = (mho*)''* P. (5) 

npoSjieMa coctoht b Haxo>KAeHHH coSctbchhhx 3HaieHHfl h no- 
CTpoeHHH co6cTBeHHbix BeKTOpoB onepaTopa 

H = ±(P 2 + Q% (6) 
i\ne apMHTOBH onepaTOpw P h Q yAOBjieTBopaioT KOMMyTairnoH- 

HOMy COOTHOUieHHK) 

[Q, P] = /. (7) 

4to6h peuiHTb 3Ty 3aAaqy, mojkho Bbi6paTb HenoTopoe npeA- 
cTaBJieHHe, HanpHMep, {Q}, h peuiHTb ypaBHeHHe IIIpeAHHrepa b 
9T0M npeACTaBJieHHH. IlocKcuibKy b {Q} -npeACTaBJieHHH P Bbipa- 
jKaeTca AHtp4 )e P eHIIHajIbHHM onepaTopOM ( — id/dQ), uu npHXOAHM 
k oAHOMepHOMy ypaBHeHHio IIIpeAHHrepa 

y[~"^ + q2 ] m(Q) = e " (Q) - (8) 

Mbi Bocnojib3yeMca 6oJiee npaMbiM MeTOAOM, npHHaAJieHcauiHM 
flnpaKy; nocipoHM coScTBeHHbie BCKTopu //, AeflcTBya Ha oahh H3 
hhx cooTBeTCTByioiiiHMH onepaTOpaMH. 3tot MeTOA AaeT bcbmojk- 
Hoctb peuiHTb 3aAa i iy Ha co6cTBeHHbie 3HaqeHHa b oSmeM bhas 
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6e3 cchjiok Ha KaKoe-JiH6o KOHKpeTHoe npeAdaBJieHHe, ochobh- 
Bancb HCKJiioiHTCJibHo Ha ochobhhx nocnyjiaTax npocTpaHCTBa 
THJib6epTa h KOMMyTauHOHHOM cooTHOiueHHH (7). Ero mojkho pac- 
CMaTpHBaTb KaK mctoa nocTpoeHHsi BeKTopHoro npocTpaHCTBa $ 

flHHaMHHeCKHX COCTOHHHH CHCT6MH, IIOAo6HbIH OnHCaHHOMy 

B § VIII. 6. 

§ 3. BBeAeHHe onepaTOpOB a, a* h N 

OnpeAeJMM onepaTOpH a h a+ 4>opMyjiaMH 

a = ^-(Q + lP), (9a) 

a^^-(Q-iP), (96) 
onepaTopu a h a + spmhtobo conpHJKeHbi Apyr Apyry. CooTHouieHne 

KOMMyTaHHH (7) SKBHBaJieHTHO COOTHOUieHHK) 

[a,a+] = l. (10) 

Ecjih b onpeAe^eHHH (6) Bbipa3HTb Q h P Mepe3 a h a + , to no- 
jiy^HM 

//=y(aa+ + a + a). (11) 

ITOJIOXHM 

N = a*a, (12) 

TOrAa H3 (10) H (11) HaXOAHM 

H = N+ 1/2. (13) 
H3 ypaBHeHHft (10) h (12) nojiyqaeM BaxHbie cooraoraeHHfl: 

Na = a{N-l), (14a) 
Wa+ = a+ (#+!)• (146) 

3aAaqa Ha co6cTBeHHHe 3HaqeHHH, KOTopyio mh pemaeM, skbh- 
BajieHTHa 3aAaie nocrpoeHHH coCcTBeHHbix bcktopob onepaTOpa N, 
onpeAejieHHoro <j)opMyjioH (12), npHneM onepaTopbi a a a + 9pMH- 
tobo conpHHteHbi Apyr Apyry h yAOBJieTBopHiOT ycjiOBHio (10). 

XloKajKeM ocHOBHyio TeopeMy. 

Ecau \v) ecTb co6cTeeHHbiu eeKTop oneparopa N, a v — coot- 
eeTCTeytou{ee co6cTeeHHoe 3HaieHue, to 
a) v ^ 0; 

6) ecAu v = 0, to a|v) = 0, e ocraAbHbix owe CAynanx a\v) 

eCTb OTAUHHblU OT HyAH eeKTOp C HOpMOU 

v {v I v), 
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npmeu am co6cTeeHHbiu eeKTOp oneparopa N, npuHadAeotcaw,uu 
co6creeHHOMy 3HcmeHUfo v — 1 ; 

b) eeKTOp a^\v) OTAunen or hi/ar, eao nopma paena 

(v+l)(v|v>, 

npmeM am co6creeHHuu eemop oneparopa N, npunadAeoicamuCi 
co6cTeenHOMy 3HaneHUto v+ 1. 
no npeflnoJioweHHio 

N | v) = v | v>, (v | v) > 0. 

noJib3yacb onpeae^eHHeM (12) h KOMMyTauHOHHbiM cooTHomeHHeM 
(10), HaxoAHM HopMbi BeKTOpOB a\v) h a + |v): 

(v I a + a | v) = (v |jV|v) = v(v I v), (15a) 
(v | oa+ | v) = (v | (N + 1) | v) = (v + 1) <v | v). (156) 

Oahsko, HopMa BeKTopa b npodpaHCTBe THJib6epTa jih6o nojio- 
>KHTejibHa, jih6o paBHa Hyjiro, npHMeM paBeHCTBO Hyjiio HopMbi hb- 

JIHeTCfl Heo6xOAHMbIM H AOCTaTOHHbIM yCJIOBHeM paBeHCTBa HyJIK) 

BeKTopa. MTo6bi stot ochobhoh nocTyjiaT BbinojiHHJicn b HameM 
cjiynae, Heo6xo/iHMo h flocTaTO^HO, hto6m v^O (cbohctbo a)) 1 ). 
YcJiOBHe paBeHCTBa Hyjiio BeKTopa a\v) ecTb qacTHbifl cjiyqaft ypaB- 
HeHHa (15a). C apyrofl ctopohm, BeKTOpw a|v) h a+|v\ AeficTBH- 

Te^bHO yAOBJieTBOpHIOT ypaBHeHHHM Ha COScTBeHHbie SHa^eHHH Teo- 

peMbi, TaK KaK, corJiacHO (14a) h (146), 

Na\v) = a{N~ 1) | v) = (v - l)a | v>, 
iVa+|v) = a+(JV+ l)|v) = (v+ l)a+|v>, 

^to h Tpe6oBajiocb AOKa3aTb. 

§ 4. CneKTp h 6a3HCHa« CHCTeMa onepaTopa N 

Ecjih v > 0, to npe/uuecTByiomaH TeopeMa npHMeHHMa h k 
BeKTOpy a|v), npHHaAJiexameMy co6cTBeHHOMy 3HaieHHio v — 1. 
3to y6e>KflaeT Hac b tom, hto v ^ 1. Ecjih v > 1, to TeopeMa npH- 
MeHHMa TaK>Ke k BeKTopy a 2 \v). TaK mu o6pa3yeM noa/ieAOBaTejib- 

HOCTb C06cTBeHHbIX BeKTOpOB 

a\v), a 2 |v), . . ., a p |v>, . . ., 

npHHaflJiejKaui,Hx co6ctb6hhhm 3HaieHHHM 

v— 1, v — 2, .... v — p, .... 



') Cm. 3aaa4y VII. 9. 
14 A, MeccMa 
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3Ta nocJieAOBaieJibHocTb o6H3aTejibHO KoneHHa, Tax KaK coScTBeH- 
Hbie 3HaqeHHH N orpaHHqeHbi cHH3y HyjieM. Hnane roBopa, BeK- 
Topu nocJie/iOBaTeJibHocTH Bee paBHbi Hyjiio, Hamman c HeKOToporo 
n + 1 : AeficTBHe a Ha co6cTBeHHbift ot^hhhhh ot Hyjin BeKTOp 
a n \v), npHHafljie^amnfl co6cTBeHHOMy 3HaMeHHio v — n, AaeT 0; 

COIViaCHO B) 3TO 3HaHHT, mto v = n. 

AHajiorHUHbiM o6pa30M mo>kho npHMeHHTb Hamy TeopeMy k BeK- 
Topy a + |v), KOTopbifl oneBHAHo He paBeH Hyjiio h npHHaA^ieKHT 
co6cTBeHHOMy sHa^eHHio (v + 1), 3aieM k BeKTOpy o +2 |v) h t. a. 
TaK noJiynaeTca HeorpaHHMeHHan nocjieAOBaTejibHocTb otjihhhmx 

OT HyjIH BeKTOpOB 

a+|v>, a +2 |v), a+ P |v), 

KOTOpHe HBJIHIOTCH C06cTBeHHbIMH BeKTOpaMH N, npHH3AJI6}KamHMH 
COOTBeTCTBeHHO C06cTBeHHbIM 3HaieHHHM 

v+ 1, v + 2, v + p 

FIpHXOAHM K 3aKJIIOHeHHIO, HTO CtieKTp COdCTBeHHblX 3HCmeHU.ti 

oneparopa N o6pa3oeaH nocjiedoecneAbHOCTbto i^enux neoTput^a- 
TenbHbix HUceA. FIocJieAOBaTeJibHOCTb co6cTBeHHbix BeKTOpOB, npn- 
HaA-'iejKamHx KamAHH oAHOMy H3 3HaneHHH cneKTpa, nojiy^aeTCH 
noBTopHHM AeflcTBHeM onepaTopoB a hjih a+ Ha oahh H3 sthx BeK- 

TOpOB. OTHOIlieHHe HOpM AByX COCeAHHX BeKTOpOB AaeTCH COOTHO- 

meHHflMH (15a) hjih (156). 3to mhokcctb BeKTOpOB o6pa3yeT 
nojiHyio cHCTeMy. fleftcTBHTejibHO, mojkho noKa3aTb, qra BCHKaa 
(pyHKUHH ot a H a+, KOMMyTHpyromas c N, HBjmeTCH (pyHKHHeH M 
(3aAaqa 1). IloaTOMy onepaTop N o6pa3yeT caM no ce6e noJiHbiH 
Ha6op KOMMyrapyiomnx Ha6jiK>AaeMbix h hh oaho H3 ero coficTBeH- 
hhx 3HaneHHH He MomeT 6biTb bhpojkasho. 

IloCTpOeHHbie HaMH BeKTOpbl He HBJIHIOTCH HOpMHpOBaHHblMH Ha 
eAHHHHy. Ho tJT06bI nOJiy^HTb 0pT0H0pMHp0B3HHbIH 6a3HC HafijIK)- 
AaeMOH TV, AOCTSTOMHO yMHO>KHTb Ka>KAbM BeKTOp Ha COOTBeT- 

cTByiomyio nocTOHHHyio, KOTOpyio cJieAyeT Bbi6paTb, hcxoah H3 co- 
OTHomeHHH (15a) h (156). Tpe6oBaHHe HopMHpoBKH onpeAeJineT 

yKa3aHHyK) nOCTOHHHyiO TOJIbKO C TO^HOCTblO AO (pa3bl, KOTOpyio 

mh eme MomeM Bbi6paTb TaK, hto6h MaKCHiwajibHo ynpocTHTb no- 
jiynaiomHecH tpopMyjibi. B pe3yjibTaTe HaxoAHM nocneAOBaTejib- 

HOCTb OpTOHOpMHpOBaHHblX BeKTOpOB 

10), |1), .... \n) (16) 

npHHaAJie>KaiH,HX, COOTBeTCTBeHHO, CJieAyiOIHHM C06CTBeHHbIM 3Ha- 
HeHHHM N; 

0, 1 n 



§ 5. nPEflCTABJIEHHE (JV) 
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BeKTOpbl CBH33HbI Apyr C ApyrOM peKyppeHTHHMH COOTHOUieHHHMH: 

a+|n)= V"+ 1 \n+ 1), (17) 
a|«) = -yjn\n— l)(n^0), (18) 
a|0> = 0. (19) 

HeTpyflHo npoBepHTb, mo Bee ohh nojiyqaiOTCH H3 BeKTOpa |0) 
corjiacHO (popMyjie 

|n> = -^r|0>, (20) 

yflOBJieTBOpHHDT yp aBHeHHK) Ha C06CTBeHHbie SHaueHHH 

N\n) = n\n) (21) 

H HOpMHpOB3HbI Ha eAHHHUy, T. e. yflOBJieTBOpHIOT COOTHOUieHHHM 

(n\n') = 6 nn >. (22) 

riocKOJibKy onepaTop N caM no ce6e cocTaBJiaeT nojiHbift Ha- 
6op, nocneaoBaTejibHocTb BeKTopoB (16) o6pa3yeT nojmyio ch- 
CTeMy BeKTopoB npocTpaHCTBa AHHaMHqecKHx coctohhhh H3ynae- 

MOH KB3HT0B0H CHCTeMbI & . OcTaeTCH npOBepHTb BHyTpeHHIOK) CO- 

rviacoBaHHOCTb Hauiero nocTpoeHHH &, a hmchho, y6eAHTbcfl, ito 

BeKTOpbl H3 <g yAOB^eTBOpHK)T BCeM Tpe60B3HHHM, npeflTjHBJIHeMblM 

k BeicropaM npocTpaHCTBa THJibSepTa, a fpHsiwecKiie BejiHmiHbi 
npeacTaB^eHH Ha6jiK>AaeMbiMH, KOTopbie hoatohhiotch npaBHJiaM 
cooTBeTCTByiomeH ajire6pbi. Mu He 6ya,eM 3aHHMaTbcn 3Aecb sthmh 
T0HK0CT3MH (saAa^a 3). 

§ 5. FIpeACTaBjieHHe {N} 

BeKTopbi nocjieAOBaTejibHocTH (16) o6pa3yioT 6a3HCHyio ch- 
CTeMy HeKOToporo npeACTaBJieHHH, KOTopoe 6yAeM Ha3biBaTb npeA- 
CTaBJieHHeM {N}. H3 ypaBHeHHft (17), (18), (19) h (21) HeTpyAHO 
nojiyiwTb MaTpniiH, cooTBexcTByiomHe b stom npeACT3BJieHHH one- 
paTOpaM N, a n a + . Ecjih ycjiobHTbcn pacnojiaraTb ctpokh h ctojio"- 

Ubl 9THX MaTpHI], nO IIOpflAKy B03paCTaK)mHX KB3HTOBbIX nmceji n 

(BepxHHH dpoKa cooTBeTCTByeT n = 0, cjieAyromaa CTpona — n = 
= 1 h t. A-; JieBbift CTOJi6eix cooTBeTCTByeT n = 0, cJieAyiomnH 
CTOJiSeu — n= 1 h t. A-). to ajih onepaTopa N nojiyiHM Anaro- 
HajibHyio MaTpnuy 



0 0 
0 1 
. 0 



N = 
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A-rca onepaTOpa a 



a — 



BemecTB^HHyro MaTpnuy 

o V" o o . . . 

o o *Ji o . . . 
o o o 

o o Vf . 



o 



0 



iyie oT^HMHue ot Hyjia ajieivieHTbi pacnojiaratOTca Ha AnaroHajw, 
6^H>KafliijeH CBepxy no OTHOiueHHK) k rJiaBHoft AnaroHajiH, a a-ah 
onepaTopa a + — spmhtobo conpa>KeHHyio MaTpnny 



o o 

yr o 
o y<r 



0 . 
0 . 

0 0 



0 



o 



0 

V4~ 0 



i\ae OTJiHMHbie ot Hyjia sjieivieHTbi pacnoJiaraioTCH Ha AHaroHajin, 
6jiHH<aHiiieH CHH3y no OTHomeHHio k rjiaBHofl. BBHAy Toro, ito 
Ha6jiio^aeMbie kb3htoboh cncTeMbi BbipawaiOTCH KaK (pynKUHH 
a h a + , HeTpyflHo nocTpoHTb MaTpnnw, cooTBeTCTByiomHe hm b 
npeACTaBJieHHH {N}. B qacTHOc™, HMeeM 

W=(N+ 1/2) too, (23) 
* = (^)V + a), (24) 

/> = /(^)V-«). (25) 

OnepaTop 96 AHaroHajieH b stom npeACTaBJieHHH, h ero coScTBeH- 
Hbie 3Ha i ieHHa paBHbi 

(n+ 1/2) to (n = 0, 1, 2 oo); 

Ha6jiK)AaeMbie g h p BbipajKaioTca kbk JinHeihibie (pyHKUHH a h a + , 

TaK 1T0 OTJIHMHbie OT HyjIH SJieMeHTbl npeACTaBJ]HK)UJ,HX HX MaT- 

pnu, pacno^araioTCH Ha AByx AnaroHajiax, coccahhx c rjiaBHofi Ana- 
roHa/ibio. HnTaTejib caM 6e3 TpyAa nocTponT sth MaTpnnbi. 



§ 6. OnepaTopw poxtaeHHSi h ymmTOxteHHsi 

OnepaTopu N, a h a+ 6hjih BBeAeHbi ajih ynpomeHnn peineHHa 
3aAaqH Ha co6cTBeHHbie 3HaqeHHH. Ecjih onepaTop 96 HBJiaeTCH 
raMHJibTOHHaHOM OAHoft qacTHiibi b oahom H3MepennH, to 3th one- 
paTOpbi He hm6K)t HenocpeACTBeHHoro <pH3imecKoro cMbic/ia. 



§ 6. OnEPATOPbl POKAEHH3 H yHHHTO>KEHH5I 
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OflHaKO 3aAaqa ua co6cTBeHHbie 3HaqeHHH 36 AonycKaeT h Apy- 
ryio HHTepnpeTanHio. BBHAy Toro, to ypOBHH aHeprHH skbhah- 
cTaHTHbi c npoMe>KyTKOM fico, mo>kho paccMaTpHBaTb 36 KaK ra- 

MHJlbTOHH3H CHCTeMbl TOJKAeCTBeHHblX MaCTHU, HaXOflHIUHXCH B OA" 
HOM SHepreTHHeCKOM COCTOHHHH fid), qHCJIO KOTOpblX N MOiKeT H3- 
MeHHTbCH, TaK MTO Ka^KAOe C06CTBeHH0e COCTOHHHe 36 COOTBeT- 

CTByeT onpeAeJieHHOMy 3HaqeHHio N h, crceAOBaTejibHo, onpeAejieH- 
HOMy 3HaqeHnio nojiHoft aHeprHH. Tor^a BeKTOp \n) npeACTaBJiaeT 
cocTOHHHe, B KOTOpOM npHcyTCTByeT n qacTHu: BeKT.op |0) npeA- 
CTaB^aeT cocTOHHHe 6e3 qacTHu, (BaKyyin). npH nepexoAe ot coctoh- 

HHH |rt) K COCTOHHHK) HHCJIO qaCTHU, yBejIHHHBaeTCH Ha 

eAHHHuy, a nojmafl aHeprHH CHCTeMbl B03pacTaeT Ha BejiHiHHy fico. 
3aMeHaeM, OAHaKO, hto aHeprHH nycToro coctohhhh paBHa He 
nyjiK), a BejiHMHHe fiw/2; stoh aHOMajiHH mo>kho H36e»aTb, ecjiH 
b KanecTBe onepaiopa sHeprHH CHCTeMbl B3HTb He 36, ho 36 — fi«>/2. 

CorJiacHO stoh HHtepnpeTauHH, onepa-rop N npeACTaBJineT hhc- 
jio qacTHu, h ero co6cTBeHHbie 3HaieHHH cyTb uejibie MHCJia ot 0 
£0 + oo. OnepaTop a + npeo6pa3yeT coctohhhc c n nacTHuaMH b 
cocTOHHHe c (n+ 1) MacTHuefl: a + ecTb onepamp pooxdenuH. One- 
paTop a Hao6opoT yiweHbiiiaeT Ha eAHHHuy nmno npncyTCTByiomHx 
qacTHu: a ecTb oneparop yHUHTOOKenun. 

IloAo6Haa HHTepnpeTaunn rapMOHHqecKoro ocuHJUiHTOpa uih- 

POKO HCnOJIb3yeTCH B KB3HTOBOH TeOpHH nOJIH H B TeOpHH KpHCTajI- 

jinqecKHX h MOJieKyjinpHbix K0jie6aHHft. SjieKTpoiviarHHTHoe nojie, 
HanpHMep, MOHteT 6biTb npeACTaBJieHO b BHAe cynepno3HUHH njio- 
ckhx bojih, xapaKTepH3yeMbix BCKTOpOM nojiHpH3auHH E H B0J1H0- 
BbiM BeKTopoM ft, cooTBeTCTByiomaH qacTOTa paBHa w = k/c. Kjiac- 

CHMeCKH HHTeHCHBHOCTb Ka>KAOH COCTaBJIJUOUieH M0*eT H3MeHHTbCH 
HenpepUBHO, HO B KB3HT0B0H TeOpHH 3TH H3MeHeHHH npOHCXOAHT 
CKaiK006pa3H0 UCJIMMH CBeTOBblMH KB3HT3MH HJ1H (pOTOH3MH C 

SHeprHefi firo. TaMH^bTOHHaH KBaHTOBoro 3JieKTpoM3rHHTHoro nojin 
Bbipa«<aeTCH coBOKynHocibio qjieHOB, othochiuhxch k (poTonaM on- 
peAeJieHHoro THna, KOTOpbifi xapaKTepH3yeTca e h ft (nycTb HH^eKC 
s o6o3HaqaeT K0M6HHHp0BaHHbi& HH^eKc (e, ft) ) : 

H = ^ 36 s . 

s 

Ka*AHfl napuHajibHbiH raMHJibTOHHaH MOJKeT 6biTb 3anHcaH b 
4>opMe 

36 s = tHa s a\a s . 

OnepaTopw a s h a* spmhtobo conpa^eHbi Apyr Apyry h yAOBJieT- 

BOpHlOT KOMMyTailHOHHbIM COOTHOIHeHHHM 

[a s , aJ,] = 6 SI „ 
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KOTOpbie HBJIHKXTCH npOCTbIM o6o6lU.eHHeM COOTHOUieHHfl (10). FIpH 

3tom onepaTOpH a+ h a s HHTepnpeTHpyiOTCH cooTBeTCTBeHHO, 

K3K OnepaTOpbl pOJKAeHHH H yHH1TO}KeHHH {pOTOHa THna s (cm. 

rji. XXI, t. II). 

§ 7. npcaeraBjieHHe {Q}. IloJiHHOMbi SpMHTa 

Ha H3biKe bojihoboh MexaHHKH 3aflaqa Ha coScTBeHHbie 3Haie- 
hhh onepaTopa 36 cboahtch k HaxoKAeHHio 3HaqeHHH E, npn ko-> 
Topbix ypaBHeHne 

m (q) ^ (- T^-^jT + J m©V) * (q) = E$ (q) 

ofijiaAaeT pemeHHeM, peryjinpHbiM Ha o6ohx KOHuax HHTepBajia 
( — °°, +o°). Ecjih BOcnojib30BaTbC5i b 3toh saAa^e paccywAeHHHMH 

TJI. Ill (§ 10), TO MOXiHO KOHCTaTHpOBaTb, HTO 3H3HeHHe E, yAOB- 

jieTBop5nom,He yKa3aHHOMy Bbime ya/ioBHio, o6pa3yioT AHCKperaHH 
cneKTp, npaieM KajKAOMy H3 3HaqeHHH E cooTBeTCTByeT oaho h 
TOJibKo oaho peiueHHe (onpeAcnneMoe c TO^HocTbio ao iioctomh- 
Horo MHOKHTejin) ; 3to peiueHHe HMeeT orpaHHqeHHyio HOpMy. 9tot 
pe3y^bTaT Bno;me corjiacyeTca c BbiBoaaMH npeAuiecTByiomero 
naparpacpa o tom, tto cneKTp onepaTopa nojmocTbio AHCKpeTeH h 
iieBbipo«<fleH. Peman saAaqy Ha co6cTBeHHbie 3HaqeHHH b yKa3aH- 
hoh Bbime nocTaHOBKe, mh HafiAeM BHOBb nocjieAOBaTC/ibHOCTb co6- 
CTBeHHbix 3HaMeHHfl onepaTopa 36: 

y/kD, jttii), . . ., (rt + y)/lCD 

npHHaaJiescamHe sthm 3HaqeHHHM co6cTBeHHbie (pyHKUHH ty n (q) = 
=={q\n) onncHBaiOT co6cTBeHHbie coctohhhh \n) b npeAeraBJie- 
hhh {q}. 

B AaJibHefimeM MbI BOcno;ib3yeMCH npeACTaBJieHHeM {Q}, koto- 
poe noJiyqaeTca H3 {q} 3aMeHoft nepeivieHHbix (4). Co6cTBeHHbie 

(pyHKUHH U n (Q) H tyn(q), OTHOCHIUHeCH K OflHOMy COfiCTBeHHOMy 
COCTOHHHK) | tl) B npeACTaBJieHHHX {Q} H {<?} COOTBeTCTBeHHO CBH- 

3aHU cooTHomeHHeM 

(Q\ n )^ Uni Q)=(JL.y% n{q y 

YpaBHeHHe (8) hbahctch ypaBHeHHeM IIIpeAHHrepa b npeACTaBJie- 

HHH {Q} (c TOTHOCTblO AO MHOJKHTeJIH fid)). 

Co6cTBeHHbie (pyHKUHH «o(Q), «i(Q)> u n (Q), ... nojiy- 
naioTCH 6e3 TpyAa c noMombio cooTHOiueHHft (17 — 19). CoScTBeH- 
H3H (pyHKUHH OCHOBHOrO coctohhhh yAOBjieTBopneT ypaBHeHHK) 
(19), t. e. 

[w +Q ]" o(Q)=0 - 
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HopMHpoBaHHoe Ha eAHHHuy pememie SToro ypaBHeHHH HMeeT bha 

u 0 (Q) = n-^e-W 2 . (26) 

H3 (17) H (18) MOJKHO nOJiyUHTb COOTHOIIieHHH, CBH3HBaK)mHe HOp- 

MHpoBaHHbie co6cTBeHHbie (pyHKUHH, npHHaAJie»aiu,He coccahhm 
coScTBeHHHM sHaMCHHHM (cm. AonojmeHHe B, pa3Aeji III). B ia- 
cthocth, noBTopHoe npHMeHeHHe (17) no3BOJineT nocTpoHTb Bee 
co6cTBeHHbie (pyHKUHH, hcxoah H3 PyHKUHH u 0 . BMecTo (17) yno6- 
Hee HcnoJib30BaTb cooTHouieHHe (20), KOTopoe nojmocTbio 3kbhb3- 
jieHTHO eMy, hto AaeT 

u n (Q) = [V« 2 re «!]~ 1/2 (Q - . (27) 

noJib3yncb onepaTopHHM tojkasctbom 

mo>kho nepenncaTb ypaBHeHHe (27) b cpopMe (B.70), rAe H n (Q) — 
iiojihhom 3pMHTa nopHAKa n b cootb6tctbhh c onpeaeJieHHeM 
(B.59). TaKHM o6pa30M, nojiyqaeM, hto u n (Q) BbipajKaeTcn KaK 
npoH3BeA6HHe exp( — Q 2 /2) Ha nojiHHOM CTeneHH n a mcthocth 
( — 1)". TjiaBHbie CBoflcTBa sthx hojihhomob yKa3aHH b Aonojrae- 
hhh B, § 7. 

Paaaeji II. nPHJTO>KEHHJI H PA3J1HHHME CBOHCTBA 

§ 8. npOH3BOAHmaH <J)yHKUHH C06CTBeHHbIX PyHKUHH U n (Q) 

B Ka^ecTBe npHMepa npnjio^eHHH pe3yjibTaTOB TeopHH HafiAeM 

npOH3BOAHUtyiO (pyHKUHK) C06cTBeHHbIX pyHKUHH U n (Q), T. C (pyHK- 
UHK) 

OO 

F(t, Q)=Z c n u n {Q)t n , 

r\ne c n — cooTBeTCTByiomHe nocTOHHHbie hopmhpobkh. BBHAy Toro 
hto u n (Q) npeACTaBJineT BeKTop (rc!) -1/2 a + *Jo) (ypaBHeHHe (20)), 
(pyHKUHH F{t,Q) npeACTaBJiaeT BeKTop 

n 

ECJIH BblfipaTb 

V"! 

to f (/, Q) 6yAeT npeACTaBJiHTb BeKTop exp (a 1 "/) | 0) 

^C, Q) = <Qk +z |0>. (28 > 
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171. XII. TAPMOHH4ECKHPI OCUHJI^HTOP 



XUifl BbiHHCJieHHa nocaeAnero BbipameHHH Bocnojib3yeMca cjie- 
Ayiomefi jieMMoft. 

Jl e m m a. Ecau KOMMyrarop deyx oneparopoe A u B KOMMyru- 
pyer c KaowdbiM m mix 

[A, [A, B]] = [fi, [A, fi]] = 0, 

to UMeer Mecro roxcdecTeo 

e A + B = e A e B e ~J |A Bl _ (29 ) 

IlpHBOAHMoe HaMH AOKa3axe;ibCTBO npnHaAAe*HT r^ayfiepy. PaccMOTpiiM 
onepaTop, saBHcaiuHH ot napaMeTpa x 

f(x)=e Ax e Bx . 

HMeeM 

M- = Ae Ax e Bx + e Ax Be Bx = (A + e Ax Be~ Ax ) f (x). 

Ho nocKOJibKy [B, A] KOMMympyeT c A: 

[B, A n ] = nA n - 1 [B, A], 
[B, e~ Ax ] = J]-^f^ [S, A n ] = ) ) n )| /I"" 1 IB, A) = - e-^ [B, /1J x. 

C^eAOBaTejibHO (cm 3aAaqy VIII. 4), 



Tax no 



e Ax Be~ Ax = B — [B, A] x, 



-g- = (A + B + [A, B]x)f(x). 



OnepaTop j(x) HBAHeTcn pemeHHeM 9Toro AwptpepemmaJibHoro ypaBHeHHH, npa- 
lein 1(0) = 1. IlocKOAbKy onepaTopu A + B h [B, j4] KOMMynipyioT, ohh MoryT 
paccMaipHBaTbcs 3Aecb corjiacHo obummu npaBHAaM aAreSpu. flntpipepeHUHaAb- 
Hoe ypaBHeHHe HHTerpHpyeicsi 6e3 TpyAa h AaeT 

To>KAecTBO (29) cAeAyeT, ec/iH noAOWHTb x = 1 

B3hb A = Qt/«j2, B= — iPt/^2. [A, B] = / 2 /2, npHMeHHM twkacctbo (29) 

k onepaTopy exp (a + 0. TorAa 

exp (a^t) = exp (Q^/V2") exp (- ) exp (- t 2 /4), 

IlepeHOCH 9TO Bupa>KeHHe b ypaBHeHHe (28), noAyiaeM 

F (t, Q) = e _m e 0/ V2~( Q | e -iPt VT | 0 ) 

Ho 

t d_ 

( Q I e -«*v5- 1 o ) = ~ V2 • d0 Uo (Q) _ Uo (q _ J^y 



§ 9. HHTETPHPOBAHHE YPABHEHHt! TEH3EHBEPrA 
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BocnoJib30BaBuincb BbipaweHHeM (26) n,nn «,„ nocjie Bbmna/ieHHft ncwiyiHM 

oo 

F(t, Q) «£i^/»_„-«/«„p(-£ + *QV5--£). < 30 > 
n-o ^ n 

§ 9. HHTerpHpoBaHue ypaBHeHHH reii3eH6epra 

PaCCMOTpHM rapMOHHMeCKHH OCUHJTJlHTOp b «npedcTa6AeHUU» 

['eu3eH6epaa. Bee onepaTophi b stom naparpatpe 6yAyT onepaTO- 
paMH b «npeflCTaBJieHHH» reiteenSepra, nosTOMy onycTHM hhackc 
H, KOTopbifi mw HcnoJifa30BajiH b rji. VIII. Bee onepaTopu n3Me- 
hhiotch bo BpeMeHH. Hhaskcom «0» Sy^eM oTMeqaTb hx 3HaqeHHH 

B MOMeHT BpeMeHH / = 0. 

yiHTbiBaa ypaBHeHHe (23) h cooTHomeHHa (14), mo>kho 3anH- 
caTb ypaBHeHHH reiteeHdepra ajih onepaiopoB a h a + : 

ih = [a, W\ = h&a, lh = [o+i M\ = - ha>a\ 

ypaBHeHHH HHTerpnpyioTCH 6e3 Tpy^a, hto AaeT 

a{i) = a 0 e- iat , (31a) 

a+(0 = aj^. (316) 

Hcno;ib3yH cooTHomeHHa (24) h (25), Bbipamaromne q h p qe- 
pe3 a h a + , HaxoAHM 

P W = i (-^) 1/2 (ao eim< - aoe-'"*)- < 33 ) 

HaKOHeu, Bbipaman a 0 h aj qepe3 HaqajibHyio KoopAHHaTy q 0 h 
HaqaJibHbiH HMnyjibc po, nojiyqaeM 

q (0 = q 0 cos a/ + p 0 sin ©/, (34) 

P (0 = Po cos to/ — mco<7 0 sin <at. • (35) 

B 3thx onepa-ropHbix ypaBHennnx noflBjiaioTCfl Te *e caMbie Tpnro- 
HOMeTpHMecKHe (pyHKUHH, mto h b cJiyqae KJiaccnqecKoro rapMOHH- 
qecKoro ocuHJiJiHTOpa. B qaeTHocTH, cpe#HHe 3HaqeHHa (q)t, {p)t 

nOAqHHHIOTCH KJiaCCHqeCKHM 33KOH3M ABHJKeHHH: 

(q)t = {q)o cos (0/ + (p) 0 sin wt, (36) 

(p)< == (Po) cos a)/ — mw (<?)o sin at. (37) 
3to cbohctbo rapMOHHqecKorp ocu,HJiJiaTopa ywe oTMeqaJioo 
6 (Vi- VI- 
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TJl. XII. rAPMOHIMECKHn OCUHJIJIHTOP 



§ 10. KjiaccHqecKHH h kbshtobmh ocijHJijiflTopbi 

B uejiax H^jiiocTpauHH cooTBeTCTBHH Me>KAy KJiaccHnecKofi h 
KBaHTOBOH MexaHHKaMH cpaBHHM b 3tom h cjieAyiomeM naparpa- 

(pax 3aKOHbI ABHHJeHHH KJiaCCHieCKOrO H KBaHTOBOrO OCUHJIJIHTOpOB. 

06m.ee pemeHHe ypaBHemift ABH>KeHHH KJiaccnqecKoro rapMo- 
HHiecKoro ocijH.Ji.riHTopa mo>kho 3anncaTb b BHAe: 

<7kji = A sin {<s>t + <p), p KJl = maA cos {at + qp). 

3to hhcto cHHycoHAajibHoe KO/ie6aTejibHoe ABHmeHHe c (KpyroBoft) 
qacTOToft co. 3aKOH ABH>KeHHH 33BHCHT ot AByx napaMeTpoB A H q). 
SHeprHH ocuHjuiHTopa CBH3aHa c a mii JiHTy,no ft KOjie6aHHH A coot- 

HOUieHHeM 

E^^-. (38) 

ECJIH CpHKCHpOB3Tb SHeprHK) Ekj,, TO pa3^H1Hbie B03MO>KHbie flBH- 
>KeHHH OTJIHqaiOTCH Cpa30BbIM CABHTOM Cp. 

FlycTb F Kll — HeKOTopan AHHaMH^ecKan nepeMeHHan chctcmh. 
By/iy^H cpyHKUHeft q K „ h p KJl ona nepHOAHiecKH (ho He o6fl3aTejibHO 

CHHyCOHAaJlbHo) H3MeHHeTCH BO BpeMeHH C HaCTOTOH CO. 3aK0H H3- 
MeHeHHH F K ji AJIH AByX B03MOJKHHX ABHHteHHH C OAHOH H TOH >Ke 

SHeprneH oahh3kob c ToiHocTbio ao cpa30Boro CABHra. CpeAHee 

F K1U B3HT0e no BCeM B03MO>KHbIM ABH^eHHHM C OAHHaKOBOH 3Hep- 

rHeft (MHRpoKaHOHH^ecKHft aHcaM6jib), nojiy^aeTCH nyTeM ycpeA- 
HeHHH no cABHraM cpa3; F K ji He 33bhcht ot BpeMeHH h paBHO cpeA- 
HeMy no nepHOAy 2jt/co ot 3HaHeHHH, npHHHMaeMbix F Kn b TeneHHe 
OAHoro nepnoAa. B nacTHOCTH, HaxoAHM 

4™ = p K „ = 0, (39) 

pL^^Wk^^ (41) 

(cpeAHHH KHHeTHHecKan h cpeAHHH noTeHunaJibHaa 3HeprHH ocuhji- 
jiHTOpa paBHbi Apyr Apyry). 

CpaBHHM 3TH pe3yJIbTaTbI C nOBeAeHHeM KBaHTOBOrO ocuhjijih- 
TOpa B CTaUHOHapHOM COCTOHHHH. B C0CT0HHHH KBaHTOBHH oc- 

UHJUiflTop HMeeT onpeAejieHHyro h nocTOHHHyio bo BpeMeHH 3Hep- 
thio: (n + l/2)fico = E n . HanporaB, HafijiioAaeMbie noJio>KeHHH q 
h HMnyjibca p He HMeioT onpeAeJieHHbix 3HaMeHHft; mojkho TOjibKO 
onpeAejiHTb craTHCTHqecKoe pacnpeAeJieHHe pe3yjibTaTOB H3Mepe- 

HHH TOfi HJIH HHOH H3 3THX BeJIHHHH. FIoCKOJlbKy COCTOHHHe CTaUHO- 

HapHO, 3th CTaTHCTHiecKHe pacnpeAcneHHH nocTOHHHbi bo BpeMeHH. 
B qacTHOCTH, cpeAHne 3HaHeHH« q h p paBHU cooTBeTCTByiomHM 
AnaroHajibHbiM 9JieMeHT3M MaTpnu npeACTaBJieHHH {A'}: 

{n\q\n) = (n\p\n) = Q. (42) 



S 11. flBH)KEHHE MHHHMH3HPyiOIUErO BOJlHOBOfO nAKETA 
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CpeflHHe 3HaqeHHH q 2 h p 2 BbiiHCJiaioTCH 6e3 TpyAa, ecJiH Bbipa3HTb 
9th onepaTopu qepe3 a h a + (ypaBHeHHa (24) — (25)) h ncnojib- 
30BaTb cooTHomeHHa (17 — 19). floJiy^aeM 

<n|? 2 |n) = -2^-<n| (a+a + aa+) | ») = , (43) 

<n | p 2 1 ft) = (n | (a+a + aa?) \ ra> = m£„. (44) 

npHHunn cooTBeTCTBHH TpegyeT (cm. 3aAany 4), htoSh b npeAeJie 
n -> oo BbipajKeHHH cpeAHHX 3HaieHHH (42) — (44) nepexoAHJiH 
cooTBeTCTBeHHo b KJiaccHqecKHe Bbipa>KeHHH (39) — (41) ajih Toro 
>Ke 3HaneHHa aHeprHH (E n = E KJ1 ). Tot cpaKT, ^ito hckomoc paBeH- 

CTBO OCymeCTBJIHeTCH npH JIK)6bIX 3Ha*ieHHHX ft, HBJIHeTCH CBOH- 

ctbom, xapaKTepHbiM hmchho ajih rapMOHHiecKoro ocuHJiJiHTOpa. 
3aMeTHM, Mem^y npo^HM, ^to b coctohhhh \n) 

Ap- A<7 = £„/co = (rt + 1/2) ft (45) 

b corjiacHH c cooTHOiueHHHMH HeonpeAejieHHoc™ KOOpAHHaTa-HM- 
nyjibc. 

§ 11. ABH>KeHHe MHHHMH3Hpyiomero BojiHOBoro naneTa 
h KJiaccHqecKHH npeAeJi 

PaCCMOTpHM BOJIHOBOH naKeT B OAHOM H3MepeHHH: 

3to MHHHMH3HpyiomHH bojihoboh naKeT (saAa^a IV. 4) : oh npeA- 
CTaBJiaeT MacTHiiy, jioKaJM30BaHHyio b KOHcpHrypauHOHHOM npo- 
CTpaHCTBe okojio cpeAHero nojiomeHHH (q} co cpeAHeKBaApaTHM- 
hhm OTKJiOHeHHeM Aq — (fi/2mo))' /2 h JK>KajiH30BaHHyio b npoerpaH- 
CTBe HMnyjibcoB okojio cpeAHero 3HaqeHHH <p> co cpeAHeKB aApa- 

THHHHM OTKJIOHeHHeM Ap = (fi/ftCo/2) 

Ecjih ABH^eHHe qacTHUbi onpeAeJineTCH raMHJibtoHHaHOM 36, to 
mojkho noKa3aTb (saAawa 6), mto bojihoboh naKeT ocTaeTcn mhhh- 
MH3HpyiomHM h ocHHJiJiHpyeT c qacTOTOH co. ToHHee roBopa, cra- 
THCTHqecKoe pacnpeAeJieHHe p{q,t) BeJinqHHbi q H3MeHHeTCH no 
3aK0Hy 

p(<7, 0-lf <* 0l 2 =(^-) 1/2 exp[-^(,-W]. 

CjieAOBaTejibHO, oho ocHHJiJiHpyeT, He AecpopMHpyncb, npHtieM 
neHTp pacnpeAeJieHHH (q)t ocymecTBJineT rapMOHH^ecKoe ABHJKe- 
HHe, npeACKa3HBaeMoe KJiaccHiecKofi Teopnefl. CTaTHCTHiecKoe 
pacnpeAeJieHHe p BeAeT ce6a aHajiorH^HbiM o6pa30M. 
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B npoTHBonojio^HOCTb 9TOMy CTaTHCTHMecKoe pacnpe/ieJieHHe 
Ha6jiK>AaeMOH $6 ocTae-rcfl nocToaHHHM bo BpeMeHH. BepoaTHOCTb 
HaflTH cHCTeMy b coctohhhh c SHeprweH (n +l/2)fiw b KaKAHH 
MOMeHT BpeMeHH paBHa (3aAana 6): 

] / p >.« -iiSi 
' I C M ] p All). 

n\ \ &w ) ' 

i\ne HcnoJib30BaHO o6o3Ha i ieHHe 

£ K ,==i((p) 2 + mV(9} 2 ). 

3aKOH pacnpeAejieHHH BepoHTHocTefi no3BOJiHeT HafiTH cpeAHee3Ha- 
HeHHe 3HeprHH 

(E) = £ (» + |) to ^ (if)" = + W 

h cpeAnee KBaApaTH^Hoe om/iOHeHHe 

A£ = V(<^ 2 ) - W = y/to£ KJ , • (48) 

PaccMaTpHBaeMbiH bojihoboh naneT xopouio HJUnocTpnpyeT co- 
OTHOiueHHH HeonpeAejieHHOCTH. Oh Bbi6paH t3khm o0pa3OM, hto 
npoH3BeAeHHe HeonpeAejieHHocTeft Ap-Aq iioctohhho paBHO CBoeMy 

MHHHMajIbHOMy 3HaieHHK) fi/2. 

Mto xe KacaeTca cooTHomeHHH BpeMH-aHeprHa, to AE mojkho 
cpaBHiiTb c npoMe>KyTKOM BpeMeHH Xq, xapaKTepH3yioin,HM phtm 
3bojiiouhh CTaTHCTHnecKoro pacnpeAe/ieHHH q. nyerb x q ecTb Bpe- 
mh, Heo6xoAHMoe ajih Toro, qTo6u ueHTp pacnpeAeJieHHH (q} t cMe- 
cthjich Ha uiHpHHy pacnpeAeJieHHH Aq. IlocKOJibKy cKopocTb ueHT- 
pa naneTa paBHa (p)//m, HMeeM 

m . __J_ (hm \ m 

Xq ~ (P)t q ~~ <p)t V 2(0 J • 

Be^nqHHa x q nepHOAHiecKH npoxoAHT qepe3 MHHHM yM, Koraa (pt) 
AOCTHraeT CBoero Hanfio^biuero 3na i ieHHH ■\j2mE Kls . B stom cjiynae 
HMeeM 




Hcnojib3yH (48), noJiymiM 

x qmln -AE = fi/2 (49) 



b corjiacHii c cooTiiouieHiieM (VIII. 47) neonpe/ieJienHocTH BpeMH- 
aneprHH. 



§ 12. TEPMOAHHAMHqECKOE PABHOBECHE 
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AMnjiHTy.ua A K0Jie6aHHH ueHTpa BOjmoBoro naKeTa Bbipa>KaeT- 

Cfl KJiaCCH^eCKHM COOTHOUieHHeM (38) 



B npeAejie, Koraa 9Ta aMnjiHTyAa Be/iHKa no cpaBHeHHK) c npoTH- 
/KenHOCTbio naneTa (fi/2mco) 1/2 h b toh iwepe, b KaKofi mojkho npe- 
He6penb AJiHHaMH nopHAKa (/?/2ma))' /! , KjiaccnqecKHfi o6pa3 Toneq- 
Hofi qacTHiibi, ocuHJiJinpyiomeH no 3aKOHy (q) t AaeT yaoBJieTBopH- 
TejibHoe onncaHne HBJieHHH. 3tot npeaeji aBjiaeTCH npeaejioM 

flOCTaTOMHO 60JIbIUHX KB3HT0BHX "WCejI B COrViaCHH C 06lU,HM npHH- 

UHnoM cooTBeTCTBHH. HeficTBHTejibHO, oh peajiH3yeTca npn E K}< 
S> fico, ho hhcjio KBaHTOBaHHbix ypoBHefi sHeprHH, Aaiomux 3aMeT- 
Hbifi BKJiaa npn o6pa30B3HHH BOJiHOBoro naneTa, no nopaAKy Be- 

JlHIHHbl paBHO OTHOUJeHHIO AE K paCCTOHHHK) Me>KAy ypOBHHMH, T. C 



KoHenHo, yKa3aHHbift KJiaccnnecKHH o6pa3 npeAnojiaraeT TaK>Ke, 
hto AHcnepcHH no HMnyjibcaM Ap = (fimw/2) 1 '' h AHcnepcnfl no 
9Heprnn A£ = (fico^KJi) 1/2 paccMaTpHBaiOTCH KaK npeHe6pe»HMo Ma- 

Jlbie BeJIHHHHH. 

Mto KacaeTca SHeprHH, to c yKa3aHHofl Bbiuie TOiHOCTbK) 
{E)fn E KJl ; AeftcTBHTejibHO 



riosTOMy mh MomeM npHnncaTb CHCTeine 3HeprHio E KJl cooTBeT- 
CTByiomeH KJiaccHHecKofi qacTHUM. 

§ 12. rapivioHHMecKHe ocumiJiHTopbi 

B TepMOAHHaMHMeCKOM paBHOBeCHH 

PaccMOTpHM" rapMOHHqecKHft ocuHjijiHTop, HaxoAHUiHHca b Tep- 
MOAHHaMHiiecKOM paBHOBecHH c TepMocTaTOM npn TeMnepaType T. 
Ero AHHaMHnecKoe coeroHHHe HBJineTCH CMemaHHbiM h corjiacHO 3a- 
KOHy BojibiiMaHa onncbiBaeTca MaTpnuefi njioTHOCTH 

e -9€/kT 

P= Sp .-*/"" (50) 

H3yqnM cBoftcTBa TaKoro CMeniaHHoro coctohhhh. 
Bh^hcjibm cHana^a craTUCTUHecKyto cyMMy 





(E)-E Kn = 



/fco/2 < AE. 



Z(|i) = Sp 
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171. XII. rAPMOHHIECKHH OCUHJIJISTOP 



/rA 3 In Z 

an 



BbiMHCJieHHe cne,n,a JierKo npOH3BOflHTCH b npeACTaBJieHHH, p^e AHa* 
roHajibHa Ha6jiiOAaeMaH 36: 

OO CO 

OTKyaa, cyMMHpya reoMeTpHuecKyio nporpeccnio b npaBofl qacra 
ypaBHeHHH, HaxoAHM 

CpeAHHH SHepraH 

<£)=Spp^ 

noJiyqaeTCH H3 cTaTHCTH^ecKoft cyMMbi c yqeTOM ypaBHeHHH 
(VIII. 84). H M eeM 

In Z = - ^~ - In (1 - e-**») , 

OTKyaa 

= — cth = \- ... T . (52) 

CjieAOBaTeJibHo, ajih cpeAHeft sHepniH KBaHTOBoro ocuHjuiHTopa no- 
jiyqaeM (popMyjiy rijiaHKa (c -roraocTbio ao cnaraeMoro fico/2). 
IlpH o^eHb HH3KHX feMnepaTypax (kT <C Sco) ocuh^jihtop iiohth 

C nOJIHOH AOCTOBepHOCTbK) HaXOAHTCH B CB06M OCHOBHOM COCTOHHHH 

{E)f&ha>/2. 

ripn oieHb bhcokhx TeMnepaTypax (kT S> Sco) cpeAHHH aHeprHH 
dpeMHTCH k 3HaH.eHHio, onpeAeJineMOMy KJiaccimecKOH cTai-Hcra- 
koh MaKCBejuia — BojibmviaHa: 

(E) « kT. 

B Ka^ecTBe BajKHoro CBOftcrBa KBaHTOBoro ocuHJUiHTopa b Tep- 
MCUHHaMHiecKOM paBHOBecHH oTMeTHM crceAyiomyio Teopeiwy Bjioxa. 

T e o p e m a. Pacnpedenenue eeponmocru 3adaHuou KOM6uuat{uu 
aq + pp KOOpduHaru u UMtiyjibca eupaoKaercsi 30.kohom Taycca. 

Mto6i>i AOKa3aTfa 9Ty TeopeMy, bhihcjihm xapaKTepHcrayecKyio (pyHKiiHio 
<p(|) 3Toro pacnpeAeJieHHH. <SyHKn.HH <p(|), no onpeAeJieHHio, ecTb cpeAHee 3Ha- 
ieHHe exp [i\(aq + p»]: 

q>(g) = Sppe iS(a< ' +fip) . (53) 

Bmihcjihm stot c/ieA b npeACTaBJieHHH {A?}, rAe onepaTop p AHaroHajieH. 
HaftAeM CHaqaJia BeJiHiHHbi 

gn(l) = {n\e iliaq+&p) \n}. (54) 

HiaeeM, yiHTUBaa (24—25), 

«<? + P> = ya + v*« + » 



§ 12. TEPMOAHHAMH'-IECKOE PABHOBECHE 
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.1/2 



( h \ 1 



CorjiacHO TOXAecTBy (29) 
oTKyna 

g n{l) = e \^V2{ n \ e ilya e ity^\ n y 
Pa3Jiaran b pHA sKCnoHeHTH h ynHTbiBaa cooTHomeHHe (20), ncriy^aeM 

oo 

B CKajisipHOM npoH3BeAeHHH 3thx flByx BeKTopoB HeAHaroHaJibHbie yjieHH (s # <) 
ABOHHoft cyMMbi Bee paBHbi Hyjiro no ycnoBMM opTorcmajibHOCTH, Tax wro 
ocTaeTCH 

oo 

Sn^-e^,^^^-.^-. (55) 

5=0 

06o3HaqHM 

x = -t 2 yy, y^e-^W. (56) 

B npeACTaBJieHHH {N} onepaTop p AiiaroHaJieH n «-h sjieiueHT ero MaTpHubi 
paBeH 

( 



H3 ypaBHeHHii (53—57) hsxoahm 

oo oo oo 



rt! (s!) 2 

3Ta jxBOHHaH cyMina MoaceT 6biTb BbmncneHa totho. CyMMHpoBaHHe no n npoH3- 

BOAHTCH C nOMOmbK) pa3J10)KeHHH B pHfl 



(1 - y) s+ * f-i sM 



z 



(a + »)1 



»IB--Zv(l^-)'-»[«(T^-i» 
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rjl. XIT. rAPMOHHMECKHll OCHH^JIHTOP 



y«HTHiBasi onpeflejieHHH x h y, 9to mo>kho 3anHcaTb b BHae 

_i 6 » ■ 

<P(g) = e 2 ' (58) 

«=™* cth (w)- < 59 > 

noCKOJibKy xapaKTepHCTHqecKan (pyHKtma pacnpeaejienHH HBjijieTCH rayccoBoft, 
caMO pacnpefleJieHHe TaiOKe BbipaKaeTca 33kohom Taycca: sto pacnpe«e./ieHHe 

CO CpeflHHM KBaapaTHMHUM OTK*fI0HeHH6M <T, 1TO H Tpe60BajIOCb flOKa3aTb. 



PaaaeJi III. H30TPOflHblE MHOTOMEPHblE TAPMOHMMECKHE 
OCUHJIJlflTOPbl 

§ 13. OSmee HccneaOBaHHe 

H30TpOnHOrO OCUHJIJIHTOpa B p H3MepeHHHX 

rapMOHHMeCKHH H30TpOnHbIH OCUHJIJIHTOp B p H3MepeHHHX eCTb 

p-MepHaH cHCTeMa c raMHJibTOHHaHOM 

2% = Z #6 1 , (60) 

i = l 

rae 

^==i(p? + ^D- (61) 

riycTb ef i — npocTpaHCTBo AHuaMHqecKHx coctohhhh, othoch- 
meecH k nape nepeMeHHbix (puQi), <§i — npocTpaHCTBo coctohhhh, 
OTHOcameeca k nape (p 2 , q 2 ) h t. a. npocTpaHCTBo <S AHHaMH^e- 

CKHX COCTOHHHH paCCMaTpHBaeMOH CHCTeMH eCTb TeH30pHoe npoH3- 

BeaeHHe npocTpaHCTB <8\, ef 2 , <£ P : 

% = % x ®&,® ... ®<T P . (62) 

OSoaHa^HM c noMonibio (t (pHKCHpoBaHO, tit = 0, 1 oo) 

co6cTBeHHbie BeKTOpbi raMH^bTOHHaHa 2(6 1, paccMaTpHBaeMoro KaK 
onepaTop b npocTpaHCTBe Sc, sth BeKTopw o6pa3yiOT nojmyio op- 
TOHopMHpoBaHHyio cHCTeMy b &i. B AajibHefimeM SyaeM npeAno- 
jiaraTb, mo cpa3bi BeKTopoB Bbi6paHbi Tan, hto BbinojiHHiOTCH co- 
OTHOiueHHH (17—20), r^e onepaiopbi po*AeHHH h yHH^TOJKenHH 
othochtch k nepeMeHHHM rana i. BeKTOpbi 

\n x n 2 ... n p ) = |tt,)|« 2 ) ... \n p ) (63) 
(n! = 0, 1, . . ., oo; n 2 = 0, 1 oo; . . . ; n p = 0, 1, . . . , oo), 

o6pa30B3HHbie TeH3opHbiM yMHOKeHiieM BeKTopoB, npHHaAJiema- 
mnx cooTBeTCTBeHHO npocTpaHCTBaM $ h <B ' 2 , .... & p , o6pa3yior 



$ 13. HSOTPOnHHR OCHHJ1.nflTOP B n H3MEPEHH51X 
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nOJIHyK) OpTOHOpMHpOBaHHyK) CHCTeMy b & 2 ). Hcho, mto sth BeK- 
TOpbl HBJIHIOTCH COSCTBeHHblMH BeKTOpaMH 36. J\&1\ZZ, IIOCKOJIbKy 

W\ I tii) = («i + 1/2) ft© I tii), 



&S P \n p ) = (n„+ 1/2) hu\n p ), 

HMeeM 

m \tii . . . n p ) = {Mi + ... + 36 p )\m ... n p ) = 

= (tii + ■■■ + tip + P/2) M n x ■■■ n p ). 

BeKTOpbl 6a3HCHOH CHCTeMbI 36, KOTOpbie Mbl nocTpoH^H, HyMe- 

pyroTCH p KBaHTOBbiMH q'HCJiaMH tii, ti2, tip, KOTOpbie MoryT 
npHHHMaTb Bee uejibie 3HaieHHH ot 0 ao + oo. O^HaKO cooTBeT- 
cTByiomee co6cTBeHHoe 3HaneHHe 3HeprHH 

(tii+ ... + n p + p/2) ft© 

33BHCHT TOJIbKO OT CyMMM 

n = m + n 2 + ... 4- n p 
3thx p HHceji. npH 33A3HH0M 3HaieHHH n (^ 0) cymecTByeT 

r n _ (n + p- 1)! , fi4 ^ 

pa3JiHHHbix HaSopoB nnceji tii, ti% ■ ••> n p . Co6cTBeHHoe 3HaqeHHe 

(n + P/2)fi<», T3KHM 06pa30M, C"+p_l-KpaTHO BblpOK.HeHO. 

BBeaeM onepaTOpu norjiomeHHa h pomaeHHH kb3htob THna i: 

( ma \l/2 , ■ /r> fc \-l/2 

a,= ^-2j-J qi + i(2mhw) p h 
+ ( mm \i/2 . /0 . .-1/2 ^ 

OHH yflOBJieTBOpfllOT KOMMVTaUHOHHblM COOTHOIIieHHHM (CM. (10)) 

[a,., a ; .] = K, a+] = 0, 

[a,, a+] = fi (/ («, /==1 p). (66) 

CorjiacHO onpeaeJieHHio BeKTOpoB |ft,-), AaHHOMy Bbiine, BeKTopu 
\tii ... ftp) yAOBJieTBopHiOT cooTHomeHHHM, o6o6maiomHM (17 

20). B qaCTHOCTH, eCJIH C)6o3HaHHTb CHMBOJIOM |0) COSCTBeHHHH 
BeKTOp OCHOBHOrO COCTOHHHH 

|0) = |0 ... 0), 



2 ) B npcucTaBJieHHH {q} = {q [ q 2 ...q p ) Bei<Top \n x n ? . . . n p ) BbipawaeTca 
npoH3BeAeHHeM 

(ll I «l ) {12 I "2> • • ■ % I *P> = *« , +«, N ■ • • +»p ^P> 
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171. XII. rAPMOHHMECKHW OCUHJ1JI3TOP 



to mo>kho Hanncaxb 

ai|0)=O2|0)= ... =a p [0> = 0, (67) 
| n x . . . n p ) = («,! . . . n p \ )~ m af^ . . . af | 0). (68) 

CneKTp Ha6;iK)flaeMbix 

N i ^a]a i (t = l, 2, .. ., p) (69) 

coctoht H3 uejibix HeoTpHuaTejibHbix HHceji; 3th Ha6/iK)^aeMbie hh- 
TepnpeTHpyioTCH Kan ^hc/io kb3htob Tnna 1, 2, p cooTBeT- 
CTBeHHO. CyMMa 

i=i 

ecTb nojiHoe hhcjio kb3htob. HMeeM 

5g = (N + p/2) ftco. 

JIcho, ito jVi, A^2, • • • , A^ P o6pa3yiOT nojiHbw Ha6op KOMMyTHpyio- 
iu,hx Ha6jiioflaeMbix, npH^eM hx 6a3HCHan cHCTeina coBnaAaex c 

6a3HCHOH CHCTeMOH 36, KOTopyio Mbl nOCTpOHJIH. 

OnepaTopu Ni, ohcbrhho, He hbjihiotch e^HHCTBeHHbiMH no- 
ctohhhhmh ABH»eHH5i, o6pa3yK>m,HMH nojiHbifi Ha6op. Bchkhh one- 
paTop BHfla afij KOMMyTHpyeT c 31; c noMombio jiHHeimbix kom- 
SHHauHH onepaTopoB stoto Tnna h hm conpameHHbix mojkho no- 

CTpOHTb p 2 He33BHCHMbIX SpMHTOBblX OnepaTOpOB. CpCHH CpyHK- 
U.HH OT 3THX p 2 nOCTOHHHblX £BH)KeHHH CymeCTByeT HeCKOJIbKO 
nOJIHUX HaCopOB KOMMyTHpyiOIUHX Ha6jIK)AaeMbIX. ripOHJIJIIOCTpH- 

pyeM 3T0 o6cTOHTejibCTBO Ha npHMepe wyx Hacrabix cjiynaeB p = 2 
h p = 3. 

§ 14. H30TpOnHbIH OCUHJIJIflTOp B AByx H3MepeHH5IX 

PaCCMOTpHM CHCTeMy B AByX H3MepeHHHX C raMHJIbTOHHaHOM 

* - 2sr W + mV 0 + if <A + m2c ° 2 ^)- 

Hcc^eflOBaHHe npeamecTByioiuero naparpatpa no^iHocTbio npHMe- 
hhmo k 3T0iny qacTHOMy cjiyqaio. CjieayiomaH Ta6jiHua AaeT co6- 
CTBeHHbie 3HaHeHHH 36 (nepBbiH erojiSeu.), KpaTHocTb Bbipo>KfleHHa 

(BTOpOH CTOJlSeu) H nOCJieflOBaTejIbHOCTb o6lUHX C06CTBeHHbIX BeK- 

TopoB N\ h N 2 , pacTHrHBaromHX cooTBetcTByiomHe noflnpoerpaHCTBa 



§ 14. H30TP0riHbIPi OCUHJIJIflTOP B flBYX H3MEPEHHHX 
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(TpeTHH cTOJi6eu) : 

h<* l I oo) 

2ha> 2 | 10), 1 01) 

3/zco 3 1 20), |11), 1 02) (70) 



(n+Dha (n+\) | nO), | (n-1) 1>, .... | (n-s)s), .... | On) 

OnepaTop «MOM6HTa HMnyjibca» L, onpeAeJieHHbift (popMyjiofl 

ABJineTca nocTOHHHofi flBH>KeHHH. FloKajKeM, hto N h L o6pa3yiOT 
Apyroft nojiHbiH Ha6op KOMMyTHpyiomnx Hafi-niOAaeMbix. C stoh 
uejibio BBe^eM onepaTopu 

A ± = j *y-(cl 1 + ia 2 ), 

(72) 

3tH OnepaTOpbl yAOBJieTBOpfllOT KOMMyTaUHOHHbIM COOTHOHieHHHM, 

TOJKAecTBeHHbiM (66) : 

[A r , A s ] = lA}, Af] = 0, 
r fi ( 73 ) 

\_A r , A s ] = 6„ (r= + HJIH — , S == + HJIH — ). 

OnepaTopbi A+ h A+ mojkho c^HTaTb onepaTopaMH yHHMTOJKeHHH 
h po^cfleHHH KBaHTOB THna (+), onepaTopbi A— h At- — onepaTO- 
paMH yHHHTomeHHH h poscfleHHH KBaHTOB THna ( — ) ; corjiacHo 3T0H 
HHTepnpeTauHH onepaTopbi 

N+ = A\A+ H N- = AlA- (74) 
npe#CTaBJi3iOT ihcjio kb3htob (+) h hhcjio kb3htob ( — ) cooTBeT- 

CTBeHHO. IloCKOJIbKy COOTHOUieHHH K0MMyT3UHH (73) HfleHTHHHbl 

cooTHouieHHHM (66) saAa^a nocTpoeHHH o6iuhx co6cTBeHHbix BeK- 
TopoB N+ h N_ MaTeMaTH t iecKH HAeHTHqHa 3aAaqe nocTpoeHHH 06- 
mnx coScTBeHHbix BeKTOpoB N\ h N%. C/ieAOBaTC/ibHo, Ha6;iK)Aae- 

MUe N+ H N- Ka>KA3H HMeiOT CneKTp C06cTBeHHbIX 3HaqeHHH H3 

Hejibix HeoTpnuaTejibHbix nnceji 

n + = 0, 1, 2, n_ = 0, 1, 2, .... 

h 3TH ABe Ha6^K)AaeMbie o6pa3yK»T nojmbift Ha6op KOMMyrapyio- 
ihhx HafijiioAaeMbix: KaKAoft nape kbshtobmx hhcca (n+, ti-) co- 

OTBeTCTByeT eAHHCTBeHHblft o6lUHH C06CTBeHHblfl BeKTOp (c TOH- 
HOCTbK) AO nOCTOHHHOro MHOWiHTeJIfl) , 
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171. XII. rAPMOHHMECKHPI OCUMJIJISITOP 



H3 cooTHomenHH (67) cjie/iyeT 

A + 1 00) = A_ I 00) = 0. (75) 
C/iejxoBaTejibHo, BeKTop |00) H3 TaSjiHuu (70) ecTb coScTBeHHbiii 

BeKTOp OCHOBHOrO COCTOHHHH (tt+ = tl- = 0) . BeKTOpbl 

I n + n_) = l)-" 2 ^"*/^"- | 00) (76) 

o6pa3yiOT ncnHyio opTOHopMHpoBanHyio noc^eAOBaTe^biiocTb 06- 

I11HX C06cTBeHHUX BeKTOpOB N+ h /V_: 

N+\n + n_) = n + \n + nJ), 
N_ I «+«_> = n_ I « + n_). 
Oah3ko ec/iH Bbipa3HTb N w L qepe3 /4 11 A f , to mojkho noKa- 

3aTb, MTO 

N = N + + N_, 
L = N + — N-. 

BBHAy Toro hto Ha6jiK)AaeMbie N+ h JV_ o6pa3yiOT nojiHbifi Ha6op 
KOMMyTHpyiomnx Ha6^K)flaeMbix, hx cyMMa IV h hx pa3H0CTb L 
iaK*e o6jiaAaioT sthm cbohctbom. Hmchho sto mm h xotchh no- 
Ka3aTb. 

Mh npHxoflHM k BbiBo/iy, iito o6^iajiaeM apyrofi nojiHoft opTO- 

H0pMHp0B3HH0H nOCJieAOBaTejIbHOCTbK) C06CTBeHHHX BeKTOpOB M, 

a HMeHHO \n+n-). Ohh yAOBJieTBopaioT ypaBneHHHM Ha coSctbch- 
Hbie 3HaieHHH: 

3% I n+n_) = (n + + n_ + 1 ) /to | n + n_), (77) 

L I n + n_) = (n + - nj \ n + n_). (78) 

Onpe^eJiHM cooraoiiieHHH KOMMyTauHH L c A h ,4 + . flpocroe 
BbiHHcjieHHe AaeT: 

[L, y4i] = ± i4l, (79) 

[L, A ± ] = =FA ± . (80) 

OTCiOfla cjie^yeT, ^to npH achctbhh Ha coScTBeHHbifi BeKTop onepa- 
Topa L onepaTopw A+ h A- yBe/iHMHBaiOT coScTBeHHoe 3HaneHHe L 
Ha eflHHHuy, a At n A+ yMeHbinaiOT L Ha e^HUHuy. 3to mo>kho hc- 

TOJlK0B3Tb p33HbIMH CnOC06aMH. B KB3HT0B0H TeopHH 3apH*eHHbix 

nojiefl, i\ne ruvie npeacTaB^HeTCH KaK nocneAOBaTejibHocTb H30Tpon- 
hhx ocuH^aTopoB b flByx H3MepeHHHx, N+ BbipaxoeT MHcrco no.no- 
jKHTeJibHbix <jacTHU, Af_ — qncjio OTpHuaTeJibHbix qacTHu, L — no;i- 

HblH 3apHA (C TOHHOCTbK) £0 nOCTOHHHOrO MHOJKHTeJIH) . CoiviacHO 

3toh HHTepnpeTauHH A% nopojK/iaeT nojioKHTejibHbifl 3apHA, A- 
yHHHTO*aeT OTpHuaTejibHbifi 3apHA, noaTOMy h tot h Apyroft one- 



§ 15. H30TP0nHbIPI OCUHJ1/13TOP B TPEX H3MEPEHMHX 
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paTOpbl H3MeHHK)T 3apHA HS nJIIOC eAHHHUy; A- H A + H3MeHHK)T 3a- 

pna Ha MHHyc eAHHHuy. 

B TeopHH KOJieSaHHH KpHCTajiAOB ABH*eHHH pemeTKH TaK^e 
npeflCTaB^HioTCH Ha6opoM H30TponHbix AByMepHbix ocuhjijihtopob; 
KBaHTH KOJie6aHHH peuieTKH Ha3MBaK)TCH 4 )0H0HaMH - npeflCTaB- 
jieHHe c (poHOHaMH THna 1 h 2 AaeT KJiaccH(pHKauHio no CTauno- 
HapHbiM BOJiHaM; npeACTaBJieHne c (poHOHaMH rana ( + ) h ( — ) 
cooTBeTCTByeT SerymHM BcvmaM, «pacnpocTpaHHiomHMCH» b tom 
hjih hhom HanpaBJieHHH. B 3aaaqax o pacceflHun (HeirrpoHOB, peHT- 
reHOBCKHx JiyMefl h t. a-) Ha KpHCTajuinqecKoft peiueTKe npeA- 
CTaBJieHHe c 6erymHMH bojth3mh npHBOAHT k 6ojiee npocTMM bh- 

^HCJieHHHM. 

§ 15. H30TponHbiH ocuHJijiHTop b Tpex H3MepeHHnx 

H30TponHbIH rapMOHHWeCKHH OCUHJUlflTOp B Tpex H3MepeHHHX 

ecTb nacTHua b nojie ueHTpajibHo-cHMMeTpHquoro noTeHUHajia, npo- 
nopuHOHaJibHoro KBaApaiy paccTOHHHa ot ueHTpa. TaMHAbTOHHaH 
Bbipa>KaeTCfl (popMy/iofi 

oh aBJiaeTCH cyMMofi Tpex qjieHOB 

ctto — cno x -\- dib y -\- cw z , 

**i = i (tf + mWr t) = x > y< ( 82 ) 

CorviacHo pe3yjibTaTaM § 13 co6cTBeHHbie 3HaqeHH» onepaTopa 
3@ Bbipa>KaioTC5i (popMy^ofl 

(rt + 3/2)/to (n = 0, 1, 2, oo); (83) 

nopaflOK Bbipo>KA6HHH co6cTBeHHbix 3HaieHHH paBeH (n-fl)X 
X {n + 2)/2. Ha6^K)AaeMbie N x , N y , N z o6pa3yiOT no;iHbiH Ha6op no- 

CTOHHHblX ABHHCeHHH, H C06cTB€HHbie BeKTOpbf | n x n y n z ) HX 6a3HC- 

Hofl cHCTeMu HyMepyiOTca TpeMH coScTBeHHHMH 3HaqeHHHMH n x , 
n y h n z . Bee 3th BeKTopbi nojiynaiOTCH no (popMyjie 

I w*> = K ! V n J T m < n « z I °oo) (84) 

H3 BeKTOpa OCHOBHOrO COCTOHHHH 1 000) , KOTOpblfl C TOHHOCTblO 

AO nocTOHHHoro MHO>KHTejiH onpeAeJiaeTCH TpeMH ypaBHeHHHMH 

fl JS |000> = a„|000> = a a |000> = 0. (85) 

BBeAeM MOMeHT HMnyjibca 
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TJl, XII. rAPMOHHHECKHH OCUHJIJIJITOP 



Flo XOpOIDO H3BeCTHHM CBOHCTB3M (rJI. IX) raMHJIbTOHHaHa C ueHT- 

pajibHo-CHMMeTpHHHUM noTeHu.Ha.noM onepaTopu I 2 h l z TaiOKe 
o6pa3yiOT nojiHbift Ha6op KOMMyTHpyioinHx Ha6jiK>AaeMbix: o6mHe 
9THM TpeM Ha6^K)AaeMbiM co6cTBeHHbie BeKTopu \nlm) OTMeiaioT- 

CH TpeMH KB3HT0BbIMH HHCJI3MH tl, I, ttl, IipHieM C06CTBeHHbie 3Ha- 

iphhh 3@, I 2 , l z cooTBeTCTBeHHo paBHbi: (n + 3/2)fi©, /(/+1)S 2 h 
mfi. BeKTopbi \nlm) cocraBJiHiOT noJiHyio opTOHopMHpoBaHHyio ch- 
CTeMy co6cTBeHHbix BeKTopoB M; ohh noJiy^aiOTCH H3 BeKTopoB 
\n x n M n z ) c noiuombio yHHTapHoro npeo6pa30BaHHH. Mh He 6ya,eM 

npOBOflHTb 3AeCb HBHOrO BbiqHCJieHHH 3THX BeKTOpOB 3 ). OrpaHH- 

qHMca TeM, hto HaftAeM 3HaqeHHH, KOTopbie MoryT npHHHMaTb 
KBaHTOBbie HHCJia I h m npH 3afl,aHHOM n, HHane roBopn, HafiAeM 
pa3^HqHbie B03Mo*Hbie coctohhhh MOMeHTa HMnyjibca ajih k3>k- 
Aoro ypoBHa sHeprHH. 

Bojibiuoe cxoactbo MencAy onepaTopojvi l z h onepaTopoM L, BBe- 
AeHHbiM b npeAMAymeM naparpaipe, h3boaht Ha Mbicjib 06 aHajio- 
rH^HOH 3aMeHe nepeMeHHbix. Bboahm onepaTOpH A m (m = 1, 0, 
— 1) no (popMyjiaM 

A l = -^-[a x —ia y ], 

A 0 — a z , (86) 
i4_ 1 = -^-[a* + ia»] 
h cooTBeTCTByiomHe apMHTOBO conpH^eHHbie onepaTopM Am. One- 

paTOpbl A m H A m yAOBJieTBOpfllOT K0MMyT3U,H0HHbIM COOTHOUie- 

hhhm, aHaJiorHTOHM (73), h MoryT 6biTb HCTOJiKOBaHH KaK onepa- 

TOpbl yHH^TOJKeHHH H pOJKASHHH KBaHTOB THna m. ^HCJIO KB3HT0B 

rana m npeACTaBJiaeTCH onepaTopoM N m = A m A m . OneBHAHO, hto 
N u N 0 h N-i cocTaBJiaiOT nojiHbift Ha6op KOMMyTHpyiomHX HaSjiio- 
AaeMbix H HTO 

M= (Ni + iV 0 + N_i + 3/2) h(x>, ' 
N = Ni + N 0 + N.i. 



3 ) B npeflCTaBJieHHH {r} coctohhhio \n x n y n^) cooTBeTCTByeT bojihobsh (pymc- 
UHH i() n (x) i$> n (y)ty n (z), cocTOHHHe xe \nlm) npeflCTaBjineTca (pyHKiweii 

i\ne y n i ecTb peuieHHe, oSpamaromeeca b Hyjib b Haqajie KOopAHHaT h peryjiapHoe 
Ha 6ecKOHe4Hocra cjieayiomero ,a,H(p<pepeHiHHa.nbHoro ypaBHeHHH: 

r h 1 d? . l(l + \)h 2 ,1 , ,1 / , 1 \ fc 
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Ka>Kflofl TpoflKe co6cTBeHHbix 3Ha<ieHHH (tii, n 0 , n~\) cooTBeTCTByeT 
o6uihh codcTBeHHbift BeKTop Tpex Ha6jIK)AaeMbIX, a HMeHHO, BeKTop 

I n^n^) = (a, I ft 0 ! n_,l )~ 1/2 ^"'^V^ 1 ,- 1 1 °0°)- 
MHo>KecTBo Bcex 3THx BeKTopoB o6pa3yeT nojiHyio cHCTeMy co6- 

CTBeHHHX BeKTOpOB 36. HaXOflHM 

ffl\n\n<fi_\i = (ft + 3/2) «co | ^titfi-i), n — ti\ + fto + 
FIocTpoeHHbie HaMH BeKTOpbi b o6meM cnynae He hbjihiotch co6- 

CTBeHHblMH BeKTOpaMH I 2 , HO 3TO C06cTBeHHbie BeKTOpbi l z , TaK KaK 

/, = (#,-#_,)» (87) 

h, c^eflOBaTeJibHO, 

m = fti — (88) 

PaccMOTpHM noanpocTpaHCTBO COScTBeHHblX BeKTOpOB 36, npH- 
HaA^iemamHx co6cTB6HHOMy 3HaqeHHio (ft + 3/2)fico. Oho HaTHHy-ro 
Ha (n+l)(ft + 2)/2 BeKTOpOB |ftift 0 ft-i) (npH stom «i + ft 0 + 
-)- ti-i = ft), KOTOpbie o6pa3yiOT nonHyio opTOHOpMnpoBaHHyio no- 
cJieAOBaTe^ibHOCTb co6cTBeHHbix BeKTOpOB l z . CorjiacHo ypaBHeHHio 

3 P 4f 

2s 3d 

2 P 

fs 

1=0 1 = 1 1=2 1=3 Z=4 
Phc. 37. CneKTp TpexiuepHoro rapMommecKoro ocmuuiHTOpa. 

(88), KBaHTOBoe qncjio m Mower npHHHMaTb Bee ue^ibie 3HaqeHHH 
MejK,ny — ft h +ft. HeTpyAHo HafiTH qac^o c m jimhchho He3aBHCH- 
mhx BeKTopoB, npHHaA^iexaiUHX KajKflOMy 3HaneHHio m; pe3yjib- 
TaT npHBeAeH b o/ieAyromeH Tafijinue: 

\m\=n n—\ n — 2 ... n — 2s n — (2s + 1 ) n — (2s + 2) . . . ^ 
c m = 1 1 2 . . . s + 1 s+\ s + 2 ... 

O/iHaKO no CBOHCTB3M MOMeHTa HMnyjibca Ka>KAOMy co6cTBeHHOMy 
3HaneHHio I 2 , t. e. Ka>KAOMy 3HaneHHK) /, cooTBeTCTByeT HeKOTopoe 

HHCAO CepHH H3 2/-f 1 BeKTOpOB C 3aAaHHbIMH (lm), npH 9T0M B 



11 * 

4*» 
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KajKAofl cepHH wcno m npHHHMaeT 2/+ 1 uejibix 3HaieHHH ot — / 
AO +/. EiycTb di 3to hhcjio cepHH. Ohbbhaho, qTO 

h nosTOMy 

di = ci — c t+l . 

06pamancb k Ta6;iHU,e (89), mu bhahm, hto d/ = 1 ajih / = n, 

« — 2 n — 2s, t. e. /uih Bcex uejiux 3HaieHHH / lerno- 

cth ( — 1)", 3aKJHoneHHbix Meway 0 h n (BKjuoiaji KpaftHHe 3Ha- 
qeHHJi) h hto = 0 ajih Bcex ocTajibHbix 3HaneHHH /. 

B 3aKjiK>qeHHe otmcthm, ito «a>KAOMy co6cTBeHHOMy 3Ha- 
qeHHio (n + 3/2)*co SHeprHn cooTBeTCTByeT (n+l)(rt + 2)/2 co- 
ctohhhh MOMeHTa HMnyjibca (Im). J\jih KaJKAoro B03MO>KHoro 3Ha- 
qeHHH / cymecTByeT 21 + 1 co6cTBeHHbix coctohhhh, cooTBeTCTByio- 
iuhx 21 -f 1 sHa^ieHHHM m ot — / ao +/. 3HaieHHH, KOTopue MOHieT 

npHHHMaTb KBaHTOBOe HHCJIO /, TaKOBbi: 

n, n—2, 0, ea/iH (— l) n =l (^~jr~ pa3JiHiHHX 3HaMeHHfi), 
n, n—2 1, eo/iH (— 1)" = — 1 1 pa3<?iHqHbix 3HaweHHfi) . 

CiieKTpocKonHqecKaH AHarpaMMa Ha pHC. 37 npcucTaB/iaeT oc- • 
HOBHoe h nepBbie B036y>KAeHHbie coctohhhh TpexMepHoro H30Tpon- 
Horo rapMOHHqecKoro ocuH/uiaTopa. Ilojie3Ho cpaBHHTb 3Ty aiia- 
rpaMMy c cooTBeTCTByiomeH AHarpaMMOH ajih aTOMa BOAopoAa 
(Phc. 36). 

3A/1AMH H ynPA^HEHHH 

1. riycTb a h a+— ABa spmhtobo conpaxeHHbix onepatopa, npHieiu [a, a+] = 
= 1. riojiaraeM N — a*a. nona3aTb, ito: 

a) [N, a p ] = -pa p ; [N , a*"] = + (p ueroe > 0); 

6) eAHHCTBeHHbiMH ajire6paHqecKHMH <py hkijhhmh ot a h a*, KOMMyTHpyio- 

IUHMH C N, HBJIHIOTCH CpyHKUHH OT N. 

2. rioKasaTb, uto onepaTopu a h u+ 3aAaiH 1 He HMeioT oSpaTHwx. 

3. riocTpoHTb MaTpmtbi, npeACTaB^sromiie oneparopbi q n p b npeACTaBJiewiH 
{N} (o6o3HaqeHHfl § 5). FlpoBepHTb, mo ohh abjihiotch spmhtobmmh h yAOBJie- 
TBOpaiOT ycjioBHHM KOMMyTauHH (2). PaccMOTpeTb npo6jieMy co6cTBeHHbix 3Hane- 

HHH q B 9T0M npeACTaBJieHHH, IipOBepHTb, 4 TO CneKTp q HB/IHeTCH npOCTblM, He- 

npepuBHMM ii pacnpocTpaHaeTca ot — oo ao +°°, BbirmcaTb b hbhom BHAe co6- 
CTBeHHbifl BeKTop, npHHaAJie>namHH co6cTBennoMy 3Ha>ieHHio 0. 

4. CpaBHHBaiOTCfl CBOHCTBa KBaiiTOBOrO OCUHJUlHTOpa B COCTOHHIIH \n) H MH- 

upoKaHOHHuecKoro aHcaM6^H KJiaccnnecKHX ocunJwaTopoB npn toh »<e SHeprHH 
(§ 10). riQKa3aTb, >itq CTaTHCTHiieciipe pacnpeAeAeHne nepeMeHHoii q e stom 
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kbshtobom coctohhhh oSHapywiiBaeT ocuhjijihuhh, Ten 6oJiee qacTHe, qeM 6ojib- 
me KBaHTOBoe qncjio n, h b npe/iejie n -> oo ero cpefltiee 3HaqeHHe Ha HecKOJibKnx 
nepHO^ax CTpeMHTCH k cooTBCTCTByioiUGMy pacnpe^ejieHHio A-rca aHcaM6jia KJiac- 

CHqeCKHX OCUHJlJlHTOpOB (HCnOVIb30BaTb MeToa BKB). 

5. IlycTb Xo, w 0 , T)o — HaiajibHbie 3HaqeHHa cneAyiomax cpeAHHX Bejmwn: 

X = <<? 2 >-<?> 2 > 
co = <^>-<p> 2 , 
r\ = (pq + qp) — 2 (p) (q), 

OTHOCHIWIXCH K BOJIHOBOMy naKeTy rapMOHHHeCKOrO OCIIHJIJiaTOpa. YcTaHOBHTb 
3aKOH 3BOJ1IOU.HH BO BpeMeHH 9THX CpeflHHX BeJIH l IHH. Fl0Ka3aTb, qTO OH Bblpa- 

scaeTca (pyHKUHHMH BHAa A + Bxos 2w/ + C sin 2a>t h qro x h w ocTaiOTca no- 
ctohhhwmh bo BpeMeHH b tom h TOJibKO b tom cjiyqae, eCJIH 

tio = 0, (o 0 = m 2 co 2 x 0 - 

6. CocToaHHe rapMOHHqecKoro ocuHJiJiHTopa b Haqa./ibHbift momcht BpeMeHH 0 
npeacTaBjiHeTca MHHHMH3HpyromHM bojihobhm naKeTOM 

f (q) = (2 J ia)-' / - exp [-1 <p> g - (<7 ~ g <g)) ' ] ■ 

riOKa3aTb, qTO 9TOT naKei OCTaeTCa MHHHMH3HpyK>lU.HM B TOM H TOJibKO B TOM CJiy- 

qae, eanH a = ft/2m(o (cm. 3a,naqy 5). 

IlycTb 9to ycjiOBHe Bbino-nHeHO. rioKa3aTb, qro b stom cjiyqae f(q) ecTb boji- 
HOBaa c()yHKU,Hfl, npeACTaB7iaiom.aa cocTOHHHe 

| f) = exp (-^ (p) q) exp (- -J- (q) p) | 0). 

BbiBecTH OTCioaa (nojib3yacb tokacctbom (29)), ito (pyHKUHH f(q,t) noJiyiaeTca 
c TOqHOCTbio ao <{>a30Boro MHOXHTejia, eaiH noACTaBHTb b f(q), b MecTO 3Hane- 
hhh (q) k (p) b MOMeHT BpeMeHH 0, hx 3HaieHHs b MOMeHT BpeMeHH Onpeae- 

JIHTb K09(p(pHUHeHTbI C„ pa3J10}KeHHH \f) B pflA HO COfiCTBeHHblM BCKTOpSM raMHJlb- 

TOHHaHa h noKa3aTb, qro 

k„ I 2 = 

a BCD ' 

£ K- = -2^r ({p>2 + m2( ° 2 ^ )2) - 

7. IlpoBepHTb, ito TeopeMa Bjioxa (§ 12) npHMeHHMa TaKxe h k KJiaccme- 
CKOMy rapMOHHqecKOMy ocuHJUiaTopy h qTO CTaTHCTHqecKoe pacnpeAe.fieHHe bciih- 
qHHbi aq + ftp AJia kbshtoboto rapMOHHqecKoro ocu.HJi;iHTopa b TepMOAHHaMHqe- 
ckom paBHOBecHH CTpeMHTca k KJiaccnqecKOMy pacnpeAe-rceHHio npH AOCTaTOiHO 
fiojibiiiHX TeMnepaTypax kT ha. 
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8. noKa3aTb, mo raMHJibTOHHaH qacTHitbi c Maccofl m h 3apaAOM e b no- 
ctohhhom MarHHTHOM noJie 26, HanpaBjieHHOM no och Oz, HMeeT bha 

we 

noKa3aTb, hto onepaTopu p z , h, fl p o6pa3yroT ncwiHbiii Ha6op KOMMyrapyio- 

IU.HX nOCTOHHHblX flBHJKeHHa H 1TO HX 06lU,He COfiCTBeHHbie (pyHKUHH B U.HJIHHAPH- 

qecKHX KOop^HHaTax (z, p, 6) MoryT 6bm> npeacTaBjieHbi b BH«e exp (ikz) X 
X exp (iXQ) -vxn(p). 3aecb A — HeicoTopoe BemecTBeHHoe rac.no; X=0, ±1, ±2,... 

±OOJ n = 0, 1, 2, OO. CoOTBeTCTByiOmHMH C06cTBeHHbIMH 3Ha4eHHHMH 

HBJIHIOTCH 

eh 

bk, H%, (2n+\)-^-3g. 

2mc 

CpaBHHTb 3TH pe3y;ibTaTbl C BblBOAaMH 3aAaiH II. 4. 



flOn 0J1HEHHE A 

OBOEIUEHHblE *yHKUHH, «*yHKU,HJ!» 6 

H I1PEOEPA30BAHHE *yPbE 



Pa3«e;i I. KPATKHH OB30P TEOPHH OBOBIUEHHblX *yHKUHH') 

§ 1. IloHnTHe ij)yHKU,HOHajia h CTporHH noflxoa 
k npoSjieivie HenpepMBHoro cneKTpa 

«OyHKUHH» 6 AnpaKa, npwueHeHHe KOTopofl no3BOJifleT TpaxTOBaTb Henpe- 
pbiBHwfl cneKTp b noJiHoft aHajiorHH c AHCKpeTHbiM cneKTpoM, no cymecTBy He 
HBJineTCH CTporo onpeAeJieHHbiM MaTCMaTHMecKHM o6i>eKTOM. KoppeKTHoe Teo- 
peraqecKoe HccneAOBaHHe HafijuoAaeMbix, ofijiaAaiouiHX HenpepbiBHbiM cneKTpoM, 
Tpe6yeT hhoh nocTaHOBKH npofijieMbi co6cTBeHHbix 3HaieHHft. 

Co6cTBeHHhie (pyHKUHH HagjiiOAaeMbix b bojihoboh MexaHHKe BCTpeiaioTCH 

TOJIbKO B (pOpMe CKaJIHpHblX npOH3BeACHHH C BOJIHOBHMH (py»KUHHMH, T. C B (pOpMe 

cKaJisipHbix npoH3Be/ieHHft c ^yHKuHHMH, KBaapaT Moay-ni KOTopux HHTerpnpyeM. 
IlycTb F — cana H3 co6ctb6hhwx <pyHKUHii, a i|) — npoH3BOJibHO Bbi6paHHaa boji- 
HOBaH (pyHKUHH, TOi\aa CKajiapHoe npoH3BeaeHHe F) (o6o3HaqeHHH rji. V) 
mo>kho paccMaTpHBaTb KaK aHTHJiHHeHHbiH cpyHKUHOHaji i)3 hjih, jiymue, KaK JIH- 
HeftHufi cpyHKUHOHaJi 06o3HaTOM nocrceAHHfi chmbojiom F, TorAa no onpeAe- 

JieHHH) 

C^eaoBaTejibHO, Teopna onepnpyeT ne c co6cTBeHHHMH (pyHKUHHMH k3k TaKO- 

BblMH, a C HeKOTOpblMH CpyHKUHOHajiaMH, COnOCTaBJICHHblMH KaJKAOH C06CTBeHH0tt 
(pyHKUHH. 

4)yHKUHOHa^bi bojihoboh MexaHHKH npHHa^jiejKaT HeKOTopoMy KJiaccy d>yHK- 

UHOHajIOB, Ha3bIBaeMblX 0606meHHbIMH (pyHKUH3MH, OTHOCHTeJlbHO KOTOpHX MO- 

jkho c HeKOTopwMH orpaHHqeHHHMH onpeAeJiHTb Te we onepaiiHH ajire6pw h aHa- 
jiH3a, no h OTHOCHTeJlbHO o6biKHOBeHHbix (pyHKiiHH. nosTOMy mokho CTporo 
4>opMyjiHpoBaTb BOJiHOByio MexaHHKy, paccMaTpHBaH oneparopH TeopHH KaK one- 
paTopbi, aeflcTByiomHe Ha o6o6meHHbie (pyHKUHH; n pH stom co6cTBeHHwe peuie- 
hhh spMHTOBoro onepaTopa cyTb o6o6meHHbie (pyHKUHH lacraoro BHAa; sto jih- 
HeftHbie h HenpepuBHbie (pyHKUHOHajibi ot orpaHH^eHHbix KBaAparaiHO HHTerpH- 
pyeMUx (pyHKiiHH, KOTopwe yaoBjieTBopflioT ypaBHeHHio Ha co6cTBeHHbie 3HaieHHH 
3Toro onepaTopa. 

IlycTb X h S — ABe HafijiiOAaeMHe, cneKTp kotophx paan npocTOTbi 6yAeM 
npeAnoJiaraTb Bcroay HenpepuBHbiM h HeBbipoxAeHHbiM, h nycTb (%\x) ecTb MaT- 
pHita yHHTapHoro npeo6pa30BaHHH, cBfl3HBaiomero npeACTaBJieHHe {X} h npeA- 
CTaBJieHne {S}. B CTporofl (popMyjinpoBKe kbshtoboh TeopHH (%\x) npeACTaB- 
JiaeT oAHOBpeMeHHO: 



') Gm. L. Schwartz, Th'eorie des distributions, Hermann (Paris, 1950 — 
1951); cm. TaKHce Toro aie aBTopa, Les. Methodes Mathematiques de Physique, 
Cours de Sorbonne (Paris, 1955); cm. TaKHte B. C. BmduMupoe, 06o6meHHbie 
(pyHKUHH b MaTeMaratecKOH <pH3HKe, «HayKa», 1976; B. C. BAaduMupoe, ypaB- 
HeHHH MaTeMaraiecKofl <J)H3hkh, «HayKa», 1971. 



444 



flOnOJIHEHHE A 



a) MHOJKecTBO co6cTBeHHbix pemeHHfl X b npeACTaBJieHHH {B}, t. e. hsko- 
Topyio nocneaoBaTeJibHocTb cpyiihu.noHa.JioB ot (pyHKUHfi nepeMeHHofi g, OTMeqae- 
Myio MenpepuBHbiM hhagkcom x; 

6) MHOxecTBO co6cTBeHHux pemeHHfl H b npeACTaBjieHHH {X}, r. e. hckoto- 
pyio nocjieAOBaieJibHOCTb cpyHKUHOHajiOB ot (pymuiHfi nepeMeHHOft x, oTMeiaeMyio 

HenpepUBHHM HHfleKCOM g. 

B 9tom pa3AeJie mm fla^HM TOiHoe onpeflejienae o6o6meHHbix tpyHKUHfi h 
yKaxeM 6e3 flOKa3aTejibCTBa hx ocHOBHbie cBoflcTBa. 

§ 2. OnpeaejieHHe o6o6meHHbix tjjyHKUHH 

06o3HaqHM c noMomwo <p(*i, x 2 , x n ), hjih npocTo (f(x), HeKOTopyw 
(pyHKUHio n HenpepbiBHux nepeMeHHbix X\, . . . , x n , oTJiHiHbie ot Hyjia 3HaneHH$i 
KOTopoft npHHafljiemaT orpaHHqeHHofl o6jiacra H3MeHeHHa sthx nepeMeHHux h 
KOTopaa ,5H(p(j)epeHUHpyeMa no 3thm nepeMeHHHM cKOJibKO yroAHO pa3 (6ecKO- 
Hemo flH(p4>epeHUHpyeMaa cpyHKima c orpaHHieHHUM HOCHTejieM) . 

rio onpeAejieHHio o6oooi l eHHan <pyHKU,ua. T [cp] ecrb MMe&Huu u nenpepua- 

HblU CpyHKUfUOHQA (pyHKlfUU (p. 

JlHHeHHOCTb 03HaqaeT, 1TO flJIH BCeX JIHHeHHHX K0M6HHaiI,HH Xl<Pi + ta<P2 

HMeeM 

T [Xjcpi + A 2 q> 2 ] = [cp,] + X 2 T [<p 2 ]. 
HenpepuBHocTb »e Q3Ha<jaeT, no jyia bchkoh nocjie^oBaTeJibHocTH cpi, cp 2 , ... 

. .., (fl, . .. (pyHKUHH Cp, TaKOH 1TO HlTl (fj = <f, HM66M 

/->oo 

lim T [<p,]= T [<p]. 

Bchkoh AOKaAbHo UHreepupyeMoU cpymctfuu f (t. e. (pyHKUHH, HHTerpaJi ot 
KOTopoft 2 ) no KOHeqHOMy HHTepBajiy cymecTByeT) cooTBeTCTByeT o6o6meHHaa 
(j)yHKUHa /, onpeAeJiaeMaa CKaJiapHbiM npoH3Be,neHHeM 

fiv\ = \f(x)<fix)dx = ( V ;r>. (i) 

,ZJ,Be JioKa/ibHO HHTerpHpyeMbie (pyHKUHH onpeAdiaioT oflHy o6o6meHHyio (pyHK- 
UHio, eCJIH OHH paBHhJ nOHTH BCIOAy (T. e. BCKWy, KpOMe MHOJKeCTBa totck Mepu 

nyjib). B nacTHOCTH, BOJiHOBbie (pyHKUHH bojihoboh MexaHHKH (KBa^paraqHO hh- 
TerpnpyeMbie (pyHKUHH) onpe^ejiaioT o6o6meHHbie (pyHKUHH. 

OyHKUHa 1 /X He MOHCeT COOTBeTCTBOBaTb HHK3K0H 0606meHHOH pyHKUHH, 

TaK KaK 3Ta cp^hkuhh He HHTerpHpyeMa b Tcme x = 0. Ho moxho onpe^eJiHTb 
o6o6meHHyio (pyHKunio 

P-j-M^v.p. [—^dx, (2) 

TAe chmboji v. p. oCo3HanaeT nnaBHoe 3Ha i ieHHe HHTerpajia b CMbicne Kouih: 

+oo * — e -foo ^ 

— oo \ — oo e ) 



2 ) HHTerpa^H, o KOTopbix HaeT peqb, cyTb HHTerpajibi b CMbicjie JleSera. 
HHTerpaJi JIe6era CBOAHTca k HHTerpajiy b o6bmHOM CMbicjie, t. e. k HHTerpaJiy 
PnMaHa, KaxAufi pa3, Kor^a nocJieflHHfl HMeeT cmucji, oahhko, HHTerpaJi JIe6era 
mojkct cymecTBOeaTb h TOi\na, Kor^a HHTerpa^ PhmshcI He onpeA6Jien, 
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«OyHKiiHH» H,HpaKa 5 onpeAeJiaeT oOoOmeHHyio (pyHKUHio corjiacHO pa- 
.leHCTBy 

*[q>]-<p(0). (3) 

AHaJiornqHbiM o6pa30M «cpyHKUHH» 6(* — x 0 ) onpeaejiaeT o6o6iueHHyio (pyHKUHio 

6 * 0 M = <P (*<>)• ( 4 ) 

3 a m e ? a h h e. 06o6iueHHaa cpyHKUHH MOHceT 6uTb, Boo6me roBopa, onpe- 
AeJieHa Ha 6ojiee uihpokom (pyHKUHOHaJibHOM npocTpaHCTBe, ieM npocipaHCTBO 

CpyHKUHH (p. ,ZI,eHCTBHTejIbHO, eCJIH U [ip] HBJIHeTCfl JIHH6HHbIM H HenpepuBHbiM 

cpyHKiiHOHaJioM (pyHKUHfl ip H3 (pyHkuHOHa^bHoro npocTpancTBa, 6ojiee uinpoKoro, 
qeM npocrpaHCTBO (pyHKUHfl q>, to (pyHKUHOHaji U [qp] BnojiHe onpeAeJieH, jraHeeH 
h HenpepuBen b npocTpaHCTBe (pyHKUHfl qp: cjieAOBaTeJibHo, U ecTb o6o6meHHaa 

(pyHKUHH. 

HpuMepw. 6 XQ onpeAeJieHa Ha npocTpaHCTBe (pyHKUHfl a(x), HenpepwBHHX 
b TOiKe x = x 0 : 

&x 0 [a] = a (*„). 

06o6iueHHaa cpyHKUHH cooTBeTCTByiomaH KBaApaTHMHO HHTerpHpyeMoii (pyHK- 
UHH, on-peaeJieHa Ha npocTpaHCTBe KBaApaTHMHo HHTerpwpyeMbix pyHKUHfl: 

$[,),] = ^ yp^ dx = (ip*, V). 
JlHHefiHbie h HenpepuBHbie cpyHKUHOHajiw bojihobmx (pyHKUHfl bojihoboh Me- 

XaHHKH flBJIHIOTCH o6o6lUeHHbIMH (pyHKUHHMH laCTHOrO BHfla. 

§ 3. JlHHeHHaa kom6hhsuhsi o6o6meHHbix 4>yHKijHH 

T = KiTi + X 2 T 2 aBJineTCH o6o6iueiiHoft (pyHKUHeft, onpeAejiseMOft paBeH- 

CTBOM 

r[<p]=X,r, [qp] +X 2 T 2 [qp] 
(hi, h 2 — 3a/i,aHHbie KOMnjieKCHbie nocTOHHHbie). 

§ 4. ripoH3BezieHHe AByx o6o6meHHbix PyHKUHH 

Ecjih / ecTb o6o6uieHHaa (pyHKUHfl, cooTBeTCTByiomaa AOKajibHO HHTerpn- 
pyeMOfl qbyHKUHH /, a T — HeKOTopaa o6o6meHHaa (pyHKuna, to ofioBmeHHaa 

(pyHKUHH 

p = /r 

onpeae^eHa, ecjm T ecTb jiHHeftHbiH HenpepbiBHuft (pyHKunoHaji qbyHKunft fcp h no 
onpeAejieHHio 

P [<PJ = T [/qp]. (5) 

np0H3BefleHHe AByx o6o6meHHbix (pyHKUHfl cymecreyer He eceeda. Ecjih / 
6ecK0HeiHC AHtpfpepeHUHpyeina, to fT cymecTByeT . npu Jitofihix T. Ecjih / Henpe- 

pblBHa B TOIKe X 0 , TO 

(f^ 0 )[<p]=/(^o)<pUo). (6) 

Ecjih fug o6e hbjihkjtch KBaApaTH^HO HHTerpupyeMMMH (pyHKUHHMH, to npoH3- 
ueAeHHe fg onpeAeJieHO. HanpotHB, [6 (jc) ] 2 He hmcct c^ucjia, (l/Vl * |) 2 — TatUKe. 
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B KaiecTBe qacraoro CJiyiaa ypaBHeHHa (6) HMeeM cooTHomeHne 

x6 (x) — 0. (7) 

06paTHO, ecJiH xT = 0, to T nponopuHOHajibHO 6: T = c8 (c — nocTOHHHaa). 
Bcjie^CTBHe 3Toro, ecjm f(x) h g(x) cbh33hu cooraouieHHeM 

xl(x) = g{x), 

to Heo6xoflHMO HMeeM 

fW = pM + c 5 (4 (8) 
rAe c — npoH3BOJibHaa nocTOHHHaa. 

§ 5. Psiflbi h HHTerpajibi o6o6meHHbix tpyHKUHfi 

Ecjih nocJieflOBaieJibHOCTb o6o6meHHbix (pyHKUHft T s , T 2 , . . . , T lt . . . TaKOBa, 
1 ito npn /->oo npH jik)6oh cp T/ [q>] HMeeT npe,n,eji, to stot npeaeji hbjihctch 06- 
o6meHHOii (pyHKUHefi (t. e. JiHHeftHUM h HenpepuBHbiM (pymumoHajiOM ot q>): 

r = iimr.. 

/->oo ' 

3KBHBajieHTHoe yTBepxmeHHe: ecjin 6ecKOHeiHbiH Ti [cp] cxoahtch 

i 

npn jik>6oh q>, to cyMMa pa A3 onpeAejiaeT o6o6meHHyro (pyHKiwio; rOBopHT, ito 

pnd o6o6meHHbix (pyHKUHft J] f,- cxodurcn. 

I 

Ecjih r(X) — o6o6meHHaa (pyHKUHH, 3aBHcsnnaH ot napaiueipa X, H3MeHHK>- 
merocH HenpepbiBHO b HeKOTopofl o6jiac™ A, h ecjm HHTerpaji 



[<p] = J T (X) [<p] 



'I.. 

A 

cxoflHTca npn jiioSoft (pyHKUHH (p, to HHTerpaji onpeaejuieT o6o6iu,eHHyio ipyHKUHio 

I- 

A 

AHajiormHoe onpe,nejieHHe hmggt mccto ajih MHoroKpaTHbix HHTerpajioB. 

B qacTHocTH, ecjm f(x, X) HHTerpnpyeMa no x (jiOKajibHo) h no X, to 0606- 
meHHan (pyHKUHH f(X) HHTerpnpyeMa no X h ee HHTerpaji ecTb o6o6meHHaa 

(pyHKUHH g, COOTBeTCTByiomafl (pyHKUHH 



' = ^ T (X) dk. 



*(*) — X)dX. 



Ecjih (pyHKiwa a(k) npn |ft|-»-oo MaxopHpyeTca HeKOTopofl noJioxHTejib- 
Hofl CTeneHbio \k\: \a(k)\ ^.A\k\ a (A h a — noJioHCHTejibHbie nocTOHHHbie) , to 

HHTerpaji ^ e ikx a (ft) dk aBJiaeTcsi o6o6meHHoii (pyHKUHeft. 

— oo 

B qacTHOcra, 

^ e ikx dk = 2nd. 

— OO 
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§ 6. Am|)c{)epeHUHpoBaHne o6o6m,eHHbix (J)yHKUHH 

iaH dT/dxt o6o6meHH 

>>--'[£]• 



no onpeAeJieHHio npoH3BOflHaH dT/dxt o6o6meHHOft cpyHKUHH ecTb 
dT 
dx 



B qacraocTH, ecjiH jiOKajibHo HHTerpHpyeMaa (pyHKuna AmptpepeHUHpyeiia, 
to npoH3BOAHaa cooTBeTCTByromefi o6o6iu,eHHoft cpyHKunn ecTb o6o6meHHasi 
4>yHKu,HH, cooTBeTCTByiomaH ee npoH3BOAHoft. JJeiicTBHTejibHo, HHTerpnpya no ta- 

CTHM, HMG6M 

f [q»] = J f (x) tf{x)dx = -\ f (x) q>' (x) dx = -f [q/]. 

Bee CBOHCTBa npOH3BO,HHbIX OfibmHHX (pyHKUHH nepeHOCHTca Ha npOH3BOA- 

Hbie o6o6meHHbix (pyHKUHfi. HanpnMep, npoH3BO,AHaa npoMBeAeHHa p = fT ecTb 

p' = f'T + fr. (io) 

Ho, Kpoivie Toro, HeKOTopwe pesyjibTara, oraocamHeca k 6ojiee hjih MeHee 
orpaHHqeHHHM KJiaccaM (JtyHKUHii, cnpaBefljiHBbi no oTHOinennio ko bccm 0606- 
meHHbiM (pyHKitnaM 6e3 orpaHH^eHnfi. Hmchho: 

1°. 06o6meHHbie tpywmuu 6ecnoHeHHo ducfxpepeni^upyeMU. 

B qacTHOCTH, JiOKajibHo HHTerpnpyeMbie (pyHKUHH Ig \x\, — (r = 

= V* 2 + V 2 + z 2 ) AH(p4)epeHU,HpyeMbi KaK o6o6meHHbie (pyHKUHH npoH3Bojib- 
Hoe qHCjio pa3: 

■a1=_4ji6 (6 = & (x) d (y) 6 (z)). (12) 

2°. JXudKpepetmupoeaHue hbahbtch AUHeuuou HenpepbieuoH onepaqueu a npo- 
CTpaHcree o6o6meuHbix ipyHKi^uu: 

e«iH Y\mT.— T, to \im t': = t'. 

CjieflOBaTejibHO, ecjiH paa cxoAHTCa, to oh £H(p<pepeHH.HpyeM nonJieHHO nofl 
3H3K0M cyMMbi. AHajionreHO, ecra T(X) HHTerpwpyeMa no napaMeTpy X: 



'g|*l = p-S (in 



'=\ T(X) 



dX, 



to dT (X)/dXi o6a3aTeJibHO HHTerpnpyeMa b toh me o6\nac™ X h ee HHTerpaji pa- 
BeH dl/dx;. 



Pasaeji II. CBOHCTBA «<t>yHKUHH» 6 



§ 7. OnpeAejieHHe 6 (x) 

B (pH3HK6 npHHHTo HcnoJib30BaTb o6o3Hay6HHe 6{x — x 0 ) BMecTo 6ojiee Kop- 
peKTHOro o6o3HaHeHHa 6 Xo [tp]. npH stom He ynoMHHaiOT noHaraa o6o6meHHOH 
{pynKium, a, co6jiK>Aaa HeKOTopue npeflocTopo>KHOcTH, MaHimyjinpyioT c chmbo- 
jiom 8(x — Xo) Kai< c o6biraoH tpyHKUiien. 3to 3iia>niTe.>ibHo ynpomaeT Bee (pop- 
My^bi. 
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Flo onpe^eJieHHio, ecjw f (x) onpeAe.neHa b TOMKe x = x 0 , to 

$/(*)*(*- x Q ) dx B 6^ [/ (*)] = / (* Q ). (13) 
TaKHM o6pa30M, (popMajibHO 

+oo 



(14) 



10 eCJTH X x 0 , f 

0 (x — x 0 ) = < h \ 0 (jc — jc 0 ) rfjc = 1. 

I +oo ecjiH x = *o j 

Chmboji 6 (x — x 0 ) HBJiaeTCH o6o6iueHHeM cmviBOJia KpoHeKepa 

^ f 0, ecjiH m n, 
mn \ 1, ecriH m = n. 

§ 8. FlpeACTaBJieHiie b BHfle npeaejia Hflpa 
HHTerpajibHoro oneparopa 

6(X — X 0 ) MOJKHO paCCM3TpHBaTb K3K npeflejIbHyjO <})OpMy (pyHKUHH, npHHH- 

Maromefi oTJiHMHbie ot Hyjia 3Ha"ienHH TcibKO b HeKOTopofi Majioii o6jiacra okojio 
toukh x 0 , r^e OHa o6HapyscHBaeT pe3KHH noJioJKHTejibHbifi MaKCHMyM, nprneM 
HHTerpaji ot (pyHKUHH no BceMy npocTpaHCTBy bcTaeTca ace Bpeinn paBHbiM 1. 
HanpHMep: 



, , . 1 ,. sin L (x — x 0 ) 
o (x — x 0 ) — — hm — 

Jl L->oo X Xq 



(15a) 



1 .. 1 — cos x (x — x 0 ) 

= V '"" *(x-x* = (156) 

" X+tt H \X — X 0 ) 



Jl + (X— X 0 f + 8 2 V 



_ | ira E (x — x a + r\) — E (x — x 0 ) 

T|>0 T) 

B nocneAHeM BHpaxeHHH E (x) ecrn> (pymcuHH XeBHcaflAa: 

f I, eoriH x > 0, 
£ (#) = < 

(, 0, ecjiH x < 0 



(15r) 



(o6o6meHHaa (pyHKUHH 6 edb npoH3BOAHaa o6o6meHHoft PyHKUHH XeBHcaflAa). 
Otmcthm eme BaxHoe npeAeJibHoe cbohctbo (<popMyjia Coxoupcoro) 

A x-x B ±/e = P T^*7 ^ U ~ Xoh U5A) 



OBOBIUEHHblE OTHKUHH 



449 



§ 9. OcHOBHbie CBOHCTBa 

OCHOBHUe CBOHCTBa «<pyHKU,HH» O TaKOBti: 



(16) 



6 (ax) 




(a * 0), 



(17) 



«(«<*))-£ 



n 



H X ~ x n) 
\S'(*n)\ 



(g(*„) = 0, g'{x n )^0), 



(18) 



xb (x) = 0, 
f(x)6(x-a) = f(a)6(x-a), 

b(x-y)6(y-a)dy = 6(x- a), 



(19) 
(20) 



(21) 



(22) 



— oo 



CMMCJl 3THX paBeHCTB COCTOHT B TOM, 1TO 0«HH H3 qJieHOB p3B6HCTBa MOJKeT 

6uTb 3aMeHeH ApyrHM, Kor^a ohh (pHrypnpyioT b KaqecTBe MHOHMTejieft b noAbra- 
TerpaJibHOM BupaweHHH HeKOToporo HHTerpaJia no *. Bee paBeHCTBa Moryt 
6uTb cTporo A0Ka3aHbi b TeopHH o6o6meHHHx cpyHKUHft (cm. pa3fleji I). Oopj 
MaJibHoe (ho He CTporoe) AOKa3aTeJibCTBO coctoht b yMHOxeHHH o6enx lacTeft 
paBeHCTB Ha AocTaTorao peryjiapHyio (pyHKUHio f{x) h HHTerpapoBaHHe no x, 
Tor.ua pe3yjibTaTH aojijkhh 6biTb OAHHaKOBbi b jieBoft h npaBOfl iacTHX. Tax, co- 
OTHOineHHH (16), (17) h (18) AOKa3braaioTCH nyTeM 3aMeHbi nepeMeHHOft b hh- 
Terpajie. B paBeHCTBe (18) cyMMHpoBaHHe hagt no BceM HyjiHM (pyHKUHH g(x); 
BbipaxeHHe HMeeT cmucji tojimco, ecjiH Hyjin g(x) h g'(x) He coBnaAawT; Hanpn- 
Mep, 6(* 2 ) CMUWia He HMeeT. 

§ 10. npOH3BOAHbie 6 (x) 

«4>yHKUH»» 6 HMeeT npoH3BOAHue Bcex nopflAKOB. ripn stom m-a np0H3B0A- 
Han onpeAeaaeTCH paBeHCTBOM 



cnpaBeAJiHBbiM ajih bchkoh (pyHKUHH f(x), m pa3 AHcpcpepeHimpyeMoft b toucc 

X = 0. «<DyHKUHH» 8 (m) (X — Jt 0 ) MOHieT paCCM3TpHBaTbCH KaK COOTBeTCTByiOIUHH 

npeAeJi m-x npoH3BOAHHX (pyHKHHft b npaBbix iacTHx ypaBHeHHfl (15a), (156), 
(15b). C^eAyiouiHe CBOHCTBa MoryT 6biTb CTporo AOKa3aHbi MeTOAaMH TeopHH 
o6o6meHHHX (pyHKUHH: 




(23) 



— OO 



a<»> ( x ) = (-\) m X ), 

J (x - y) 5 (rt) (y -a)dy = fl (m+n) (x - a), 
x m+\ 6 (m) (^=0. 



(24) 



(25) 



(26) 



15 A s Meccua 
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FlepBaH npoH3BOAHaa 6' (x) o6jiaj.aeT CBOHCTBaMH: 

+ 0O 



J «'(*)/ (*)<**--/'«>), (27) 

— OO 

6' (x) = - 6' (- x), (28) 

J 6' (* - 0) 6 (y - a) <ty - 6' (jc - a). (29) 

x 6' (x) = - d (x), (30) 

x 2 6'(x)=0, (31) 



+ 00 

6' (x) = ^ ke ikx dk. 



(32) 



Passes III. I1PE0BPA30BAHHE <t>yPbE8) 

§ U. npeo6pa30BaHne <t>ypbe. OnpeAeJieHHe 

Ecjih f(x) edb (pyHKixna (BemecTBeHHaa hot KOMnaeKCH0-3HaHHaa) nepe- 
m6hhoh x, to ee npe6pa30BaHHe Oypbe, ecjm oho cymecTByeT, BupancaeTCH 
(popMy^ofl 

+ 0O 

F (u) « <F [/] = (~) U2 J e- faBj: / (x) dx, (33) 

— GO 

rfle a — HeKOTopas nocTOHHHas (b bootoboh MexaHHKe Bbi6Hpai0T a=l/h). 

npH HeKOTOphlX yCJlOBHHX CXOAHMOCTH, KOTOpbie AOJUKHbl 6bITb yTOIHeHbl, f(x) 

MosceT 6biTb noJiyieHa H3 F(u) b pe3yjibTaie o6pa™oro npeo6pa30BaHHa <t>ypbe 

+oo 



/ (x) = F- 1 [F] = (^-) 1/2 J e laux F («) 



(33') 



B Sojiee oSmeM cjiyqae, ecim f (x t , x%, x n ) — (pyHKitHH n nepeineHHbix 
xi x n , to ee npeo6pa30BaHHe 4>ypbe HMeeT bha 

F («,,.... «„)-*"[/]- 



(34) 



— OO —CO 



a oCparaoe npeo6pa30BaHiie onpeAeJiaeTCH 4>opMyJiOH 



4*oo -j-oo 



-(^rs - ^^•••^^ o^-^, (340 



— 00 — OO 



8 ) Cm. CHOCKy cm. Tanace E. TuTHMapiu, BBeaeHHe b Teopmo HHTerpajioB 
Oypbe, rocTexH3AaT, 1948 r. 
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FTpa ycjiOBHH, ito npeo6pa30BaHHe 4>ypte f cymeCTByeT, HMeeM 

r [f {c x v .... cx n)] == -j7p F (~ 7") ( 35 > 



(c — npoH3BOJibHaa nocTOHHHan). 
flpH Tex xe ycJiOBHHX 



r-> [*<«.,.... ^-^(i ^> 



(35') 



B fla^bHefiuieM mu 6e3 A0Ka3aTeJibCTBa yKaxeM ocHOBHbie CBoflcTBa npeo6pa30- 
BaHHH Oypbe (pyHKu,HH (hjih o6o6meHHHx (pyHKiiHft) o;iHoft nepeMeHHoft. Bee pe- 
3yjibTaTM 6e3 Tpyaa o6o6m.aK>TCH Ha anyqafi jiio6oro wncna H3MepeHHH. 

§ 12. A6cojik>tho HHTerpHpyeMbie $yHKi;HH / (x) 

BcHKan a6cojiK)THo HHTerpnpyeMaa (pyHKims f(x), 



J |/(x)|d*< 00, 



oS^aaaeT npeo6pa30BaHHeM 4>ypbe 

F(u) = !F[f]. 

ITpeo6pa30BaHHe <I>ypbe F (a): 

(a) HenpepuBHo; 

+ 00 

(6) orpaHHieHo: | F (a) | ^ ^ | f (x) \ dx npn jik>6hx a; 

— oo 

(b) o6pamaeTcn b Hyjib Ha 6ecK0HeiH0CTH: F («) — ; — *• 0. 

| a| -»oo 

Ecjih f(x) m pa3 nenpepbiBHo AH4"P e P eH K H Py eMa h ee m npoH3BOflHHx a6- 
cojhotho HHTerpHpyenibi, to 

gr [f(m)] = ( iau yn p ( 36) 

Ecjih x m f(Ar) a6coJHOTHO HHTerpnpyeMa, to F(u) m pa3 HenpepMBHO flHtptpe- 
peHunpyeMa h 

F im) (a) = r [(- /ct*) m f (*)]. (37) 

CBoflcTBa o6paTHoro npeo6pa30BaHHa noJiynaroTCH H3 npeflMflymHX, ecjin 

bo Bcex (popniyjiax 3aineHHTb i Ha — t. 

§13. 4>yHKUHH % (0CH0BHHe (pyHKUHH) 

Chmbojiom %(x) 6yReu o6o3HaiaTb 6ecKOHetiHo AH(p(pepeHu.HpyeMyio <pyHK- 

UHK), aCHMnT0TH4eCKH CTpeMHUiyiOCH K HyJIIO BMGCTe CO BCeMH cbohmh npoH3- 

BoflHbiMH, SwcTpee jiio6oh CTeneHH \x\: 

I x \ l y* m * (x) — — ; *■ 0 KaKHMH 6h hh 6mjih m h /. 

15* 
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B o6meM cnyiae %(xu x„) o6o3HaqaeT <pyHKUHK> n nepeMeHHUX, 6ecKo- 
HeiHO AH(p<pepeHUHpyeMyio h TaKyio, hto 

npn jik>6hx i, m h jik>6om BuCope HH/jeKCOB at, «2, . . , , <x n (ai + 02 + . . . 

. . . + OLn = m) . 

4>yHKUHH (p H3 pa3AeJia I hbjihiotch qacrauM cJiyiaeM (pyHKunii ^ ; Hanpo- 
thb, (pyHKUHH % He hbjihiotch o6H3aTeJibHO (pyHKUHHMH q> (npHMep: e~ R '). 

IloCKOJIbKy (J)yHKUHH % HBJIHIOTCH a6cOJIK>THO HHTerpHpyeMblMH, TO K HHM 

npHMCHHMbi Bee pe3yjibTara npeamecTByioiuero naparpaqba. Ho, KpoMe roro, HMeenj 
cJiejjyioiUHH pe3yjibraT: 

llpeo6pa30BaHHe Oypbe SF% h ofiparaoe npeo6pa30BaHne <J>ypbe #"~'x <pynK- 

uhh x TaKxe HBJiHioTCH qbyHKUHHMH x (nepeMeHHbix u\, 112 u n ). KpoMe 

roro, npeo6pa30Bairae C>ypbe o6jia,aaeT cbo&ctbom 83ciumhoctu: 

(*F#" _I X 03HaqaeT npeo6pa30BaHHe Oypbe ot ^" -i x)- 

§ 14. npeo6pa30BaHHe 4>ypbe o6o6meHHHX jfeyHKimfi. 
OnpeaeJieHHe 

Ecjih T — o6o6meHHaH (pyHKUHH, to npeo6pa30BaHHe Oypbe !FT ecTb qbyHK- 
UHOHaJi, onpefleJiHeMbifl qbopMyjioft 

FT [qp] = T [STcp], 
a o6paraoe npeo6pa30BaHHe 4>ypbe ecTb (pyHKUHOHaji 

r~»r [<p] = T [9" l <f]. 

riocKOJibKy *Fqp, ST-^tf He o6a3aTejibHO hbjihiotch qbymcuHHMH Tnna q>, MoaceT 
cjiyiHTbCH, mto (pyHKUHOHajibi T q>], T [#" -1 (p] He cymecTByiOT; b stom CJiyiae 
T He o6jia.naeT npeo6pa30BaHHeM 4>ypbe hjih o6paTHUM npeo6pa30BaHHeM Oypbe. 

Ecjih f — o6o6meHHan qbyHKUHH, cooTBeTCTByromaa (pyHKUHH f(x), a ecJiH 
F(u), b npejjnojioxceHHH, hto oho cymecTByeT, ecTb npeo6pa30BaHHe <typbe (pyHK- 
UHH f(x), TO 

+ 00 f +OO v 

ft fol = / [^<Pl = S H*) I (^-)' /2 \ *- taUX <P («) d« irf* = 

— OO ^ —OO ' 

- \ <P («) j (^) ,/! \ e- taux f (x) dxidu-F [<p]. 
—00 —00 * 

CjieflOBaTeJibHo, npeo6pa30BaHne Oypbe o6o6iueHHofi (pyHKUHH f ecTb o6o6meH- 
Han (pyHKUHH F, cooTBeTCTByroman npeo6pa30BaHHio Oypbe (pyHKimn f. 

§15. 06o6ui,eHHbie PyHKUHH MejyieHHoro pocTa 

06o6iueHHbie qbyHKUHH MejiJieHHoro pocTa (hjih yMepeHHue o6o6meHHbie 
qbyHKUHH) no onpeftejieHHio hbjihiotch jiHHefiHUMH h HenpepbiBHbiMH qbyHKU.no- 

HajiaMH OT (pyHKUHH X. T. e. OCHOBHblX (pyHKUHH, 
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Bee cBoflcTBa o6o6meHHbix cpyHKimft, yKa3aHHbie b pa3Aejie I, paenpoerpa- 
hhiotch Ha o6o6meHHue (pyHKitHH MefljieHHoro pocTa. JlocTaTOHHo Bcroay BMecTo 
^yHKUHH cp noACTaBHTb tpyHKiwH x- B yacTHOCTH, o6o6meHHwe (pyHKUHH Mefl- 
jieHHOro pocTa SecKOHeiHO AH<p<pepeHU.HpyeMbi h Bee hx npoH3Bo,a,Hue hbjihiotch 
o6o6meHHbiMH (pyHKUHJiMH Me^JieHHoro pocTa. 

KBaapaTHiHO HHTerpnpyeMue (pyHKiiHH, (pyHKUHH, orpaHHieHHUe bo BceM 
npodpaHCTBe, h B0o6me Bee JiOKajibHO HHTerpHpyeMHe MedAemo pacrytifue 

(pyHKUHH f(x) (fl^fl KOTOpblX MOJKHO HaftTH P,B& T3KHX nOJIOJKHTejIbHblX IHCJia A 

h a, ito |/(*)| sg: 4 1*| a npn |x|-»-oo) onpeAeJiHioT o6o6iueHHbie (pyHKUHH mca- 
jieHHoro pocTa; 8, 8 Xo h Bee hx npoH3BOAHbie hbahiotch o6o6meHHbiMH (pyHK- 

uhhmh Mefl^eHHoro pocTa. 

PemeHHa sanat bojihoboh MexaHHKH Ha co6cTBeHHbie 3HaienHH hbjihiotch 

JIHHeHHblMH H HenpepblBHblMH (pyHKUHOHajiaMH B0JIH0BMX (pyHKUHH, t. e. KBaApa- 

thhho HHTerpnpyeMbix (pyHKUHft t|>(<7i, <7«)- CneAOBaTejibHo, sto cyTb JiHHeft- 
Hbie h HenpepHBHHe (pyHKUHOHaJiu (jiyHKUHii %, t. e. o6o6meHHbie (pyHKUHH uen- 
jieHHoro pocTa. 

HHTepec k o6o6meHHbiM (pyHKUHHM MeflJieHHoro pocTa cBsraaH c saMewaTeJib- 
hhmh CBOficTBaMH hx npeo6pa30BaHHft <£ypbe. 

Ecjih Ux ecTb o6o6iueHHan (pyHKUHH MeflJieHHoro pocTa (onpeAejieHHaa Ha 
4>yHKD,HHx rana %(x)), to: 

1°. Ee npeo6pa30BaHHe *ypbe V« h o6pa™oe npeo6pa30BaHne Oypbe V" 1 
cymecTByioT Bcer^a h hbjihkdtch o6o6iueHHHMH (pyHKUHHMH MeAJieHHoro pocTa 
(onpeAeJieHHHMH Ha (pyHKUHHX %(u)). Ohh onpeAejisiiOTCsi cpopMyjiaMH: 

V u [x)^P-U x [%]=U x [rx], (38) 

V~ l [%] - 9" l V x [%] = U x (38') 

2°. ripeo6pa30BaHHH ST h 9- 1 B3aHMHbi: 

g— l &-U W~ X V = U, (39) 
grgr-lf/ be g-y-l^u. (40) 

3°. ITpoH3BOAHbie npeo6pa3yioTCH corjiacHO 3aK0Hy: 

&'(U x m) ) = (iau) m V u , (41) 

y ((- /a*) m t/J = V™. (42) 

§ 16. KBanpaTHHHO MrrerpHpyeMbie tjjyHKUHH 

KBa^paTHRHO HHTerpnpyeMue (pyHKUHH onpeAejisioT o6o6iueHHbie (pyHKUHH 
MeAJieHHoro pocTa. 

Ecjih ycnoBHTbca He CHHTaTb pa3JiHiHHMH ABe (pyHKUHH, paBHbie noi™ bckj- 
jxy (t. e. Bcroay, KpoMe MHOxecTBa TO^eK MepH Hyjib) , to CBoftcTBa npeo6pa30- 
BaHHfl Oypbe o6o6meHHUX (pyHKUHft MeAJieHHoro pocTa pacnpocrpaHHioTCH Ha 
KBaapaTHiHO HHTerpnpyeMbie pyHKUHH. Ho k sthm cBoftcTBaM AoSaBjimoTcs eme 
h CBoficTBa, cneu.H(j)HHecKHe ajih KBaApara^Ho HHTerpnpyeMbix (pyHKUHH. Ochoh- 
Hiie TeopeMbi TaKOBH: 

TeopeMa I. Ecm f(x) — KeadparuHHo mreepupyeMan (pyHKiiust, to uh- 
TeepaA 

+1 

(£)'''$.-'«« f Mdx 
-I 
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cxodurca a CMbicAe cpednezo KeadparmHoao 4 ) k KBadpammo umezpupyeMod 
<pyHKU,uu: 

+1 



, (43) 

I- 



F (a) a <Ff (x) = (^-)' /! hnq J f (x) rf*. 

TeopeMa II. CooreercTeue jueoicdy f(x) u F(u) 830.umho b tom CMbicAe, 

HTO 

+\ 

f(x) = &~ x F (")=(-^-)' /, ^ m< l ^ e*' aI " F («) rfa. (43') 

-?v 

ZIjih BCHKoro 3HaieHHH a;, b OKpecraocTH KOToporo f(x) HMeeT orpaHHqeHHyio 
BapnaiiHio, 

F („) = Hm f(x + e) + /(jC ~ e) . (44) 
e-»0 * 

TeopeMa III. IJycTb Keadpammo uHTezpupyeuue tpyHKyuu f(x) u F(u) 
hbamotch (pypbe-npeodpaaoeanuHMu dpye dpyaa. Ecau npou38odHan f'(x) ecrb 
neadpaTUHHo UHreepupyeMan ipyHKU.usi, to ee npeo6pa30eanue <t>ypbe iauF(u) 
ecTb KeadparuHHo uHTetpupyeM.au fyyHKUun u, naobopor, ecAU iauF(u) ecrb 
KeadpaTMHo uHreepupyeMaa 0yHKifua, to f(x) dufyfyepenuupyeMa a f'(x) ecn 
odpamoe npeo6pa3oeanue <t>ypbe or iauF(u). AHajioraraoe cooTBeTCTBHe cbh3h- 
BaeT napy xf(x) h (l/a)F'(a). 

3aMesaHne. JXayne earn f(x) k&k (pyHKiiHH He Bcio,ny /OKptpepemmpyeMa, 
o6o6meHHaa (pyHKuna (Me«jieHHoro pocTa) f cymecTByei Bcer^a; ee npeo6pa- 

30BaHHe $ypi>e ecTb o6o6meHHan (pymatHH (MefljieHHoro pocTa) IauF(u); KaK 
(pymciiHH, 9Ta nocfieflHsa MOxeT He 6biTb KBaapaTHiHO HHTerpHpyeMOft cpyHK- 
UHefl. 

ripeo6pa30BaHHe <I>ypbe coxpaHsieT CKajinpHoe npoMBeAeHHe KBaapararao 
HHTerpHpyeMbix (pyHKunft (riapceBajib) . 

TeopeMa IV. Ecau r(u) u G(u) hbahiotch npeo6pa.30BCMu.siMU <Pypbe 
KeadparmHo unreepupyeMbix <pyHKii,uu f(x) u g{x), to 

{g,f) = (G,F), (45) 

unane eoeopn: 



5 g'WfW dx= J G* (a) F («)<*«. 



4 ) CxoflHMOCTb b cMbicjie cpe^Hero KBaflparaiHoro (MeHee cTporasi, qeM npo- 
cto cxoAHMOdb) (pyHKiiHH cp(«, £) k q)(a) npn 03HaqaeT, hto 



lim \ | <p (u, |) — <p (u) p du = 0; 



HHaqe roBopa, <p(«, £) CTpeMHTca k <p(u) hoith BCKwy. 3Ty cxoflHMocrb o6bHHo 
o6o3HaqaioT chmbojiom: 

lmq<p(a, |) = <p (a). 
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Ta6jiHua npeo6pa30BaHtifi <t>ypbe 



+ <x> 



+ <x> 



fW=(i)" 2 \ e-to» x f(x) dx 



'(f) 

f(~ X) 

rw 



I c I F (cm) 

F(- u) 
F*(-u) 
/(-«) 



- /=" («) 

a 

iauF (u) 



f (x — x 0 ) 

e iau ° x f (x) 



F{u~ u 0 ) 



6(x) 

6 (* — x 0 ) 

f 1 npn * >0, 
I 0 n P H KO 



a \l/2 _ 



(2n ) 



laux a 



/2na 



[n5 («) - 2P-J 



/ * ^ 

(w) e 

£(* + a)-.g(x-a) _^ 

-{ V^' Ul<a: 
<• 0, \x\>a 

Vy e~ vUI 

i V2Y e~" lx E(x) = 

= I / V2Y e~ VJt , x > 0; 
= I 0, * < 0 



a'u* 

» e M (Rex>0, Rex 2 >0) 



^_aa_y/ 2 sin aau 



aau 



(a AeflcTB. > 0) 



In) Y+¥u* (Re *>°> 
(^L) I/2 _i_ (ReY>0) 



3aMeiamie. *yHKUHH neTwpex noaieflHHX nprnuepoB HCpMiipoBaHU Ha ftUHHHuy : 
+00 

J [f (jc) I* djc= ^ |F<«>|»du=!. 

— OO —OO 
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4acT»UM wiyiaeM (/ = g) stoh TeopeMU HBJiaeTca coxpaHeHHe HopMu 
+00 +°° 



J \f(x)\*dx*- 5 \F(u)\*du. (46) 



§ 17. npeo6pa30BaHHe cBepTKH 

Ilo onpeAeTOHHio cBepTKofl fspyx (pymuuift Ha3UBaeTca Bbipaweime (earn oho 
cymecTByeT) : 



l*g^ \ f(x-t)g(t)dt. 



(47) 



Mojkho TaKxe onpefleJiHTb ') cBepTKy «Byx o6o6meHHbix <j)yHKimft. B lacTHocm 
6 * T = T (T — HeKOTOpaa o6o6meHHaa (pymutHH), 
+00 

6 *f — ^ 5 (x — 0 / (f) dt — f (x) {f — HeKOTopan ^yHKima). 
—00 

06pa30BaHHe CBepTKH HBjiaeTCH KOMMyTaTHBHoft onepaimeft: } * g = g * f. 
HMeeT m6Cto cjieflyiomaH TeopeMa: 

Teopeina V. Ceepma deyx <t>yH,KU,uu f(x) u g(x) (npu ycAoeuu, hto oho 
cymecTeyer) uMeer npeo6pa3oeanueM <Pypbe eupcmenue 



V2n/a F («) G (it), 

ade F(u) u G(u) hbamotcx npe06pa.30aa.HU.siMU <t>ypbe f(x) u g(x) cooreercT- 
eeHHo; sto npeo6pa3oeaHue 83ciumho. B HacTHOCTH, HMeeM: 

TeopeMa V. Ecau f(x) — Keadpammo uHreapupyeMax tpyHKifun, g(x) — 
a6coAK>THo uHTeepupyeMan qbyHKi^uH, F(u) u G(u) — ux npeo6pa3oeaHUH <Pypbe, 

V2ji 
FG hbahiotch KeadparuHHO UHTeapu- 

pyeMbiMu (pyHKiiUHMu, npmeii eropoe aeAxerca npe06pa.30aaH.ueti <Pypte nepeoio, 
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CnEU,HAJIbHbIE 4>yHKUHH 

H CBJI3AHHWE C HHMH *OPMyJIbI 



Paaaeil. yPABHEHHE JIAnJIACA, nOJIHHOMbI JIArEPPA, 
KyJIOHOBCKHE 4>yHKU.HH 



§ 1. ypaBHeHHe JIanjiaca h BupoKAeHHan 
rHnepreoMeTpHHecKaa tfeyHKmrn 

ypaenenueM Jlanmca Ha3biBaeTCH ypaBHeHHe THna 

[«-£- + 0»-»)-S-«]/W-o (1) 

(3flecb a h p — npoH3BOJibHbie KOMiuieKCHbie nocTOHHHbie) . PeiueHHe ypaBH6HHfi 
(1) mohjho HCKaTb b BHAe CTeneHHOro pHfla. 06birao eupooxdeHHOu zunepaeOMe- 
tpmecKod (pyHKiiueti Ha3biBaeTca pafl BHAa 

_V r(a + «)r(P) z" (2) 



mi r(a)T(P + «) re! 
-o 



3tot pha: 

1) BnojiHe onpeaejieH «jih npoH3BOJibHbix a h p npn p # — p (p iiejioe 
>0); 

2) cxoahtch bo Bcefl KOMnJieKCHofl njiocKoc™ z; 

3) sBJiHeTCfl noJiHHOMOM cTeneHH p (p uejioe ^ 0), ecjin a = — p, hmcct 
cymecTBeHHO oco6yio ToiKy Ha 6ecKOHeHHoc™, ecjin a # — p; 

4) yflOBJieTBopaeT cooTnoiueHiuo KyMMepa: 

F (a, P; z) = e z F (p - a, P; - z). (3) 
HeTpyAHO BHfleTb, ito ecjin ipyHKu;HH 

F(a,P;z) h 2 I_3 F(a-P + l, 2-P; z) 
cymecTByioT '), to ohh hbjihiotch ppyun JiHHefiHO He3aBHCHMUMH peuieHHSiMH ypa- 

BHeHHH (1), 

Flo MeTOfly JIanjiaca peuieHHH ypaBHemis (1) inoryT 6biTb TaiGKe npeACTaB- 

JieHbl B BHAe KOHTypHblX HHTerpajiOB. Ecjih T HeKOTOpblfl KOHTyp B KOMnJieKCHOH 



') Ecjih p He uejioe, to sth Ase (JjyHKUHH cymecTByioT h pa3JiHiHH. Ecjih 
P = 1, to ohh TowAecTBenHbi Apyr Apyry. Ecjih £ 1 = 0, —1, —2, . . . , to cyme- 
CTByeT TOJibKO (pymaiHH z 1_p F (a — P+l, 2 — P; z). Ecjih p = 2, 3, to 
pymecTByeT TOJibKO (pyHKiina F(a, P; z). 
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njiocKOCTH t, TaKoft, hto (pyHKiws ~ W a e zt npHHHMacT oAHHaKOBbie 3Ha- 
leHHH Ha ero Korniax, to Mnerpaji 

J tft t *-\ (J _ f)B-a-l dt (4) 

r 

hbjihctch qacTHHM peiueHHeM ypaBHeHHH (1). 

FIpeAnojioJKHM, mto a He uejioe, p = b (b uejioe > 0). 3aMKHyTOMy koh- 
Typy r 0 , oxBaTbmaiomeMy totkh / = 0h(=1 (pnc. 38) 2 ), cocn-BeTCTByeT perue- 
HHe rana (4). Flo coiviauieHHio arg / — arg(l — t) = 0 Ha toh qacra KOHTypa, rue t 
H3MGHHeTCH BAOJib fleftcTBHTejibHofl och MexAy 0 H 1 B HanpaBJieHHH B03paCTaK)" 
iuhx /. 3to peiueHHe, <5yAyra uejioft cpyHKUHeft z, nponopunoHajibHo F(a, 0; z). 




Ko3<p(pHii.HeHT nponopiiHOHajibHocTH nojiy^aeTCH npH pa3Jio>KeHHH e zt noA 3H8kom 
HHTerpajia h npHineHeHHH (popMyjiH 

r, 

(* + y — uejioe, </ He uejioe). 
HaxoAHM 

F (a, 6; z) = (l - e^")" 1 yff_ a) J e^ 0 " 1 (1 - tf~^ dt. (6) 

flByM neTJWM Ti h T2, o6xoahiu,hm totkh t = 0 h < = 1 cooTBeTCTBeHHo 
(pnc. 39) 8 ), OTBenaioT ABa peuieHHH rana (4), HeperyjiapHue b Haiajie, hmshho 

W r (a, b; z) = (1 - e-^ a r l r(a) rff_ a) J e^"" 1 0 - O*" 0 " 1 * (7) 

r r 

(r-1, 2). 

ycyiQBHe cxoahmocth HHTerpajia ecTb 

jt/2 < arg z + T + 2«jt < 3it/2 
(t — apryMeHT oecKOHeiHofi totkh Ha nemx Ti h T 2 ) . 



*) KOHTyp To 06XOAHTCH B nOJIQJKHTeJIbHOM HanpaBJieHHH. 

3 ) Vi h T? npoxoAflTca b nojiojKHTejibHOM HanpaBJieHHH. 



CnEUHAJIbHME OYHKUHH 



459 



{t — n, 



no corjiauieHHio 4 ) : 

— n < arg z < ji, — ji< t < + Jt (snaK t = 3HaKy arg z). 

B KOHtte neTJiH I\ h b Haqajie neTJiH r 2 : 

arg t = t, 

; — n, ecjm 0 < t < n, 
ecJiH — it < t < 0. 

EIpH 3THX yCJIOBHHX 

(6 - a, b; - z) = e _z U7 2 (a, 6; z), (8a) 
W 2 (f> -a, b; ~z) = e~ z W\ (a, 6; z) (86) 
(— n< argz< +n; — n < arg (— z) < + ji); 

F (a, 6; z) = W t (a, 6; z) + W 2 (a, 6; z). (9) 

AcuMtiTOTuiecKue pa3AO0KenuH peuienuii Wi h W 2 (ohh noJiyiaioTca MeTO- 
OTM CKopeiiuiero cnycKa): 

oo 

^ /„ a. ~ rw n y r(« + q) v 

ra=0 

w r(« + a-ft+l) (-z) n , )m 
X r(a-* + l) n\ ' KW] 



(— n < arg (— z)< + jc) 
T (6) ,„_» V T (« + 1 - a) 



w (a b . z) ~ l^Lf*-* V r(«+l-q) w 
W 2 (a, b, z) , ^ r(a) e z ^ r(1 _ a) X 



v r(n + 6-a) z~" 
X T(6-a) n! UU 
(— ji < arg z < + ji). 

§ 2. rioJiHHOMbi JIareppa 

OnpedeAenue 5 ): 

4-* , -£<'~ v >' t i-<- , >*^r t p+* (12) 

(6, p = 0, 1, 2 oo) 



4 ) 3to corjiameHHe npeflnanaraeT Im z =fc 0. HTo6bi onpe^eJiHTb Wi h U?s> 
Ha fleftcTBHTejibHoft och, Heo6xoAHMO ocymecTBHTb aHajiHTHiecKoe npoAOflaceHHe. 
ITpH 3T0M pe3y^bTaTbi 6yayT pa3jmiHbiMH b cjiyianx Imz-+0+ h Imz-*-0-. 

5 ) HeKOTopwe aBTopu chmbojiom o6o3HaiaioT iiojihhom (— l)*^-p-fe B Ha " 
niHx o6o3HaieHHj)x. 



460 flOnOJIHEHHE B 

Lg ecTb ncwHHOM cieneHH p, oS^aaaioLUHH p hyjihmh Mexay 0 h + oo: 



p 



L K l> (p-s)\(k + s)lsl 2 • (13) 



(p — s)l (k + s)! si 

s-0 



B qacTHOCTH, £,* = fel 



flwptpepemiuaMHoe ypaeueme (Jlaruiaca): 
n P 0U3eodsiuiasi (pt/HKiiua: 



zt 

CooTHOtueHun opTOHopMupoeaHHOcru: 
o 

§ 3. CoScTBeHHue (pymcuHH BOAopoAonoAodHbix etomob 
(Teopn» UIpeAHHrepa) 

BBeAeM o6o3HaieHHH 

a 0 H 2 



a ■■ 



Zm'e 2 



(15) 



(16) 



a 0 — paAHyc op6HTU Bopa, Ze — aapxp. smpa, m' — npHBeaeHHaa Macca 9JieK- 
Tpona. 

Co6creeHHbie 3HmeHun anepeuu: 

p / Ze 2 \2 m'c 2 1 Ze 2 

n ~ \ tic ) 2ft 2 ~ n 2 2a' 

HopMupoeaHHbie na edtiHuyy co6cTeenHue (pyrnmuu e ctpepmecnux koo P - 
dunarax BupaxcaioTCH (popMyjianw: 

%ltn (r, 6, <p) = a- 3 ' 2 N nl F nt {^) Yf (6, <p), (17) 

xj 2 /(«-/ - 1)1 

N ni = i?y [{n + iw * (17a) 

F nl (x) = x'e-^Ll'+l^ (x) (176) 
(«= 1, 2 oo; / = 0, 1,..., ft-1; m = -l, /). 
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ITpHBefleM T3K>K6 petty ppewrnoe cooTHouienue uexny cpeflHHMH 3HaqeHHHMH 
cTeneHeft r, othochuihmhch k oahomy coficTBeHHOMy coctohhhio (nlm): 

1 + L <rf -(2s+\) a(r s -') + ± [(21 + if - s 2 ] a 2 {r^) = 0 
( S >_2/-1); 

(t") != "^~ ; (t 5 ")"" (21+ \)n 3 a 2 ' 
(r) = 1 [3« s -l(l+])] a; <r 2 > = -I [5ra 2 + 1 - 3/ (/ + 1 )] n*a*. 

Ta6jiHua nepBhix paflnajibHux (pymcimft: 

(p-tp g «j (p)= V«/(t p )) ; 

n = 1 gi s = 2e -p , 
§ 4. Hhcto KyjioHOBCKan BOJina 

nycTb \pc (**) ecTb CTauHOHapHaa BOJiHOBan (pyHKiina pacceaHHa qacnmu 
ihcto KyjiOHOBCKHM noTCHitHaJiOM ZZ'e 2 /r, & = mv/h = BonHOBoe hhcjio, v = Ha- 
Ha^bHaa CKopocTb. 

IlycTb TaKHce 

Z7'c 2 



Tor.ua: 



2 r (I + /v) e kz F (- iy, 1 ; ik (r - z)) = (19) 

= *j + ^. (20) 

*, = e" T V (1 + / Y ) e^V, (- /v. 1 ; tt (r - z)), (21) 

= « 2 V (1 + iy) e ikz W 2 (- iy, I ; ik (r - z)). (22) 
AcuMtiTOTwecKasi (popMa: 

•b ~ -ikz+iy In k(r-z) f . ■ V 2 ■ 1 / 23) 

W^*-^ ? \ 1+ rt(r- Z ) + •• y K 
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roe 

- iv In (sin 1 — )+2ia 0 

fc(6) = Y — s-e K 2J , (25) 

2k sin 2 y 

c 2io a _ T (1 + iy) 

noeedenue b6au3u nauaAa Koopdunar: 
n 

(0) = e 2 V (1 + iy), 1 ^ (0) P = 2 " Y . . (27) 



§ 5. C(j)epHqecKHe KyjioHOBCKHe cpyHKUHH 

HiupcpepetmuaAbHoe ypaeneuue. 

B c(j)epHHecKHx KOopAHHaTax npo6jieMa paccesmHH H3 § 4 iiphboaht am «a- 
Xfloro 3HaHeHHH / MOMeHTa HMnyjibca k paduaAbHOMy ypaeneHum 



(28) 



C(pepHHeCKHe KyJIOHOBCKHe (pyHKUHH HBJIHIOTCH qaCTHUMH peilieHHHMH STOrO 

ypaBHeHHH. 3to (pymcuHH apryMeHTa p = kr. Ohh 3aBHCHT ot SHeprnH qacTHiibi 
iepe3 k h y- OnpeaejifliOT peryjiapiioe (~r ,+1 ) b HaiaJie peuienne f(/(Y> kr) 
h HeperyjiapHue peuieHHH G ; , u\ + ^ h h[ - ' (cHHryjiapHocTb THna 1 //■') . 
ripn noMomn 3aMeHH 



z = -2/p, y J = eV + 'i | , 



ypaBHeHHe (28) cboahtch k ypaBHeHHio JIanjiaca: 

[ z -& + (2/ + 2 ~ z) IF ~ {l + 1 + J ' Y) ] °i = °' 
peryjiapiroe b Haiajie pemeHHe F(l + 1 + iy, 21 + 2; z) h Asa HeperyjiapHbix pe- 

UieHHH W u i(l + 1 + ('Y, 2/ + 2; Z) KOTOpOrO HaM H3BeCTHH. 

OnpedeAenuH u coomotueHua jueowdy cpyHKt^uHMu: 

Ft (Y, P) = c/fp'^F (1+1 + iy, 21 + 2; - 2/p) = 

= c t e~ lp p t+l F (l+l- iy, 21 + 2; 2/p), (296) 
(Y; P) = ± 2te T %e ±, ' f p' +1 ir 1 (/ + 1 ± (Y, 2/ + 2; =F 2/p) = (30a) 
= ± 2ie^ i0 'c z e T ip p l+l W 2 (I + 1 =F f'Y. 2/ + 2; ± 2/p), (306) 

G / (Y;p) = T («5 + V a ' + « ( r' e -'' a 0. (31) 

Be^HIHHbl Cf H <Xf (KyjlOHOBCKHH <j>a30Bblft CABHr) HBJISWTCH CJieAyiOIUHMH <})yHK- 
UHHMH Y: 

C ^2'r^ V |r( ;+^+; Y) ' , a^argTU+l+ZY) (32) 
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hjih: 

fljia / = 0 



(32a) 



(326) 



h Gj BemecTBeHHti, 

«<-> = «<+>*, 

^=^.( a W e to /-„(-) e -'- ( '/) ) (33) 

«J ±) -e !F " T '(0 I ±/F / ). (34) 
AcuMitTOTmecKue fyopmu (r -> oo, p » Z (Z + 1) + y s ): 

^p^^Cp-VlnSp-^ + cr,), (35) 

G / P r= o cos ( p - Yln2p ~-T +o 0' (36) 

«4 +> P r- eX " I'' (P - V 2 P - -£)] f ™ «" c * (37) 

pT- [" ' (P " V 'n 2P - £)] <«° c * (38) 
floeedeHue e6mau naiam Koopdmar (r->0): 

^pTo^ +1 [ 1 + TTTP+-]- (39) 

1 i T f 0 (VP 1" P). ecm 1 = °; 1 

G 'pTo (2Z+l)c, p [ 1+ jo(^-p), earn Z^O.J 

06w,ee noeedenue <pynKu,uu Ft. 

KorAa p pacTeT ot 0 «o oo, (pyiwiiHH Ft pacT et cHaqaJia Ka n p' +1 , 3aTeM Bee 

6ucTpee (sKcnoHeHUHajibHo) no toikh p = Y + Vy 2 + '(' + '). 3aTeM thymoma 

6ecKOHeqHO ocuHJurapyeT Meatfly flByMa SKCTpeMajiMbiMH 3HaqeHHHMH, KOTopwe 
acHMnTOTHqecKH CTpeMHTCH k +1 h —1; nepnofl ocuhjijihuhh acHMnTOTHqecKH 

CTpeMHTCH K 2jl. 

PeKyppenmbie (popMyAbi: 

= zVy 2 +('+D 2 (/+l)V7"+7 l /' i _, + (41) 



(40) 
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(46) 



3th cooTHomeHHH ocTaroTcs cnpaBeMHBbiMH, ecjra 3aMeHHTb Fi Ha Ui = aFi + 
+ 6G; (a, b — npoH3B<vibHo Bbi6paHHbie KoaiptpHUHeHTH, He 3aBHCHiime ot I). 
OnpedeMiTeAb BponcKoeo ajis (JiyHKUHfl G; h Fi paBeH 

dF, dG. 

G i-W- p t-dT^ < 44 > 

oTKyaa (/ # 0) 

G.F, ,-F.G. .= . 1 (45) 
l l-l l t-i V 2 + Y 2 

Ecjih v = 0, to c TOTHOCTbio ao MHOHCHTeJiH p nojiynaeM cipepHHecKHe <py H K- 
uhh BecceJia: 

^ (0; P) = Pi t (p), G, (0; p) = pn t (p), 
«<+> (0; p) = pA* +) (p), «}-> (0; p) = pA<-> (p) 
(onpeaejieHHe f z , cm. b caeayiomeM pa3fleae). 

Paaaeji II. C*EPHMECKHE WHKUHH BECCEJIfl 

§ 6. C<J>epHHecKHe $yiiKUHH Beccejin 

fltxpipepeHHuaAbHoe ypaenenue. 

B ccpepnqecKHx Koop^HHaTax ypaBHeHHe IIIpeflHHrepa rjih cbo6oahoh na- 
CTHU.H fljia KaxAoro 3HaqeHHH / MOMeHTa HMnyjibca npHBO^HT k paduanbHOMy 
ypaeHenuio 6 ) 

B KOMnjieKCHoft njiocicocTH fi HMeeT cymecTBeHHo ocofiyio TO'iKy b OecKOHe^HOCTH 
h, b o6meM cjiyiae, nojiioc nopn/uca / + 1 b HaqaJie p = 0. 

CipepHHecKHe dpyHKUHH Beccejm hbjihiotch qacTHHMH peuieHHHMH SToro ypa- 
BHeHHs; ohh onpefleJiHiOT peryjiapHyto (~r l ) b Haqajie (pyHKUHio // (co6cTBeHHO 
c<pepHMecKyio (pyHKUHio EecceJia) h HeperyjmpHbie penieHHa ni (cpyHKUHH Hefl- 
MaHa), A| +> (4>yHKUHa TaHKejia nepBoro po^a) h h\~^ (cpyHKHHsi TaHKeJia bto- 
poro po,na). 

OnpedeAenue 7 ) : 

'I (P) = (lp-) I/2/ ' + l/2 (P)« «» (P> = (" ^ (-§p-)' /2/ -/-'/2 <P)« 

Al ±> (p) = «,(p)±//, (P) 
(/ v o6o3HaiaeT oObiiHyio (pyHKUHio Beccejisi nopswca v); \ l h « ; BemecTBeHHH, 

A<-> = A<+>\ (48) 

6 ) YpaBHeHHe (28) rah qacTHoro cnyiaa y = 0 noJiysaeTca npH p = fcr, 
#i = krfi(kr). 

7 ) EoflblHHHCTBO aBTOpOB CHMBOJIOM til o603HaqaK>T Ty Ke CaMyK) (pyHKUHK), 

ho c npoTHBonojioxHHM 3HaKOM, a b KaiecTBe ctpepniecKiix (pyHKIWft TaHKejIH 
nepBoro h BTOporo poaa npnHHMaioT cooTBeTCTBeHHO <pyHKU.HH 

Hf = - ,•/*<+> h A< 2 > = ih\~\ 
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B R8H0M eude: 

. _ D sinp , „ cosp _ „ cosp „ sin p 

/,<*> = ( * /± ; S; )^~. 

3Aecb /?/ — nojiHHOM no 1 /p cTenemi I c BemecTBeHHbiMH K03<j)(j)HUHeHTaMH h ieT- 
HocTbio ( — 1)'; Si — nojiHHOM no 1/p CTeneHH / — 1 c BemecTBeHHUMH K03(p<pH- 

UHCHTaMH H HeTHOCTbK) ( — l)' -1 , 

' ' 2 s s! (f-s)! 



P » P p 

sin p _ cos p 
p 2 p 1 1 p* 1 p ' 1 Vp* 



= cos_p stop A j ±) = M _/N e±ip> 

p 2 p 1 \ p 2 p / 



AcUMtlTOTUHeCKUe (pOpMbl (p-*oo, p>/(/+l)) : 

1 . / /it \ 1 / /« \ 

4 »^l, w [ li(p -^)][ 1± ,i<Ltil-...]. 

tloeedeme b6au3u miam Koopdmar (p->0): 

; 'p~0 (2/+1)!! L 2(21 + 3) ^ • J' 

(2/+l)!l /lV+lr p 2 I 

«/ p ~ 0 JU + l UJ L 1 + 2 (2/ — 1) + 



(51) 



(52) 



06w,ee noeedenue ji. 

ripH B03pacraHHH p;+i ot 0 flo +°° ^yHKW Pi i cna qaja pacT et KaK p'+i, 
3aieM Bee 6ucTpee (sKcnoHeHunajibHo) «o totoh p = V' ('+'). saieM OHa 
6ecKOHeqHO ocuH^JinpyeT inexcfly AByMH SKCTpeMajibHHMH 3HaqeHHHMH, KOTopbie 

aCHMnTOTHHeCKH CTpeMHTCH K +1 H — 1 COOTBeTCTBeHHO. ACHMnTOTHieCKafl (pop- 

Myjia (51) HBJineTCH xopouiHM npH6jiHHceHneM, Kor^a p»/(i+l)/2, oflHaKO 
aMnJiHTyfla ocmwJismHH npaKTimecKH flocniraeT CBoero acHMnTOTHiecKoro 3Haie- 
HHfl (c ToiHOCTbio flo 10%) yxe npn p^2Z. 
Petty ppeumbie (popMyAbi. 

tiaxe 6y«eM ciHTaTb, qTo fi es aj\ + bni, rae a h b — npoH3BOJibHo bh- 
6paHHue KOS^ipHiiHeHTU, He 3aBHCflin.He ot HMeeM (/ # 0) : 

(2/ + l)f,-p[f I+1 + f z _,] t (53) 
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Tan mo 

OnpedeAtireAb BponcKoeo: 

OTKy.ua (/ ¥= 0) 

Pa3Aeji III. TAPMOHHHECKHH OCUHJ1JIJITOP 
H nOJIMHOMbl 9PM HTA 

§ 7. FlojIMHOMbl SpMHTa 

OnpedeAenue: 

H n (z) = (-!)" e* (J^r (« = 0, 1, 2 »); 

ecTi> nojiHHOM CTeneHH « qeTHocTH ( — o6aaaasomHft « HyjiaMn: 

f- i )'-? f (' p, i ! 4 ecj,H w=2p: 

t (~l) p 2 (2p +' )! ^(-P-|; z 2 ), earn n = 2p + l. 
RtHptpepetmuaAbHoe ypaenenue: 

[lSr-^+2«]/Mz)=0. 
ripou38odxu4ax (pyHKtiun: 

CO 

PeK.yppeH.mbie coomotueHua: 

-j- H n = 2nff n -i, 

ctz 

2zH n = H n+l +2nH n - u 
HBHHe BHpasceHHH inecTH nepBux ikwihhomob SpMHTa: 

tf 2 = 4z 2 -l, // 3 = 82''- 12z, 

tf 4 = I62* - 48z 2 + 12, H 6 = 32z 5 - 160z 3 + 120?. 
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§ 8. Co6CTBeHHbie (fryHKUHH rapMOHHHeCKOrO OCUHJIJlHTOpa 

u„(Q) ecTb co6ctbghh3h (J)yHKUHH, HopMHpoBaHHaa Ha emnviny h npiiHaA- 
■nexamaH co6ctb6hhomy SHaqeHHio E n = (n + l/2)/ico (ft = 0, 1, oo); (pa3a 
Bbi6HpaeTCH TaK, mo6bi BbinoJiHHJiocb cooTHomeHHe (68), h qTofiu Uo(0) 6biJia 
BemecTBeHHOii h noJioacHTeJibHoft. 

Vpaenmue na codcTgennue mmeHun = /\J 

K Q2 -w)"- (Q)= ( n+ ^)"" (Q) - 

npou3eodnu{an (pynKt^UM: 

CO 

n -i« e -Q'/2 e -"/2+Vr«/ = £ „„ (Q). (66) 

CoOTHOlUeHUX OpTOHOpMUpOeaHHOCTU U 3aMKHt/T0CTU: 

+°° 



^ u n UpdQ = d np , 

— CO 

oo 



n=0 

PeKyppeHTHue coomomeHua: 



^( Q -^-)"" = V;rTr "" + " 



(67) 
(68) 



Q«« = ^/ iL Y- ! - "«+, + /^/f "«-«• (69) 

«» (- Q) = (-l) ra "« (Q). 
BbipaxeHue iepe3 noMiHOMbi 3 puma: 

u n = (^2"nr ll2 e- Q ' /2 H n (Q). (70) 

Paaaeji IV. nOJIHHOMbI H *YHKUHH JlE)KAHflPA, 
C*EPHHECKHE *yHKU.HH 

§ 9. riOJlHHOMH H (j)yHKUHH JleataHApa 

Onpedejenun: 
rio^HHOM JlescaHApa 

^^JTrrl"'- 1 '' (/- 0,1,2 oo) (7i) 

2' • l\ du 



(73) 



468 flOnOJIHEHHE B 

ecTb noJiHHOM cxeneiiH /, tcthocth (— 1)', o6jia,o.aiomn8 / HyjiHMH b HHTep- 
Bajie (—1, +1). 

OyHKUHH JleHcaHflpa 

1=0, 1,2, .... oo; m=0 1 /) 

ectb npOH3BefleHHe (1 — « 2 ) m/2 Ha noJiHHOM ereneHH / — m it leTHOCTH (— \) l ~ m , 
oOjiaAaiomnft l — m HyjisiMH b HHTepBaw (— 1, + 1) B qacTHOCTH, 

m = / p\ = (2/ - 1 ) !! (1 - u 2 )" 2 , 

m = Q P° l =P l (u); 

P ^ («) ecTb lacTHuft cjiyiaft ^ymcuHH JlexaHApa 
flutpcpepeHtfuaAbHoe ypaeHenue: 

[ ( , _ „ 2) _^ _ 2u £ + , (/ + , ) _ _^_] p r = o. (74) 
[Jpouseodnu^ue (ptjHKt^uu: 

1 r = V t l Pi (a), (75) 

oo 

(2m -1)11(1-^ = ^ /'/>*(„) (UK 1) (76) 

CooTHomeHUR oproHopMupoeaHHocTW. 
+1 

S W«-2fTT-^ 6 «- (77 > 
-i 

PenyppemHUe cooTHotuenun: 

(21 +\)uP? = (l+\- m) P? +1 + (I + m) P f % (78) 

(1 ~" 2 )-^ /»i m - + + rn)Pf_ x = (79) 

= (/ + l)aP? I -(/+l-/n)P i m + , (80) 

(COOTHOffleHHH BepHH H npH /=0, eWIH npHHHTb P_]=0). 

VacTHbie 3HaneHUH 

P z (l) = l, P i (_l) = (_l)', 
(l) = p«(_l) = 0 («9t0), 

(— l) p , - 2 — , e&jiH I — m = 2p; 

Pf(0) = 2 l p\(p + m)\ (81) 

0, ecyiH I — m — 2p + \ 
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IlepBue nHTb iiojihhomob JleMcanApa: 

P 0 =l, Pi = «, ^2=y(3« 2 -l), 

/> 3 = 1(5«3-3 U ), P 4 =-|-(35« 4 -30«2 + 3), 

§ 10. C(J)epnqecKHe (J)yHKi(HH 

Oneparopbt L x , L y , L z e ccpepuvecicux Koopdunarax. OnepaTopu L x , L y , L z 
hbjihiotcs AH<p<P e P eHU . Haj]bHbI MH spMHTOBUMH onepaTopaMH, onpeAeJieHHHMH (b 
CHdeMe eAHHHU, r^e h = 1) cpopMyjiofl 

L = -i[rV]. 

B KaiecTBe nojiapHoii och BbidnpaeM Oz; (r, 6, q>) — ctpepjmecKHe koopah- 
naTbi ToqKH r; Q = (9, tp) o6o3HaqaeT coBOKynHocrb Asyx ynnoBbix KOOpAHHaT 
(q) = 0 ecTb njiocKOCTb zOx, cp = jt/2 — njiocKOCTb zOy). 3jieMeHT TeJiecHoro 
yrjia ecTb d£i = sin 0 dQ dep. 

B cfpepHieCKHx KoopAHHaTax HMeeM: 

L ± = I, ± /L„ = .± "[ ± + / ctg 9 A], (83 ) 
L«-L»+LJ + LJ — [^^^6-^)+^.^]. (84) 

OnpedejwHue ctpepuiecKux tpymcifuu Yf 1 (0, <p). 
06m,He co6cTBeHHue (pyHKitHH onepaiopoB i 2 h 

L 2 yf = /(/+ D17, (85) 

Z. 2 K^ = mYf (86) 

(/ = 0, 1, 2, .... oo; tn = ~l, -l + l, .... +/). 

3aBepinaioT onpeAejieHHH ycnoBHH: 

a) Y™ HopMHpoBaHbi Ha eAHHHiiy Ha ctpepe paAHyca 1; 

6) <pa3bi Bbi6paHbi TaK, mto6h yAOBAeTBopsjiHCb peKyppeHTHue coothouichhh 
(89) h no6n >;((), 0) 6ujia AefiCTBHTejibHoft h noAOJKHTeJibHoft BejiHTOHOft. 

CooTHOuiemiH oproHopMupoeaHHocm u 3aMKHyTocm: 

In n 

J YfYf dii - J dq> J sin 9 dQYf (9, <p) ) J?' (9, <p) = 6 mm ,6 <r , . (87) 

*' 0 0 

£ t T'O, WTOf. O- &(e - e 2 n 5 ^-^ =a(Q-a'). W 

OyHKUHH Kj" o6pa3yioT norayio opTOHopMHpoBaHHyio CHCTeiny KBaAparaiHO hh- 
TerpHpyeMux tpyHKUiifi Ha ctpepe paAHyca 1. 
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flOnOJIHEHHE B 



PeKyppeumbie coomouteHun: 

L ± y? = [/ (/ + 1) - m (m ± 1)] I/2 K z m±1 = [(/ =F m)] (I + 1 ± m)]" 2 Kf* 1 , (89) 

cos e ym _ r (/+l + m)(/+l-m) 1'/2 r (/ +m )(/- OT ) -ii/z 

cosB^ -|_ (2;+1)(2/ + 3) J 1 '/+l+L(2/+l)(2/-l) J ^- 



(90) 



HemocTb np« npocTpaHCTBeHHOM OTpaxeHHH (9, q>)->(n — 9, <p + ji): 

yr("-e. q> + n) = (-o'i7(e, <p). (9i) 

KoMtiMKcHoe conpnoiceHue: 

rf(Q, <p) = (-i) m yf m (e, <p). 02) 

C&«3f> c (pyHKt^uHMit JJexandpa (m ^ 0) : 

17(0. *) = (- ir[i^.|^L] 1/2 /.-(cose) e ^. (93) 

TaKHM o6pa30M, Y™ ecTb npoH3Be«eHHe e' m<,> sin ,m| 0 Ha itojihhom weneHH l — \m\ 

H HeTHOCTH (— l)' _m OT COS0. B laCTHOCTH, 

m = 0 K° = ^/ (cos 6), (94) 
. J (21+ 1) (2/)! l'/2 , ., 

rapMOHmecme hoauhomu u c<pepuvec,Kue (pyuKifuu. 
GnHopoAHue no^HHOMu CTeneHH / ot x, y, z 

^(r)^r l YT(Q, <p) (m = -l,-l + \ + /) (9 6 ) 

o6pa3yioT nocjie^OBaTejibHocTb 21 + 1 jiHHefmo He3aBHciiMbix rapMOHH^ecKHX no- 
jihhomob CTeneHH I s ): 

A^(r) = 0. (97) 



8 ) Oopinyjia (97) cjieayeT H3 onepaiopHoro cooTHOineHHH, BepHoro ajih bchkoh 
(pyHKiWH, orpaHHHeHHOH npH r = 0: 



r rfr 2 r 2 



rto onpeAe^eHHK) noJiHHOM h(x,y,z) ecTb rapMOHmecKHfi nojiHHOM, ecnn oh oa- 
HopoAeH no x, y, z a yAOBJieTBopaeT ypaBHeHHK) Aft = 0; cymeCTByeT 21 + 1 jih- 

HeftHO He3aBHCHMblX nOAHHOMOB. 
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HecKO^bKO nepBux ctpepnqecKHX <pyHKu,Hft: 

Y° 3 = y\f-^- (5 cos 3 6 - 3 cos e), 

y I — V^r sinee ' tP ' Y *=~ V£' sinecosee^<P • 
y 3=- V"Sr sinG(5cos2e_1) * i<P ' 

i - Vw sin2 e * 2i * y > - VST sin2 e cos °^ 

Pasneji V PA3JIOHCEHHS H PA3JIHHHWE *OPMyjH>! 

Teopeua cMo/centta: 

+i 

^±1 • />, (cos a) = Yj Y ?' ( 9 " »>) ^ »«> (98) 
m— — I 

(a — yroji M«K«y HanpaBJieHHHMH (8i, <p0 h (6 2 , <p 2 )). 
<PyHKU,uu rpuHa oneparopoe A h A + & 9 ) : 



/-o 



(99) 



1 v-i /•< 

|ri-nl /•> 
i"' f '~ r; , = * V (21 + 1) /, (*!■<) (ft/v^P, (cos a), (100) 

00 

C ° S \ k r \ r l~ 2 r \ 2l) = * J] (2/ + 1) // (*•<) »/ (*/>) i»/ (cos a) (101) 



(a — yroji Meawy HanpaBJieHHflMH r t h r 2 ; r<— MeHMimsi H3 hjihh n h r 2 , r>— 
6oJifamaH H3 a-"hh ri h r 2 ). 

OopMyjiH (100) h (101) BepHU npn jiK>6bix k, b tom qacjie h npH KOMnjieKC- 
hhx A:. 



/ 1 \ e ikr 
A f -±-J = - 4n6 (r), (A + A: 2 ) -~— = - 4n6 (r) 



( A + ^)£2!ii = _43X0(r). 
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PasAootcenue tiAocKou boahu u iucto KyAonoecKoA eoAnoeoU <pynKi^uu pac- 
cesmun. 

ntwinpHaa ocb HanpaBjieHa no och z, coBnaflaiomefl c HanpaBJiemieM HanaJib- 
Horo BO^HOBoro Beicropa ft: 

oo 

e ikz = Y^(2l+ 1) (kr) P l (cos 8), (102) 

1 = 0 

oo 

% = YrTj (2l + l) ileia ' Ft (Y: kr) ?l (C0S 9) ' (1 ° 3) 

1=0 

oo 

fc W = X Yj (2/ + ]) Sin °l P l (C0S 9)- (104) 

OnpeaejieHHH y, fc, fc{Q), Fi, oi aaHbi b § 4 h 5 (ypaBHeHHa (18), (19), (25), (29) 
h (32)). 

IlpH flpyroM BhiSope noJiapHofi och pa3JiojKeHHH (102), (103) h (104) 
OdaiOTCH BepHHMH, ecJiH noA 0 no,npa3yMeBaTb yroji Meatfly HanpaBJieHHHMH 
k h r. 

nojn>3y5icb TeopeMoft caoxeHHH, mojkho nojiyiHTb pa3Jio)KeHHH no cipepHie- 
ckhm (pyHKUHHM ot apryineHTOB (Qk, <fk) h (9 r , <pr). HanpHMep, 

oo +1 

e lbr = 4«J] £ {kr) Y ?' ( 9 *- »*) K " ( 9 " *r)- ( I05 > 
/=0m— I 



ITPEflMETHblH yKA3ATEJIb 



A6cojiiotho HHTerpnpyeMbie cpyHKmra 
450 

— uepHoe Tejio 21 
A.nre6pa KOMMyTaropoB 204 

— npoeKTopoB 258 
AinnjiHTyAa pacceaHHH 359 
KyjiOHOBCKaa 406 

AHTHJIHHeflHOe COOTBeTCTBHe 242 

Atom Bopa 33 

— BOAopoaa 32, 395 

— Pe3ep<pop«a 20, 32 

ATOMH3M fleHCTBHH 51, 118 

ATOMHaa cneKTpocKonHH 32 
AtomhuA cneKTp 32 



Ea3HCHaa CHCTeMa (pyHKunii 201 

Ha6jiK>AaeMOH 267 

BapH 358 

Bapbep noTeHUHajibHbiii 92, 101, 233 
Bpa-BeKTOp 242 



BanyyM 421 

BeKTop 6a3HCHi>ifi 241 

— BOJIHOBOH 25 

— iijiothocth noTona BepoHTHocm 124 

— npaBbiii, jieBbifi 268 
BeKTopHoe npocTpaHCTBO 240 
BepoHTHOdb 58, 119, 178, 189, 289, 

322 

— nepexoAa 38 

B3aHMHOCTH CBOHCTBO 92, 112 

BK.B MeTOfl 226 
BoflopoflonoaoSHwe aTOMH 396 
BojiHOBaa MexaHHKa 55, 314 

— TeopHH H3JiyieHHH 17 

— (pyHKimH 68, 119 

b HMnyjibCHOM npocTpaHCTBe 122 

BoJiHOBoe ypaBHeHHe 68, 76, 303, 395 
AJiH cbo6oahoh qacTHUM 71 



Bojihoboh naKeT 59, 89 

rayccoBbift 133 

h ero pacnjibiBame 83, 218 

MHHHMH3HpyK)mHH 1 10, 427 

Bojihm BemecTBa 58 

BpeMH KH3HH 385 

BpoHCKHaH 103, 463 

BbipOJKAeHHe C06cTBeHH0r0 3HEH€HH5I 

85, 171, 252, 343, 399, 433 
BbipoxyieHHH KpaTHOCTb 85, 343 
— nopaAOK 252 



TaMHabTOHHaH 76, 123 

— aTOMa BOAopoAa 78 

— b ccpepHHecKHx KoopAHHaTax 334 

— rapMOHHqecKoro ocu,HJwaTopa 414 

— ajieKTpoMarHHTHoro nojia 421 
TapMOHHiecKHH ocuhjijihtop 66, 414 
THnepreoMeTpHHecKaH cpyHKima 334 

BbipoxAeHHaa 398, 404, 456 

THnepreoMeTpHqecKHH psA 334, 398 
THnoTe3a SftmiiTeHHa 23 

TjiaBHoe KBaHTOBoe tocjio 400 
rpaHH^Hbie totkh 230 
TpynnoBaa cKopocTb 60 



fle6aa — Illepepa KOJibiia 65 
J\e BpofljiH cooTHOiueHHH 25, 61 
JleftcTBHe 22 
fleftcTBHfl HHTerpaji 46 
6-(pyHKii,HH flnpaKa 182, 444, 446 
/I,HaroHajiH3auHH 280 
^HHaMHTCCKHe nepeineHHbie 15, 166 
flHHaMHqecKoe cocTOHHne 79, 289 
flucKpeTHbift cneKTp 80, 93, 95, 343 
flncnepcHH 3skoh 59 
flnippaKUHa Ha TBepAoft ccpepe 379 
— sjieKTpoHOB 65, 155 
^HfptpepeHUHa^bHoe scpcpeKTHBHoe cene- 
HHe 357 

flH<p(pepeHUHa^bHbifl npoeKTOp 261 
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nPEflMETHHEl yRA3ATEJlb 



jlJIHHa BOJIHbl 25 

— pacceaHHH 376 

JIonojiHHTejibHoe noAnpocTpaHCTBO 244 
flono^HHTejibHOCTb 149, 153, 385 
flonojiHHTejibHbie nepeiueHHbie 153, 
flyajiH3M BOJiHa — qacraua 31, 67, 155 
flyajibHoe npocTpaHCTBO 241 



3aAaqa AByx Teji 348 
— Ha coScTBeHHue 3HaqeHHa 169 
3aKOH pacnpe^eJieHKH ILiaHKa 22 
3aKOHH coxpaHeHHH qacna qacraa 68 

3HeprHH h HMnyjibca 32 

3aMKHyTOCTH cooTHOiueHHe 187, 262 
«3ana3AtJBaHHe» bojihu 112 



HaeajibHoe H3MepeHHe 197, 290 
H3MepeHHe HMnyjibca 146 
— ncwiOHceHHfl 144 
H3MepHTeJibHufl npH6op 145 
H30TponHbifl ocuH^jiflTop 432, 434, 437 
HianyjibC o6o6meHHUft 42 
HHTerpaJi AeftcTBHa 46 
HHTerpaJiH ABHJKeHHa 209, 309 
HHTepcpepemiHH cBeTa 29 

H CBeTOBbie KBaHTbl 30 

HH(pHHHTe3HMajibHoe npeo6pa30BaHHe 
285 



KoMMyTaTop 71, 205, 245, 292 
KoMMyrapyioiuHe Ha6jiK>AaeMHe 198 
KoMiiTOHa acjxpeKT 22, 24 

KOMIITOHOBCKaH AJIHHa BOJIHbl 25 

KoopAHHaTbi o6o6meHHbie 41 

— napa6ojiHqecKHe 397 

— cipepHTCCKHe 397 
KopnycKyjiapHaa Teopna BemecTBa 17, 

37 

KopnycKyjiapHO-BO^HOBOfl AyajiH3in 118 

H AOnOAHHTeJIbHOCTb 155 

Ko3(p$HUHeHT npoxoatAeHHH 92, 112 
KparaocTb bhpohcaghhh 85 
KyjiOHOBCKoe B3anMOAefiCTBiie 394 



JIa6opaTopHaa CHCTeMa 366 
JlanjiacnaH 71 
JlapMopa qacTOTa 52 
JIays nHTHa 65 
JleBHfl BeKTop 268 

JlHHeHHaa cynepno3Huna 288 i 
JlHHeftHoe npocTpaHCTBO 164 
JlHHeimo He3aBHCHMbie BCKTOpbi 241 
JlHHeflHue onepaTopu 245 
JIhhhh cneKTpajibHue 32 
JlorapHcpMMecKaH npoH3BOAHaa 87, 
375 

JIopeHua TeopHH sjiempoHOB 19, 33 



Kb3ht CBeTOBoft 22 

— SHeprHH 22 

KBaHTOBaHHe b aTOMHbix CHCTeMax 32 

— MOMCHTa KOJIHieCTBa ABHJKeHHH 37 

— npocTpaHCTBeHHoe 35, 48 

— SHepreraqecKHX ypoBHefi 33, 64 
KBaHTOBaa CTaTHcraiecKaa MexaHHKa 

203 

KBaHTOBoe hhcjio 202 

a3HMyTajibHoe 343, 400 

rjiaBHoe 400 

MarHHraoe 48, 343 

paAHajibHoe 399 

xopoinee 309 

KeT-BeKTopw 240 
KJiaccmecKaa AOKTpnHa 15 
KJiaccHHecKoe npH6jiHxceHHe 58, 210, 

372,403,427 
KoMfiHHauHOHHoe npaBHJio 33 



MarHHraoe KBaHTOBoe hhcjio 48 
MaTpHua 268 

— 6ecKOHe>iHaa 274 

— AHaroHajibHaa 271 

— eflHraraaa 270 

— KBaAparaaa 270 

— KOMiuieKCHo conpaaceHHaa 268 

— op-roroHaJibHaa 271 

— nAOTHOCTH 321 

— nocroHHHaa 270 

— CHHryjiapHaa 271 

— TpaHcnoHHpoBaHHaa 268 

— yHHTapHaa 271 

— apMHTOBO conpaKeHHaa 269 
MaTpHiHaa a.nre6pa 269 

— MexaHHKa 54 

MeTacTafiHJibHbie cocToaHHa 384, 385 
MeTOA BKB 226 

yCJIOBHH npHMSHHMOCTH 229 

MoAeJib aTOMa Pe3ep<popAa 20, 32 
MoineHT Hinnyjibca 335 
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HafijiioflaeMbie 188, 254 

— KOMMyTHpyioiUHe 198 
HeBbipOKfleHHbiii cneKTp 96 
HeKOMMyTaTHBHan ajire6pa 270 
HenpepbiBHbift cneKTp 96, 190, 254 
HepaBeHCTBO IIlBapua 165, 243 
HecBsi3aHHue coctohhhh 80, 348 
HopMa BeKTopa 243 

— (pyHKUHH 164 



06o6meHHaa (pyHKiinn 442 

MeflJieHHoro pocTa 451 

06o6meHHoft ^yhkuhh AH(p(pepeHUHpo- 
BaHne 446 

npeo6pa30BaHHe <l>ypbe 451 

06o6meHHbie HMnyjibcu JlarpaHHca 42 

— KOOpAHHaTM 41 

06paTHbift onepaTop 246 
Onepai-op 70 

— aHTHSpMHTOB 251 

— fla^aM6epa 73 

— OTCpcpepeHUHajibHHH 70 

— JIanjiaca 71 

— JIHHeHHblfl 70 

— nojiojKHTe^bHo onpeaejieHHuft 324 

— npHcoeflHHeHHbifl 249 

— npoeKTHpoBaHHH 255 

— poxfleHHa 421, 435 

— caiuoconpHJKeHHbift 251 

— yHHTapHbifl 252, 284 

— yHHiToaceHHH 421, 435 

9B0J1I0II.HH 302 

— SpMHTOB 123, 251 

— SpMHTOBO conp35KeHHbift 249 
Onpeae^HTejib BpoHCKoro 103, 463 

— MaTpHUH 271 

OnbiT OpaHKa h Tepua 34 

— IIlTepHa h repjiaxa 35 
OnbiTH Meftepa h Tepjiaxa 24 
Op6HTa KBaHTOBaHHan 47, 403 
OpToroHa^bHbie npoeKTopw 259, 260 

— $yHKUHH 113, 164 

OpTOHO'pMHpOBaHHbie pyHKUHH 173 

OcHOBHoe cocTOHHHe-34, 396 
OT6opa npaBHJia 33 

OTjiejieHHe j(BH5KeHHH ueHTpa Mace 349, 
■ 351, 353 

OTpaxeHHe bojihoboi-o naneTa 91, 109 



riaAaiomasi BOJiHa 405 
riapaSojinqecKHe KoopflHHaTbi 397 
napiwajibHbie booth 370, 407 
nepeMeHHbie araaMHiecKHe 15 



FlepeMeHHbie flonoJiHHTejibHbie 153 

— coBMecrabie 154 
riepHOflnqHocTH ycaiOBHe 192 
FIjiaHKa rnnoTe3a 22 

— 3aKOH pacnpeae^eHHH 22 

— nocTOHHHaH 22 
riJiocKaH BOJiHa 345, 347 

rijIOTHOCTb BepOHTHOCTH 120 

— noTOKa BepOHTHOCTH 124 
rioanpocTpaHCTB nepeceieHHe 258 
TloAnpocTpaHCTBO 252 

— C06CTBeHHbIX (pyHKUHft 400 
ri03HTp0H 68 

IloJiHHOMbi JIareppa 399, 458 

— JleaoHapa 467 

— SpMHTa 423, 465 
FIojiHaH CHCTeMa BeKTopoB 262 

pyHKUHft 174, 186 

nojraoe npocTpancTBO 165 
FIojiHOTa TeopHH 151 

noJiHbifl Ha6op KOMMyTHpyromux Ha- 
6jiK)flaeMbix 202, 268, 418, 437 

coBMecTHbix nepeineHHbix 155, 

287 

nocTOHHHaa BojibUMaHa 204 

— OTHxeHHH 209, 309 

— iijiaHKa 22 

— Pnfl6epra 33, 41 
FIocTyjiaTbi Bopa 34 
noTeHitnaji npHMoymnbHbift 85 
noTeHiiHaaa CKaqoK 87 
noTemiHajibHan HMa 93, 234 
noTeHuna^bHbift 6apbep 92, 101, 233 
FIpaBHjia KBaHTOBaHHH 44, 46 

— OT6opa 33 

— conpaxeHHH 249 
EIpaBHJio Pnfl6epra — PHTu,a 33 
IlpaBbiH BeKTOp 268 
npeflCTaBJieHHe 268, 313 

— {0} 275, 422 

— {p} 316 

— {N} 419 

«npeacTaBJieHHe» reft3eH6epra 306, 425 

— npoMexyTOTHoe 311 

— IIIpe^HHrepa 305 
npe,ucTaBJieHHH sKBHBajieHTHbie 122, 239 
npeo6pa30BaHHe raJiHJien 368 

— HH(pHHHT63HMaJIb,H0e 285 

— MaTpHu 278 

— nojio6Ha 279 

— yHHTapHoe 283, 284 

— 4>ypbe 449 

o6o6meHHbix (pyHKiinft 451 

FlpeueccHH JIapMopa 35 
npHfijiHsceHHe BopHa 389 

— reoMeTpHqecKoft oiithkh 58, 73 

— KJiaccnqecKOe 58, 210, 372, 403, 427 
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npHBeaeHHaa Macca 394 

FIpHHUHn flOnOJIHHTeJIbHOCTH 152 

— HaHMeHbiuero .aeftcTBHa 42 

— npnqHHHOCTH 156 

— cooTBeTCTBHH 37, 39, 45, 69, 308, 
403 

— cynepno3HitHH 239 

— Oepina 63 

FIpHueJibHufl napaMeTp 372 
npnqHHHOCTb 149 
FIpoeKTopbi 255 

— AH(p(pepeHUHajibHbie 261 

— opTorOHajibHbie 260 

— 3JieMeHTapHue 257 
npoH3BOAfliuaH (pyHKHHa 423, 459 

IlpOCTpaHCTBeHHOe KB 3HTOB aHHG 35, 48 
FIpOCTpaHCTBO BeKTOpHOe 240 

— BOJ1HOBHX (pyHKUHH 163 

— THJibfiepTa 164, 243 

— AyajibHoe 241 

— KOH(pHrypau.HOHHoe 42, 75 

— JiHHefiHoe 164 

— HenpHBO^HMoe 295 

— noJiHoe 165 

— cenapa6eJibHoe 165 

— coctohhhh 288, 294 

— (pa30Boe 42 

npOXOXfleHHH K09<p(pHUHeHT 92, 237 

npouecc opToroHa;iH3auHH IIlMHflTa 172 
npHMoyronbHaH Hiia ccpepnqecKaa 348 
npHMoyrojibHbifi noTeHu.Ha.ii 85, 344 
FlyHOK BOJiHOBbix naKeTOB 359 



PaBeHCTBO IlapceBaJiH 178, 186 
PaBHOBecae TepMOOTHaMmecKoe 429 
PaflnajibHoe ypaBHeHHe 339 
Paanyc Bopa 397 
Pa3JioxeHHe eaHHHn,H 190, 261 

— KyjIOHOBCKOH bojihh 408 

.' — njiocKOft bojihh 347 

— no coScTBeHHHM BeKTopaM 262 

(pyHKitHHM 173, 184 

PacnjibiBaHHe bojihoboi-o naneTa 83,218 
Pacceanne BOJiHOBoro naKeTa 362 

— rjiy6oKoft npaMoyranbHoft hmoh 380 

— KyjiOHOBCKoe 224, 403 

— Ha TBepaofi cepepe 377 

— noTCHUHaJiOM orpaHHHeHHoro pa^ny- 
ca 374 

— «noTeHUH3JibHoe» 381 

— pe30HaHCHoe 380 

— IieHTpa^bHblM I10T6HUHajI0M 370 

PacceaHHaa BOJiHa 405 
Pe^yKUHH BOJiHOBoro naiceTa 196 



Pe30HaHCHoe pacceaHHe 380, 382 
Pe30HaHCH Ha npaMoyrojibHOfl aiue 94 
PHA6epra noeroaHHaa 33, 41 



CBepTKa o6o6meHHbix (pyHKUHfl 455 

CBGTOBbie KBaHTbl 22 

h aBJieHHe HHTep<pepeHU,HH 29 

CBoSoOTaa qacTHua 345 
CeicyjiapHoe ypaBHeHHe 272 
Cenapa6ejibHoe npocTpaHCTBO 165 
CHMMeTpH3au.HH 77, 292 
CHCTenia aeHTpa Mace 365 
CKajiapHoe npoH3BefleHHe 164, 243 
CnaqoK noreHUHafla 87 
Cko6kh IlyaccoHa 309 
CKpbirae napaMeTpu 152 
Cjie^ MaTpHUbi 270 

qacTHHHbift 273 

CMemaHHoe cocToaHHe 320 
Co6cTBeHHoe 3HaneHHe onepai-opa 171 
CoficTBeHHue BeKTopu 415 

— (pyHKUHH 112, 171 
Co6cTBeHHbift ^HcpipepeHUHaji 115, 170 
CoBMecTHbie nepeMeHHue 153, 198 
CooTHOiueHHa «e Bpoftjia 25, 61 

— 3aMKHyTOCTH 187 

— KOMMyTauHH 207 

— HeonpeaejieHHOCTH BpeMa-3HeprHa 
137, 310 

KOopaHHaTa-HMnyjibc 133, 137 

— OpTOHOpMHpOBaHHOCTH 254, 262 

— cpe^Hee BpeMa jkh3hh — innpHHa 140 
ConpaaceHHbie onepaTopbi 249 
CocToaHHe MeTacTa6HJibHoe 384 

— HecBa3aHHOe 80 

— ocHOBHoe 34, 396 

— pacceaHHH 404 

— CBa3aHHoe 80, 94, 348 

— CMemaHHoe 203 

— co6cTBeHHoe 415 

— CTauHOHapHoe 37, 79 

— iHCToe 203, 325 
CoxpaHeHne hopmh 122 

— noTOKa 111 

CneKTp flHCKpeTHbift 80, 93, 109 

— HenpepHBHbift 80, 108 

— SHeprHH BHposKfleHHbiH 99, 108, 399 

HeBHpoacAeHHbifl 96, 108 

CneKTpa TOHKaa cTpyKTypa 401 
CneKTpajibHbie jihhhh 32 

— TepMbi 34 

CneKTpocKonHa aTOMHaa 32 
CnHH sjieiapoHa 401 
Cpe^Hee 3HaqeHHe AHHaMHiecKofl nepe- 
MeHHofi 166, 289 
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CpeAHee 3HaieHHe (pyHKiwfi KoopAHHaT 

h HMnyjibcoB 125, 126 
CTapaa KBaHTOBan Teopna 37 
CTaTHCTHieCKan HHTepnpeTauHfl kb3h- 

TOBOH TeOpHH 149 

npe«CKa3aHHH pe3yjibTaTOB H3- 

MepeHHfl 157 

— inexaHHKa 17 
CTaTHcraiecKHH onepaTop 321 
CTaTHCTHiecKoe pacnpeaeJieHHe 122, 

132, 177 

h xapaKTepHCTHqecKaa (pyHKUHH 

177 

pe3yjibTaTOB H3MepeHHH 193 

CTauHOHapHaa BOJma pacceaHHH 358 
CTaiiHOHapHoe cocTOHHHe 34, 79 

— ypaBHeHHe IIIpeAHHrepa 79 
CyMMa npoeKTopoB 259 
CcpepnqecKHe KOopAHHaTu 397 

— (pyHKUHH 338, 468 

Beccejm 344, 463 

KyjiOHOBCKHe 461 



TeH3opHoe npoMBeAeHHe bcktophhx 
npocTpaHCTB 248, 299 

siaTpmi 269, 273 

Teopeiaa BpoHCKHana 103 

— 3peH(pecTa 214 
TeopHfl Bopa 39 

— KJiaccmecKaH 16 
TepMOflHHaMHqecKoe paBHOBecne 429 
TepMbi cneKTpa^bHue 33 

ToHKaa dpyKTypa cneKTpa 401 
Touch noBopoTa 230 
TyHHejIbHHH 3(p<peKT 101 



y3JIb! C06CTBeHHOH (pyHKUHH 112 

yMHOxeHHe MaTpnu 269 
ymrrapHoe npeo6pa30BaHHe 283 
yHHTapHufl onepaTop 252, 284 
ypaBHeHHe reiteeHfiepra 307 

— KJieftHa — TopAOHa 73 

— JIanJiaca 398, 404, 456 

— Ha co6cTBeHHbie 3Ha«eHHH 80 

— pa^HaJibHoe 339, 410 

— cenyjinpHoe 272 

— IIIpeAHHrepa 68, 76, 303, 395 

ypaBHegHH ABHHCeHHH 301 

KaaoHHHecKHe 43 

— JIarpaHHca 42 

yCJIOBHe 3aMKHyTOCTH 184 

— HOpMHpOBKH 120 

— nepHOAHraocTH 192 



4>a30Baa CKopocTb 59 
3>a3OB0e npocTpaHCTBO 42 

H WHOIO CBH3aHHbIX COCTOHHHH 

236 

4>a30Buft MHOJKHTejib 124, 289 

— CABHr 370 

B 6opHOBCKOM IlpH6jIH)KeHHH 389 

H 3aBHCHMOCTb OT CpOpMbI nOTeH- 

unajia 388 

, HHTerpaJibHoe npeACTaBJieHHe 

387 

KyjIOHOBCKHH 408 

<E>aKTOp npOHHKHOBeHHH 375 

OjiyKTyauHH CTaTHCTmecKoro pacnpe- 

AeJieHHa 168 
Oohoh 435 

Oopiviyjia BajibMepa 32, 47 

— BeTe 391 

— Bopa — riaftepjica — FlJiaqeKa 392 

— KoMnTona 24 

— rijiaHKa 430 

— Pe3ep(popAa 225 
OopMyjiu corjiacoBaHHH 230 
Ootoh 22, 140, 147, 157, 421 

0OTO3JieKTpHMeCKHft 9(p(peKT 22 

4>yHKU,HH a6cojiK)THO HHTerpHpyeMhie 
450 

— KBaApaTHHHo HHTerpnpyeMbie 452 

— Ha6j!K>AaeMbix 265 

— o6o6ui.eHHbie 442 

MeAJieHHoro pocia 451 

OyHKUHOHaJi 442 

OyHKUHOHaJibHoe npocTpaHCTBO 163 

•PyHKUHH TaMH^bTOHa 43 

— JIarpaHxa 42 



XapaKTepHCTHiecKaa (pyHKu.Hn pacnpe- 

AeJieHHH 177, 189, 432 
Xopomee KBaHTOBoe rac.no 309 



U,eHTp BOJiHOBoro naneTa 89 
— inacc 350 

UeHTpa^bHO-CHMMerpHqHbift noiemmaji 
334 



4acTHu.a «0TH0CHTejibHaa» 350, 366 
*IacTOTa /IapMopa 52 
4eTH0CTH Ha6jiK>AaeMaH 209 
^eTHOCTb 115, 209 

— BOJIHOBHX (pyHKUHH 94 

— ccpepnqecKHX (pyHKunft 469 
^HCToe cocTOHHHe 203, 325 



478 



nPEHMETHHPt yKA3ATEJIb 



UlapHHa pe30HaHca 382 
IHnyp MaTpnubi 270 



SfiHuiTeflHa rnnoTe3a 23 
SjieKTpoH 19 

SjieKTpoHa Teopna Jlopemia 19, 33 
3jieKTpoH-no3HTpOHHaa napa 68 
SjieMeHTapHbiH npoeKTop 257 
9Heprna 209 



SHeprHH CBH3H 396 

SprcumecKaa Teopesia 17 
3peH(pecTa Teopesia 214 
Spmhtob onepaTop 123, 165, 249 
ScpcpeKT KoMnTOHa 20, 24 

— 4>OT03JieKTpHHeCKHft 

9(p(peKTHBHoe ceqerae pacce«Hna 356, 
403 

— KyjioHOBCKoe 406 

ncwiHoe 366 

3(p(peKTHBHHft paanyc fleflcTBHa 392 



